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A Note in Combinatory Analysis.
_BY R. VYTHYNATHASWAMY.

§ 1. The following lemma will be of use in the course of the
present paper. -

Lemma :

The namber of ways of placing N\ distinct things in the fir:t of two
rows of r vacant places and p distinct things in the second, where
\ 7, and p2p 7, and each of the X as well as each of the p things shouald
be used at least once, so as to satisfy-the condition that if Ky, I, two
members of the first row, contain the same \-thing, k,, l;, the corres-
ponding members in the second row should not contain the same p—
thing, is the coefficient of 2" in

[A‘\ ok (1+m)".ra:| f=t,=0

where the operators &, and A, refer to t, and f, respectively.

_Proof. Liet the \ things be a;, @y ...ty and the p things
By Bz,B}L
Fill the fivst row with k. a,’s, k. ag’s...lf.\u}\’s where k,(n=1,2,...\)
is a positive non-zero integer and Lk, =7
The corresponding number of ways of filling the second row
will then be

" . e
uh O ke ey

Hence the tolal number of ways would be

Z Fck,y.ck, }Lck\ where Xk, =r and k,==0
E

snd this is tho cosfficient of a” in [(L+a)F—11™.
If now the condition that each of the B3 should occur once at
least be added, the total number of ways is
1M —pe AR =1 N e w—2_1\
[A+a —11"—psi{(L+2) 1N pe[(142) 1 s

which is easily seen to be a symmetric fanclion of \ and p and equal to
AN gt o
[A‘ Ata+a ‘j ty=t,=0.

This we shall woite also a3 Al\AJL(l-)»x).O'O

Welmay also adopt a different type of argament which is perfectly
general. ;
[f there arc \ distinct things of one kind and p distinct things of
another kind, then the number of ways of forming r distinct combina-
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tions of a N and a p thing is evidently \p.Cr, and these correspond to
the number of ways of arranging the \ and - things in two rows of r
spaces each, with two dissimilar N\ —things always opposite to two
similar p—things, without, however, the assurance that each - —thing
or each N\ —thing occurs al least once. Therefore, if we add the condi-
tion that each N —thing is to ocour at least once, the number ofiways is

v o CaAeRe
MO \C1n 1y pCr i\ Con—g)p O e =B TORTS
(cf. Whitworth: Choice and Chance
Adding the further crndition that each p—thing should occur also
once at least, we see'that the total number of ways is
2, A,k00C
which agrees with the previous result.

Corollary. More generally, we shall also have :

The number of ways of placing NpyNy...N,, things respecively im n
rows of r spaces each, so that each lhing occurs ut least once, and no two
columns are identical, §s equal to

aMaM A Mooo. O

§2. We can now find the number of ways in which a set of r different
Factors of N can be chosen so as to have the grea.est common measure ungty.

We will denote this by ¢, (N) and seek to express ¢, (pg) where p
and g are mu‘ually prime in terms of ¢, (p)and ¢, (7). If p and g are
mutually prime, every factor of pg is uniquely resoluble into a factor
of p and a factor of g. Thus every factor is specified by a factor of p
and a factor of g.~ To specify » distinet factors of pg, then we have to
take \ factors of p and p factors of g where, of course, neither \ nor ®
is to be greater than 7, and fill with them the two rows of » vacant
places satisfying the condi‘ions of the Lemma; that is

4,(pq) = coefficient of 2" in LEdy (p) ;P. (q)A,\ A (1+m)0'0

X 5 Npr, ppr.
=554, (p)qtlLL (@D oMo~

Similarly, if 2,, a5...a,, are matually prime, we shall have

N A Megog—Cr

[Nepr k=1, 2uam]

S
¢,,(a,,aﬁ,,_a”):Zixx(a,)i)\i(ag.,.;\n(m,,)zi., 28

We have also the result, that if pis a prime
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s =al—1;
and therefore, that if N=p,u’p, u“...p,bu"
hN
SM)=Edy @Dty (2.2 BM.58,M000...0,
1 ”
N N
C AT A
—1"a, N\,
=14 A)%(14A,) DA, 5,000
= AN, A"[a,a,...u,‘c.’].

Thus if N=120 and r=2, ¢,(N)=17.

§3. If ¢, (N) be defined as the namber of sets of » factors of N
(not including N itself) which can be found so as to have the greatest
common measure unity, we evidently have

¢,/ +¢,_1= ¢, (for values of » up to 2)
and we shall also suppose ¢, =¢;=1. We then bave
¢, =p,— bt Fa— e
=040,.0,[0a,..a,0,—a,a,..a,0,,+...]
— A0 [ asaga,—197]
We therefore have

)= &vt Fem = DBy A, L4200, =19 01000, =19 1 ]

YNV, e B LS LI

from wtich by writing E,—1 for A, and expanding, we see that the
terms in which the index is not zero will vanish. If any one of the as
is different from unity, the index of none of the termsin the expanded
series vanishes. Hence when N contains repeated primel factors the series
identically vanishes. If on the other hand all the as are unity, there
is one term for which the indexiis zero; v7z (—)"+'(1—1)°=(—)"?, and
therefore, 7f N contains n prime factors none being repeated the serdes
egnals (—)"%

=Ea,0\‘ 000%r

§ 4. We may notice that if J»,(N) denotes the number of sets of 7
factors of N which canbe chosen so as to have the least common
maltiple N, then s, (N) =¢,(N). Forif we'divide N by a eet of factors
having the least common multiple N, we get a set of factors having the
greatest common factor unity, Similarly also we find $,/(N) =¢,/(N)
where 3,/ (N) is the same as i, (N) with unity excluded.

This method of reasoning may be employed to obtain two familiar
yesults.



417

Let b, t,... be the factors of N, N being excluded. If ¢(N) be the
number of factors of N we have,

¢(N)—l—Z¢(tl)—£¢(f,2)+2¢(fm)...
where fy,_, is lhe G. C. M. of ¢, ty...t, and i3 thus itself one of the fs

that is, (N) 1+2¢(tk)[l %( )+¢.( ) ]

N
=1+X¢ + .
) ( 171]’1)
which is a familiar result. ((/f Chrystal: Algebra, Vol. IL.)

Similarly, the numbers less than N and mof prime to it will be
maultiples of one or more of the factors f,, f,...t, and will therefore be
Ei in all, which enumeration, however, is not simplex. The sim-
plex enumeration xsE_—E‘ +E;\:_*,,,

1 fﬂ tﬂ.‘i
where fy..., i3 the least common multiple of #;, f,...f,.

This last series is by the definition ofy’
N . .
=E;_h[[—;bi ({r:)‘{":ba ('/c)" ']

and the expression, in the square brackets, is either 0 or (—1)"-
according as f, contains repeated prime factors, or » non-repeated prime
factors. Hence, finally, the number of numbers less than N and not

primejto it is
o
P-Pa PPy

which is a well known resalt. (Cf. Smith : Algebra, p. 488).

Postscript : Extension of Fermat’s Theorem.

It is well known that a rational transformation of the nth degree
has n+1 fixed points and the mth power of the transformation which is
of degree n™ has n”*+1 fixed points. But if ¢ be any factor of m, all the
fised points of S* (where S is the ratfonal transformation in question)
are also fixed points of 8™ Hence, if # f;...f; be the factors of m, m
itself being cxcluded, the number of special fixed points of 8™ wonld be
equal to

(8" 1) E(n,+ 1)+ E(r 4 DE(rm+1)
where f;..., is the G.C.M of £ fo...8,.
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m
m

”m —
This series is equal to = —Xn P‘+L’nﬁ’:—e'ﬁc-‘
where p, p,...are the prime factors of m.

We shall shew now that if p is a special fixed point=of 8", then S(p)
is also a special fixed point.

It is evident of course that S (p) is a fxed point of ™. To shew
that it is a special fixed point, assume it to be a fixed point of S* where
tis a factor of m. Then we have the following series

Py S (2 8 (S (2)),--851 (S (#)), $* (S () { =S (p) }, ete.
It is evident from this scheme that 8" (p)=S*1(3 (p))=S* (p)

Since 8™ (p)=yp, this shews that p also is a fixed point of 8%. This
however is contrary to the hypothesis that p is a special fixed point.
Hence S (p) is a special fixed point. Hence if p, is one special fixed
point, p, S (py), S* (p;) ..8"1 (p,) are all special fixed points und are
all distinct. In fact, if S* (p,) =S" (p,), then S” (p) is a fixed point of
S"”="; which is impossible since S” (p) is a special fized point, Again
if p, be a special fixed point not included in the above. series, then p,,
S (pa), S* (p)...8" (py), are all special fixed points and are all distinct
both from one another and from the points of the previous series. In
fact, the assumption that S” (p)=8" (p,), leads to 8"+ (p,) =Py
which contradicts the hypothesis that p,is not included in the first
series, :

Proceeding in this manner we finally come to the conclusion, that
the special fixed point can be distributed into sets of cyclic m—
groups. Hence.
If nand m be any two integers and py p, py...are the prime factors of
e, then the seides.
m m mn

n’— E;»E +Zn D1 Ps _EpPrPaPsy

is exactly divisible by m.

1f'm is a prime, this reduces to Fermat's Theorem.

It will be poticed that in this extension of Fermat’s theorem no
restrictions are imposed on either of the two numbers n, m.

B
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" Extension of M‘cay’s Theorem. -
Br S. Naravavay, B.A., L T., Mapura COLLEGE.

M’Cay’s extension of Feuerbach’s theorem is ¢ If the azis major of an
tnscribed conic passes through the civcumcentre, the ausiliary circle touches
the ning-points circle.” Tt is proposed, in this paper, to shew generally
the relation between the auxiliary civcle of any inconic whose axis major
passes through a given point P and the pedal circle of P. The main
theorem of this paper may be enunciated a3 follows :

3 If the awis magjor of an inscribed conic of a triangle passes through a
given point I, the auxiliary circle of this conic and the pedal circle of 1 are
‘eoazal with the director civcle of the tuconic touching the asis major at P,
and the common radical awis envelopes the orth~polar conic of P.

Lemma I. It 2{y*—2*) =1, y(*—a*)=m, 2(a’—y>) =1,
a4 y(E4ad) W@ty —ays,

then Wm0 =1?) =m(nz+l’— m?) :n(l‘—f m'—n?) “lmn

This follows immediately on reduction.

Lemma II. If a, b ¢, denote the circles described on the sides B(!, CA
AB of a triangle ABQ as diameters, then the director circle of any inscribed
conic of ABC may be written in the form Na+ pb+wve=0.

This is also obvious by rearranging the usual equation of the
director circle of an inconic in terms of the varying coefficients of the
conic.

Lemma III. The tricyclic equation al’a’+bmn®f’ 4-cn’y’ =0,

represents the director circle of the inscribed conic which tonches
la+mfB+ny=0 at @', B, y'. [Here a, b, ¢ denote, as before, the
circles on the sides as diameters, /, m, » are variables subject to the
condition la’4+mfB'+ny'=0 and a’, &', y' are the normal coordinates
of any point].

This follows immediately from Lemma II.

Lemma IV. If P be any point 7 the plane of a triangle ABC, and <f
AP, BP, (P meet the opposite sides in D, I, F and if K, L, M be the
orthopoles of AP, BP, C'P respectively, then the locus of the orthopoles of
straight lines passing through P, which ts called the orthopolar conic of P,
1s the conic passing through K, L, M and teuching the common chords of
the pedal circle of P and the circles on AP, BP, ('I’ as diameters.
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Let la +mB+ny =0 be any straight lice passing through a’,8",y’,
the normal coordinates of the orthopole la+mf@4ny =0 are given by

a =(m cos B+n cos C—I cos B cos C) (m cos C+n cos B—1)

B =n cos C+1 cos A—m cos C cos A) (n cos A+ cos C—m) ¢ (I) -

.y =(l cos A4m cos B—n cos A cos B) (I cos B+m cos A—n)

Now, by means of la'+mfB' +ny =0, substitute forlin terms of
m and # in (I), we have thus three equations in #, mn, n’. And again
eliminating m and n between these three equations, the result evidently
assumes the form QR=P* ... s (A)

[The details of working are omitted as being too tedious for repro-
duction here].

Sinilarly substitate for m in terms of # and [ in (I) and eliminate n
and | between the three equations. The result will be of the form

QR, =P e (B)
Again doing the same thing for n we bave Q;R,=Pq’ w (O)

On a simple inspection of the results (A), (B), (C), it will be found
that the orthopolar conic in question is circumscribed to the triangle
formed by

a=(f" cos B—y' cosc) (8 cos c—y" cos B),

B=cosc (B +Yy cos A) (B cos A+y'),

y=cos B (B'+y cos A) (8 cos A+Y'),
and two other points whose coordinates can easily be written down from
cyclic symmetry.

The same is 7nseribed in the triangle formed by
a=— { a’*(cos? B+4cos* C)+a'B’ cos C (L +cos’ B)
+a'y’ cos B (14cos’C)+2 B'y'cos Beos G}
B =a" cos € (14cos® A)+a’'fB (cos® A+ cos® C)
—a'y cos A (14cos?*C)—2 By  cosCcos A
y=a" cos B (14-cos* A)—a’f3’ cos A (1+cos* B)
+a'y’ (cos® A+-cos® B)—2 'y’ cos A cos B,
and two other points whose coordimates can easily be written down
from cyclic symmetry.

The three former set of points can easily be recognized to be the
orthopoles K,Ti, M of AP, BP, CP respectively. And the joins of the
three latter set of points are the chords of intersection of the pedal
circle of P with the circles on AP, BP, CP as diameters.
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Lét us now consider the theorem proper.

Let #,3,2 be the normal coordinates of the focus of an inconic
whose axis major passes through P(a’,8",y’).

The equation of the major axis is
an(y*—z*) + By(2' —a°) +yz(a* —y*) = 0.

If this passes through a’,3",y’, we have
a'z(y:—2) + B'y(2—a*) 4 y'z(a—y?) =0. ... w (D)
The equation] of thejaaxiliarylcircle, viz. the pedal circle, of (z,,2) is
IBy sin A. Zyzsin A, Zusin A,
=Xdsin A, XawsinBsin C (y+zcos A) (y cos A+z)
Arranging this in terms of 2,7,z and powers, we have

aa(y+2%) 4 by (2 +07) + 03(3"+7)+F oy =0.. e (®)
where g, b, ¢ denote the circles on BO, CA, AB as diameters
e a =fy+ya cos C+af cos B—a’cos A

b =Ry cos C+ya+af cos|A—/*cos B
=/fy cos B4+yd cos At+afB—y? cos C
and ; =LYy cos B cos C—Xa*(l+4-cos®A).

o

Now let a(y®—2") =1, 3(*~a*)=m, #(a*—y*)=n, the relation (D)
assumes the form
la' +mfB 4ny =0 . o F)
and with the aid of Lemma I, the relation (E) becomes
al (0 —=P)+-bm (2P —m?)+on (P4m*—n’)=kimn. (Q)
Now (G) is the auxiliary circle of the inconic whose axis major is
la4-mf+ny=0.
Transforming ((t) with the aid of (F), we have
Lol (my. A =B 4nf. a?—y?)
+ima{kd'fy +Laa’ (B°+y*)} =0 . (H)

The co-efficient of Im n in(H) can casily be identificd with the
padal cirole of a’, £, y'. Hence, denoting this by 6, the auxiliary
cirole becomes after further reduction with the aid of la 4 'nf' +ny' =0

Imna O+ (my. a*=L+nf1a%=y?) (¢ ' d'+bn*f +on’y')=0.
Here let a I* &'+ In*f3' +cn’y' =0 be denoted by ¢ and m y' (a”—2L"?)
+n B (a*—=y*)=N\ the avxiliary circle may be written in the form
Imn a’'@4+X¢=0 D)

Now the relation J shews that the circles ¢ and O are coaxa}
with the auxiliary circle. And Lemmas 1T and III tell us that ¢ is
the director circle of the inconic touching L a4m B4ny=0at (a',8', y')

2
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This proves the first part of the general theorem f this jajer, viz
that the three circles are coaxal. Now, it remains to prove the second
part, v/z. the common radical axis envelopes the orthopolar conic of
@ A'y).

Theorem II.—The radical axis of 8 and ¢ is found to;be

a(pil +pon® 4 pn®) 4 B (g4 gum®+ gn)
+y(@ P ramt ) =0... we (ML)
where
Pl:;;ﬁ a’sin B sin C (8'+y' coslA) (B cos A+y')
—cos A XA’y sin A, Id’ sin A}
=a'f sin C (B'+y lcos A) (S cos A+y")
a'y’sin B (8" +y' cos A) (£ cos A+Y');

and symmetrical values for ¢ and r.

We have now to find the envelope of M subject to the condition
la’+m f'+ny'=0. The envelope is easily seen to be of the form

BCa’ sin A+CA/L sin B+AB y' sin C=0, wne 39
A
where Smu_X—QPﬁLBlJH‘Y’l
BS
B —apit Bty
sin B
Cy’

SH G =dps+ Bty

The relation (N) shews|that the envelope which is evidently a conic
is circamseribed to the triangle formed by the three straisht lines A, B
C.  And on finding the normal coordinates of the vertices of the triangle
formed by A, B, C they arve easily found to be the former set of points
in Lemma 1V,

Hence the whole theorem 1s proved.
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Euclid’s Book on Divisions of Figures. *

Euclid, it is now well known, was the author of no less than nine
works. Four of these—the Ilements, the Dafa, the Optics, and the
Phenomena, have been carefully preserved and are well known, even fo
the extent that the first, perhaps, is in the hands of every schoolgirl.
On the fifth, the Porisms, there is an elaborafe commentary of Pappus,
while in the case of the Pseudaria, the Surfuc: loci and the Conics how-
ever, our fragmentary knowledge, derived wholly from Greek sources,
enables us to make a conjecture of the vaguest nature, as fo their possi-
ble contents. Of the ninth book, On Division (of figures), nothing however
was known till about the middle of the last century ; nor, curiously
enongh, is there any trace of it in the extant Greek sources of mathe-
matics, except perhaps a casual mention by Proclus.  But it is however
certain, that the Problems of this book, thirty-six in number, concerned
mainly with the division of rectilinear figures and the circle into a certain
number of ¢like” and ‘ unlike * parts by straight lines, was very popa-
lar among Arabians, as well as in Europe. This popularity was perhaps
largely due to the possible practical applications of the problems in the
division of parcels of lands of various shapes, the areas of w hich,
according to the Rhind papyrus, were discussed in empirical h%]uon
about 18.0 B. C. Indeed, in the first century before Christ, we find
that Heron of Alexandria, dealt with the division of surfaces and
solids in the third book of his Metriks, (Surveying) though notin the
actnal form in which Euclid dealt with the same. But nothing in a
definite form was known until Woepcke, whose name is =0 familiar to
every oriental researcher, discovered at the Bibliotheque Nationale in
Paris, a treatise in Arabic on the division of plane figures, which he tran-
slated (into French) and published in the Journal Asiatique, Septembey
1851, (XVILI), under the title «“ Notrce sur des traductions Arabes de deug
ouvrages perdus d’Luclide”. In the original Arabic not only is the fall-
account given (though unfortunately the proofs, save of fonr theorems,
are passed over as being too easy !), but the scribe espressly attributes
the authorship to Euclid, and contents himself with the unassuming
office of a ¢ translator’. Such a treatise, significant alike for its histo-
rical interest as for its technical import, had to be restored and re-
edited, if for no other reason, at least as a mark of our regard fro the
author. Prof. Heiberg gives an account of the book only in a Latin
publication, Opera Omnia, while Sir Thomas Hcath, the foremost living
authority in England on Greek Mathematics, dismisses the work in
the brief space of two pages in his Thirtwen Books of Luclid’s Blements ;
there is no reference to it even in the article on [Kuclid in the I'Lst'

# By R, C. Avchibald, Ph. D. Cambridge University Press, 1915,
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edition of the Fucyclopelia Biittanica. -Under these circumstanoes,
Dr. R. H. Archibald of Providence, Rhode Island, has done a lasting
service to the English reader in restoring in the English language this
1ong buried treasure ; and the scholarly way in which he has done his
task is proved by the readiness with which the publication of the book
was undertaken by the Cambridge University Press.

To follow in historical sequence how this treatise came to be
nnearthed or to dismiss the myth of Dee’s making a copy of any Cotto-
nian MSS earlier than 1563, is not our purpose in this article; the
interested reader must be referred to the learned discussion in
Archibald’s book itself, But it must be noticed to what extent
Woepcke’s translation referred to above, is in agreement with and is
supplemented by the writings of Leonardo Pisano (Fibonaci), who
occupies such an important place in the history of Mathematics of the
13th century. Tt is well known that in 1220 he wrote his |Practica
Geometriae, a book largely used by the Mathematicians of the middle
ages, published nearly 650, years after its compilation by Prince Bon-
compaguni,and still preserved in MS in the Vatican library. Section IVof
this book is wholly devoted to the enunciation and proof and numerical
illustration of propositions concerning the division of figures. No less
than twenty-two of Woepcke’s propositions are practically identical in
statement with propositions in Leonardo : the solutions of eight more of
Woepcke are either given or are clearly indicated by Leonardo, and
all the six of the remaining Woepcke’s are assumed a8 known in the
book of Leonardo. Indeed the two works have a remarkable similarity.
Not only are practically all of Woepcke’s theorems in Leonardo, but
proofs called for by the order of the theorems and by the anxiliary
propositions are invariably the kind of proofs which Euclid might have
given—no other propositions than those which had gone before or which
were to be found in the Ilements being regarded in the successive con-
structions.

In this treatise of Euclid, the figures divided are the triangle, the
parallelogram, the trapezium. the quadrilateral, the circle and a figare
formed by the arc of a circle and two lines ; and the division is by
transversals through assigned poicts or parallel to given lines into two
or several parts in a given ratio, equality included. Itis difficalt to
chooss from this interesting collection but the three following are
specially instractive, and suggest generalisations. Thus Steiner solved
in 1827 how through a given point on a sphere to draw arc of a great circle
cutting two given great civcles such that the intercepted area 1s equal to
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given area; and Bobillier solved: to draw by means of plases and spheres
only, a given line im+a ‘plane which shall cut off from a given cone
of revolution a required volume. The three theorems referred to above
are given as propositions 27, 23 and 29 by Woepcke and arc extracted
below :

Proposition 27.

To cut off a certain fraction of a triingle by a stra'ght lins drawn from
a given point situated outside of the triangle:

Let ABC be the given triangle and D, the given point outside.
It is required to cat off from the triangle a cortain fraction. say a third,
by a line through D. Join AD cutting BC in E. If either B or RC
be a third of BC, then the line AD cuts off the regnired fraction from.
the given triangle. If it is not, produce AB and AC to meet in F and
G respectively a line drawn through D parallel to BC. Make area
DG-CH =4} area AC:CB and apply to the line CH, a rectangle equal to
the rectangle GC'CH, but exceeded by a square, Then

GCCH=HKKC
A

B C
/ E M \\
F = ¢

and draw the line KD catting BC in M.
Then KMC shall be a third of the triangle ABC.

Proof. For since area GO.CH =area CK-KH,
and therefore GC:CK=KH: HC,
it follows that GK:CK=CK:CH,
But GK:KC=DG:CM,
Hence DG CM=CK: CH
7.e. CK:CM=CH DG.
But area DG-CH=1"area AC-CB,

since A KCM : AACB=CK-C) : CA‘CB, it follows that AKCM =1
A ACB.
In a similar manner any part of a triangle may be cat off by a

straight line drawn from a given point on a side of the triangle pro-
duced, &e.

Q.E.F.
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Proposition 28.

To divide into two equal parts a given figure bounded by an  arc of a
circle and by two straight lines which frrm a given angle,

Let ABC be the given figare boanded by the arc BC and two lines
AB and AC which include the angle BAC. It is required to divile by
means of a straight lins the figare ABC into two equal parts.

Construction. Bisect the line BO at M, and erect MZ perpendicular
to BC join MA. If AMZarein a line, obviously the figure is divided
into tvo equal parts by AZ. If not; join AZ, and through M draw
a line parallel to A% cutting AB at N ; and join NZ.

Then N7 shall be the required line, and the fignre BNZ shall be
equal in area to the figure NACZ.

A
N
B & 2

z
Proof, Obviously, AABM=AACM.
and figore BMZ =figure CMZ.
Hence figare ABZM =figare ACZM.

Buu AMAZ=ANAZ.
Therefore, figire ACZN =fgure ACZL-ANAZ

re ACZ+AMAZ.
igare ACZM,
the figare ABZC.

QEF
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Proposition 29.

« o draw in a given circle two parallel lines culting off a certain
fraction, say, o third, from the circle.

Take the circle with centre O, and inscribe in it the equilateral
triangle ABC. Join AO and CO., and draw OD parallel to AC. Join
CD. Bisect the arc AC at Ii and draw EF parallel to OD. Then shall

- the figare EC DT be a third of the given circle. Join AD.

Proof. Since AC and OD are parallel,
: AACO=ADACD;
and, adding to leach side the figure AKCU, the figure, AKCD =scctor
ACO =% of the circle.
Again, since EF and CD are parallel,
arc DF =arc EC

=the eyual arc AE.
- Add are D f{o these

U A arc Al)=avc EF
and chord AD =chord EF |
and segment AlLD =segment KCDF
Take away the ccmmon segment CD,
and the fignre KCDF =figure ABCD =7 of the circle,

as was required to be shewn.

QE I

In the Avabic Manuscript it scems to have bee¢u stated that the
method is also available, when the fraction is .2y fraction, Bubt Dr
Archibald lastens to add in a footnote that this problem is clearly not
susceplible of solubion with raler and compasses,in such a case as when a
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¢ gertain fraction ” 1/a, is one-seventh. In tact the only cases in which
the problem is possible, for a fraction of this kind, is when n is of the

form 2214 1) (224 1)... (2" 4 1)
where p, and §’s (all different), are positive integers or zero,

s . g
and 22" +1(m =1, 2,...m) is & prime number.

It is nolwonder that such interesting theorems were considered
independently or by suggestion by mathematicians, great and small.
Thus the problems * 1o bisect, by a staight line, an  eqwslateral, but not
equiangular heptagon ”, * Through a point without a triangle to draw a line
whick will out off a third” went as a challenge from L. F. (L. Ferari) to
N. T (N. Tarlaglia). Kepler, in his investigations of the path of a
planet was led in 1609 to the problem * To divide the area of a semicircls
in a certain ratio by a siraight line drawn through a given potnt on the
diameter or cn the diumeter produced” and this was attacked among others
by Wallis, Cassini, Lagrange and Laplace. Newton and Bernoalli,
D’Alembert and Euler,Huyghens and L’Hospital attacked several of the
problems that have been given in this treatise of Euclid. These theo-
rems,or their immediate generalisations have also fascinated the readers
of popular magazines: thus in 1814, inthe Gentlemen’s Diary was solved
“ithin o given triangle to find thus, that if lines be drawn from st to cug
each side at right angles, the three parts into which the triangle thus
becomes divided, shall cbtain a giver ratw ”; while a century later in 1914~
we find in the two most popular mathematical journals, the problem
how “to divide a circle into two_equal parts by means of an arc with its
centre v the circumference of the grven circle” (Q. 4327, L’Intermediary
des Mathematiciens) and * fo devide a square 7nfo five right angled triangles
the areas of which shall be in Arithmetic progression ” (Q. 17197 Educa-
tional Times). Among Indians who interested themselves in such pro-
blems, Dr. Archibald mentions the name of the late Mr. S. Radhakrishna
Aiyar of Pudukotah.
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SHORT NOTES.

On Legendre’s relation in Elliptic Functions.

§1. The relation EK’+E/K—KK’=%,
connecting the two kinds of complete Elliptic integrals was first given
by Legendre in his Exzercises de Calcul, and several procts of it are well
known. [Cf. Dixon: Elliptic Functions § 65 ; Greenhill: Blliptic Functions
§121; Whittaker and Watson: Modern Analysis, § 22735, Appellet
Lacour: Fonctions Illiptiques, §80; or Jacobi: Fundamenta Nova, p. 161].
Following however, the proof (cf. Forsyth: Theory of Functions, § 129 or
Henry : Fonctions Dlliptiques, p. 53) ofvthe analogous relation in the
Weierstrassian theory, viz, mWw,— mw,:%, we may proceed directly as

follows.

We assume of course that
w

E (1) =J’ dn® u du
o

and that the fanction dn »is a doubly periodic function of « with periods
9K and 4/K’, that it is analytic except at the points congruent to
z'.K’ and to 3/K’ which are simple poles, the residues thereat being —2
and -7 respectively.

1t follows that dn u = —7/u+O(x) at u=/K'
dn® u=—1/u*+40(1)
whence we notice that E(«) has got a simple pole with residue 1 at u=
/K’ which is the only pole in the parallelogram'[—K, K, K4%/K/,
3 —K+2K"]

0 A

Integrating now E(«) along the parallelogram OABC. we have

B(u)du=2m7i x the sum of the residues =277,

JABCO
3
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. K 2K -K
z‘«;,J—_K E(w)du+1 IO E(K-}-l‘v)du-&-fK E(u+2{K')dul
:21[1,',

0
+z‘_[ E(—K +iv)dv
2K’

P J:Ié [E(u+2iK")—E(x)]du

—ff(z)K [E(—K 4 0) — E(K + iv)]dv =2mi
ve, [TX 20K K )du+ i 2N 2 B du =2mi
by .the periodicity formule, cf. Dixon Elliptic Functions § 64.
fe., 47 (EK'+EK-KK')=277

which establishes Legendre’s relation connectingj the two complete
Elliptio Integrals.

§ 2. 1In passing, it may also be noticed that the above relation is
only aspecial case of a more general result in the theory of Abelian
functions (Of. Bakery: Abelion Functions p.p. 197—200): that between
the modulii of periodicity A’, B',...of a function P (2) of the first kind
(Normal function on a Riemann Surface) and A, B,...of a fanction Q (z)
of the second kind, all the infinities of which are simple,

/4
DAB/~B,4/)+2miTH, (ﬂ’ )
¥ dz ) ag
¥ =1 :
where a, is a simple pole of Q(z) and H, its residue thereat. Legendre’s
relation is of course included in this: for, we know P(:)=F() in the
notation of the Elliptic Functions
z =X
= JO [A—=)(A—k2)] TF 5
A ‘g:% in the lower theet, and—LK in the upper for Z=w
(3 Fl=RZ2) L,
and Q()=E?) —‘lo L*]}_Z;»:' dz
This is infinite at z=oo in each sheet, and the residue is 4K in the
upper and—K in the lower sheet, so that TH s (g) % =—2.
Moreover A/ and B, are 4K and 2/K’
A, and B, are 4 Il and 2/(K'—E"), respectively.
Hence substitnting in the above we have immediately
4B 2K -4 K. 2 (K'—E)—dm =0,

which leads to EK'+KH —KK'=m7/2.
K. B. Mapuava.
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Astronomical Notes.
Eclipse of the Sun.

The third and last eclipse of the year will occur on December 3.
This will be an annular eclipse of the sun. The central line runs from
a point just inside the west coast of Africato a point in the Pacific
Ocear, crossing the Argentine Republic. The eclipse is partially visible
over nearly the whole of Sonth America and a considerable portion of
Africa. The southern limit does not quite reach the South Pole.

Nova Aquilae.
The new star in Aquila was discovered by about a dozen different
observers in England within a few hours of one another, and also by
numerous other observers in different parts of the world.

Both as regards magnitude and changes in its spectrum, it seems to
have followed pretty close the changes observed in other novae. Per-
haps the most interesting point about it is that it appears to be identi-
cal with a star which has been photographed several times during the
last quarter of a century, the magnitude of which appears to have
varied from the eighth to the tenth magnitude. With the exception of
the nova known as T Corone, (which was also exceptional in that it did
not appear in the Milky Way), there is no other case in which a star is
known to have existed previously in the place where a nova has
appeared.

New Comet.

The first discovery of a comet this year was male by Mr Reid at
the Cape of Good Hope in June, when it appeared as a faint round ne-
bulosity. As yet only very meagre details are to hand, so that it is im-
possible to give any farther information at present.

New Trojan Planet.

A new planet having the same mean distance as Jupiter and thus
illustrating Liagranges particular Solation of problem of the three bodies
has been discovered. This is the fifth such planet known, three of the
planets librate in the neighbourhood of the triangular point on one side
of the line joining the Sun and Jupiter, and the other two, of which the
new discovery is one, Jibrate about the apex of the equilateral triangle
on the opposite side of the San—Jupiter line.

R. J. Pocock.
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SOLUTIONS.
Question 685.
(8. Matnart Rao) :—If » and p are any two positive integers, show
that the frnctionylzmny be expressed as the sum of a series of p different

fractions, the numerator of each of which is1 and the denominator a
positive integer. If the least of the fractions be (n—1)!/(n4p—1)!
find the rth fraction. €

Solution by Prof. N. B, Mitra and N. Sankara Aiyar M. 4.

The question is vague ; forflcan be resolved into the sum of p unit-
n

numerator fractions in several ways. Thus, one way wounld be as
follows :—
1 1

L 1
We easily see that TR o e

@

By applying the same formula to , the second fraction on the

1
n+1
right, we have,

1:7¥ + — ,J,, — 4 1 i
n n(n+l) (n+1) (n+2) n+2

By repeating the same process we :ef,

1__1 0 S S Y L

non(n+l) (1) (n42) (n+p—=2) (n+p—1)
g Loy
l7x+p—1

Anolher way is to substitute in the first fraction on the right of
(1), the value of 1/ given by (1). If this is repeated p—1 times we get
ultimately
1 1 i) 1
e et
A third way is as follows:—In (1) apply the same foriaula to?:}l-l
n
in the first fraction on the right. We get
1_ 1 4
non (1) (n42)  n(nt2) ntl
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By applying the process altogether p—1 times, |we get
1

1
non (71—{—1)?(9;'—;?:—])-%'7?7'{1 l)...(?ti;li;S) (7z+hpv—j)
1 i ; 1 1
D D8 a2 el
C =1 [ 1 ae _.—1 SN
= Lintp—=1 lngp—3(n+p—1)
1 1
prr—drp=gt T mmn] ‘
=1

e oth . : e ao S
The »*" fraction on the right is evidently 2’7‘57‘&(” +7Z7:?1‘)
the least being the first.

This is perimps what the proposer seeks by the second part of his
question.

Question 954.

(K. B. Mapuava):—When asked his age De Morgan once
humorously observed: I am one of those whose age shall be in a
certain year belonging to the century of their birth the square root of
that year. “ Tor being born in 1806 A. D., he was 43 years old in 1 849
and 1849=43. Show that the same observation will be true in the
oase of those born in 9 particular years in all subsequent centuries.

8 lution by N. B. Mitra, K. J. Sanjana and R. D. Karve.

It would appear that the figure 8 in the last line of the question
is wrong. The problem may be solved thus:—Let z be the year of
birth, y the age at which the year is square of the age. Then we have
to solve the indeterminate equation y*=z+y in non-zero positive
integers subject to the conditions (1) that 2>>1900 and (2) that y4
Least positive residue o: @, modulus 1003100 this residue itself being
>0. This gives 15 sets of values of @ andy which are eshibited
below :— '

2=2450; 33006 ; 3422 ; 3540 ; 3906 ; 4032 ; 4422 ; 4830; 5112

5402 ; 60C6 ; 6320; 6806 ; 7310 ; 8010.
y=50;58;59;60;63;64;67;70:72;74;78;80;83.86;90.

It may be in:eresting to know the years in the centuries previous
to the 20th in which De Morgan’s observation was true. They are
given below together with the corresponding ages at which the year of
the Christian era was square of the age :—

e=2;86;13;20;80;42; 50; 72; 90 ; 110/; 132 ; 156 3

182 ; 210 ; 240 ; 272 ; 306 ; 342 ; 380 ; 420 ; 462 ; 506 ; 552 ;
y=2;3;4;6;6;7;8;9;10;11;12;13; 14;15;16;
17;18;19;20;21;22; 23 ;24 ;
=690 ; 702 ; 756 ¢ 812; 870 ; 930 ;10356 ; 1122 ; 12600 ;
1332 ; 1406; 1560 ; 1640 ; 1722 ; 1806 (De Morgan’s case.)
y=26; 27 ; 28; 29 ;30 ; 31; 33;34;36;37;38;49;41;42;43;
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Question 831.
(Bngnirer) - Find, by clementary methods, the invariant relation
exprssing the condition that hexagons may be inscribed in the conic
S =0 which are also circamseribed to the conic S'=0.

If a hexagon ABCDEF circumscribes a conic S and is inscribed in
S’, then the Brianchon point of the Pascal line of the hexagon are
pole and polar.

Solution by 4. C. L. Wilkinson.
Projecting S’ into a circle with the Brianchon point as centre we

have hexagons irscribed in S'=a'43*—¢*=0 and circamscribed to
2

s= 2 4% 1=
(I’.’ bi
To find the relation between a, b, ¢ consider that hexagon ABCDEF
of which A and D lie on the minor axis of the ellipse and BC, EF touch
the ellipse at the extremities of the major axis.

Let AB touch the ellipse at (« cos @, b sin £) then A is (O ) ;.ba—>
in

and B is (u, b tun%) E

9
9 o &1
Hence ¢*=a*+b? tan._) =b® cosec’a

giving (*—a*+b")? =4c*('—a?)
or 3ct—2¢% (A1) —(a*+ 1)+ 4’ =0 ... e )
272 2, X
Also A=l g Ly pii o, o= SUETORRS i
a'b® a'h? a‘b*
write p :% =a’+bi+c% g :i— 2H0 4 a4 bt v = % =a%b%.

Then o’ b% ¢’ are the roots of
z'—pa’+qgr—r=0
4r
and from (1) 3»’—21(1)—1)—(9—1)14-—2-:0
or 4o’ —paz+4r=0.

Write 2p for p, so that a"—2pa*+qz—r=0, a'—pa+r=0;
whence
24— 2px+q—p*=0 and 2pz*—(p’+¢)z+2r =0;
which gives
{ (=) +4pr } (P—q)+2{ p"—pg+2r } 7=0, .
or BP 4+ —9)*+12p7(p—q)+82=0.
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Hence the invariant relation is
(30" +4A0')(6'—4A0')+ 960A7A" (6 — 4A0") + 512A"A =0
This will be found to agree with ‘ D, ‘ =0 of Salmon after re-

moving the factor 6*—4A0/, and is easily 1denc1ﬁed with Halphen’s for n
which is
4(0"—4A66"+8AA")* +4(6°— 4406 +8AA").8AA' — (67— 4A0') =0

Question 844.

(A. A, KRISHNASWAMIENGAR, M. A.) :—Shew that the locus of the centre
of the conic of minimum eccentricity having contact of the third order
with the conic Aa;'-f—By =1,+has for its equation (2*+y*)v/(Az’+By?)
= A I_B £ ) ( )

(A#=By") (13
Solution (1) by N. B. Mitra, Hemraj, and S. V. Venkatachala Aryar ;
(2) by F. H. V. Gulasekharam.
(1) The equation giving the eccentricity of the general conic in
e (atby

rectangular coordinates is —— — T2
E 1—e' " ab—n? 4

If e<1,e will be least when (';i% is least since liz in this case
ap—n —_g
diminishes continually with e.

Now the conic having four pointic contact with Az'+By'=1...(1)

cos B sin O : .
at the pomt( 1 VB )ha.s for its equation
Az’ 4 By'—1— \(\/Aa: cos 84++/By sin 8~1)*=0 ... (2)

The eccentricity of this is least when
{ A(Q—=X\ cos’@) +B(1—\ sin’@) } *
AB(1—N\ cos’0)(I—X\ sin’6)—AB sin’0 cos’®
{ A+ B—X\(A cos’0-+B 8in’6) }' (A cos’0 + B sin’0)?

or

ABI—X) AB(I=\)
A sin’6+B cos’e —\}
A cos’0+ B sin’@
is least or putting p=A sin’0+B cos®® & g=A c0s’0+ B sin’, when
)9
Znt L +2_+(1 \) %is least 7.e. Wheul—\:%
(1 X)

(A —-B) cos 28
2

or\ = (3).
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The centre of (2) is given by A (1-=\ cos"8)e—\VAB cos0 sin Oy
+ XA cos 6=0.
&—NVAB cos O sin Be+B(1—\ sin’0)y-+X\1/Bsin'@=0.
i.e. by\cos O(\/Aw cosO++/By sinf —1) =1/A.x...(4).
and \ sin 6 (\/Az cos A++/By sin 6—1)=+/B.y...(5).
Multiplying (4) by cos 8 & (5) by sin 6 and adding
N\(v/ 4w cos O++/By sin 6—1)=+/Az cos 6++/By sin 6

e s
of y/Ad sas B-y(BY sin9=\;\ T:ﬁﬁplﬁﬁfmm ®3) 24e(6)
Az _+/By_+ Az LBy
also from (4) and (“)CEQ':E@‘ il—‘sz suppose.
TV I 2__ 2
cos@:vl%x, sin §=" ]by cos 1O=22 kTBi
AB(a%+y*
and p:f%g-’;y )
Ac*+ By (B—A)(Aa’—By) 2 3yq/
fi eyl e /(Az? s
rom (6), 227 i ean (@*+y")V/(A2"+By*)

bl
| P e AL“—— 3
<A B )( B
[See: Wolstenholme, Ex. 1209, p. 202.]

(2) The equation to the conic having contact of the third order
with Az®+By?=1 at any point P (x;, y;) on it is
Az*+ By'—1—k(Azz;+Byy,—1)*=0 ... (1)

The coordinates (¢, y) of the centre Q of this conic are given by
the equations,
;;_Z-/_-— . 0y - .
o =k(Aaw,+Byy,—1)

=\ say ... e e (2)

Then since (z,, y;) is a point on the given couic,
3 \?=Aa’+ By? )
N 4 RN G))
b=
and 1 5 :
Also from (2), it is clear that the centre of the conic (1) lies on the
diameter through P of the given conic.

Again from Ex. ¢ Chap XI, C. Smith’s Conic Sections (Revised
Edition), “ Of all conics which have a third order contact with a given
conio at & given point on if, the one of least ecceniricity will be that in
which one of the equi-conjugato diamaires passes through that point.”
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Hence if r,, 7, be the semi—axes of the conio (1),
2PQ =r+r.)
: _ A+B—k(A%+BY%Y)
S 2[(z—2)? —y)?'] = 1T 2 I
(e + =y =AF B,
(Use the equation to determine the length of the axes of a
central conio given by the general equation of the second degree.)

Now substituting for &, y, and k from (2) and (3), the above
equation becomes.

A?m"+B1y’

A4B- ATEBY

CaRL (1)

21 een= i
=1y

which, when simplified and Az’+ By® is written for \?, reduces to
@+ VA By = (-5 ) (Ar—By

giving the equation of the locus required.

Question 845.

(M. K. KewaLRAMANI) :—ABC is a triangle such that cos 2 B, cos 2 A,
cos 2 C are in A. P. A rectangular hyperbola circumscribes this triangle
and passes through its centroid. AD is the common chord of this hyper-
bola and the osculating circle at A meeting the opposite side in D. show
that AD divides BC in the ratio sin A—B [b sin B—C—asin C—A]
: sin C—A [o sin B—C—a sin A—B].

Solution by Hemraj, S. V. Venkatachile Aiyar.

1f cos 2 B+cos 2C =2 cos 2 A, it is easy to show that
b2 a, sin (B—C) _ __2§, sin(B—C)_ _ o0 .
he =2y (C=3) @’ sin (A—B) a ' e
From the last two relations of (1), it follows at once that the ratio-
sin A—B [b sin B-C—asin C—A]:
sin C—A [C sin B—C—a sin A—B] = 2b'+0a?: 262447,
So we have to show that AD divides CB in the ratio
2b4a’: 2ot et
Now take the triangle ABC as the triangle of rcference, and tho
equation of the rectangular hyperbola is
- uystizz4wry=0

4
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with the conditions be cos A u+ ca cos Bu+ab cos C w=0
and u+ v+ w=0,
2 ¥ u e v e w
from whicn'we have et
. Hence the equation of the rectangular hyperbola takes the form
(b2—¢?) yz+(*—a?) cw4 (a*—b*) 2y =0.
Ais (1,0, 0) and the tangent therat is{(a’—b?) y+ (c"—a?) 2=0;
t.e. y42=0 from thefirst relation of (1).
And any line through A is py+vz=0.
Hence the equation of a conic having a contact of the 2nd order at
A with the hyperbola_is
2 (b*—c?) yz 4 2 (*—0a®) zw+2 (o =1*) ay+(y+2) (py+»2) =0

It represents a circle if

4l w410 _v—2(c*—a?)_pu—2 (a®—b*
Ak B i B el i 2

which gives
p=2 (@b =25 (=) = 2 [(¢—a?) 2= (B'—c)]
a a
.—_agg(c’—a“) (e’+a%)
and. v=2 (= a)—2 L (B o) = 2 (D) @~ (b —c")]
a a
:%(a’—bﬂ) (25°+4a?) from (1). ~
; .

v/p =(2 b +a")/(2 P+ ad).
Now the equation of the chord of curvature is evidently py+vz=0

and it divides CB in the ratio Y 1'.&}% ie (2b24a")/(2 *+a?). Hence

the result.

“'Quiestion 862.

(Communicated by Mr. Hem Raj) :—Angles A, B, C of a triangle
are trisected by AQ, AR ; BR, BP; CP, CQ. Shew that the triaﬁgle
PQR i3 equilateral. o - B - i

Solution (1) by F. H. V. Qulasckaram, H. It. Kapadia,* Sadanand,

K R. Rama Tyer, (2) by Hemraj and 8. V. Venkatachale Aiyar.

A B A C C
(1) Let P, Q, R be such that CBP =" PCB =7 QCA=T-.

A A A A B
CAQ=7: RAB=7> RBA =73
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Let BR, CQ meet at D ; CP, AR meet at F, and AQ, BP méetr at F.
Hence P is the incentre of the A DBC

BP=a 911193— cosec B:(’
.G a
=a sing- cosec (60 E.)
Also a=2R sinA =%_sin A/3 sin ( 60+ %) sin (60—%. )

;. BP =Esiu%siu(?_sin (60+A/3).

Similarly BR= E:m%sm—sm (604C/3)

2 PRﬂzk{sm ( )qm"(c) § [:sm~<60+ 3)
-4sin® (60+§,) -2 cos%sm (00-#—_3,) sin (60+%)

='%' sin® (A/3) sin? (B/3) sin? (C/3)-

)

P =%R\ sin%-qin% sin%—.
Similarly RQ=QP=4R sin A/3 sin B/3 sin C/3.
Hence the triangle PQR s equilateral.
We can similarly shew that the A DEF is also equilateral.
(2) Put A=3)\,B=3y:,0=37. Tn AAQR,’
sina _AR _csin p ><sin()\ +v)
sin f AQ sm(\-*—y.) b sin ¥
_sin 3v sin psin(\ +7)
" sin de sin v :m(\-{-p)
_(8—4 sin?)sin(60°— ) _ §m (€0°42)
(83—4 sin’)sin(60°—») sin (60“-{-};.)
There arise three cases .
(a) a=60°4+v, B=60°+p.
(b) a=60°4v, 8=120°—p ; or a=120"—v, B=60+p;
(inadmissible).
(¢) sin a =k, sin (60°4-v) , sin B=F, sin (60°+p,).
It is easy to show that (c)is also inadmissible, as

sin a _sin
sin (60°+ %) sin (60°+p)
AR _ AQ _ QR . AR _ AQ _ QR
sin u‘m‘m* B sin(60°+v) K sin (60°4p,) sin N
e AR _ 4Q _ QR

Biu a’  sin B sin N -
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Now a+8+X\=180° and 60°+v+60+p.+\ 180t follows that
a’ 4B’ 4+N\=3=180° unless k=1
Hence (a) is the only admissible solution.
Sooa=60°4y, f= =60+ p, r=604\
ZRPQ=360°— LBPC—a—f=60°=/PRQ=/PQR
<. PQR is equilateral.

Question 913,

(Pror. K. J. Saxyans) :=If the expansion of (sec 2+ tan ) is written
in the form

8
148748, 2 m 48 gt
prove that
S, =2m I mh

g b
where IE-" M de or log (1/2+1) J (log cosech z)"/cosh z dx,

o sin z

o

acoording as n is odd or even and a=3m, b=log(v/2+1).

Solution by Hemraj, R. Srintvasan, S. R. Ranganathan, C. Krishnamachary,
H. R. Kapadia, A. K, Krishnaswami Iyer, and M. K. Kewalramant,

Frcnﬂ Chap. XVII. Hobson’s Trignometry, or Arts. 573, 574: Diff.
Cal. by Edwards, we have

sec a4 tan m—1+5,.—+512|+ﬂ 3%—*'

T () () () )}

Hence we have to show that

where

[ (log seo 2)"™, _ |{ 1.1 }
(1)J,_(ﬁgm_,d;_(2n D! it gmtgat

1 1 1 o
(i) @%ﬂd”—z" {1‘3Tﬂ+:m_7—,m+---}' :

e
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Question 919.

(C. KRISHNAMACHARY) —Prov« that
O S S

5779 1T 13 ’\/2“"3(1“‘/2)

Solution (1) by K. J. Sanjana and H. R. Kapadia; (2) by S. B. Rans
guanathan, B. Srinivasan and G A. Kamtekar, (3) Hemraj,
Sadanand and N. B. Mitra.

2 o o o .

Let S‘*"? .5_+7+?—...,
ds
hen—-
t endﬂc

is the sum of two G.P.’s. Finding their sums and integrating we shall
be able to evaluate S. The following is a trigonometrical method.

In Gregory’s series change z to z4/t snd multiply by 1/t ; we get
¥ _ n' u_
Y/t tan (w\/t)_,,<z _+_ ) (& )
=18,+S,, suppose.
Then S=8,—S, and we have thus to separate y/t tan~ zy/t into
real and imaginary parts. Taking +\/LE(l+l)/\/2, we have

1+’Lt Y
vz vz \/2
1+ (1 - z\/2 1 L a2
{ tan™— ,+--tt&nh ml+§z"+§z}
Etl (an‘ x\/ _+¢ tanh™? @\/2},

by the usual procedure. Thu gives at once

,a,\/Z a2 ]
S,—2\/2<t'm .+ tanh~ 1o ) S 2
V2 _ YA AW
(tun T tanh I+a’)'
whence v2 ¢ 14 oy24a
2 BVO N a2os 1+2y2+a
S‘Wz{2 tank 1“1} 573 8 [y e

The result in the question follows by making z=:1, which is sllow-
able as the signs are — and + in pairs.

We also get




so that
A e

i 2v2

—
+
ol =
|
ol -
|
ESTIE
+
L=l
+

(2)
We have for - <J<—§
: ] ] (Bromuich: Art. 90 Ex.-2).
wxi gei

e"i_.;. g :g-{-{;i log (sec z+tan x)

Equating the imaginary parts, we have,

sin z— sin §w+ sin 5s_ =1 log (sec x+tan z)

Putting z=£,
we get,
1 —i— L4140 =—V2log (V2+1)
=4
_VZlog (V2+1)

(3) It follows from tan ~!(cos 641 sin 6) or 3 log (1+Z

that if 0<z< ? sin z—3 sin 3z+4% sin Sz—2 sin Te+
3 log (sec z+tan z)

Putting z=% we have the result.

i

Questions 919, & 968,
919. (C. KRISHN;\MACL{ARY) :—Prove that

3 [ P B el |
—s— sttt =% 2
l—g—s+2+5 11 +\/10g(1+\/)
988.. (V. Axunmﬁu) :—Sum the series
1211 - 1p 1
it te
Solution (i) by T. H. V. Gulasckharam, N. (. Leather and
_S. Muthukrishnan ; (ii) L. S. Vaidyanathan and M. K. Kewalramant.
(i) We Laveon page 303, Hobson’s Plane Trigonometry, the formula

log (2 cos 3 0)=cos O —3 cos 28+3 c0s30—F 00840+ ... ;

g
write 8= ?-



Then remembering that

e T |
log2=1 §+‘— Z+...... ’
we deduce y
1 1.1 .1 1
1—_— = sue (X
3 gtrts— “ —1gt 10g (14++2). . 1)

Again, we have the formula
30 =5in0—} sin 26+ } 5in 36—1 sin 404 ....c0 ;

write 9=T.
Then remembering
Ly 1,1 -1
=l .
) 4 3+5 7+
we deduce that
S I b kd 7
14— —2 e i wee
375 7+9+11 13 3 ()
Hence subtracting (1) from (2) and dividing the result by 2,
11,1 1,1 _ = _1

5. 0 iy log (1
5T Bt T TR oy € Ve

(ii) Consider the equality.
1 o il 1 1 i
S e e = 5,>0
a a+b+u+2b a+3b+ J 1+ 20

Here by giving particular values to a and b we can get the sum of not
only the above series, but also of many others of its type.

‘The given series corresponds to the values a=3 and b=4.

¢ e . 1
Hence S = 0»1—_:;‘
. 1 a?—2y/24+17" 1
e 8 = == e VAl + —
n.e. 4\/z[og z'+z\/§+1~\ V3
[tau“(m\/§+1)+tan"(z\/§—l) :]
- {1/5 .i°5’ :;z/i*_g\/ [tﬂn“(\/4+1)+han"(\/§ I)J
1 RV
—wk =) — —
Wi PRl AR L
= 2_\172 log (v2+1)
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Question 931.
(H. R, Karadia) :—Prove that the inﬁnite product
(L+a™) (1+ 3,,,) (1+ iy
"y

ﬁ (cosh mza,+cosmz8,)

RN

oy
r= 1 cosh "_;_W(cosh mza,+cosmef,).

AG—T)

. . ! .
acoording as # is even'or odd, if a,, A, denote sin = and cos'21 respec
% "

tiyely, where r is an odd number.
Solution by Hemraj and M. K. Kewalraman.
Consider the equation ;’7'4-1 =0; clearlyi = ooszgi”lﬂ-i»a'
ein 2”“1 where p=0, 1,2 w. v (2n=1)

s.0. if 7 is odd =cos. “T 4 isiu~=/?,+|'d,
2n 2n

If oae root is w, the other must be—uw, the third w?, and the fourth
(—w),—provided » is even. But if # is odd, there are two roots ks core

1; and .the other (2n—2) roots

responding to. o= '%landp =nt 2

can be divided into fours. Also it is evident that if any other factor
be equated to zero, the roots will depend on ¥ and w’s must be the
same.

Edigy
S F"‘H'"u (r—w o) =(=1" T(wp)'

-1

x T (1-,;——v) = H (1’F"‘)

. E (wp’) =1 according as n is oven or rodd.



=IJ., (cosgw_x Sk is odd e (A)
0 P
2n—1
= 7‘,(}_ Z coszr; (B,—ia,) ; Sr=2p41
]

= kH/ (cos X mx B,1cosh { ma o, +7 sin 1 M 43, sinh § me a,)
1 .

I { cos® § me B, cosh? i mr a,+sin® 5 B, sinht) e a,)
(n even)
n—32

or=cosh § 7z ! l (cos*; ma B, cosh®} o o, sin? 7z L3, sinh*} mza,)

(n odd)

[Notice that cosh 1 me corresponds to wP =7 and that if one fac-

tor in (A) is cosdgi, the other must be cosﬁ_\)mwp J

n—1

= W (cosh mrzja,+cos ma B,) or=
22— 3

n—1
shima
E,?,,l, g ' ] (cosh 1z a,+ cos mz B,)
gt (n—1) | o
Note.—This question was originally consiructed by Gla'sher,

See. Hobson’s
Trigonomeiry. Q. 32 Ch. XVII,
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Question 924.

(S. Mauiart Rao.) :—Complete ihe following pandiagonqual Bears.

Soiution by R..J. Pocock and Sadanand
The numbers given may be written

20+4, 2545, 0+1, 542, 10+4-3.
Consider the following sqnares A, Band C. If each number

in A is multiplied by 5 and added to the corvesponding number in as
we get the required pandiagonal magic sqnarve C.
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Question 926.
(S. R. Raxcanarnax):—If AB, AC be two straight lines intersecting
at right-angles P;, Pylany two poiuts on the circle on A B as diameter
and Q;, Q, the poinis of intersection of P, A and P, A respectively

with the circle on AC as diameter, show that P,P’; and Q,Q, are at right
angles to each other.

Solution by R.J. Pocock, P.M.II. Buker, C. Krishnamachary, R. Srinivasan
K B. Madhava, P.It, Venkatakrishnaiya, Hemraj and many others.

In the circle AP,F, B £ZP,AB=/P,PB.

Also PLAB=AQ,Q, since BA touches the circle ACQQa.
L PO PQQ.=BPQ, =90°.
Hence PP, and Q,Q, ave al vight angles,
[An obvious extension of the Questicnis the following :—
“ Any iwo circles interseet af A and A PyQy, A P,Q, are drawun to cut
them again in (P,Q,), (P,Q.), Shew that the angle between P,P, and
QuQ: is equal to the angle between the civeles.”]

Questions 942 and 943

942, (Hruru):—Show (hat if p be prime
‘ '—p~1

e i_ ; GL) “]%]v is an integer
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943. (Heura)) :—If @ be prime and
(@4+1) (@+2)...... (x+n—1)
=a" '+ A 2" Ay 2" LA,
shew that all the odd A’s except A, are divisible 2.

Solutivi and Remarks by H. Br.

Writing f (2) for the given expression, we have
f(=a)=(—a+1) (—a+2)...(—2+n—1)
=(@—1) (2—2) .....(2—n+1)
=(@—n+n—1) (x—n+n—2)...(z—n+1)
=f (=)
=f @—11f @)+ 2 /()=
=f@)—n{(n—=1) 2" 24+ nB—=2)1A; 2" "+ ..., } Femes
=f (@)—n (n—1) 2" *+n* F (z),
where F (2) is a polynomial in & with integral co-efficients. [This
follows fromithe factithat the A’s, upto A,_, are multiples of ».]

Hence
f@)=f (—2)=n (n—1) "*+0 (mod, »*).
This being an identity, we can equate co-efficients of powers of .
We get
A=in@n-1); A=A=...... =A4,_,=0 (mod, ).

Note : By considering terms involving »* and »%, we get
2 A =n (n—k) Ay,
where k is odd and >3. This is easily proved.

Remarks o Q. 943 by Mr. N. (. Leathar St. Stephen’s College, Delhi,

This prollem was set by me in the Punjab University M. A. Exam.
of this year in the following form :—

By cousidering the eguation (x—=1)(z—2)...(2—p+1)
P 1701‘11#—:_*_ L.'i.r"’ L _.(_)!7—!(1_,_1) 1=0
om the resulis of Qu. LV that, if p be a prime all the coefficients
Cy are divisible by p, and that the odd coellicients C,, C,,...are

divisible by p*.
This was seb as a rider to Newlon’s relations between the sums of
the powers of Llie rools and the cocficients of an algabraical equation.
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The reference to Qn. IV is to the theorem that :—

1f S, denote the sum of the r* powers of the first (p—1) natoral
numbers, S,,,, =82 F(S,) and S,,=S, G (Sy), where F and G are poly-
nomials of degree (r—1).

Newton’s rclations give

7 Cr=8,0,04+5,C, ;= S8,C e+ (=)'S, =0 ... . (A)
(r=1,2,.., p—1)

L 8y 8, ...8, are all divisible by p (assumed); therefore since r is

prime to p, C, is divisible by p, for all values of » from 1 to (p—=1).

II. If ris odd and « 3, S, is divisible by p?
Sy, 8;...8,.; are all divisible by P
and G,y C,y .- C; are also all divisible by p,
Thus every term of (A), except the first, is divivible by »% Also »
is prime to p.
Hence O, is divisible by p* if  is odd and < 3

Question 944.
(SavANAND) :—Prove the identity

HD 8 @) L =887 (@) St

=#(20)—S,¢"(2) & 4+8,4(2¢). %

=¢(24) .¢' (22) ﬁ-i-» e (Hx)‘z!,,,
where 8, is the 2** Eulerian number and Sgu_y i the nf?* « prepared
Bernoullian” number.

; _S 8 8
Deduce that log 2="L_2__ St

Solution by A. C+ L. Wilkinson,
9,.%

. : QB a2
In the identity :1+S,w——593_“7+555‘~,__

where 8y, 8y, 5;,...are the “prepared Bernoullians,” put \% tor » and
oy

operate with both sides on ¢ (2), we get

d
W 2 e s -
& (2)+ NS¢’ (“J)—ST Sy @) 4. = 7-“7 ()
r.\ﬁ +:- V@

it 4N
,_l,d,v e \du
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NP i N
= ¢(@+N\)— g7 >t @+N)+ 4—,54¢ (@+N) = .
N 1
Put X\ =2 andlwe have the resnlt given.

If we put ¢(z) =log « and then put N =1, we get log 2 in the form
given which is however a divergent series.

Question 949.

(C. Krisunamacusry) :—With the usnal notation for the numbers of
Bernoulli and Euler, show that

= 2n - 2n - 2n
- 2 (y2 ] g 94 (24— 96 (96 =
=B, 22 (»-1) (¥') B2 -1 (§)+B.2 @- (3)-..
1yt B, 2 (g
@n+1) B,=B, 2 @"—1) (") B, 2= @1y

241
')+
+(= 1= B2 =) (D) + (-1 @ur D).
Solution by A. C. L. Wilkinson.

The first result is proved in Edwards: Differential Caloulus, second
edition, p.502. It can also be proved as follows :

snal B
=1 —pe T —yr-1 "
n+2(—) w)z
A o y(y 2 B
A1 (=) (272) ’

whence subtracting

2z _ n 22" (22-1)—B, .
P ot (=) 7(27;7)‘1_'7
= o (22" —1) By, on.
ar a"’:(l—(—): ngz(d ", J]X .
U Fx {1+gr)
Equating the coefficients of 221, we obtain the first resuit,

Again, in

27 _gechm=T-LE(=) By

i sech a=1+41( ) @y

= r1+E( B, 2 =D ) {1+LL}
(2n) ! J il J’

equating the coefficient of-a” on both sidee, we obtain the second
restlt.
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QUESTIONS FOR SOLUTION.

984. (S. R. Ravoaxaruan) :—A prism has for ifs cross section|a
gnadrilateral ABCD with B= 105° and D =90° and /3 AB
=+/2BC. Show that a ray of | ident on the face AB at the

= ;Innrl emer_ing ont afier once being totally reflected

angle sin
would undergo a deviation of 93°, M being the coeflicient of refraction
of the substance of the prism.

985. (M. K. Krwarravaxt) :—If A/, B, C" are points in the sides
of the triangle ABC, such that

BA’: A'C=CB': B'A=AC': ¢'B=M:1,
tind an expression for the radius of the cirenmeircle of the triangle XYZ
formed by the intersections of AA’. BB, CC'. -

986. (M. K. KrwiLravaxnt) -—At any point P of a curve equal
arcs PQ, PR are measured in the same direction along the carve and
along the parabola of closest confact. Prove that nltimately

ayafdpN?  Ep ) (28
or={3 1(}? _.lP
Q it ,/:\ PIsT § 24p*
987. (V. TirUVENKATACHARI) :—Show that
1
2T )
J sin O(log cos O)IB=—1 (1+3+;“_i
o 5

577570
. (S Maruart Rao) :—Complete the following magic squares
of 16 cells, by placing 8 other prime numbers in the vacant cells :

|

743 ] 71113

B B e
989. (5. Maniart Rao) :—Give three solutions in positive integers
of the equation
(z+y+2)*=ay=
990. (S Mavmart Rao) :—Give a solution in positive integers of

1o

(n+ <”-.‘+m-'0u)2( )2"'-'} '

when # is odd ; and derive a method of solution of
10

Foltn) ™ S @Pgat,

By

(a2,
1
when 7 ig even and greater than 2.

Hence dedace an expression for any fraction (1) as the sum of a
n

series of  fractions
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991. (S. Naravinan) :—ABCis a triangle whose incentre is [ and
orthocentre H. If the incentre to the ex-medial triangle of AB} be
K and KH bisected at L, prove that the nine-points centre of ABC is
the middle point of LI.

992. (S. Naravaxax):—The internal bisectors of the angles A, B,C
of a triangle meet the sides of the medial triangle DEK at P, Q, R.
Prove that the conic which touches these sides at P, Q, R toaches also
the principal Feuerbach tangent of DEF.

893 (Couuuxicarep by Pror. HEMRAT) :—Trom point I’ perpendi-
culars PL, PM,PN are drawn to the sides of a triangle ABC. If AL,
BM, CN meet at a point Q, tind the locus of P and prove that PQ
passes through a fixed point.

934. (K. B. Mapuava) :—Conduct the following game of Bridge

with Hearts as trumps in which A has to l2ad and A and B together
have to make 7 tricks.

Hearts: Q. Diamonds: A;3;2;

Clubs: 7; 6. Spades: K; 8.
Hearis: 7; 6. f 7 7B Hearts: 9,8
Diamonds: J; 9;8. ! Diamonds: 10; 5.
Clubs: Q; J: 9. ‘Y Clubs : None.
Spades: None. | A | Spades: Q; 7; 6; 5.

Hearts: A; K; 5. Diamonds: K.

Clabs: A; 10; 8; 4. Spades : None.
995. (T.P. Trivenr, M.A,, LL.B.):—Prove that

1 o
j a® de=
o

Nn=aun =
E (_1)714 i__“.n+1 w(n41) (n42)
)

2 9 3l

o~

n=0

31 4

996. (T. P. Triveor, M.A, LL. B.) :—Find the conditions that
the conics

_® (1) (n42)(2+3)
)

ax®+ 2hay + by + 29w+ 2fy +¢=0
and

Qa4 2h'wy + by + 29 w4+ 2f y 4.¢' =0
have one asymptote in common..

997. (C. Kerisuvawacuary) :—A uniform chain in partly coiled on

a table with one end just cavried over a smooth pulley at a height 24
vertically above the coil, and to this end is attached a mass M. Discuss
the motion, shewing that the system will come to rest when M reaches
the table provided its weight is néarly equal to that of a length % of the
chain.
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