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PREFACE

THIS School Certificate Algebra has been prepared in response
to several requests for a text-book which shall contain in
one volume a course of study from the beginning up to the
standard of the examination. The contents have therefore
been determined by the requirements of the eight examining
bodies. Actually the book consists of the whole of my
Junior Algebra bound up with the first four chapters of my
Senior Algebra, with the additional feature of a large collec-
tion of examples from recent examination papers. The
latter have been arranged in ten groups, according to their
nature, so as to facilitate pre-examination revision.

I have not thought it necessary to alter the pagination
of the material carried over from the two works named, and
this, therefore, follows the original arrangement.

My thanks are due to the following examining bodies
for permission to use questions set by them : The University
of Bristol; the University of Cambridge Local Examina-
tions Syndicate ; the University of Durham Schools Exami-
nations; the Senate of the University of London; the
Joint Matriculation Board of the Universities of Manchester,
Liverpool, Leeds, Sheffield, and Birmingham; the Dele-
gates of the Oxford Local Examinations; the Central Welsh
Board ; and the Oxford and Cambridge Schools Examina-
tion Board.

The tables of logarithms and antilogarithms are repro-
duced by permission of the Controller of H.M. Stationery
Office.

D. L.
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PART 1

CHAPTER I
THE FORMULA AND ITS CONSTRUCTION

1. Fig. 1 represents a piece of ribbon, part of which is
coloured red and the remainder white. The length of
the red part is 2 inches and the length of the white part

RED WHITE

B ) | (T ] ) | ¢ I U >
Fre. 1

is 6 inches. Then the total length of the piece of ribbon
is the sum of these two lengths, and is 8 inches. To find
this total length we have added the length of the red part
to the length of the white part. If we.use the plus sign ()
to represent this addition, as we do in arithmetic, then we
can write :

Total length of ribbon

= length of red part + length of white part
= 2 inches -+ 6 inches
= 8 inches.

Fig. 2 represents a piece of

ribbon coloured green and blue. o A
Again, we can write : GREEN BLUE
Total length of ribbon <---2in:-->
= length of green part 4 Fi1c. 2

length of blue part.

In this case we know that the total length of the ribbon
is 5 inches and the length of the green part is 2 inches, so
that we can write :

5 inches = 2 inches + length of blue part.

A 1
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From which we can see that since 2 + 3 = 5, length of blue
part = 3 inches.

Fig. 3 represents a number of pieces of ribbon, each of
which is coloured black and yellow. No measurements are
given, but in each case we can write :

Total length of ribbon
= length of black part + length of yellow part.

If the lengths of the coloured parts are known, then the

BLACK YELLOW|
BLACK]YELLOW]
BLACK YELLOW
BLACK YELLOW
Fic. 3

total length of the ribbon can always be found by the
simple addition indicated by this general statement :

Total length of ribbon
= length of black part 4+ length of yellow part.

This applies to every case illustrated in Fig. 3 and to all
similar cases which you can draw for yourself. A general
statement such as this is called a formula.

The formula for the total length of a piece of ribbon part
of which is black and the remainder of which is yellow is :

Total length of ribbon
= length of black part + length of yellow part.

And from this we can find the total length when the
length of each of the coloured parts is known.

A formula written in this way is rather long, and can be
shortened by using a letter to stand for each of the lengths
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we are considering. Thus we can let [ stand for the total
length of the ribbon in inches, m stand for the length in
inches of the black part, and » for the length in inches of
the vellow part; and then our formula can be written very
shortly as
l=m -+ n.

If we are told in some particular case that the black part

is 3 inches long, then m = 3, and

Il =3 4+ n.
If at the same time we arc also told {hat the yellow part
is 7 inches long, then n» = 7. In this case
I=3+7
= 10.

In other words, the total length of the ribbon is 10 inches.

EXERCISE I

1. A piece of ribbon is coloured red and white. Find the
total length of the ribbon

(@) When the red part is 4 inches and. the white part
is 5 inches.

(b) When the red part is 7 inches and the white part
1s 2 inches.

(c) When the red part is 5 inches and the white part
is 9 inches.

2. A stick 3 feet long is stuck in the ground.

(a) If 6 inches are in the ground, how many are above
the ground ?

(b) If 34 inches are above the ground, how many are in
the ground ?

3. A certain formula is P = z 4 .

(@) If * = 4 yards and y = 7 yards, find P.
(b) If x = 3 yards and y = 12 yards, find P.
(c) If x = 10 yards and P = 17 yards, find y.
{d) If P = 24 yards and = = 9 yards, find .
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4. (a) Fig. 4 shows two boxes, one of which is 6 inches
deep and the other 4 inches deep. What is the height of
the two boxes ?

(b) If one box is p inches deep and the other is ¢ inches
deep, write down a formula for

A

4in. the total height in inches (H) of
iK the two boxes.

G (¢) From your formula find H
Y

if p=>5andqg=4.

5. (@) One bag contains 12
oranges and another bag contains 8 oranges. What is the
total number of oranges ?

(b) One bag contains ¢ oranges and another bag contains
L oranges. Write down a formula for the total number (n)
of oranges.

(¢) From your formula find nif ¢c = 12 and k = 7.

(d) f n =20 and k = 4, find c.

6. (a) One bag of coffee contains 4 1b. and another bag
contains 2 1b. What is the total weight of the coffee ?

(b) One bag of coffee contains m lb. and another bag
contains n 1b. Write down a formula for the total weight
in Ib. (W) of the cofiee.

(c) Find W when m = 6 and n = 8.

(d) Find m when W = 14 and n = 7.

7. Fig. 5 shows a piece of ribbon coloured red, white, and
blue.

(a) If the red part is 4 inches long, the white part is §

Fic. 4

RED WHITE BLUE

Fi1a. b

inches long, and the blue part is 6 inches long, what is the
total length of the ribbon ?

(b) If the red part is x inches long, the white part is y
inches long, and the blue part is z inches long, write down
va formula for the total length in inches (I) of the ribbon.
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() Find [ when x =5,y =7, and z = 2.
(d) Find ! when « = 10, y = 21, and z = 14.

8. A postman is carrying three parcels.

(a) If the first parcel weighs 11b., the second 31b., and the
third 5 Ib., what is the total weight that the man is carrying ?

(b) If the first parcel weighs p lb., the second ¢ lb.,
and the third 7 lb., write down a formula for the total
weight in lb. (w) that the man is carrying.

() Find w when p =1, ¢ = 2, and r = 3.

(d) Find w when p =1,¢ =1, and r = 1.

9. A certain formulais K =c¢ 4 e + ¢.

(@) Find K when ¢ = 14, ¢ = 72, and g = 29.
(b) If K = 100 when e = 21 and g = 47, find c.

10. There are four big boys in a class. The first is w feet
high, the second is x feet high, the third is a feet high, and
the fourth is d feet high. Write down a formula for their
total height in feet (H).

2. We shall now consider another type of formula. Sup-
pose that a boy has a bag containing 80 marbles. He plays
with a friend and loses 27. To find the number of marbles
which he has left we must subtract 27 from 80. This leaves
53. Using the minus sign (-) to represent this subtraction,
we can write ;

Number of marbles left
= total number of marbles — marbles lost
= 80 - 27
= 53.
This boy may play many games, and whenever he loses
he can always write at the end of each game:

Number of marbles left
= total number of marbles — marbles lost.

This is a formula, and we can use letters as before in order
to write it more quickly. Thus, if the boy has @ marbles
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and loses b marbles, and » is the number which he has

left, then
n=a->b.

In the particular case that was considered above a = 80

and b = 27, so that
n=a->b

= 80 - 27
= b3.

EXERCISE II

1. (@) A plank is 10 feet long. If 3 feet are sawn off,

how much is left ?
(b) A plank is 10 feet long. If x feet are sawn off, how

much is left ?

(c) A plank is a feet long and p feet are sawn off. Write
down a formula for the length in feet (s) which remains.

(d) Find s when ¢ = 12 and p = 7.

2. (@) A man is 40 years old and his son is 12 years old.
What is the difference in their ages ?

(b) A man is n years old and his son is k years old. Write
down a formula for the difference in years of their ages (d).

(¢) Find d when » = 37 and k = 8.

(d) Find n when d = 30 and &k = 17.

3. (a) A jugcontains 3 pints. If 2 pints are poured away,
how much remains ?

(b) A jug contains x pints. If y pints are poured away,
write down a formula for the number of pints (p) which
remain.

(c) Find p when x = 6 and y = 2.

(d) Find y when p = 3 and x = 8.

4. (a) A basket contains 20 eggs. If 5 ge} broken and
have to be thrown away, how many are left ?

(b) A basket contains m eggs. If n eggs are broken, write
down a formula for the number of eggs (E) that remain.

(¢) Find E when m = 36 and n = 2.
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5. (@) A truck contains 10 tons of coal. If 3 tons are
sold, how many tons are left?

(b) A truck contains ¢ tons of coal. If s tons are sold,
write down a formula for the number of tons (C) which

remain,
() Find C when £ = 15 a;‘nd s = 8.

6. (a) A book contains 324 pages. If 137 pages have been
read, how many pages remain to be read ?

(b) A book contains P pages. If M pages have been read,
write down a formula for the number of pages (K) which

remain to be read.
() Find K when P = 430 and M = 254.

7. (@) There are 1200 passengers on a ship. If 212 of
them leave at the first port, how many continue the
journey ?

(b) There are N passengers on a ship. If z of them leave
at the first port, write down a formula for the number (Z)
that continue the journey.

(¢) Find Z when N = 475 and z = 129.

8. (@) A farmer has 300 sheep. If he sells 107, how many
does he keep ?

(b) A farmer has p sheep. If he sells ¢ sheep, write down
a formula for the number (N) he keeps.

() If N = 280 and ¢ = 74, find p.

9. (a) John has 18 shillings and spends 6 shillings. How
much has he left ?

(b) John has m shillings and spends = shillings. Write
down a formula for the number of shillings (S) he has left.

(¢) Find S if m = 20 and n = 12.

10. (@) A box contains 56 1b. of tea. If 181b. are sold,
how many 1b. are left ?
(b) A box contains P lb. of tea. If Q Ib. are sold, write
down a formula for the number of 1b. (X) which remain.
(¢) Find X when P = 80 and Q = 35.
.
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3. The following is another simple example showing how
some formule are constructed.

Suppose a boy starts with 5 marbles and plays two games,
winning 3 marbles on his first game and then losing 2
marbles. Then

Number of marbles left — total number of marbles
-+ marbles won — marbles lost
=5+3-2
= 6.

In exactly the same way, if the boy starts with p marbles,
wins ¢ marbles, and loses 7, then if N is the number of
marbles he has left,

N=p+gqg-r
In the particular case just considered p = 5, ¢ = 3, and
r = 2. So that
N=5+3-2
= 6.

That is, the boy has 6 marbles left.

EXERCISE III

1. (@) A man has 100 oranges. He buys 50 more, and
then gives away 86. How many has he left ?

(b) A man has x oranges. He buys y more, and then
gives away z. Write down a formula for the number of
oranges (N) he has left.

() Find N when x = 135, y = 27, and z = 92.

2. (@) A grocer has 56 1b. of tea. He sells 37 1b., and then
buys 28 1b. How many lb. of tea has he now ?

(b) A grocer has m lb. of tea. He sells k£ 1b., and then buys
c¢lb. Write down a formula for the weight in 1b. (w) of the
vea he has left.

(¢) Find w when m = 112, k = 107, and ¢ = 56.

3. (@) A regiment consists of 1000 men. If 28 recruits
join up and 500 men are drafted abroad, how many remain ?
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(b) A regiment consists of p men. If z recruits join up
and » men are drafted abroad, write down a formula for
the number of men (H) that remain.

() Find H if p = 750, z = 104, and n = 435.

4. (@) A man walks 3 miles and motors 10 miles more to
his destination. He returns 8 miles by tram. How far is he
from home ?

(b) A man walks @ miles and motors k£ miles more to his
destination. He returns s miles by tram. Write down a
formula for the distance (D) the man is from home.

() Find D when a = 2, k = 34, and s = 12.

5. (@) A man receives 35 shillings a week as wages, out
of which he spends 32 shillings. He also receives 5 shillings
a week in tips. How much does he save in a weelk ?

(b) A man receives b shillings a week as wages, out of
which he spends s shillings. He receives ¢ shillings a week
mm tips. Write down a formula for the amount (A) he saves
in a week.

(¢) Find A when b = 45,5 =40, and { = 7.

4. There are three bags each containing 4 apples. Then

Total number of apples =4 4 4 4
= 12.

In other words, we have added the three 4’s together so
as to find the total number of apples.

Suppose there were 50 bags each containing 4 apples.
Then '

Total number of apples
=4+4+4 (there will be fifty 4’s)
Now, the sum of fifty 4’s is best found by multiplying
50 by 4. So that

Total number of apples =4 4+ 4 4 4 . (fitty 4’s)
=50 x 4
= 200.
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In just the same way 4 +4 + 4 =3 X 4.
T+7+7=3 x1.
a+a-+a=3 X a.

Hence if T is the total number of apples contained in
three bags, each of which holds a apples,

T=a+a-+t+a
=3 X a.

It is usual to write 3 X a as 3a. Our formula now becomes

T = 3a.
In the particular case considered at first a = 4.
T=3x4
= 12.

Notice that in the product of a number and a letter the
number is written first. Thus we write 3a, and not a3.

EXERCISE IV

1. If a = 4, find the value of 2a, 4a, 6a, 8a, 12a, 20a.
2. If p = 12, find the value of 3p, 8p, 11p, 13p.

3. Write the following more shortly :

(@) =+ . (f) k+ k.

(0) z + = + = (@ T+T+T+T.

) x+x+ x+ = (h) d +d 4+ d.

@ z+xt+xt+axt+z @)A+2+2+h+RF R
(e) m + m + m. ) P+P+P+ P+ P
If X = 5y, find X when y = 15. ’

If P = 5a -+ 3b, find P when ¢ = 2 and b = 3.

If A =2r+ 5p, find A when r =7 and p = 4.

If M = 5K - 2N, find M when K = 7and N = 4.

S

9. The following example shows an important application
of the work done in the preceding lesson.
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The number of pence in 1 shilling = 12.
2 shillings = 2 x 12.
5 shillings = 5 x 12.
,» , I shillings = k& X 12
= 12k. |
Notice that &k x 12 is written 12k, and not as k12.

EXERCISE V o0

(b)) How many pence are there in 7 shillings ? i
(c) How many pence are there in « shillings ?

2. (@) How many ounces are there in 1 1b. ? .
(b) How many ounces are there in 2 1b. ? \ N
(c) How many ounces are there in m lb.?

3. (¢) How many inches are there in 1 yard ?
(b) How many inches are there in 3 yards ?
(c) How many inches are there in p yards?

4. (a) Write down a formula for the number of seconds
(T) in A hours.

() Use this formula to find T when 4 = 3.

5. (@) Write down a formula for the number of shillings
(S) in g guineas.

() From your formula find S when g = 4.

6. (o) Write down a formula for the number of cwts. (C)
in ¢ tons.

(6) From your formula find C when ¢ = 12.

7. (a) Write down a formula for the number of yards (n)
in d miles.

(b) From your formula find » when d = 8.

6. We have seen that

Sk=k+k+Ek+k+k
and k=k-+ I+ k.
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Then
5k+3k=k—|—k—|—k—|—k+k—|—k+k—l—ﬁ
5k 3%k
= 8k. ’

Similarly, 12m + 19m = 31m, and so on.

EXERCISE VI
1. Simplify
(a) 3a + 8a. (f) 4a 4 8a + 13a.
(b) g + 12¢. (9) 17g + 14g + 13¢.
(¢) 10p + 13p. (h) 21p + 9p + 14p.
(d) 18¢ 4 21c. (2) 14c + 23c + 18c.
(e) 3bm + 17m. () 17m + 41m 4 2m.
2. If x = 3 find the value of
(@) 4x + Tzx. (d) 3z + 8x + 2x.
(b) 6z 4+ . (e) Tx + 3= 4 1lw.
(c) 13x + 5.

3. f A=3m -+ 4m 4 2m, find A when m = T7.
I Q = 2a + 12a + 3a, find Q when a = 10.
5. If w=p 4+ 2p 4+ 3p, find w when p = 4.

TN

7. Subtraction is performed in a similar manner.

5k
Thus, Bk-3k =1k +k + ¥+ F+ &
3k

= 2k.

The subtraction is shown by crossing out the k + &k 4 k&
(= 3k).

Thus, 5k — 3k = 2k.

Similarly, 17m — 4m = 13m, and so on.



THE FORMULA 13
EXERCISE VII

1. Simplify
(@) 7a - 2a. (f) 40z — 27x.
(b) 12q - 4q (g) 370~ 196b.
(c) 10p -3p (h) 93¢ — 48e.
(d) 21c - 19c. (z) 112¢g - 74g.
(e) 11m - 2m. (5) 87t —409¢.
2. If d = 5, find the value of
(@) 6d - 2d. (d) 38d - 23d.
(b) 12d - 5d. (e) 47d - 29d.
(c) 11d - 5d.
3. If X = 14z - 2z, find X when x = 3.
4, If h = 24¢ - 17¢, find ~ when ¢ = 5.
5. If w = 34m - 18m, find w when m = 10.
6. Simplify

(@) 4a + 3a + Ta + 12a.

(b) 15m + 13m — 4m.

(c) 23c — 14¢ + 8c.

(d) 12 + Tx + 4x - 5.

(e) 14w + 2w + dw - Tw + 12w.

8. We have seen that 3p =9 + p + p and that 2¢
—¢q + ¢, and so on. We must now consider how more
complicated expressions can be simplified. Consider the:
following example.

Simplify 3p + 29 + 4p + 3q.
3p=p—+p+p

29 =9+4q.
dp=p+p+p+0p.
g =qg+q+gq

Hence 3p + 29 + 4p + 3q
=p+p+Pp+eteg+Pp+p+tP+p+g+qg+gq
=P+ﬂiP+P+P+P+P+Q+Q+Q+Q+q
= Tp + 54.
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We need not always write out in full the values of 3p, 2g,
etc., as we have done here, because we can always rearrange
the expression so as to gather similar letters together. Thus
in this example

3p + 29 +4p + 3¢ = 3p + 4p + 2¢ + 3¢
— —_——
= Tp + 5.

Here is another example. Find the value of 2z -} 4y

~+ 6x 4- 8y when x = 2 and y = 3.
2x + 4y + 6x + 8y = 2x + 6x + 4y + 8y
= 8x 4 12y.

If x = 2, then 8z = 16.

If y = 3, then 12y = 36.

.22 + 4y 4 6z + 8y = 8x 4 12y
= 16 4 36
= 52.

EXERCISE VIII

1. Simplify

(@) 22 + vy + =.

(b) 3a 4 2b + 5a.

(¢) 4k + 3m + 2m -+ 5k.

(d) Tc + 4w 4+ 2¢ + 3w.

(e) 8h + 4t + b + 3t.

(f) 10p + 3r + 7r + 8p.
4b + Te + 3¢ 4 5b.
13m + Tw + 14m + 11w.

20 + 3b + ¢ 4 4b + 3a + 3c.
5k + Tm -+ 2n -+ 3% + 5n - 6m.

(0) * + 2y + 3z + 4x 4 5y + 6z + T + 8y - Oz,

)
)
)
)
(k) 4+ 2y + 3z 4 5z + 2y + 4.
)
)
)
)
(p) 2a—}—4b+3c+5a—]—90—{—2a—|—4b—|—5c.
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(@) 5k +Tm+ 2n + 3n + 5m + 7k - 6m + k 4 3m.
(r) Tt + 5u + 4t + 8v + Tu + 18v + 9¢ + 10u.
(s) 4w + 3l 4- 6k + Tw + 2k + 51 + 4w.
() 5a 4- 12¢ + 8b + 9¢ + 7a + 5¢ -+ 8b + 17a + 12b.
2. Find the value of
(@) 2p + 3q + 4p + g when p = 3 and g = 5.
(b) bx + 12y 4 3x + 2y when x = 8 and y = 3.
(¢) 3u + 5v + 4u + Tvwhenu = 10 and v = 12.
(d) 3u + 5v + 8w + 4v + Tu 4+ 5w when v = 1,
v=2, and w = 3.
(e) Ta + 5¢ + 4b + 8¢ + 5a + 9b when a = 3,
b=>5,andc=1.

EXERCISE IX

1. (¢) How many shillings are there in £1 ?

{b) How many shillings are there in £2?

(c) How many shillings are there in £x?

(d) How many shillings are there in £1 4 5 shillings ?
(¢) How many shillings are there in £2 4 5 shillings ?
(f) How many shillings are there in £x 4 5 shillings?
(9) How many shillings are there in £ - y shillings?

2. (@) How many lb. are there in T tons ?
(b) How many lb. are there in T tons + 4 cwts. ?
(¢) How many lb. are there in T tons 4+ C cwts. ?

3. How many pence are there in £x -+ y shillings -+ 2
pence ?

4. How many feet are there in p yards - g feet ?

5. How many seconds are there in 4 hours 4 % minutes
-I- m seconds ?

6. How many shillings are there in £2x 4 y shillings ?

7. How many shillings are there in £3x + 2y shillings ?

8. How many feet are there in 3p yards - 2¢q feet ?

9. How many inches are there in @ yards - 2b feet 4 3¢
inches ?
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10. How many minutes are there in 3¢ hours 4 5k
minutes ?

11. How many pence are there in 5x florins ?

12. How many ounces are there in 4m lb. 4 15k ounces *

13. How many pence are there in 3z shillings 4 5y pence ?

14. How many yards are there in 4q miles?

15. How many pence are there in 5z half-crowns ?

9. A basket contains 5 loaves of bread, each of which
weighs 2 1b. Then the total weight of the bread is 5 X 2 1b.

Similarly, if the basket contains n loaves, each of which
weighs 2 1b., then the total weight of the bread is » x 2 1b.

If each loaf weighs a 1b., then the total weight of n loaves
ism X alb.

This is written na, which stands for the product of » and a.

If P is the total weight in 1b. of n loaves, each of which
weighs a lb., we have the formula P = na.

Ifn=5anda =2,thenP =5 x 2.

= 10.
Hence the total weight in this case is 10 lb.
But 5X 2=2 x 5.
Similarly, nXa=axn.
In other words, nw = an.
EXERCISE X

1. (a) What is the cost in pence of 5 stamps, each costing
2d.

(b) Write down a formula for the cost in pence (z) of
k stamps, each costing p pence.

(¢) From this formula find x when k¥ = 12 and p = 3.

2. (a) What is the weight of 7 cakes, each of which
weighs 3 1b. ?

(b) Write down a formula for the weight in lb. (w) of
n cakes, each weighing ¢ 1b.

(¢) From this formula find w when » = 8 and ¢ = 4.
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3. (@) What is the cost of 12 tickets for a concert if each
ticket costs 5 shillings ?

(b) Write down a formula for the cost in shillings (S) of
x tickets, each costing a shillings.

(¢) From this formula find S when z = 50 and @ = 3.

4. (@) A man walks at 3 m.p.h. for 2 hours. How far does
he travel ?

(6) A man walks at @ m.p.h. for ¢ hours. Write down a
formula for the distance in miles (D) that he walks.

(c) From this formula find D when ¢ = 4 and ¢ = 3.

5. P = zy 4 5, find P when z =1 and y = 4.
6. If K = 10 - pq, find K when p = 2 and ¢ = 3.
7. Find the value of ab + bc whena = 1, b =2, and ¢ = 3.
8. Find the value of pq - tg when p = 5,9 = 2,and ¢ = 3.

9. (@) Write down a formula for the total rent in shillings
(R) received from » tenants, each of whom pays z shillings
a week.

(b) Find R when n» = 10 and x = 12.

10. (a) Write down a formula for the total weight in lb.
(w) of a parcel that contains n packets, each weighing p Ib.,

and m packets, each weighing ¢ lb.
(6) Find w whenn = 2, m = 3, p = 2, and ¢ = 4.

10. We have seen that x X y is written xy.

Similarly, x X y X 2 = xyz.

Notice that zy X z = 2z X y = yz X x and that xyz
= xRy = Y.

Study the following examples carefully.

ExampLE 1
Simplify ¢ x 6b.
aX6b=ax06xXb

=6 xXaXxb
= 6ab.
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ExaMpPLE 2
Simplify 32 X 6y.
3r X by=3 X x X6 XYy
=3 X6XzxXY

N’ Nt e’

= 18xy.

EXERCISE XI
1. Simplify

(@) = X 2y. (g) @ X b X c.

(b) 2a X ec. (h) 22 X ¥y X =.

(c) 4k x 21. (7) 3w X 2y X 4=.

(d) 8w X 3t. () 5p X 3q X r.

(e) 7Ta X 12=. (k) Tk X 4t X 2w.

(f) 12¢ X 14f. (1) m X 2n X 3p X 4k.

2. Find the value of
(@) 29 X 3h wheng = 3 and h = 5.
(b) 4k X 2m whenk =1land m = T7.
() bm X 12n whenm = 17 and n = 1.
(d) 3a X 7b whena = 2and b = 0.
() x X y X zwhenx = 2,y = b,andz = 3.
(f) w X 2p X gwhenw =1,p = 6,and g = 2.
(9) 2a X 3d X 4h whena =d = h = 2.
(h) 3m X 2l X 4n whenm = 1,1 = 5, and n = b.

11. Products of the same letters can be added and sub-
tracted in the same way as the simpler quantities that we
have already considered.

Thus, 5pq + 3pg = 8pq
and 5pq — 3pg = 2pq.

In a product the order of the letters does not affect the
value of the product, and so when an addition is done care

must be taken to see that the products are properly col-
lected. The following examples illustrate this.
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Examrre 1

Simplify 5pg + 3¢p.
We have seen that pg = gp, so that
5pg + 3qp = 5pq + 3pg
= 8pyg.
ExamMpLE 2
Simplify 5xyz + 3ab + 4yzx + 2ba.
Since zyz = yzx and ab = ba we can write:
S5xyz + 3ab + dyzx + 2ba = Sxyz + 3ab + 4xyz + 2ab
= Sxyz + 4xyz 4 3ab + 2ab
= Qxyz 4 Hab.

EXERCISE XII

1. Simplify
(@) 2y + y=. (f) ab + bc + 2ab.
(D) 2¢cg + 3gc. (9) Spqr — 2qpr.
(¢) Bkm — mk. (h) 4dk + 5kd + 4ab.
(d) Tab + 3ba. (¢) 7abc + 8bca + 9cab.
(e) 10nf - 3fn. (j) 4ca + 2ab + bac + 3ba.

2. Find the value of
(@) 22y + 5yxr when x = 1 and y = 3.
(b) 14km — 2mk when k = 5 and m = 1.
(c) ab + cd + 2ba + 3dc when a = ¢ = 1 and

b=d=2.
(d) 10pg + 49p + 3rp + 2pr when p = 1, q = 2,
and r = 3.

(e) babc whena = 4,b = 5, and ¢ = 6.

(f) 12prq — 4rpqg whenr = 3, p = 2,and q = 0.

(9) 4cdf + 4fdc + 5dfc whend = 3, f = 8,and ¢ = 2.

(k) 17xyz — 1562zy when x = 25, y = 6, and z =

(¢) 10fk + 3kf + 4fk when f = 6 and &k = 2.

() Twt 4+ 4duv + 8tw + Jvu when w = 1, u = 2,
v=3, and t = 4.

12. If we divide 20 marbles into five equal groups there
will be 4 marbles in each group. The number in each group
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is obtained by dividing 20 by 5, and we can write this

20
process of division as either 20 =- 5§ = 4 or 5= 4,

Similarly, if we divide » marbles into five groups the
number in each group is obtained by dividing » by 5, and

n

we write this quotient as 5

If we divide 7 marbles into z groups, then the number in

. N .
each group is —. Hence we can write down a formula for
x

the number of marbles in a group (K) when n marbles are
divided into x groups as

n
K= -.
X
If » = 150 and = 25, then
150
K=
= 0.

That is, there are 6 marbles in each group.

EXERCISE XIII

1. (a) If 40 oranges are divided equally among 8 boys,
how many does each boy receive ?

(b) If g oranges are divided equally among % boys, write
down a formula for the number (n) of oranges each boy
receives.

(¢) From this formula find # when ¢ = 150 and » = 30.

2. (a) If 12 yards of ribbon cost 1s. 6d., what is the cost
in pence of 1 yard ?

(b) If d yards of ribbon cost « pence, write down a formula
for the cost in pence (¢) of 1 yard.

(c) From this formula find ¢ when d = 20 and z = 50.

3. (@) A motor travels 70 miles on 2 gallons of petrol.
How far does it travel on 1 gallon ?
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(b) A motor travels m miles on ¢ gallons of petrol. Write
down a formula for the distance in miles (d) whick it travels

on 1 gallon.
(¢) From this formula find d when m = 100 and ¢ = 5.

4. (a) An aeroplane travels at 120 m.p.h. How many
miles does it travel in 1 minute ?

(b) An aeroplane travels at £ m.p.h. Write down a for-
mula for the distance in miles (M) that it travels in 1 minute.

(¢) From this formula find M when £ = 180.

5. (¢) How many bags of sugar, each containing 2 Ib.,
can be obtained from a box containing 56 1b. ?

(b) Write down a formula for the number of bags of sugar
(a) that can be obtained from a box containing w lb. if each
bag weighs p Ib.

(¢) From this formula find @ when w = 112 and p = 4.

6. Find the value of

b

(a) EzE—Whena:=5,b=3,a,ndc=1.
3

(b) _}):_g hen f=4,9g ="7,and b = 14.

2
(¢) %jwhenx=5,y=2,andz=3.

2

(@) —§+%q\vhenp=2andq=4.
5a 4b

(e) {—;whena=4andb=2.

13. The following examples show an important applica-
tion of the process of division. Study these examples
carefully.

ExameLE 1
(@) How many pounds are there in 120 shillings ?
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(b) Write down a formula for the number of pounds (p)
in S shillings.

(@) We know that 20 shillings = £1, and therefore, to
reduce shillings to pounds, we must divide by 20.

. 120
Hence 120 shillings = £2—O-.
(b) In an exactly similar {fa,y,

e S

S shillings = £§6'
Therefore our formula is
S
P = 20"

ExamrLE 2

Write down a formula for expressing « yards in miles (M).
Since 1760 yards = 1 mile, yards are reduced to miles
by division by 1760. Hence our formula is

X
M = 760"

EXERCISE XIV

1. (@) How many hours are there in 240 minutes ?
(b) How many hours are there in T minutes ?

2. (@) How many tons are there in 4000 1b. ?
(b) How many tons are there in p 1b.?

3. (a) How many yards are there in 144 inches ?
(b) How many yards are there in k inches ?

4. (@) How many miles are there in 5280 feet; ?
(b) How many miles are there in m feet ?

5. (a) How many cwts. are there in 1000 1b. ?
(b) How many cwts. arc there in d 1b. ?

6. (@) Write down a formula for expressing feet (f) in

yards (y).
(b) Use your formula to find y when f = 132.
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7. (a) Write down a formula for expressing % ounces in
1b. (n).
(b) From this formula find » when & = 176.

8. (@) Write down a formula for expressing m hours in
days (d).
() From this formula find d when m = 192.

9. (¢) How many pounds are there in 250 florins ?

(b) Write down a formula for the number of pounds (P)
in ¢ florins.

10. Express £x -+ y shillings + 2 pence in (a) pounds,
(b) shillings, and (c) pence.

11. Express a tons + b cwts. + ¢1b.in (a) tons, (b) cwts.,
and (c) 1b.

12. Express p yards 4+ g feet 4+ r inches in (a) yards,
(b) feet, and (c¢) inches.

14. We have seen how the familiar processes of arith-
metic—addition, subtraction, multiplication, and division—
are applied so as to construct a general statement, or for-
mula, which is written in a ‘shorthand’ form by means of
letters. The following exercises introduce no new ideas, but
are a revision of what has been done before in this chapter
and will provide further practice in the construction and
use of formulz.

EXERCISE XV (RevisioN EXERCISE)

(A)
1. If x =6, what are the values of 2 + 2, 2z, -2,
x
—?
and 5

2. f p=4,¢g=17, and r = 6, what are the values of
P +q+r, pqg+ gr + rp, pgr, and p—f’-‘
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3. (@) How many pence are there in £k?
(b) How many ounces are there in m lb.?
(c) How many yards are there in x miles?

4. Simplify the following:
4x + 5y + 22 + 3x + 42 4+ 8y + 5.

5. (@) A train travels at 30 m.p.h. How far does it travel
in 3 hours ?

(b) A train travels at p m.p.h. Write down a formula for
the distance in miles (D) that it travels in £ hours.

(¢) From this formula find D when p = 25 and { = 4.

(B)

6. (@) A parcel contains 2 bags of sugar, each weighing
11b., and 3 bags of flour, each weighing 21b. What is the
total weight in pounds of the parcel ?

(b) A parcel contains N bags of sugar, each weighing « 1b.,
and M bags of flour, each weighing ¥ 1b. Write down a for-
mula for the total weight in lb. (w) of this parcel.

(c) From this formula find w when N = 3, x = 2, M = 4,
and y = 2.

7. Multiply 5z by 7y, and find the value of the
product when z =1 and y = 2.

8. (a) How many gallons are there in ¢ pints ?
(b) How many seconds are there in % hours ?
(c) How many shillings are there in m pence ?

9. (a) Fig. 6 shows a part of a brick wall. Each
brick is ? inches thick (including the mortar).
Write down a formula for the height of the wall
Fie. 6 1ninches (H) when there are (i) 12 rows of bricks,

(ii) 25 rows of bricks, and (iii) n» rows of bricks.
(b) ¥rom this formula find H when n = 40.

EV
10. From the formula P = X + 1 find P when E = 8,
V =13, and K = 2.
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©

11. (a) A box containing 64 oranges is divided among 16
boys. How many oranges does each boy receive ?

(b) A box containing A oranges is divided among x boys.
Write down a formula for the number of oranges (n) each
boy receives.

(¢) From this formula find

(i) n when A = 132 and. z = 12.
(ii) A when x = 27 and n = 3.

12. (@) Reduce p half-crowns to pounds.
(b) Reduce L cwts. to tons.

13. Simplify the following:
(@) 22 + Tx — 3.
(b) 4a + 7b + 2¢ + 4b + 8a.
(c) 2k X Bbm X 6On.

14. (@) A man buys a piano for £x and sells it for £y.
Write down a formula for his gain (G).

(b) If he sold it at a loss, write down a formula for the
loss (L).

15. Find the value of — —|—
and z = 4,

yz—l——xwhenx—l y = 2,

(D)

16. (a) A basket which weighs 1 1b. contains 3 loaves of
bread, each of which weighs 2 1b. What is the total weight
of the basket and its contents ?

(b) A basket which weighs w 1b. contains n loaves of bread,
each of which weighs x Ib. Write down a formula for the
total weight in 1b. (W) of the basket and its contents.

(¢) From this formula find W when w = 2, n = 3, and
x = 2,

[ ]
17. Simplify the following:
(a) 8cd — bdc.
(b) 17ab + 3ba + 2ab.
(¢) 8zyz + Tyzx — 2zxy.
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18. (a) Fig. 7 shows a number of equal steps. If the rise
in each case is % inches, write down a formula for the total
height in inches (H) of the steps when there are (i) 5 steps,
(1) 12 steps, and (iii) 7 steps.

(6) From this formula find H when » = 7 and h = 6.

|

|

E

<= o= t------ > E
<ot :
A :
h !
Y :
A B

Fre. 7

19. If in the previous question the tread of each step is
¢t inches and the distance AB is s inches, write down a
formula for s when there are (@) 5 steps, (b) 12 steps, and
(c) n steps.

20. If g = 16 find the value of

@ 2+4. O+ ©F-1



CHAPTER II
POWERS AND ROOTS

15. When a number is multiplied by itself the product is
called the square of the number. Thus the product 3 X 3

gives the square of 3, and so on. This is written for short 32,
and 3% = 9.

Similarly, 5 x 5 =5%=2b.
TXT=T7"=49
And x X © = 22

EXERCISE XVI
1. Find the value of 22, 52, 82, 112, and 132.
. Find the value of
(a) 22 4 32. (d) 82— 32
(b) 5% 4+ 72 4 92 (e) 10% - 172,
(c) 12 + 22 4 32
3. If a = 3 and b = 5 find the value of
(@) a® + b (d) a® 4 ab + b2
(b) b2 —a?. (e) a® - ab + b2
(¢) a + 2b + a?.
4. If x = 2, y = 4, and z = 6 find the value of
(@) x* 4 y? + 22 (d) 2% - y.
(b) x? 4 xy + 22 (e) ¥* + 22 -=.
(c) zy + yz + 2* + y2

)

16. The small 2 that is used to show the process of
squaring is called an ndex. We can multiply a number by
itself as many times as we please, the index showing the
number of terms in the product.

27
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Thus, 43 =4 X 4 X 4 = 64.
7 —2x2xX2%xX2x2x2x2=128
And =X TXxTxXxrXT
And so on.
43is called “four cubed,” 27 is called “‘two to the seventh,”

25 is called “z to the fifth,”” or *z raised to the power five.”

EXERCISE XVII
1. Find the value of 23, 35, 64, 73, and 4%
2. Find the value of
(a) 2% 4 32. (d) 6% - 3°.
(b) 5% 4 24 (e) 44— 23,
(c) 7%+ 3% + 23
3. If a = 3 and b = 5 find the value of

(@) a® -+ b3. (d) ab + a* + b2
(b) ab + b (e) a 4 a® + a® + a* 1 a’.
(c) a*- b2
4. If x = 2, y = 4, and z = 6 find the value of
(@) = + zy + > (@) = + yz - 2L
(b) 2° + o + 2. (&) 2 - .

(c) ot + 93 + 22

17. The addition and subtraction of quantities raised to
some power are performed in a similar manner to the addi-
tion and subtraction of the quantities themselves.

Thus, as we have seen, @ + a + a = 3a.
Similarly, a? 4+ a? 4+ a? = 3a?.
Suppose @ = 2, then a? 4 a? + a2 = 22 - 22 | 22
=4+44+4
=3 X 4
=3 X 22
= 3a?.
In exactly the same way,

P° + p° + p° + p° = 49"
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ExamrLE 1
Simplify 4a3® 4 3a3.
4a3 4 3a3 = a3 + a® 4 a® - a® + a® + a® + a?
4a? 3a3

= Ta3.

ExampLE 2

Simplify 5k% 4 Tk2.

It is not necessary to write the values of 54% and 7%2? in
full, as we have done for 4a® and 3a?® in the previous example.

k% 4 Tk* = 12k2. <

ExaMPLE 3
Simplify 12m?* — 5m?.
12m2 — bm? = Tm?.

EXERCISE XVIII

1. Simplify

(@) & + 2.

(b) m? 4 2m? + 3m2.

(c) 5I* 4 1204,

(d) 7a® + 4a® + 6ad.

(e) 12b° + 567 4 8b° - 2b°.

(f) 17¢5 - 15¢°.

(9) 249" - 99"

(h) 3p* + Tp* - 2p%,

(2) 10y® + By® — Tys.

(5) 5m® 4 8n3 — 3nd 4 Tnd.
2. Find the value of

(@) a® + 208 whena = 2 and b = 3.

(0) 2m3 + 3m3 when m = 3.

(c) 44> whent = 1.

(d) 512 — 2[> when | = 5.

(e) 10c¢® 4 5¢® — 3c® when ¢ = 4.
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(f) a? + 2a% + 3a® + 4a® when a = 1.

)
)
)
(5) 4p® 4 5p® + 6p3 when p = 2.
) ¢ + 2¢? 4 3¢ when ¢ = 2.
) 6d% — 2d3 when d = 3.

) 59 + 2h*> when g = 7and b = 5.
(n) 4w + 5w?® — w? when w = 3.
(0) x + 222 + 323 + 4a* 4 52° when x = 2.

18. More complicated quantities are raised to powers in a
similar way.
Thus, (22)2 = 22 X 2«
=2XTX2X2%
=2 X2XxX%
= 422
Hence (2x)% = 4«2.
Notice the difference between (2x)2 and 2x2.
Study the following examples carefully.

ExampLE 1
Simplify (4p).
(4p =4p X 4p X 4p X 4p
=4 X4 XEIXAIXDPXDPXPXD
= 256p%.
Hence (4p)t = 256p.

Notice the difference between (4p)* and 4p?,

ExaMPLE 2
Simplify (2pg)2.

(2p9)* = 2pg X 2pq
=2XPpXgX2ZXpXyq
=2X2XpXPpXqgXq
= 4p?¢.

Notice the difference between (2pq)? and 2pqZ2.
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EXERCISE XIX
1. Simplify the following : (3k)4, (10p)?%, (5m)?, (2pq)°, and
(4zy)t.

2. If A = (kx)?, find A when k = 2 and = = 3.
3. If P = (kx)% — ka?, find P when k = 2 and x = 3.
4. If R = (3zy)3, find R whenz = y = 2.
5. Simplify the following :

(a) (2k)5 + 3K5.

(6) (3m)® + (2m)°.

(c) (2xy)* + (3zy)™

(d) (5ab)® - (3ab)?.

(e) (2pgr)? - (pgr)>.
(f) (Bzyz)? -+ 3a?y?2? — 2y2x%2.

19. The multiplication of quantities which have been
raised to a power is done in the following way.
Consider z2 X 28.
2XB=rxXrXrXrXzx
=T X ITXTXTxT XX
= x°.
Therefore 22 X 23 = 5.
Similarly, 22X pt=p2 X pXpXPpXPpX P
= pS.
Notice that in the multiplication of two powers of the same
quantity the index of the product is the sum of the indices
of the quantities.

EXERCISE XX

Simplify
1. a® X at. 6. c2 X ¢® X ¢.
2. p% x pto. 7. B X b X h® X hS.
3. B2 x k. 8. m1® x mé x m?.
4. 12 x 8. 9. a2 X a4
5. x X 2% X a8. 10. a™ x a™.
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20. When such quantities have numecrical coefficients
these must be considered when obtaining the final product-
Thus,

2pt X 5p? =2 X p* X 5 X p?
=2 x5 X p* X p?
= 10p°.

Therefore 2p* x 5p% = 10p°.

Similarly, 823 x 122% = 9628.

And so on.
EXERCISE XXI
Simplify
1. 2a2 x 3ab. 6. 6¢% X 7¢° X 4q.

2. 423 x Tab. 7. 10t x 102 x 10.

3. 3p X 5p® X 2p8. 8. w? X 4wt x 8ub.

4. 7g% X 8¢g* X 2g. 9. 3y? X b5y* X 4y.

5. 3m3 X 9m’. 10. d X 2d* x 3d3 x 4d*.

21. The method of multiplication that has been described
in the preceding pages can be extended to products which
are more complex than those which have been considered
in the last few exercises. The following examples illustrate
this extension.

ExamprE 1
Simplify p°q X pg®.
PYXPP=DpXPXIXPXIXqXQq
=PXPXPXEgXIXgXq
= P3¢t
r Therefore p2g X pg® = p3¢.

ExAMPLE 2
Simplify 2a2%6 X 5b% X 3cd.
2a%h X 0% X 3cd =2 X a® X b X 5 X b X ¢ X 3 X e xd
=2XO6X3XaEXbXxbXecxcxd
= 30a%b3¢2d.
Therefore 2a2b X 5b%¢ X 3ed = 30a2b3c2d.
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EXERCISE XXII

Simplify

10.
11.
12.
13.
14.
15.

COXNIOTH WD -

xy X xyt.

. a*b X a?bs.

- f*q X gf.

mn® X ny.

p*qr X pgr.

4bc X 2b%c3.

5km X 2m?.

m?np X np X pme.
2xy X Txy?.

3ab® x 2a?b X 4ab.
3mn X 6nm X Tm.
p*qr X 2pgr.

5bc X 8ca® X 2abc.
3k2m x Tm2n X 2kmn.
3abc x 2a2bc X babc?.

16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

18ef X f% X 2¢?%f.
4gw? X Sw X 6g°.
13%3m X 6m*n X mnd.
(ab)?.

(z%y)3.

(abe)t.

(2p%g)°.

(k2m3)2.

(ab?c?)3.

(2a?)5.

(5m?2n3)2.

(a2b)3 - a’b3.
(2% + (2p*)2.
(4mn)! + (2m>*n?)2.
(3fgh)? + 5ghf.

22. We have seen (on p. 20) that the quotient obtained

x
by dividing z by y is written " In the same way the quo-

3

. x
tient obtained by dividing x3® by %? is written —. If we are

y?

told that numerical values can be given to the letters, then
by substituting these a numerical answer can be obtained
by arithmetical work, as the following examples will show

X X -

I

Do <

Xx Xx
X4 X 4

[
&

ExamrLE 1
3
Find the value of 33 when £ = 4 and y = 2.
If x = 4, then 2=z
=4
= 64
If y = 2, then =y
=2
= 4.
x® 64
Then - =
¥y 4
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ExAaMPLE 2
2k2
IfP = ,find Pwhen k=3, m = 2,and n = 1.
3mn3
Ifhk=3,then B2 =%k x k
=3 X 3
= 0.
S 2k2 = 18.
In=1thennd?=nXnxXmn
=1x1x1l
=1.
S.odmnd =3 X m X n?
=3x2x1
= 6.
P 2k
3mn3
18
=5
S P =3

EXERCISE XXIIT
1. Find the value of

a4
(a)géwhena=3andb=1.

2c2k
(b)TWhenc=5,k=4,a,nda=10.

ab\?
(c) p” whena =4,b=3,¢c=2,andd = 1.

2 3
(d) (CU_:?!) whenx =3,y = 5,andz = 9.

A

2,3
(e)%—i—whenf=g=h=l.
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KZ

2. IfP=fm3,ﬁndehenM= 1,N = 3,and K = 6.
T3

3. HA=%,ﬁndAwhenp=3andr=2.

b
4J£X=g+?mMXWMnm=&bz&mﬁc=L

2
5. Findthevalueofy%whenx:12,y=3, and z = 2.
2 2
6. Find the value of — + 2 when ¢ =1,y — 2, a — 3,
db—4 at = b
arn = 4,

23. Sometimes the quotients, such as those we have just
considered, can be much simplified. This is so when powers

of the same quantity are being divided. Thus x° = 23 is
5

written T This can be simplified in the following way :

z3
T &
2 - 2’ = e
rX xX EXEXE
T ExEx¢
= X %
= 22
. P8
Similarly, p8 = p? = o
_PXPXPXPXPXPXPXY
PXPpXP

— ps_
Notice that in the division of two powers of the same
quantity the index of the quotient is the difference between
the indices of the quantities.

The same method is used when products of two or more
quantities are involved, as in the following example.
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Simplify x?y522 — 23y%2.
2P EXEXYXPXYXYXYXEXE
33 T g X EXTXYXYPXEXEX2

81,

EXERCISE XXIV

Simplify

1. a® — a?. 11. a% = ab®.
2. pl% = p2. 12. a®b® = ab’c.
3. m® — m. 13. xy? — x%3.
4. g12 =~ g°. 14. c*fg — fgc.

5. 215 14, 15. p%qr = r%qp.
6. w® = wd. 16. m2n2p? — mn2pd.
7. n12 = nd. 17. abcd —+ bed?.
8. h3 = h. 18. g7hd = g°h°.
9. zy - 2. 19. E2m* — kl*m.

10. x = zy. 20. p3q*r> = pigrS.

24. We have seen that the product obtained by multi-
plying a number by itself gives the square of the number.
Thus 5 X 5§ = 52 = 25, and we say that 25 is the square
of 5. We shall now consider the question of finding a number
which when squared produces a given number. For example,
suppose our given number 18 36. Then we require a number
which when multiplied by itself gives 36. This is clearly 6,
because 6 X 6 = 36. In such a case 6 is called the square
root of 36.

Notice that 6 squared is 36, and that the square root of
36 1s 6.

We use the symbol 4/ to stand for the words ““square
root of,” and write V36 = 6.

Similarly, V64 = 8, and so on.

Some square roots can be calculated exactly—e.g., v/ N

b
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v/9—but others can be obtained only approximately. Thus

V2 = 1414 and V'3 = 1-732 ... Here is a complete
list for the first ten numbers.

v1=1 V6 = 2-449

V2 = 1414 . V7 = 2-646 .
V3 =1732... V8 =2828...
V4 =2 V9 =3

V5= 2236 ... V10 = 3-162 . . .

EXERCISE XXV

I. Find the value of V16, V36, V25, V49, V64, and
V144

2. Find the value of

(@) V4 + V25. (f) V196 — V'169.

(b V16 + V121. (g) V225 + V/100.

() V169 — V49. (h) V289 — V256.

(d) V64— V36. (1) V324 + V121 - V64.

() V4 + V9 + V16. (j) V256 + V289 -+ V/169.
3. If a = 36, b = 64, and ¢ = 81, find the value of

(@) Va+ vVb+ Ve, (d) Va+ Vb-Ve.

&) Vb - Va. () Vb-+Va + Ve.

(¢) Ve-Va.

4. If x=3, y=17, and z = 6, find to two places of
decimals the value of

@ Vz+Vy++Vvze (@) Vz-Va.
®) Vz +Vy-vz. (&) Vy-+vz+ Va.
(¢) Vy-Va.




38 A JUNIOR ALGEBRA

25. If letters are used to represent numbers the square
root is obtained in a similar way. Thus since a® = a X a,

the square root of a? is @, and we write Va2 = a.

Similarly, since k=1 X It

VEE = KA.
Again, since Ox4y? = 3z?y X 322y
V 9xhy? = 3a%y.

Notice the effect of taking the square root of a number
raised to a power. The index of the square root is one-half

the index of the original number.

EXERCISE XXVI
1. Simplify V2%, Va8, Vpb, Vs, and VT
2. Simplify V/4m2, V1645, V/49%19, v/10024, and V/169u5.
3. Simplify Va%4, V/¢1%8, Va2, V%S, and V/ 9*him2,

4. Simplify V162%2, V254562, v/ 81p%g?, V 144a%h%2, and
V492222,

26. We have seen that a number when multiplied by
itself three times is said to be ‘cubed.” Thus we write :

5 X5 X5 =5=125.
From thiiwe see that the cube root of 125 is 5. This is
written V125 = 5.

Similarly, since 3 X 3 X 3 X 3 = 81, the fourth root of
81 is 8. This is written V/81 = 3.

Again, 2 X 2 X 2 X 2 X 2 = 32, so that the Jifth root of
32 is 2. This is written V32 = 2.



POWERS AND ROOTS 39

EXERCISE XXVII
Find the value of

1. V8. 11. V32 + V/21.

2. V186. 12. V121 + V/1728.
3. V64 13. V64 4+ V3l.

4. V/243. 14. V1000 - V'100.
5. V'128. 15. V169 — V/256.

6. V/256. 16. V1024 + V/2187.
7. V343, 17. V625 + V/216.
8. V'1000. 18. V64 — V/343.

9. v/1296. 19. V512 + V'729.
10. V/3125. 20. V1331 + V/1728.

27. When letters are used to represent numbers cube
and other roots are calculated in a similar way to that just

described. Thus a X ¢ X a = a®; therefore vVad = a.
Again, k® = k? X k® X k2, so that VIS = 2.

Notice that the index of the cube root is one-third of the
index of the original quantity.

Study the following example carefully.

ExaMpPLE 1
Find the cube root of 343x8y1%3.

The cube root of 343 is 7
The cube root of xf,, x2
The cube root of #'2,, 4
The cube root of 23 ,, 2

V343551228 = Ta2yte.

The fourth and higher roots are calculated in a similar
way, as the following examples will show.
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ExaMpPLE 2
Find the fifth root of 32x%15,

The fifth root of 32 is.2
The fifth root of z10,, x2 V32510415 — 2223,
The fifth root of 15 ,, 33

ExaMPLE 3
Find the fourth root of 256a4b8.

The fourth root of 256 is 4
The fourth root.of a?,, a A/ 956a3h® — 4ab2.
The fourth root of &8 ,, b2

EXERCISE XXVIII

Simplify

1. Vb, 11. V272353,
2. Vas. 12. V256478,
3. Vil 13. V/32ménp.
4. Va2 14. V/64mBp2.
5. V. 15. V125h84°.
6. V716, 16. V/343f12g12412,
7. Vma, 17. V4a2b*c8ds,
8. \3/933_7/3. 18. W
9. Vm3nb. 19. V/243p1T5,
10. Vpigs. 20. V49a8m1®,

EXERCISE XXIX (REvisioN EXERCISE)

(A)
l. fa=2,b=3, and ¢ = 4, find the value of
(@) a + b + c. (d) a? + b3 +
(b) a + 2b + 3c. (e) a® + 2b% 4 3e.

(c) @ + b% 4 ¢
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2. Simplify the following:
(@) V4da2bt. (d) V16222 - V8x%p.
(b) (3z2)3 + (4a3)2. (€) V16a2b% — V8233,
(c) (3a%)® + (4b%)2.

3. From the following formula find P when r = 5,1 = 4,
and m = 1.

rl?
P — wo
4. Simplify the following :
(@) f3gh? — fh. (b) a*%c — ab®c?. (c) z°y + y°=.

5. (a) A man buys 41b. of apples at 3d. per lb. and 12
oranges at 2d. each. How much did he spend altogether ?

(b) A man buys m lb. of apples at x pence per 1b. and »
oranges at y pence each. Write down a formula for the
total cost in pence (D) of this purchase.

(¢) From the formula obtained in (b) find D when m = 12,
x=4,n=38 and y = 1.

(B)
6. If z = V2 and y = V3, find the value of

(@) 2? + 92
(b) 222 + 32
2 2
©
d) z+y
() y~=
7. A bag contains 40 marbles. Write down a formula for

the total weight (w) if each marble weighs z ounces and the
bag itself weighs y ounces.

} to three places of decimals.

ax?
8. From the formula R =
10y3
and y = 10.
9. (a) The charge for admission to an exhibition is 2s. 6d.,

find R whena = 5, z = 80,
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and at the end of one day it was found that £134 had been
taken. How many persons went to the exhibition ?

(b) The charge for admission to an exhibition is & shillings.
If the takings on a certain day amount to £P, write down

a formula for the number of persons (n) who were present.
(c) From the formula obtained in (b) find » when P = 186
and k = 5.

10. Simplify

(@) 2¢ + 5¢ -+ Tc -+ 8c.
(b) 3x +4y + 52+ 6y + x4+ 42 + 22 4 3z 4+ ¥.
(c) V/'8latbict.

(C)
11. Express z tons + y cwts. + z lb. in (a) tons, (b) cwts.,
(c) pounds.

12. Find the value of each of the following to three places
of decimals:

(@, V2 + V3 + V5.
(b) V3 4+ VT 1+ V0.
(c) V4 4 V6 1+ V8.

13. Simplify the following:

(@) 4x X Ty X 8z.

(b) 3ab X 4bc X 9ca.

(c) 2fg> X Tg°hf.

(@) (Tk)3.

(e) 2¢ 4+ 5bm 4+ Tmec + 8m + 4cem.

14. (a) A man’s step is 30 inches long. How many steps
does he make in one hour if he is walking at the rate of
3 miles an hour?

(b) A man’s step is k inches long. Write down a formula
for the number of steps (D) which he makes in an hour if he
1s walking at the rate of 2 miles an hour.

16. Find the value of (2a)® + 243 when a = 2.
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(D)

16. (@) Write down the area of each of the following
rectangles :

(1) 3 inches long by 7 inches wide.
(ii) 4 cm. long by 19 cm. wide.

(1i1) p feet long by 4 feet wide.

(iv) @ yards long by b yards wide.

(b) Write down a formula expressing the area of a rect-
angle (A) in terms of its length (1) and width (w).

17. Fig. 8 is made up of two rectangles.

() What is the area of the
rectangle ABCD if AB=a &
inches, BC = GH = binches?

(b) What is the area of the
rectangle GEFH if GE =

D G

¢ inches ?
(c) Write down a formula for E
the total area (A) of Fig. 8. Fic. 8

18. Fig. 9 is the plan of a lawn z feet long, y feet wide,

F1a. 9

and containing three equal flower-beds, each measuring m
feet long and n feet wide.
(a) Write down a formula for the area of the lawn (A).
(b) From this formula find A when z =175, y = 42,
m = 18, and n = 10.
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19. Fig. 10is the plan of a square courtyard, in the centre
of which is a square lawn. The court-
yard is p feet square, and the lawn is
q feet square. 77

(@) Write down a formula for the //////7/4
area (A) of the pathway round the Ay W//N
lawn. /////

(b) From this formula calculate the
area of the pathway if p = 15 and

q = 13. Fic. 10

20. A trapezium is a four-sided figure in which two of the
sides are parallel. The area of a trapezium is the product
of half the-sum of the parallel
______ sides and the perpendicular
distance between them. Using
the letters shown in Fig. 11,
_y write down a formula for the
<o b---memoo- > area of a trapezium, and use it
Fia. 11 to find the area of a trapezium
in which the parallel sides are

3 inches and 5 inches and are 2 inches apart.

<--Q--%

/




CHAPTER III
H.C.F., L.C.M., AND FRACTIONS

28. When a number is expressed as a product of two or
more numbers it is said to have been factorized. Thus we
know that 12 =4 X 3. In this case 4 and 3 are factors of
12. Notice that

12 =4 x 3.
12 =6 x 2.
12 =12 x 1.

12 =2 x 2 x 3.

From which we can see at once that other factors of 12 are
6and 2;12and 1; and 2, 2, and 3.

Algebraical quantities can be factorized in a similar way.
Thus 3a®2 = 3 X @ X a. In other words, 3, a, and a are the
three factors of 3a2.

Similarly 5p3¢2 =5 X p X p X p X g X ¢, showing the
six factors of 5p3g2.

EXERCISE XXX

1. Write down the factors of 28, 45, 108, and 121.

2. Express each of the following as a product of prime
factors: 16, 18, 28, 45, and 72.

3. Write down the factors of 53, 7a%, 22%y, 11pg¢®r2, and
13abcd.

29. We shall now apply this process of factorizing to the
finding of the highest common factor (or H.C.F.) of two or
more numbers.! This is the largest number which will divide
exactly into the numbers we are considering. In such
calculations we always use prime-factors.

1 The highest common factor is sometimes known as the greatest

common measure (or G.C.M.).
45
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ExamrLE 1
Find the H.C.F. of 60 and 84.

60 =(2)x(2)x(3)x 5.
84 =(2)x(2)x(3)x 7.

Factors which are to be found in both numbers are said
to be common to them. In this example the common factors
have been paired off. The product of the common factors is
the highestcommon factor of the numbers. In this case,

The common factors of 60 and 84 are 2, 2, and 3.
The highest common factoris 2 X 2 X 3 = 12.

Hence 12 is the largest number which will divide exactly
into 60 and 84.

ExAMPLE 2
Find the H.C.F. of 42, 63, and 84.
42 = 2 x@xD.
63 = 3 X(B)x (Notice that all the

factors are prime.)
84 =2 X 2 X(@X

The common factors are 3 and 7.
The highest common factor is 21.

EXERCISE XXXI

Find the highest common factor in each of the following
examples:

1. 6 and 9. 6. 15, 20, and 25.
2. 24 and 84. 7. 28, 42, and 56.
3. 22 and 110. 8. 36, 54, and 72.
4. 45 and 60. 9. 46, 69, and 92.
5. 32 and 48. 10. 48, 72, and 96.
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30. The H.C.F. of two or more algebraical quantities is
found in an exactly similar way, as the following examples
will show.

ExamprLE 1
Find the H.C.F. of a2b and abZ3c.

a%h X @ x. .
szc =(a )X b X c.
\
The common factors are a and b. \\
The highest common factor is ab. )

ExavpLE 2
Find the H.C.F. of 12p3¢*r and 18p2%pr3.

12p%¢%r =<(2) X 2 X X@)X®)X p XX g X(r).
18p%* =(2)X 3 X X@®X@X@X@EX 1 X 1.
The common factors are 2, 3, p, p, ¢, and r.
The highest common factor is 6p3gr.

EXERCISE XXXII

Find the highest common factor in each of the following
examples:

x3y and xy3.

a’bc? and a3b’c.

3p3%q and 5pg?.

Txy’*z and 11yz2.

23m®*n? and Tm?2n2p.

a?b, ab?, and a2b?.

2528, 3xtyPz, and 5x2yA.
1523, 3z4y, and 5x3y2.
6p%g°, 9pg?, and 12p2¢5.
21a2%bc?, 35ab%c, and 21a3bc.

SPOLPTSIOR W=

-
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11. 4m2l, 20[2n, and 28Imn.

12. a, 2ab, 3abc, and 4abced.

13. 222, 424, and 68.

14. p3¢?, Tp%¢3, and 11p%.

15. 1582wz, 20tw?x3, and 3083wa2.

31. The lowest common multiple (or E.C.M.) of some
numbers is the smallest number that is exactly divisible by
them all. Thus 12 is the L.C.M. of 2, 3, and 4, since 12 is
the smallest number that can be divided by 2, 3, and 4
without leaving a remainder. The L.C.M. of two or more
numbers is the product of the highest powers of their prime

factors. Consider the following example.
Find the L.C.M. of 6, 24, and 36.

6 =2 % 3.
24 = 2% x 3.
36 = 22 x 32
The L.C.M. of 6, 24, and 36 is 23 x 32
=8 X9
= 72.

In other words, 72 is the smallest number which is
exactly divisible by 6, 24, and 36.

EXERCISE XXXIII
Find the L.C.M. in each of the following examples:

1. 3,5,and 7. 6. 12, 36, and 50.

2. 10, 12, and 18. 7. 28, 45, and 50.

3. 9,12, and 18. 8. 2,3, 4, and 5.

4. 14, 18, and 21. 9. 4,6, 9, and 12.

5. 15, 25, and 30. 10. 12, 14, 21, and 28.

32. The L.C.M. of two or more algebraical quantities ig
obtained in an exactly similar way, as the following examples
will show.
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ExaMpPLE 1

Find the L.C.M. of a3b, ab%, and a2c?.
adh = a3 X b.
ab’c = a X b% X c.
a’c® = a* X ¢2.

-

The L.C.M. is the product of the highest power of each
factor. In this case
The L.C.M. of a3b, ab%c, and a?c® = a® X b% X c?
= a3b3c2.
ExavMpLE 2
Find the L.C.M. of 923y, 16xy3z, and 18x%yz2.
Ox3y = 3% X x3 X y.
16xy32z =2t X z X ¥3 X 2.
182%yz2 = 2 X 3* X 2% X y X 2z

Hence the required L.C.M.is 32 X 2% X 2% X 3 X 22
= 14423y322.

EXERCISE XXXIV

Find the L.C.M. in each of the following examples:
a?b, ab?, and a?b2.

x3yz, xy®z, and xyz3.

m2n3, m®n?, and mn?.

3p%q, 6pg, and 9pg?.

442, 1242w, and 9w?i.

6a2b, S8ab3c, and 18a?c3.

2a, 4b, 6¢, and 8d.

45p%r2 and 75r%.

312m, dm2n, and Tn?l.

9a®z, 12axty, and 18axy.

. 8t?v, 28tv3w, and 14v2w2.

. x, %y, x3y% and xiys.

. 2a, 3b, 4¢, and 5d.

. 12p2gr, 14pg*r, and 16pgqr3.
. 27k*m, 36kmp, and 12m?*p3.

e
C O eSOk W

i e e e
Cu s N~
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33. Fractions in algebra have the same meaning and are
manipulated by the same rules as fractions in arithmetic.

2 3 5

Th - 4 = = =
us we know that - 7 -

2a 3a ba

Similar]l —_— . — = —
1imilarly, 7 -+ 7 7
and "_l_l___i
r xr x

EXERCISE XXXV
Simplify the following :

1 2 1 1 5 3 4
'5+5 '19+19+19'
2 1 5 3 4

2. — — 12. - -+ —.
m_l_’m P+P+P

5 2 1 13 a+b+c

"5 5 ‘p p P

1 2 1 14 8 2
‘"m om " 152 15z

5 7 4 15 S8a _2a
1371713 " 15z 15z

. 1a 4a P q

° 13113 16 15z " 15w
7 4 P q T

7.—1§—1—§. 17. x+5—;:.

g Ta 4a 18 z 8 2
13 13 'a,+a_'a'

9 b Tz 19 ’_737_% 8373 2m
'ﬁ_l—_l—l' o a,+a-_a;_'

b 7 8 2
10. = + . 20. 4 -2

13 ° 13 5a 5a bHa’
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34. We know from our arithmetic that the mulgiplication
of the numerator and denominator of a fraction by the same
number does not affect the value of the fraction.

Thus, -8— prrl 8—xé == 1_6'.
5 8Xm 5m
imilarl — = —
Similarly, 8 8 xm 8m
2 2
and 4 _ 4 X xy. _ 4y

EXERCISE XXXVI
Find the value of K in each of the following:

1 E_E 9 12_364:1&%2
728 ‘abT K
3 15 3z K
2. ﬁ — K— 10- 5_yz — 5xyzo
4z K 7 49a
> 7 =23 N or =X

43m_15m 19 ab K
11 K ° "pqg 3p*q?
5 9 Y 13 2 K
“13 K "5 15a*m
11 K K 2
6. —F — 14, — = 2%
17 1722y Tx  ldx?y
. 5a  15a°m 15 8p  T2pqr
"7 K "K  9mgr’
K 1562
8 — = ——
a a
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35. When the numerator and denominator of a fraction
are divided by the same number the value of the fraction
is unaltered, but it is said to have been reduced to its lowest
terms. This process is sometimes described as cancelling.

10 b X 9 5 (dividing numerator

Thus, — = o = = and denominator
Similarl 10a? 9 X 2 X ﬁfé 5 (dividing numerator
ar = — d denominator
Y I TEX I XA T8 byzay

p2gr X DX d X (dividing numerator
q P p g f P and denominator

and
pPr PXEXGXF g by pgr)

EXERCISE XXXVII

1. Reduce the following fractions to their lowest terms:

@) 18 . Twtty
30° ®) 21w?’
18m? . Bam?p
©) 30m?2’ (9 9a?mp*
18m? 12p%t
©) 30m" %) Z0pre
am? 10x%y32
@ o O S
S5x%y mAtu?
(©) 132y (m) Pur?”
() 4ab 12a2bc2d
126¢ ") et
3p*q 1229223
@) 15¢%r ) 1423y%°
ab?c
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2. Find the value of P in each of the following:

P 6ab P ab  a?bc
(@) 5ab — 15a2b% (d) P acid
4z 122%° 3z P
P 9xp- (e 5y by
2k  8k*m
() 3m P

36. When it is necessary to add or subtract fractions
whose denominators are unlike the first step is to express
each of the fractions with a new denominator. This is
usually the L.C.M. of the denominators of the fractions.
The addition or subtraction can now be performed in the
manner described in the previous pages.

ExavrrEe 1

1
6
The L.C.M. of 9 and 6 is 18.

2
Simplify g +

2 —_ 2 X2 — 4_ ) This expresses each of the
9 9x2 18 fractions in terms of
1 1 x3 3 the new denominator
cTéx3—18 ] I8
2 1 4 3
T8 18 " 18
. 7
18

ExavmprLye 2
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The L.C.M. of ab? and a?b is a2b2.

3 . 3 Xa B 3a
ab®  ab® Xa  a?b?

2 . 2x b . 2b
atb  a?b X b a2b?
3 2 B 3a 2b
ab® atb  ah?  a%b?

3a —2b

= 2%

EXERCISE XXXVIII

Simplify the following :

1 1_!_2 9 a a
= 3 © 2 +x2'
3 1 4 3
2. Z“é. 10. '3_3:'—15.
3 1 1 11 4 3
| x+y' " 3x  4ax¥
4 5 3 19 a+b
“ab a b ' a
m m a b
5. §—|—§. 13. 3 o
6 E Lk 14 a a
5 T '2x+2y'
2x x 2 3 4
7'3_6' 15.3—3—:—{—@—]——5;
3r 4x bdx 5 3
e B B B
8. 5 —+ R 16. el



H.C.F., L.C.M., AND FRACTIONS 55

17 5p+5q 20 l+1+1
‘37 T 3p - .
1 1 2 3 4
lS.Ey—x—yy 21. x+2—- 3
2 3 2¢ 3b 4c
19. — ——. 22.——[——+ .
w2?  w b a

387. Multiplication of fractions in algebra follows exactly
the method used in arithmetic. Thus,

2 4 2x4 8

375 3x5 15
.. a x aXz ax
Similarly, Exg_bxy__@
2p 3¢ 2p X 3q
and ? X 5p2 q2 X 5p2
6pq
5p%¢?

i (dividing numerator and
5pq denominator by pg).

EXERCISE XXXIX
Simplify the following:

75 Y 4z
5 2 5 r
2.(—3')(5. G.FZ)X—Q'E.
3.C—b><g. 7.-5—3—:><—7—.
b c 2 15
£ 2% g %, 2k
b a 9 " 3m
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w Sw ax by cz
9§><7 IS.FX?XF.

a b ¢ bx 3y =z
lO.gXEXE 19.;}7)(33)(02.

22 3z 0 3a2b2  2b%c? y @
11. ? X '@ 0. 2 X g 6h2"

a2  2a? o1 1 2 3
12—2-X—3— .”—?/zxnlez.

4k 5k wly 3 usw
13. — X —. 22, — X —3 X —3

e 2m U w* =

2x%y  3xy? a? b3 3
14. 5 X 7 23. 2bc X 3ca X dab’

2 9032 Tp2

15. e X 21. 24. qu X p,,q.

2r 3 5r 3r?

xR 9%y  1llay?®
16. y % 25. Tm? 3n3

8p%q  9rp a 3b 5¢
17. 57 X %5 26 55e X Zoa * Gab

38. The division of fractions in algebra also follows the
method employed in arithmetic. Thus,

2 5 2 7
37773 %53
14
=1
. . a a Yy
Similarly, 5 .2./. =7 % ”
ay
" bz
and :‘?aln+_p_2=2mx3m3
P 3m3 P p?
6m4
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EXERCISE XL

Simplify the following :

5 2 2x%y bz
1. -+~ 11. - —.
9 "3 3 Y
9 4 5 19 Ta3 2123
711 T T a
g 2. 3 13 2123  7ad
. 5 . g. o. a -
a 3 bm _ 3m®p
43—_8- 14. —p'--.— 7

5 2z 4 15 9a* 6a
" 5y 9 " 2% a2t
4 4
6. ~+ ¥ 16. 24 .2
y = r Pq
7.2 2 17, B0 2y
y Y zy ab
g 3 . m 19 dw®  un?
5w T m T 2m’
7 3a? T2y P
Q.E-.—--gc. 19. i
0. 22 . % 90, 200 . %P4
c c 7pq 9ab?

EXERCISE XLI (RevisioN EXERCISE)
(A)
1. Find the H.C.F. and L.C.M. of the following :
(a) 2, 4, 6, and 8.

(b) a, b, c, and d.
(c) a3b? and b%a?.
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2. Simplify the following :

a a a
@ 3376

3 4 6
b ataa
©=+%42

y z

3. Simplify the following:

Yy  mPy
(a) -~ X ey
3pYq | 4x’p?
(9) 2z ° ¢
q
atb  ba  a’b?
(c) . X 0 T 2

4. If p = 3,q = 5, and r = 7, find the value of

(@) p + 29 + 3r.
0) p+¢* + 7.
(¢) p + 2¢* - 3r%.

5. Simplify the following:

16a%b? ; 727 0,22
@ g ® 35 © @R
(B)
6. Hm = V2 n= 3, and p = \/Z,ﬁndthe value of
(@) m +n+p. (b) m®2+ n? + p2. (c) E&n%&z

7. (@) Express x tons 4 y cwts. + z1b. in (i) tons, (ii)
cwts., (iii) Ib.
(b) Express z days 4 y hours + z minutes in (i) days,

(11) hours, (iii) minutes.
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8. Find the H.C.F. and L.C.M. of
(@) 4x3y?, 6xy3, and 162%y.
(b) 3m3n, 6m3n?, and 9mn3.
9. Simplify the following:
(a) 144k*m? X 9kSm?.
(b) V144lAm? x V9kSmA.

2a? n 3b?
(C) _3_5 4y .
10. Reduce the following fractions to their lowest terms :
14a%b® 16p%r2 Sxyz.
((.l) 3 °* ) D ina’ (C) .
63a 24p%qr 125zyx
(©)
P 20ab
11. Find P if i

3a2bc®  12a%h%c*
12. Simplify the following:
1 n 1 n 1
(@) — g Tz

o1 1 1
(b) — X x;.

S5x%y  3x*  Sxy
To2 4 6yz’

()

13. (@) A man owns 24 houses, each of which pays 12
shillings a week rent. What is his annual income in pounds
if the upkeep of the houses is £5?

(b) A man owns N houses, each of which pays k shillings
a week rent. Write down a formula for his annual income
in pounds (I) if the upkeep of the houses is £x.

(¢) From the formula in (b) find 1 if N = 42, k = 15,
and z = 12,
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14. Ha=1,b=2,¢=3, and d = 4, find the value of
(@) Va4 Vb + Ve+ Vd (to two places of

decimals).
(b) Va + 4b.
(c) V' 2abd.
15. Simplify
(@) 5p + 7q + 3q + 8p + 9r + 2p + 3r + 5q.
(6) V/64a3bOcS.

(D)
16. In the formula s = ut + 1ft* find s when u = 24,
t =3, and f = 18.
17. Simplify
2x2% | 3ay? ; 202y 3xy?
(0) =+~ =
18. Aformula for the area of a triangle (A)1is
A= \/s(s—a)(s —b) (s —¢),
where s = 4(a + b + ¢) and a, b, and ¢ are the lengths
of the three sides.
Use this formula to find the area of a triangle whose sides
are 6 inches, 8 inches, and 10 inchkes.
19. If @ = 22 -2y and b = y® -2z, find the value of
a®> 4+ b% when z = 3 and y = 4.
20. Say what value must be given to m In order that
5a  20a?b
7% mbd°

(a,)5-r-7,




CHAPTER IV
BRACKETS AND FACTORS

39. Suppose that a boy has a bag containing 20 marbles,
to which he adds first 8 and then 3 more. Altogether he has
20 + 8 + 3 = 31 marbles. Instead of adding the 8 marbles
and the 3 marbles separately he could have added them
together, and put 8 4 3 marbles into the bag at the same
time. This would have made no difference to the final
number of marbles in the bag. To show that the 8 4+ 3
marbles were added at one time we write this as (8 + 3),
the brackets showing that the 8 4- 3 is to be considered as
one quantity. Since the total number of marbles in the bag
is the same whether the 8 marbles and the 3 marbles are
put in separately or together, we can write :

20 +8 4+ 3 =20 4 (8 + 3).

Similarly, if the bag contains m marbles and x marbles,
and then y marbles are added, the total number is the sameo
as if (x + y) marbles had been put in.

Hence m-+x+y=m-+ (x4 y).

The presence of brackets shows that the quantities which
theycontainare to be considered together, and not separately.

Sometimes it is possible to simplify an expression con-
taining brackets. Consider the following examples.

ExampLE 1

Simplify (3z + 7y) + (8x + 3y).

The position of the brackets shows that one quantity,
(8« + 3y), is being added to another quantity, (3z + 7y).
As the order in which this addition is done does not matter,
we can write :

Bz + 7y) + 8z + 3y) = 3x + Ty + 8x + 3y
= 3x 4 8z + Ty + 3y (rearranging)

\——_r_——’ ety e

= 11z + 10y.
61
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ExamMrLe 2

Simplify p + 2p 4 3¢ + r) + (p + 37).
In this case

p+@2p+3g+7) 4 (p + 3

=p+2p+3¢+r+p+3r
=p+2p+p+3¢+r+3r
=4p + 3¢ + 4.

EXERCISE XLII

Find the value of

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

© 0O W

.24+ (3 + 5).

8+ (7+9)

w+¢m+4

a + (2 4 3).

w+m+3

p+(p+9.

(p +9) + p.

x + (2 + 3z).

(x 4 2x) 4 3.
3+2+3+4).
B+4+7)+(2+1).
5+(9+7+6)+ (6 + 3).
a + (2a + 4b + a).

(x 4+ 3z) + (5 + 9z + 1lx).
(2a + 3b) + (4a + 8D).

(@ + b+ ¢) + (@ + 2b + 3c).
(z + 2y 4 42) + (8= + 16y + 322).
m 4 (3m + 2n) + n.

2w + 3v + (w -+ 5v).

2w 4 (3v + w) 4+ 5.

40. We have seen that (8 4+-3) =8 + 3 = 11.

Now,

28 +38) =2 X (8 & 3)
=2 x 11
— 22,
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But twice (8 + 3) must be the same as two 8’s together
with two 3’s. In other words,

2+3)=2x84+2x3
=16 + 6
= 22.
Similarly, p(z + y) = px + py.

EXERCISE XLIIT
1. Simplify the following:

(@) 3(2 + 5). (9) a(p + q).

(b) 7(4 + 6). (k) a(p +q + 7).

(c) 10(6 + 12). (1) z(5 + z).

(@) 5(1 4 2 4 3). (J) 2m(l + p + q).
(€) 9(2 4+ 6 +10). (k) m(l + m + m2).
(f) 12(4 + 7). () 2k(a + bk + ck?).

2. Simplify the following by removing the brackets and
collecting together like terms:

(@) 5(z + 2) + 2(x + 5).

(6) 12(a + b) + 5(a + 2b).

(c) 3(2z + 5y) + 43z + Ty).

(d) 3(a + 4) + 7(2a + 3).

(e) 4(2x 4 5) + 5(3 + 4=x).

(f) 2(a + b + ¢) + 3(a + 2b + 3¢).

(9) 2a(b + a) + 2b(a + b).

(k) 5a(2 + b) 4 4b(2 4+ a) + 5¢(1 + b).

4]. From what has just been done we have scen that

p(x + y) = px + py.

In other words, we have a product of two quantities
expressed as a sum of two algebraical quantities. Each
of the quantities forming the product is called a factor,
and the factors of px 4 py are p and (x 4 y). The process
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of expressing an algebraical expression as a product of its
factors is called factorizing. Consider the following example.
Find the factors of (a) 2zy + 4yz and (b) 3%* + 9k? + 12k.

(@) 22y + 4yz = 2y(x + 22).
(b) k3 + 9k + 12k = 3k(k? + 3k + 4).

EXERCISE XLIV

Tactorize the following :

1. az 4 ay. 9. a?x + a’y + a’.

2. 2p + 2q. 10. 2p + 4q 4 6r.

3. 2a + 4b. 11. 3pqg® + 6p%q.

4. mk + kn. 12. m3 + m?n + mn?.
5 k*+ k. 13. k° 4 k2.

6. 3k*p + kp. 14. 2a2x + 4a*y + 6a’z.
7. 3k*p + 6kp. 15. bwv? -+ 25w?e3.

8. ax + ay + az.

42. Just as (8 + 3)is considered as one quantity, so (8 — 3)
must be treated in the same way. In order to understand
this, we will return to the illustration used earlier in the
chapter. Suppose a boy has 20 marbles in his bag. If he
adds 8 and then takes away 3, the number that remains is
20 4+~ 8 -3 = 25 marbles. In other words, the effect of
adding 8 and then taking away 3 is the same as an addition
of 5 at one time. Consequently we can write :

204+ (8-3)=204+8-3
= 925.

Similarly, m—+(x-y)=m -+ x-y.

A multiplying factor outside the brackets multiplies each
term inside when the brackets are removed. Thus
58-3) =5 x8-5 X3
=40 -15
= 25.

Similarly, 2(p -¢q) = 2px - 2qa.
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EXERCISE XLV

1. Find the value of
(@) 156 4+ (7 -2). (z
) 15-7)+2.
(c) 4-1)+ (3-2). (7§

) (bx —3x) + Tz.

) (@ + 1) + (5a - 3a + 1).
) 3(5-4).

)
m)
)
)

(d) 10 + (a - 6). 15(4 - 1).
(e) (10 -a) + 6. (m) a(b - c).
(f) » + (p-9). (n) 2z(p -2 + y).
(9) (p—-q) + ». (0) Tm(a + m - n).

(h) z 4+ (Bx - 2x).

2. Simplify the following by removing the brackets and
collecting together like terms:
(@) 3(x + 2) + 2(x-1).
(b) 12(a + b) 4 7(2a - b).
(¢) 32z 4 5y) + 2(x - y).
(d) 4a(p —q) + 2ap.
(e) dm(m + n) + 3m(2m — n).

3. Factorize the following:

(@) ax - ay. (k) xy — xz + aw.

(b) 2p - 2g. (1) 2z + 4y - 6z.

(c) 2a — 4b. (m) 10m + 151 - 5n.

(d) mk - kn. (n) 32%-2x + 3xy.

(e) k2 - k. (0) Ta? - 28ab + 14a?.
(f) 3k?p — kp. (p) bmp 4+ 10m? + 5m.
(g) 3k%*p — 6kp. (q) 3cd — 2df — bd>.

(R) 3pg* - 6p%g. {(r) 7ab - 8a* 4 3ab?.

(1) k°— K2 (s) p-P%q - PP

(7) Sw? - 25w8. () 4n® + 2nk - Sn’k.

43. We must now consider the effect of taking away
(8 + 3) marbles from the bag. Once again suppose there
are 20 marbles to start with. If (8 4+ 3) marbles are taken
out the number that remain must be the same as if the
8 marbles and the 3 marbles were removed separately. In

other words, it makes no difference to the finai result if
E
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(8 + 3) = 11 marbles are taken out at one time, or if 8
marbles and then 3 marbles are taken in two successive
operations. In either case 9 marbles remain. Consequently
we can write :

~(8+8)=20-8-3.

Look at this very carefully. Notice, in particular, that
when the brackets are removed the minus sign outside the
bracket has changed the sign inside the bracket from --
to —.

Similarly we can write :

m—(r+y)=m-x-y
and 20— (3b +a) =2a-3b-a
= @ — 3b (on collecting like terms).

EXERCISE XLVI
1. Find the value of

(@) 5-(1 + 2). (e) 3(1 + 2) -2(2 + 1).
(0) (7-3)-2. (f) 18-(1 4 3 + 5).
(c) 8-(3 +4). (9) (2+4)-(1 +2+3).
(d) 10 - 2(1 4 2). () 20 - 2(2 4+ 3 + 4).

2. Simplify the following :
(@) a—(b+ o). d) p-q®+y +2).
(6) a-2(b + ¢). (e) a(b + c) —a(b 4 d).

(¢) (3a + b) - (a + o).

3. Simplify the following by removing the brackets and
collecting together like terms :

(@) 10 - (a + 4).

(6) 14 — 2(3x + 5).

(¢) 5(x + 2) - 3(z + 3).

(d) 12(a + b) — 5(a + 2b).
(e) 3(2z + 5y) - 2(3= + 5y).
() 7(@ + 4) - 3(2a + 5).

(9) 4(2x 4 5) - 2(3x - 8).



BRAOKETS AND FACTORS 67

4. Write down the contents of the brackets in each of the
following :

@ a+btec=a+( ).

by a-b-—c=a—( ).

() x4 2y + 4z =z + 2( ).

(d) z -2y -4z = x — 2( ).

(e) ab + bc — xy — yz = b( ) yY( ).
(f) pg—qr—tg = g( )-

(9) ax —ay + m = af ) + m.

(h) mv + mv® = my( ).

(1) zy + xz-pq - pr = af ) — 2 ).
() @+ @ + &* + a* = af ).

44, At this stage in our study of the effect of brackets
there is one more case to consider—namely, the subtraction
of a quantity such as (8 — 3). If we suppose that a boy has
20 marbles to start with, then we have to find the value of
20 — (8 — 3). Since the contents of the brackets have to be
considered as one quantity,

20 - (8-3) =20-5
— 15.

This is the same as subtracting 8 from 20 and then
adding 3. In other words,

20-(8-3)=20-8 + 3
= 15.
Similarly, m—-(x—-y)=m-z -+ .

Notice that the — sign tmmediately before the bracket
changes the sign inside the bracket from - to 4. In the
preceding section we saw that the minus sign outside the
bracket changed the -+ to — when the brackets were re-
moved. This change of sign takes place in just the same

way when there is a multiplying factor outside the brackets.
Consider the following example.
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Simplify 18a + 10b - 2(3a + b) — 4(2a — 3b).
i8a -+ 10b — 2(3a + b) - 4(2a — 3b) o
— 180 -+ 10b — 6a — 2b— 8a - 12 (removine the

brackets)
= 18a — 6a — 8a 4 10b - 2b + 12b
= 4a -+ 20b (collecting like terms).

EXERCISE XLVII
1. Find the value of the following:

(@) 8 - (5-3). (d) 3(1 4 2)-2(3-1).
(B) (8 -5)-3. (e) 10 — (1 + 2 + 3).
(c) 10 —2(4 - 1).

2. Simplify the following by removing the brackets:

(@) a—(b-c). (d) (2a + b) — (a - b).
(b) (a-b)-c. () p-q(xr 4+ y + 2).
(c) a—2(b-c). (f) a(b + ¢) - b(a - ¢).

3. Simplify the following by removing the brackets and
collecting together like terms:
(@) 10 - (a - 4).
(b) 15 2(3x 5).
(¢) 7(x + 1) - 3(x - 2).
(d) (2a + 3b) — 5(3a - b).
(e) 8( + 2y + 2) - 5(x - 2y + 2).

4. Write down the contents of the brackets in each of the
following :

ab - ab? = ab( ).
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45. The brackets and the process of factorization which
have just been described find many applications in all
branches of mathematics. They are particularly useful in
assisting numerical calculation, and frequently sums that
appear to be long and difficult can, by means of careful
factorizing, be worked out very easily. Study the following

examples.

ExampLE 1

Find the value of 86 X 2:35 + 86 x 6:43 4 7-22 x 8:6.

Notice that we have to find the sum of three products, each
of which contains the factor 8-6. Consequently we can write :

8-6 X 2:35 & 8:6 X 643 1 7-22 X 86
— 8-6(2:35 L 6-43 4 7-22)
— 86 x 16
— 137-6.

ExamrLE 2
Express the formula A = 6m? — 9mn in a form more suit-
able for calculation. Find A when m = 12-5 and n = 8.

A = 6m? - 9mn
= 3m(2m — 3n)
= 37-5(25 — 24) (on S;;b:::(;ui;ng the values of
= 37-5.

EXERCISE XLVIII

1. Find the value of each of the following by the shortest
method :

(@) 34 X 1-7 4+ 13 X 34.

(b) 100 X 18 + 27 x 100 + 100 x 53.
(c) 23 X 49 4 37 X 23 + 23 X 14.
(d) 32 X 57 -22 x 32.

() 24 X 25 X 26 - 22 X 26 X 25.
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for calculation :

(@) p%q + Pqr.

A JUNIOR ALGEBRA

2. Express each of the following in a form more suitable

(d) mn2p + m2np? — mnl.

(b) ar®—br® 4 abrS.  (e) 6a®— 18a%b.

(c) x3— xy.

3. Express each of the following formule in a form more
suitable for calculation :

(@) A = §p®-p%. Find A when p = 5andq = 3.
(b) P = 122% - 8x 4 16. Find P when z = T7.

(
()

(e) S = 2

¢) K = 4a?b — 4ab®. Find K when ¢ = 25 and b = 4.
V = 573k — 772h. Find V when »r =7, h = 5.

na + nl Find S when 7 — 50,a =1, and I = 50.

46. Fig. 12 shows a rectangle 5 inches long and 4 inches

1
t ]

| I
_.__l__...| -——

| I

1 !

-.-—l.-..-l_—-.—...._

! I
1 1 |
——d e =

| |

| i

1 ]

L

Fi1a. 12

wide divided into squares each of side
1 inch. There are twenty of these
squares, and each has an area of 1
square inch, so that the area of the
rectangle in Fig. 12 is 20 square inches.
A rectangle of length @ inches and
width b inches has an area of ab
square inches. If A denotes this area,
we have the formula A = ab.

In Fig. 13 is shown the

plan of a large dining-room, ,
the measurements being made |
in feet. Thedotted linedivides i
this into two !
parts, the first of which has b
an area of ab square feet and |
the second an area of acsquare
feet. If the complete area is !
A, then we have the formula

rectangular

<---Q--->

A
|
[
|
|
o
I
I
|
I

Y

<—--g-->

A = ab + ac. Fia. 13
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For purposes of calculation we should write this:
A = a(d + o).
If a = 20, b = 60, and ¢ = 40, then
A = 20(60 + 40)
= 20 x 100
= 2000.

Hence the area of the room is 2000 square feet.

EXERCISE XLIX

1. Find the areas of the following rectangles:
(@) 5 inches long by 7 inches wide.
(b) 14 cm. long by 12 cm. wide.
(¢) 17 inches long by x inches wide.
(d) pcm. long by g cm. wide.
(e) a feet long by a feet wide.

2. Fill in the blank spaces in the following table :

Length o Width o

recigngléf 'r.ectz;mgl‘zjar Area of rectangle
(a) 3x feet Ty feet
(b) 8m yards 8m yards
(¢) | b5 inches 30 square inches
(d) 10 feet 120 square feet
(e) 4b yards 28bc square yards
() 13p feet 169p? square feet

3. (@) Write down a formula for the area (A) of the plan in
Fig. 14, arranging it in the form most suitable for calculation.
(b) Find A when b = 25 feet and a = 13 feet.

<--Q--> <--Q-->

il 2

Fia. 14
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4. (@) Write down a formula for the area (A) of the design
in Fig. 15.

.= - -1
[ I
( I

|

i
L— - ——— _—
Fic. 15

(b) Find A if @ = 2 inches.

5. (@) Write down a formula in a form suitable for calcu-
lation for the area shown in Fig. 16.

Fic. 16

() From this formula find A when a = 5 inches and
b = 8 inches.

6. (@) A room is a feet long, b feet wide, and c feet high.
Write down a formula for the area of its walls (A) in square
feet.
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(b) Use the formula found in (a) to calculate the area of
the walls of a room (i) length 15 feet, width 13 feet, height
10 feet, (ii) length 20 feet, width 15 feet, height 12 feet.

47. In Fig. 17 we have a squate of side a units out of
which has been removed a smaller square of side b units.
Then the area of this design is a? — b% square units. The

A
:
1
:
'
]

o)
i
|
|
1

\4

e
<>

lower part of this figure, the rectangle ABCD, is of length
(@ — b) units and of width b units, and has been cut off and
put in another position, so as to form the large rectangle
shown in Fig. 18. The length of this new rectangle is

D NPOIN W

A

a-b
i
H
]

Y

(@ + b) units and its width (@ — b) units, so that its area
will be (a 4 b) (@ - b) square units. Clearly both figures
must have the same area, so that we have the relationship

a2~ b2 = (a + b) (a-b),
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from which we see that the factors of a®> — b% are (@ + b) and
(@ —b). This method of factorizing the difference of two
squares has many applications, some of which we will now
proceed to consider.

Find the value of 3892 — 3872.

Of course, it would be possible to evaluate 3892 and 3872
by the ordinary process of multiplication, but notice how
much easier it is to use the factors which have been dis-
covered above.

Let ¢ = 389 and b = 387.
Then 3892 — 3872 = a2 — b2

— (@ +b) (a-b)
= (389 4 387) (389 — 387)
=776 X 2
= 1552.
EXERCISE L
Find the value of
1. 252 — 242, 6. 10002 — 9992,
2. 382 - 332 7. 9992 -1,
3. 792 — 722, 8.2 x192-2 x 172
4. 1212 -1192. 9. 7T X 15%2-132 x 7.
5. 2462 — 2422 10. 292 x 11 -11 x 272.

48. The relationship a®-b2 = (a + b) (@ — b) expresses
the difference of any two squares as a product. Hence it
can be used to find the factors of any algebraical expression
consisting of the difference of two squares. Let us consider
the following example.

Find the factors of 16x2 — 9y2.
Remember that a? - b2 = (a + b) (a - b).
1622 - 9y = (4x)? - (3y)?
= (42 + 3y) (42 - 3y).
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EXERCISE LI
ind the factors of

1. a® - 16. 11. 81A2% - 64f2.
2. p?-49. 12. 169m? — 144n2.
3. 4p? — @2 13. a%b?% - 1.
4. 4p? - 25¢2. 14. a?b% — x%y2.
5. 49a2 — 6442, 15. a?b? — x4,
6. c2 - 16m?2. 16. 25p%¢* — 16m?*n?.
7. 144 — 16m2. 17. 36p3%¢* — 49min2.
8. 36k — 81c2. 18. 1 - 64a4.
9. 100w? — 12102 19. 25a% — 4954

10. 9¢2% - 1. 20. 81p2 — 1444°5.

49, Sometimes the fact that an algebraical expression
can be factorized by the methods just described is not seen
at once because of the presence of some other factor, which
if put outside some brackets reveals the difference of two
squares. The two examples which follow illustrate how we
proceed in such cases.

ExampeLE 1

Find the factors of 4mp? — mq?2.

The expression 4mp? — mq® is not the difference of two
squares. Notice, however, that we can factorize this expres-
sion as follows:

dmp? —mg* = m(4p® - ¢*).
The quantity inside the brackets is readily recognized
as (2p) —q?, which we can factorize as (2p + q) (2p —g).
Consequently we write :
dmp® — mg® = m(4p® - ¢*)
= m§ (2p)® - ¢*}
= m(2p -+q) (2p -q)-

ExampLE 2

Find the factors of 8aty — 18x2¢3.

Proceeding as in the last example, we write :

8ty — 18a%y® = 2x%y(4x® — 9y?)
= 22%y(2x + 3y) (2x - 3y).
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EXERCISE LII
Find the factors of

1. az? - ay?. 11. a%?® - a?b.

2. 8x% - 242, 12. 16p%2 - pt.

3. 12p% - 3¢ 13. 9a - axt.

4. 20a? — 45b2. 14. 16ab — 25ab3.

5. 63p%q® — Tk 15. 23y — xy.

6. 22— 2292 16. c2d —f4d.

7. 23 — xy?. 17. 2a%k — 18kg*.

8. 4a?y® — 92 18. 3piq— 12p%P°.

9. 16ab® - c%a. 19. 12a% — 27a2bd.
10. 49ab? - ad. 20. 6422y — 49242,

50. In Fig. 19 we have a lawn x
feet square containing four flower-beds,
each a feet square. Then the area of
the lawn is x? square feet and the
area of the flower-beds is 4a® square
feet.

If A is the area of the grass in square

Tre 10 feet we have the formula

A = 2% - 4a®.

If x = 60 and a = 15, then in order to calculate the area
of the grass

x + 2a) (x - 2a)
= (60 4 30) (60 - 30)

Hence the area of the grass is 2700 square feet. Notice how
the formula has been factorized and has thus simplified the
\ calculation which followed.
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EXERCISE LIII

1. (@) In Fig. 20 we have a square court-yard containing
a square lawn. The court-yard is z

feet square and the lawn y feet square.
What is the width of the path round

the lawn ?

(b) Write down a formula for the
area of the path (A).

(c) Arrange the formula in a form
suitable for calculation, and then find

A when x = 74 and y = 26. F1c. 20
(d) Find A when z = 100 and y = 84.

2. (a) In Fig. 21 we have a piece of cardboard p inches
square, and out of each corner a small square of side ¢ inches

Fi1c. 21

has been removed, so that by folding
the cardboard along the dotted lines
a shallow box will be formed. How
large will the box be? What will be
its volume ?

(b) Write down a formula for the
area of the bottom of the box (A).

(c) Arrange the formula in a form
suitable for calculation, and find the
area of the bottom of the box when
p =2land ¢ = 5.

(d) Write down a formula for

the area (S) of the four sides of

this box.

(¢) Find S when p =21 and

qg = 5.

3. () Write down a formula
for the area (T) of the brass plate
shown in Fig. 22. -

(b) Find T when k& = 14 inches AP

and m = 3 inches.

--"-'7\"'"_"'-“
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4. (@) Write down a formula for the area (B) of the plate

shown in Fig. 23.
(b) ¥ind B when z = 15 inches and y = 1 inch.

i L |
| ! . Y
L
ot -E----:—-ac.------ sem-eem
ey >4
Fi1a. 23

5. (a) Write down a formula for the area of the star /S)
shown in Fig. 24.
(b) Find S when z = 5 inches and y = } inch.
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EXERCISE LIV (REVISION EXERCISE)

(A)

1. Simplify

(@) 2a + 3(a + 2b).

(0) 7z - 32z + ).

(c) 12p —7(p - 29).
2. If m ="17,n =25, and p = 3, find the value of

(@) m* + n? + p2.

(b) 3m - 2(p + n).

(¢) 3m —2(n - p).
3. Find the factors of

(@) 14ax 4 6xy.

(b) 64 —9m?.

(c) ab® - c?a.

Find the value of 12:4 x 7-19 4 7-19 X 7-6.
. State what value must be given to P if

da  12a2b

56  Pb?

U(!-Ps

(B)
6. Simplify the following :
(@) 2(1 4+ a + b) + 3(2 + 4a + 6b).
() Tx + 8y - 5(x + y).
7. Find the factors of

(@) 14p* 4 Tpg.
(b) 8% -2.
(¢) 5p%¢ + 10pg® + 15pgr.

8. Write down the contents of the brackets in each of the

following :
(@) 2p-3q + 6 = 2p - 3( )-
(b) ¢d + of — xy —yz = ¢ ) = Y( )-

(c) 182% -2 = 2( ) ( ).
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9. Find the H.C.F. and L.C.M. of
(@) 5m?n?, 25mns, and 156m>n?.
(b) =z, 222, 323, and 422

10. Simplify the following:

(@) 24a%® X 8ab.
(b) 24a5b? - 8alh.

©) = + =,
(©)

f;\

5

b

X P:\

¢ ‘
v Q'L ________ R A

L T t RS < S d-------= >
Fi1c. 26

(b) Write down a formula -or the area (T) of the triangle
PQR.

(c) Write down a formula in terms of A and T for the
area (X) of the rectangle that contains the area A.

12. Simplify

(@) 7Ta + 5a, 7a — 5a, 7a X 5a, and 7a - 5a.
2p% ba?y  21a3
py £
(b) ipg? and e X 555
13. Ifa =4, b = 3, and ¢ = 2 find the value of
(@) a + 2b + 3c. (c) a + b% 4 3.
)

(b) a? + b% + ¢z d) Va+ Vb 4+ V.
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14. Write down the contents of the brackets in each of
the following :

(@) 121p%g® -1 = ( ) ( ).
(b) mPp — m?p® + mPp = mp( ).
(¢) 2a + 6b—Tc—-21d = 2( Y =T( ).

15. Write down a formula for the area (A) of the design
in Fig. 26.

€-mmmmm e e@e o>

b+

(D)
16. (@) Find a formula for the area (A) of the shaded
part between the two circles in Fig. 27.
(b) Calculate this area when R =7 inches and » = 3 inches.
(¢) What does the formula become if R = 2r?

17. If P=0a2-2b and Q = b%2-2a, find the value of
Q2 - P2 when a =4 and b = 5.

18. (a) Fig. 28 shows the cross-section of an iron girder.

"""" A
-

P
‘ 2x
' '
Ly
' |
|

1 ] ' --¥

S B o - mm - T

K- --23C- - K-
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Write down a formula for the area (E) of this ¢ross-section.
(b) Calculate the area when x = 2 inches.

19. (@) A clock loses m minutes a day. Write down a
formula for the number of hours (H) lost in a week.

(b) If the clock is put right at 9 A.M. on Monday morning,
use your formula to calculate the time it indicates at 9 A.M.
(real time) on the following Monday when m = 2.

20. (a) A tradesman buys goods at p pence per dozen
and sells them at p farthings each. Write down a formula
for the profit in pence (G) he makes on each article.

(b) Find G when p = 3.



CHAPTER V
CONSECUTIVE NUMBERS

8l. If we take the marbles out of a bag one by one and
count as we do it, we say 1, 2, 3, 4 until the required
number of marbles is reached. These numbers are called
consecutive numbers.

7, 8, 9, 10, are consecutive numbers ; so are 12, 13, 14,
15, 16, 17. Notice that starting with 7

8=7-+1

9=8+41

10 = 9 + 1, and so on.
Again, 13=12 41

14 =13 +1

15=14 +1

16 =15+ 1

17 =16 4+ 1

This shows how a series of consecutive numbers is built
up. Notice also that a series of consecutive numbers can be
built up from any starting number. Thus, starting with 14,
we have:

15=14 4+1

16=15+1=14+1+1=14 42
17=16+1=14+4+2+1=14+3
18=174+1=144+3+1=14+4

Thus the consecutive numbers starting with 14 are 14, 15,
16, 17, 18, and can be written :

14

14 +1

14 4- 2

14 4+ 3

14 4 4, and so on.

83
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In exactly the same way the series of consecutive numbers
starting with = is

n

n+1

n -+ 2

n -+ 3

n 4 4, and so on.

EXERCISE LV

1. Write down three consecutive numbers, starting with
20.

2. Write down five consecutive numbers, starting with 17.

3. Writedownfourconsecutivenumbers, starting with 100.

4. (a) Are 3, 4, 5, 6, 7, consecutive numbers ?

(b) Are 32, 42, 52, 62, 72, consecutive numbers ?

(c) Are 33, 43, 53, 63, 73, consecutive numbers ?

5. Write down five consecutive numbers of which 17 is
the middle one.

6. How many consecutive numbers are there between 12
and 21 ?

7. What is the sum of the seven consecutive numbers
starting with 6 ?

8. Writedown fourconsecutivenumbers, beginning with .

9. Write down six consecutive numbers, beginning
with 2x.

10. What is the sum of the consecutive numbers in
Question 8?

92. In the four consecutive numbers starting with 7
—namely, 7, 8, 9, 10—the starting number, 7, is the smallest
of the four. We can, however, write down four consecutive
numbers starting with 7 in which 7 is the largest of the
four—namely, 7, 6, 5, 4.

Notice that 6="7-1
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In just the same way, if we start with », which we make
the largest of four consecutive numbers, then the others are

(n)

n-1
n -2
n—3

EXERCISE LVI

1. Write down four consecutive numbers in which 10 is
the largest.

2. Write down six consecutive numbers in which 15 is
the largest.

3. (a) Are 14, 13, 12, 11, 10, 9, consecutive numbers ?

(b) Are 142, 132, 122, 112, 102, 92, consecutive numbers ?

4. Write down five consecutive numbers in which » is the
largest.

5. Write down seven consecutive numbers in which 2« is
the largest.

6. What is the sum of the numbers in Question 4 ?

7. What is the sum of the numbers in Question 5 ?

53. We have seen how to write down a series of consecu-
tive numbers in which our starting number is either the
largest or the smallest of the series. We can, however, take
our starting number anywhere in the series. Thus five
consecutive numbers of which 7 is the middle one would be

5 6 7 8 9
In just the same way five consecutive numbers of which =n

is the middle one would be
n-2 n-1 n n+1 n-+2

EXERCISE LVII

1. Provide the missing number in each of the following
series of consecutive numbers:
(a) 12,11, 10, —, 8, 7.
(b) 57, 56, —, —, 53, —, 51.
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(¢) — n-1,n-2.
d)yn,n+1,— n+3n-+4
(e) n + 2, — n,n-1.
fHin+3,n+2 — — — n-2
(@) n+5,n+4 — —

2. Write down five consecutive numbers in which

(a) The largest number is 12.
(b) The smallest number is 12.
(¢) The middle number is 12.

3. Write down seven consecutive numbers in which

(a) The largest number is n.
(b) The smallest number is 7.
(¢) The middle number is n.

4. Write down five consecutive numbers in which

(a) The largest number is Sz.
(b) The smallest number is 5z.
(c) The middle number is 5x.

5. Find the sum of five consecutive numbers whose middle
term is n.

6. Find the sum of seven consecutive numbers whose
middle term is 3x.

7. Write down three consecutive numbers whose sum
is 24.

8. Supply five consecutive numbers whose sum is 45.

9. Write down a formula for the sum (S) of seven consecu-
tive numbers whose middle term is =.

10. Give three consecutive numbers whose sum is 18z.

94. Numbers which are exactly divisible by 2 are called
even numbers—e.g., 4, 12, 62, 108, are even numbers.

Numbers which are not exactly divisible by 2 are called
odd numbers—e.g., 3, 7, 87, 121, are odd numbers.
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Consecutive even numbers are even numbers which follow
one another—e.g., 6, 8, 10, 12, are four consecutive even
numbers. Notice how consecutive even numbers are built

up.

6

8= 6+2
100=842=6+2+2=0644
12=104-2=6+44+2=6+4+6

In the same way, if n is an even number the three consecu-
tive even numbers after » are

n+ 2
n -+ 4
n -+ 6

Consecutive odd numbers are constructed in a similar
way. Consider the consecutive odd numbers 3, 5, 7, 9.

5=3+4+2
T=56+2=3+2+2=3+4
9=74+2=3+4+2=3+6

If nis an odd number, then the consecutive odd numbers are

n -+ 2
n -+ 4

n -+ 6, and so on.

EXERCISE LVIII

1. Write down four consecutive even numbers beginning

with 8.
2. Supply four consecutive even numbers of which the

largest 1s 8.
3. Give five consecutive odd numbers, starting with 17.

4. Write down five consecutive odd numbers of which 17

is the middle one.
5. Give four consecutive even numbers, starting with the

even number 7.
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6. Write down four consecutive even numbers of which

the largest is the even number n.
7. Write down four consecutive even numbers, beginning

with 2n.
8. Verify for six different values of n that 2n is always

an even number.
9. Verify for six different values of n that.2n 4+ 1 is

always an odd number.
10. By taking several different values of n discover

whether 2n — 1 is always an odd number or always an even
number.

EXERCISE LIX (REvisioN EXERCISE)
(A)

1. If x = 3 and y = 5, find the value of

(@) (x 4+ y) (2 — 2y + ).

(0) (2 4 zy + ¥?) (2* — =y + ¥).
2. Simplify

(@) 325y® X 6z%. (b) 72a3b%¢ — 24abc?.
3. Write down the value of

(@) (72%)3 when x = 1.

(b) (2abc)® whena = b = ¢ = 3.
4. I'ind the factors of

(@) 12a2*-27a. (b) 4p%q - 8pq® + 12pq.
5. Write down seven consecutive numbers of which

(@) 2p 4 1is the largest.

(b) 2p + 1is the smallest.
(¢) 2p + 11is the middle number.

| (B)
6. Simplify
2 4 3y
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7. (@) If 5 men do & piece of work in 14 days, how long
would 7 men take to do it ?

(b) If » men do a piece of work in k£ days, how long would
x men take to do it ?

8. (a) Find a formula for the [~ ZH
e ) o e oo N

2

the flag shown in Fig. 29. A
(b) From the formula calcu- ;(’
late A when x =7 inches,y=5 P~~~ % :
inches, and a = 14 inches. Z / h
o 7 7z
9. Simplify PRSI
(@) V49222 — V64aty?. Fic. 29

(b) V121a® + V16908,

10. What is the sum of the five consecutive ¢ven numbers
of which 2z is the middle number ?

©)
11. Find the H.C.F. and L.C.M. of 12a2b, 14ab?, and
18a2b2.
12. An article is bought for £& + b shillings and sold for
£z + y shillings. How much profit was made ?
13. Simplify
(@) 73« + 2v) - 5(2x - 3y) + 6.
12026  5z%
(©) iz " Toa?

14. (a) Write down four consecutive odd numbers, start-
ing with 2n - 1.

(b) Write down four consecutive odd numbers, ending
with 2n - 1.

15. Factorize the following :

(@) a’x®y - 2a’xy®. (b) 18a3y — 8xy3.
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(D)
16. Write down the contents of the brackets in each of
the following :
(@) 5(x 4 5) - 3(x + 3) = 2( )-
(b) 7(2x + 3) - 3( ) = 11z + 18.
17. (@) Write down a formula for the area (A) of the
square metal plate shown in Fig. 30.

Fic. 30

(b) Arrange the formula in a form suitable for numerical
work, and then from it calculate A when r = 1} inches.

18. (a) If 5 books cost 12s. 6d., what will be the cost of
9 books ?

(b) If n books cost z shillings, write down a formula for
the cost in shillings (C) of m books.

19. Simplify the following :
(@) @ + 2b 4 3¢ 4+ 4(a + 2b + 3¢) - 2(a — 2b - 3¢).
64a2bc  9c%ba
(®) 18b2%ca X 16abc’
20. Find the sum of seven consecutive numbers whose
middle term is 7zx.




CHAPTER VI
NUMBER PUZZLES AND SIMPLE EQUATIONS

55. If 8 is added to a certain number the result is 15. By
using a letter of the alphabet to stand for the words “a
certain number” we can write this statement in the short
form

8 +n =15,

where n stands for the words “‘a certain number.” It is
easy to see that the certain number must be 7, since
8 +7=15.

We may write, therefore, n = 7.

Here is another puzzle.

If 12 is subtracted from twice a certatn number the result
18 16.

If we let « represent the unknown number, then 2x will
be twice the number. Hence we can write the puzzle very
shortly as 2z — 12 = 16. It is not difficult to verify that
the number in question must be 14, because if

r= 14

then 2¢ = 28
and 2¢ -12 =28 - 12

= 16.

The following is another puzzle which can be dealt- with
In a similar way.

The sum of two consecutive numbers s 13.

We can let k represent the smaller of the two numbers.

Then (k + 1) will be the other number.

(Notice that (k + 1) is enclosed in brackets so as to
indicate that it is to be considered as one quantity.)

Hence our two consecutive numbers are £ and (¥ + 1).
The sum of these two numbersis & + (k£ + 1), and

k+ (k+ 1) =183.
91
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This can be simplified by removing the brackets according
to the rules discovered on p. 61.

Then E+ &+ 1=13.

Le., 2k + 1 = 13.

Hence the original statement can be written very briefly as
| 2k + 1 = 183.

It is not difficult to verify that k& = 6 and that the two
consecutive numbers are 6 and 7, because if

k=26
then (k4+1)=7
and k+(k-+1)=6+47

= 13.

EXERCISE LX

1. Write the following statements in a short form:

(@) A certain number is 5.
(b) Three times a certain number is 24.
(c) Eight times a certain number is 96.
(d) If 2is added to a certain number the result is 14.
(e) If 23is added to a certain number the result is 57.
(f) If 8 is subtracted from a certain number the
result is 10.
(g) If 35 is subtracted from a certain number the
result is 23.
(k) If 5 is added to twice a certain number the
result is 11.
(¢) If 42 is added to four times a certain number
the result is 70.
(7) If 13 is subtracted from twice a certain number
the result is 17.
(k) If 34 is subtracted from seven times a certain
number the result is 8.
(l) Half a certain number is 18.
(m) Two-thirds of a certain number is 56.
(n) Seven-eighths of a certain number is 49.
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(0) The sum of two consecutive even numbers is 26.

(p) The sum of two consecutive odd numbers is 28,

() The sum of three consecutive numbers is 21.

(r) The square of a certain number is 81.

(s) The cube of a certain number is 64.

(t) The difference between the square and the cube
of a number is 18.

2. Write out in full the statements represented by the
following :

(@) z=19. (k) (¢t + 2)-t = 2.
(b) 3p = 96. (1) v =19.

(¢) 12k = 132. (m) 2w = 32.

(d) 2a + 1 = 15. (n) 3z 4+ 1 = 22.
(e) 8¢ + 5 = 37. (0) 32 = 144.

(f) 17-f = 13. (p) a* = 8l.

(g9) 26 —3g = 14. (q) 203 = 54.

(h) 5m—1 = 24. (r) 5(h 4 2) = 35.
(¢) 3n ~7 = 50. (s) 20 = 18 +¢.
Do+ @+1)=21. () 38=2m-1.

56. When a statement is written in a short form and
consists of two equal parts it is called an equation. Questions
2 (a)-2 (¢)in the previous exercise are equations. The process
by which we find out the number which the letter in the
equation represents is called “solving the equation.”

ExaMpLE 1

Solve 2x + 1 = 1.

In this case we have to find out what number x repre-
sents. The full statement which this equation represents is :
If 1 is added to twice a certain number the result is 7.

Notice that 6 must be added to 1 to make 7, so that

2z |+ 1 =17.

6|+1=717.
Hence 22 = 6.
x = 3.
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The solution of 2z 4 1 = 7 is = 3. In other words,
the number which this statement describes is 3.

ExAMPLE 2

Solve 47 — 6x = 5.
Since 42 must be subtracted from 47 to leave 5, we write :

47 - | 62 | = 5.
47 - | 42 | = 5.

Hence 6x = 42.
x="1.

EXERCISE LXI
1. Solve the following equations :

(@) x +1=6. (k) 2(x + 1) = 6.
(b) m + 5 = 12. (l) 5(p + 1) = 35.
(¢) @ + 19 = 37. (m) 4(t-1) = 12.

d) 2p+1=1. (n) 7(k + 3) = 42.
(e) 3k + 4 = 16. (0) 12(2m + 3) = 84.
(f) 4 + 3z = 16. (p) 9(5g + 2) = 153.
(9) 65—y = 4. () (z+8) -2 =17
(h) T-2z=25. (r) ta = 4.

(2) 12 - 2¢ = 4. (s) 3¢ = 8.

(7) 27 -39 = 12. (¢) +k = 5.

(w) 3m = 4. (Whatis im? What is m?)

(v) ¢p = 9. (Whatis }p? Whatis p?)

(w) 1z + 1 =7. (What is {x? What is x?)

(z) 3y + 2 = 10.
(y) fa-5="1.

2. Write the following statements as equations, and then,
by solving the equation, find the number referred to in each
case :

(a) If 4is added to a certain number the result is 15.

(b) If 9 is subtracted from a certain number the
result is 6.

(c) Twice a certain number is 18.
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Three times a certain number is 42.
Half of a certain number is 13.

(d)
(e)
(f) One-quarter of a certain number is 11.

g) Two-thirds of a certain number is 16.

k) Five-ninths of a certain number is 10.

(¢) The sum of twice a certain number and 3 is 11.
() If 4 is subtracted from three times a certain

number the result is 17.

(k) The sum of two consecutive numbers is 21.

(l) The sum of three consecutive numbers is 24.
(m) The sum of two consecutive even numbers is 26.
(n) When five times a certain number is subtracted

from 28 the remainder is 13.
(0) When two-thirds of a certain number is sub-
tracted from 50 the remainder is 29.

o

57. Consider the equation 2n + 5 = 19.
We have seen that we can solve this equation, for if

2n | +5656=19

and 14| +5=19

then 2n = l4and n = 7.
Notice that 14 = 19 - 5.
Therefore 2n = 19 - 5.

Compare this result with the original equation. You will
see that the 5 which was originally on the left-hand side of
‘the equals sign, and which was added to 2=, is now on the
right-hand stde of the equals sign and subtracted from 19.

Now consider the equation 15 — 4z = 3. Solving this by
the methods already described, we write :

156 —-| 42 | = 3.
156-112 | = 3.

Therefore 42 = 12 and =z = 3.
But 15 =3 4 12.
Therefore 15 = 3 + 4x.
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Compare this result with the original equation. You will
see that the 4x which was on the left-hand side of the equals
sign and which was subtracted from 15 is now on the right-
hand side and added to 3.

These two results suggest a very important property of
equations which we may briefly summarize by saying: If
one side of an equation consists of the sum of two numbers,
one of them may be moved to the other side and subtracted
from the number already there. If one side of an equation
consists of the difference of two numbers, the number which
1s subtracted may be moved to the other side and added
to the number already there.

EXERCISE LXII

1. Rewrite the following equations so that the a terms
are on the left-hand side:
(@) 12 = 15 - a. (¢) 17 =19 - 2a,
0) 17 =14 + a. (d) 24 =9 + 3a.

2. Solve the following equations by arranging the letters
on the left-hand side and the numbers on the right-hand
side :

) 22 + l1=4+4 =z

) 4m -3 = 2 4 3m.

) 10 2a = 16 - 5a.

d) k = 40 - 4k.
)

3t—|—4—-13-}—7t.
ow—-4 = 4w 4 2.
3x—(x—4)=16.
om - (4m + 1) = 8.
a+1)+3@2a+1) =1

(@

2 ) —

3(510 + 1) - 3(3p + 2) —
) _—
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(n) 32y +5)-(y—-1) =4y + 19.

(0) 5(2a—-11)-T7(a—-6) = a - 1.

(p) 9k +1)-23k +4) =%k + 9.

(g) 3(m + 2) = (2m + 1) - 17.

(1) p+3@p-T) = 4(p-1) + 13.

() 12 +5(2t-7) =7 - 2) + (¢ + 5).
() v + 8~ (Bv-T7) = 23.

() 9(x+1)-6(x-2) = 2(x + 9) + 8.

58. We have seen how the use of a letter enables us to
write a statement in a shortened form and sometimes as an
cquation which can be solved by the methods just described.
Consider the following.

ExampLE 1

There were 500 people at a concert. The number of men
present exceeded the number of women by 4, and there
were no children. How many men were there ?

Let n be the number of men at the concert. Since there
were 500 people altogether, the number of women present
must have been 500 — n. We are told that there were 4 more
men than women, so that the result of subtracting the
number of women from the number of men is the number 4.
(Remember that you cannot subtract women from men,
but only the NUMBER of women from the NUMBER of men.
That is why you must choose the letter to represent the
number of men at the concert.)

We can write this statement in equation form.

Number of men — number of women = 4.
n— (500 — n) = 4.

Removing the brackets, n — 500 + n = 4.
Collecting terms together, 2n —500 = 4.

_ (moving 500 to the other side of the equa-
2n = 4 + 500 tion and adding it instead of subtracting).
2n = 504.

n = 252.
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Hence there must have been 252 men present at the
concert. The number of women present

=500 -n
= 500 - 252
= 248.

ExamprLE 2

A house and grounds cost £2100. The house cost five
times as much as the ground. Find the cost of each.

Let x be the number of pounds which the ground cost.

Then 5z is the number of pounds which the house cost.

Since the total cost was £2100, we have the equation

52z + x» = 2100.
6x = 2100.
z = 350.

Hence the cost of the ground was £350, and the cost of
the house = £2100 — £350 = £1750.

EXERCISE LXIII

Use the methods just described to answer the following
questions :

1. Divide £20 between two persons so that one has £3
more than the other.

2. Divide £20 between two persons so that one has three
times as much as the other.

3. A bag contains two kinds of marbles. Some are red,
and the others are white. If there are 47 marbles altogether
and the number of red ones exceeds the number of white
ones by 15, how many of each kind are there ?

4. The perimeter of a square field s 156 yards. What is
the length of one side ?

5. Find the area of the field described in the previous
question.

6. The total receipts for a concert amounted to £15.
There were 250 people present, some of whom paid 1 shilling
and the remainder 2 shillings. If the number of people in
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the cheaper seats was four times the number in the dearer,
find how many were in each kind of seat.

7. I bought 43 eggs, some at 4 a shilling and some at 5
a shilling. If I spent 10 shillings altogether, find how many
of each kind of egg were bought.

8. Divide £35 between A, B, and C so that B receives
twice as much as A, and C twice as much as B.

9. Divide £35 between A, B, and C so that B receives £5
more than A and C receives £15 more than A.

10. A money-box contains twice as many shillings as
florins. If the value of the money is £2 8s., find how many
of each kind of coin are in the box.

11. A silver collection was made at the end of a perform-
ance, with the result that there was a mixture of shillings
and sixpences. There were 34 more shillings than sixpences,
and the total value of the collection was £5 9s. How many
of each kind of coin were there ?

12. Two boys have 54 marbles between them. If one
gives the other 9 they will both have the same number.
How many has each ?

13. When the cost of postage of letters was raised from
ld. to 1}d. the monthly expenditure of a tradesman in-
creased from 4s. 2d. to 6s. 3d. How many letters a month
did he send ?

14. An express train travelling at 60 m.p.h. completes a
certain journey 2 hours quicker than a slow train travelling
at 30 m.p.h. How long is the journey ?

15. A man and his wife earn together £3 per week. The
man earns three times as much as his wife. How much does
the man earn in a week ?

16. Divide a line 25 inches long into two parts, one of
which is four times as long as the other.

17. At a party there were 5 more women than men, and
the number of children was equal to the total number of
grown-ups. If there were 50 persons altogether, how many
children were there ?

18. A house cost four times as much as the furniture it
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contained. If the whole was valued at £1400, what was the
value of the furniture ?
19. A man is three times as old as his son. If their
combined ages amount to 48 years, how old is the man ?
20. A man is 25 years older than his son. Five years

ago his age was six times the age of the son. How old is
each now ?

59. In all the problems that have been considered so far
in this chapter we have used a letter to stand for an unknown
number. In the previous exercise the letter stood for the
number of things under consideration in the particular ques-
tion, but in every case the letter represented some number
the determination of which was the object of our work.
The equation which we developed was simply a relationship
between the various numbers in the question. In our study
of equations we discovered two rules by the application of
which we were able to solve them—namely :

1. If the expression on one side of an equation is the
sum of two numbers, then the number which is
added can be removed and subtracted from the
number on the other side of the equals sign.

2. If the expression on one side of an equation is the
difference of two numbers, then the number
which is subtracted can be removed and added
to the number on the other side of the equals

sign.

Tt is not difficult to see that these two rules may have a
wider application than merely solving number puzzles.

Consider the equation

2¢-1=1.
Then 2x = 7 4 1 (applying Rule 2).
7+ 1
. L= T = 4,

Now compare this with the general formula ax - m = =.
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Then ar = n + m.
n-+m
o.x= .

a

Remember that ax — m = n is a short way of writing the
statement : The result of subtracting the number m from a +
times a certain number is n.

The certain number which fulfils this condition is given

n 4+ m
by the formula x = s

EXERCISE LXIV

In each of the following x stands for a certain number.
Write out in full the statement that each question repre-
sents, and also find a formula for x in each case.

1. px +qg=1t. 6. (p +q)x =1t
2. mxr-k=r. 7. (P -q¢®)x = m + n.
a
4.§=a. 9. 5(x + ¢) = d.
5.9—3+E=m. 10. x(a + b) = c-d.
a b

D T

Fia. 31
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If A is the area of the room, then we have the formula
A = ab + ac.
A =a(b + c).

This is a formula which can be used for calculating the
area of the room, for if a = 15 feet, b = 20 feet, and
¢ = 8 feet, then

A=ua(b+c)
15(20 + 8)
15 % 28
= 420 square feet.

(I

The formula written in this form has as its object the
calculation of the area of the room the plan of which is
shown in Fig. 31. For this reason A (the area of the room)
is called the subject of the formula.

Suppose we lknew the area of this room, and also the
lengths of @ and b. We could then use the formula to
calculate the length ¢. It would be easier, however, to
obtain a new formula, in which ¢ s the subject. We can do
this by applying the two rules on p. 100 to the formula
A =ab + ac.

We have A = ab + ac.

.. A —ub = ac (applying Rule 1).

This 1s the same as

ac = A - ab.

A-—ab
.-. c = .
a

This is a formula in which ¢ is the subject. This process
of obtaining from a given formula a new formula with a
different subject is called “‘changing the subject of the
formula.”

Study the following examples carefully.

ExampLE 1
From the formula v = % + ft find a formula for ¢,
We have v=1u + fi.
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This is the same as

ft = —u.
R
e e f .
ExAMPLE 2
If E = }m?, make v the subject of the formula.
We have E = ime2.
S im? = K,
B
S P
_E y 2
1w
2
SV = —
m
Jﬁ
l.o V= T
m
EXERCISE LXV
1. If x 4 y 4+ z = K, make y the subject of this formula.
2. If D = 2r, express r in terms of D.
3. If C = 277, express r in terms of C and 7.
4. If A = 7rr?, express r in terms of A and 7.
5. If s = 1gt?, express ¢ in terms of s and g.
6. If PV = RT, write down a formula in which the sub-

ject is (a) T, (b) P, and (c) V.
7. If v = u® 4 2fs, construct a formula in which the
subject is (a) u, (b) f, and (¢) s.

8. If C = =, write down a formula in which the subject
is R. v

9. If S = g(a + 1), give a formula in which the subject
is n. -

10. If nP = W + w, find a formula for W.
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K2
11. If P = T find a formula for E.
wo?
12. If E = 2’ find a formula for (a) v, (b) w.
5D
13. If R = 2 4+ —-, find a formula for D.

14. If xy = K, find a formula in which y is the subject.
PLAN
15. I I ==

33.000’

find a formula in which P is the subject

EXERCISE LXVI (RevisioN EXERCISE)

(A)
1. Solve the following equations :
(@) z+7=19.
(b) 15-2p = 3.

(c) 5(p —1) = 60.
2. Divide 54 into two parts, one of which is 8 times the

other.

3. Find three consecutive numbers whose sum is 39.
4. Find the factors of

(a) 8p*q - 24pq®.
(b) 2? — 6442,
(c) a*bc + ab%c + abc?.
5. (a) If 8 yards of cloth cost 32 shillings, what wiil be
the cost of 10 yards?

(b) If p yards of cloth cost m shillings, write down a
formula for the cost in shillings (C) of y yards.

(B)
6. Write down five consecutive odd numbers, of which
(@) the smallest is 2m + 1.

(b) the largest is 2m 4 1.
(¢) the middle number is 2m -+ 1.
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7. Simplify the following:
7 8 9
(a) > + 92 + Bz
() V121a%2? + V3430823,
8. Fill in the contents of the brackets in each of the

following :
(@) 4(a + 2b) - 3(a — 2b) = 2( )-
(b) 9(2% + y) - 3( ) = 3(52 + 2).

9. One side of a rectangle is twice as long as the other.
If the area of the rectangle is 162 square inches, find the
length of each side. ’

10. Divide £100 among A, B, and C so that B receives
£15 more than A and C receives £5 less than B.

()

11., Solve the equations
(@) 42x — 1) = 6(x + 2).
(6) 5(1 + 2z) - 3(1 + z) = 37.

12 If V is the volume of a sphere of radius r, then
V = #ar%. Make r the subject of this formula.

13. A bag contains an equal number of shillings and
florins. If the total value of the money is £4 10s., how
many of each coin are there ?

14. Find three consecutive odd numbers whose sum is 45.

15. Simplify the following :

(@) 3x%y X Sxy? X Yxy.
3a  2b 1

( 5z T Ty T xy

(c) V'169x%85.

(D)
16. Say what value must be given to P so that
4a%b  28a%?c
9¢ P




106 A JUNIOR ALGEBRA

17. Calculate as quickly as you can the value of 9992 — 1.

18. A man is 25 years older than his son. Five years ago
the man was six times as old as the son. Find their present
ages.

19. A bill of £50 is paid with one-pound notes and ten-
shilling notes. If there were 14 more pound notes than
ten-shilling notes, how many of each were used ?

20. Find a number such that if I divide it by 3 and add
6 to the answer the result is 12 less than the. original
number.
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1. If x = 8, y = 6, and z = 4, find the value of
(@) x4+ y + 2 d) vV + V.
b) z + 2y + 3=. (e) x—:y
(c) «® + y® + 2%
2. Find the factors of
(@) 3pq + 5p°. (d) 4k? — 9m?2.
0) zy + yz + xyz. (e) 12a3 — 3ab?.

(c) a?- b2

3. (a) Find a formula for the area (A) of the design in
Fig. 32.

1
1
!
t
!
|
I
1
T
[
l
|
|
|
|
|
1
!
1
I
|
i
|
!

F1a. 32

(b) Use this formula to calculate the area when z = 3
inches.

4. Solve the equations
(@) Tx = 91. (b) 5p + 8 = 53. (c) 4(a + 2) = 36.
107
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5. The sum of two numbers is 32. If one of them is three
times as large as the other find the numbers.

6. Simplify

2 8 9k 2k
(a) —71? 1 -73. ®) = -5 (0 p% = pl*.

7. Divide £20 between A, B, and C so that B has £7 more
than A and C has £2 less than A.

8. Make h the subject of the formula V = #r%h.

9. The sum of the angles of any triangle is 180°. If one
angle is 46° and the other two angles are equal, how large
is each of the equal angles?

10. Find the sum of four consecutive numbers of which
k is the largest.

A2
1. Simplify the following :
(a) (4p)2. (b) V169a* — V22545,

2. Express £p + ¢ shillings 4 r pence in pence.

3. Find the L.C.M. and H.C.F. of 15a2b, 25ab2, and 40a2b2.

4. In 20 years’ time a man will be twice as old as he is
now. How old is he now ?

5. Solve the equations

(@) 32z 4-1=19. (b) 522 + 1)-2(x—-1) = 39.

6. Two consecutive odd numbers have a sum of 56. Find
the numbers.

7. Express the price of £x per ton in pence per Ib.

8. (@) A train is travelling at 60 m.p.h. How many feet
does it travel in one second ?

(b) A train is travelling at £ m.p.h. How many feet does
it travel in one second ?

(c) How many feet does the train in (b) travel in m
seconds ?

9. (a) Aclerkis appointed at a salary of £100 per annum,
increasing by £10 a year to £250 per annum. What is his



ADDITIONAL EXERCISES 109

salary at the end of the tenth year? How long does it take
him to reach his maximum salary ?

(b) A clerk is appointed at a salary of £P per annum,
increasing by £x a year to £Q per annum. Write down a
formula for his salary (S) at the end of the nth year. How
long does it take him to reach his maximum salary ?

10. A bag contains shillings and sixpences, there being
twice as many sixpences as shillings. If the value of the
money is £2, how many of each coin are there ?

A3
1. Solve the following equations :
2¢ 3z .
@ 3%

(b) 52x + 1) -4(x-1) = 4(x + 4).

2. (a) How long will a train 500 feet in length and
travelling at 30 m.p.h. take to pass over a bridge 380 feet
in length ?

(b) How long will a train & feet in length and travelling
at v m.p.h. take to pass over a
bridge [ feet in length ?

3. (a) The area of a circle is
mrr2, where 7 is its radius. Find
a formula for the area (A) of
the metal disk shown in Fig. 33
if the radius of the disk is R
and the radius of each of the
small holes is .

(b) Arrange the formula so
as to make it suitable for use Fic. 33

1n calculations.
(c) Find A when R-= 8 ¢cm. and r = 0-5 cm.

4. Complete the brackets in each of the following:
(@) 42?2 + 14xy + 28xy® = 2x( )-
(b) 72 - 5y — 6( )=2+y.
(c) 64 —m? = ( ) ( )-
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5. Calculate as quickly as possible the value of
(@) 9992.  (b) 185 x 123 + 123 x 161.
6. Express x guineas in pounds.
7. If p = 3 and ¢ = 5, find the value of
(@) P* +¢* (b) »* + 2pq + ¢ (o) (P + ™
8. (a) If p yards of cloth cost ¢ shillings, what will be the

cost (C) of = yards?
(b) Find C when z = 103, ¢ = 3%, and p = 3.

——————— ..._:-l....__..-.._).:

<

9. f1A=2+4 2y, B=y + 22, and C = 2z + 2z, find the
value of A 4+ B 4 C.
Why will A 4+ B + C be always divisible by 3 ?

10. A boy receives x shillings a week pocket-money, and
spends on an average y pence a week. What do his savings
amount to in a year? (Give your answer in shillings.)

A4

1. The angles of a triangle are x°, 52°, and 9x°. What
is z?
2. Simplify the following :
1 2

(@) 2’y - 3zy®. (D) p(; + ;)-
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3. If T add 6 to a certain number and divide the answer
by 2 the result is 24. What is the number?

4. A party consists of 8 adults and 5 children. When
travelling by train the adults pay full fare and the children
half-fare, with the result that the railway tickets cost in
all £1 6s. 3d. What was the full fare ?

5. (a) Find a formula for the area (A) of the diagram
in Fig. 34.

(b) Find A when « =7 inches, A = 12 inches, and
a = 1 inch.

6. Solve the equation

r+5 x+4+1
4 T 8
7. f A=5x+4 Ty and
B = 3x - 2y, find the value
of (a) A 4+ Band (b) A-B.
8. Simplify the following
by removing the brackets
and collecting like terms :

(@) a + 2(a 4 3b) + b. Fra. 35
(b) 5(3a -+ 5b) — 3(5a — 3b).

9. If V is the volume of a sphere of diameter d, then
V= %d‘*. Make d the subject of this formula.

10. Divide £30 between A, B, and C so that B has twice
as much as A and C has as much as A and B together.

= 4.

A5

1. (@) Write down a formula for the area (A) of the design
(called a quatrefoil) shown in Fig. 35.
(b) Calculate A when a = 6 inches.

2. (@) Write down a formula for the perimeter (C) of the
design in Fig. 35.
(b) Calculate C when @ = 6 inches.
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3. If X = ax + byand Y = bz -+ ay, prove that X 4+ Y
= z(a + b) + y(a + b).
4. Solve the following equations:
x+3 4x-3
@) = =3
(b) 5(x + 4) - 3(x + 1) = 31.
5. A border z inches wide is left all the way round the
inside of a room 20 feet long and 15 feet wide, and the
remainder of the room is carpeted. What are the dimensions

of the carpet ?
6. Find the value of

(@) V3 + V3. (c) V3 x V3.
(b) V3 - V3. d) V3~ V3.
7. From the formula,‘—lf = ;L- |- %ﬁnd fin terms of  and v.

8. Write down five consecutive odd numbers of which the
middle one is 2m 4 1. What is the sum of these numbers ?

9. If 9 1s added to 4 times a certain number the result
is 109. What is the number ?

10. If S=ut + 4ft?, find S when =0, { =1, and
f=24.

A6

1. The area of a sphere is given by the formula A = 4712,
where r is the radius. If d is the diameter of the sphere,
then d = 2r. Prove that A = nd?.

2. X = Va + V2a + V3a,find X whena = 3. (Give
your answer to two places of decimals.)
3. Solve the equations

1 3 2 3 7
@Wz=7 Otz =F
4. If 6 is added to a certain number and the result is
divided by 7 the answer is 5. What is the number ?

5. Eggs are bought at x shillings a dozen and sold at a
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profit of }x pence each. At what price per dozen were the
eggs sold ?

6. Multiply 3ab + 4c by 2a®b.

7. Divide 32® + 62%y + 92% by 3.

8. (a) If 5 men dig a trench in 8 hours, how long would
4 men have taken to do this?

(b) If p men dig a trench in k& hours, how long would ¢
men have taken to do this?

9. If a, b, and ¢ are three consecutive numbers, prove
that ac = a(b + 1).

10. If x is a proper fraction, will z% be a fraction or a
whole number ?

A7

1. For what value of m does the sum of 5(2m 4 3) and
3(m + 1) amount to 31 ? .

2. A bag contains 20 coins, some of which are florins and
the remainder sixpences. The value of the coins is £1 8s.
How many florins are there ?

3. (@) Find a formula for the area (A) of the quatrefoil
design in Fig. 36.

(b) Calculate the area of the design when 2 = 6 inches.

(c) Find a formula for the perimeter (C) of this design.

Fia. 36
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4. Find a number such that one-seventh of it exceeds
one-eighth by one.
1 2 3

— -+ —, express R in terms of p and q.
R p ¢ 7

a b c b c

5 If

7. Simplify
3p? 5 21
S N )
Tqrd Or2q  20qr

8. A runs v feet a second and B runs w feet a second. In
a certain race A wins by x feet. By how many seconds does
A win?

9. The perimeter of a square is 28« inches. What is the
area of the square ?

10. Simplify 5(3x + 4) - 2(x - 1) - (z + 6).

For what value of z is this expression equal to 40?

A8

1. A map is drawn to a scale in which 2x inches represent
1 mile. How many square inches on the map will represent
a square mile ?

2. If px + q= 5 when p =1 and ¢ = 3, what will be
its value when p = 2 and ¢ = 7?

3. If a, b, ¢, and d are four consecutive numbers of which
a is the smallest, prove that their average is b - 1.

4. The length of a rectangular garden is 10 yards longer
than its width. If the perimeter of the garden is 80 yards,
find (@) the length of the garden, (b) its area.

5. If A =3z + 5y and B = 52 + 3y, prove that A + B
is divisible by 8.

6. The angles of a triangle are 22°, 22°, and z°. What
is x?

7. Using the data of question 5, find the value of 2A + 3B
when x = 2 and y = 3.
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8. Solve the equations

2 o 11 r 3z

@ 2+ 3= 13

9. If 2s =a + b + ¢, prove that
S+ (s-a)+(s-b)+ (s-¢c)=a -+ b +c.

10. For what values of x will the two fractions —— and
3
2¢ + 7
be equal ?
o
A9

1. Find two consecutive numbers whose sum is 291.

2. If ax 4+ b = 17 when @ = 2 and b = 3, what will be
the value of the expression when ¢ = 5 and b = 18?

3. Each side of a regular hexagon is « inches in length.
If the sides are produced so as to form a six-pointed star,
find the perimeter of this design.

4. Find the factors of

(@) 225 - 169m2. (b) Sax 4 25ay. (c) 36a® — 64ab?.

1 1 1
5. Ifa+-b-=-(—;,ﬁndbwhena=2andc=5.

6. The length and width of a rectangle are both doubled.
By how many times is the area increased ?

7. A runs 100 yards in x seconds, and thus beats B by
one second. How many yards start can be given to B so
as to make the race a dead heat ?

8. What is the simplest value that can be given to ¢ in
order to make ¢ + 1 exactly divisible by 2x 4 3?

9. One tap fills a bath in x seconds and another in y
seconds. If both taps are turned on how long will it take
to fill the bath ?

10. In the previous question if the waste tap empties the
bath in z seconds and is left open when the other taps are
running, how long will it take to fill the bath then?
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A10

1. If a = Vb and b = V¢, express a in terms of ¢. Find
¢ when a = 2.
2. If x = 3 and y = 5, find the value of

(@) z*. (¢) (z + y)*
(0) . (d) =¥ + y*

3. The length of a garden is 5 yards more than its width.
If its perimeter is 50 yards, find its area.

a
3

5. A piece of wire 1 foot in length is bent into the form
of a triangle whose sides are in the proportion 1:2:5. Find
the lengths of the sides.

6. A motor-car travels x miles on a gallon of petrol which
costs p pence. What will be the
cost of a journey of k miles ?

7. Find a formula for the area
(A) of the design in Fig. 37.

8. The sum of three consecutive
odd numbers is 249. Find the
numbers.

9. What value of x will make

Fia. 37 72z + 1) — 4(x — 6) equal to 917
10. How many seconds will it
take a train x yards long and travelling at » m.p.h. to pass
completely through a station y yards in length ?

3
4. Subtract - from - and multiply the result by 3.

All

1. Find what value must be given to x in each of the
following :

(@) 2% = 4. (c) 5* = 125.
(b) 3% = 8l. (d) 2% = 64.
2. Simplify
3x 4+ 5 x4 1

(@) V'100a%* + V'169a%2.  (b) 7 8




ADDITIONAL EXERCISES 117

3. If T walk at -1 miles an hour a journey takes p
hours. If I walk at x 4 1 miles an hour the journey takes
P-tgq
p-q

4. What is the total surface area of a cube of edge x
inches? What is the volume of the cube ?

5. Find two numbers in the ratio of 7: 4 whose sum is 55.

6. Divide

(@) zy + yz by v. () z2—-a? by x—a.
(b) bx + 16xy by 6x. (d) x®-a?by x + a.
7. Multiply

(@) p + 3q by 2p. (¢) x+ abyxz-a.
(b) 2p 4 q by Tq. (d) x-abyx + a.
8. (@) What must be added to 5 to make 97?

1 1
(b) What must be added to p to make 7

9. A map is drawn on the scale of 3 inches to the mile.
How many square miles are represented by a square of side
z inches ?

10. Express the cost of p shillings a ton in pence per
pound.

q hours. Prove that x =

Al12

1. A farmer has a number of hurdles each z yards in
length. How many will he require to enclose a rectangular
piece of ground m yards long and 7 yards wide ?

2. A slow train travelling at » miles an hour leaves King’s
Cross at 9 A.M. An hour later a fast train travelling at w
miles an hour leaves for the same destination. How long
will it take the fast train to overtake the slow one ?

3. Simplify Ha? 8ab 14ab?
75~ 106% * 2407
4. Divide (32)% — (3y)% by 9(z + ¥).

5. The sum of two consecutive numbers is 2n + 1. What
are the numbers ?
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6. faxr + b =19 when ¢ = 4 and b = 3, find the value
of the expression when @ = 7 and b = 2.
7. Solve the equation

1 1 3

2¢ H5x 40

8. If xy = c, express y in terms of ¢ and x and calculate

y when ¢ = 150 and z = 4.
9. Find the contents of the bracket in the following :

T5x + 4) - 3(x + 1) = 5( ) + 2.
10. Solve the equation 0-5x — 0-25x = 1-2.

A13

1. At an election 17,816 people voted for one of the two
candidates. If the successful candidate had a majority of
3126, how many votes did he receive ?

2. Express as a formula the radius of a circle in terms of
its circumference.

Use your formula to calculate the radius required to con-
struct a circular running-track a quarter of a mile in length.

3. Solve the equations

(@) 0-75x2 - 1-37 = 5-63.
(b) 52x-3) =T(x + 1) -1.

4. Make A the subject of the formula Y = %.

5. A train 300 feet in length is travelling at 60 m.p.h.
How long would it take to pass a workman walking along
the side of the line in the opposite direction at a rate of
x miles an hour?

6. Find two consecutive numbers whose sum is 55.

7. Show that (2a)® + (3a)? + (4a)* = (5a)® + (2a)2.

8. I the three angles of a triangle are equal, how large
is each ?

9. Find the cost in pence of x1b. if the cost of x tons is £p.

10. A square has an area of 256a% square inches. How
long is each side ? ' |
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Al4

1. Find a formula for the diagram in Fig. 38, and use it
to calculate the area when r = 2 inches.

-——.-----I
)
'
[]

2. Express a speed of x miles an hour in feet per second.

3. A cube has a volume of 2197p8 cubic feet. What is the
length of each edge ?

4. Simplify

423y 3z  15xy2%3 s
oL A/R71 851216
(a) 5% X 77 X To5 " (b) vV 8laBbl2c18,
6. Multiply
(@) 2z -y by «. (0) 2y - 3z by 2y.

6. Multiply
(@) 422 by =z + . (b) 3z -2y by 333,

7. Solve the equations
(a) 4-83 + 5-5x = 8-98.
(b) 3(x-1) + 4(2z-1) = 37.

8. Divide three guineas between A, B, and C so that B
has % of A’s share and C has half of B’s share.

9. For what value of k will 7(2% — 3) and 3(k — 5) have the
same value ?

10. Children are admitted to an entertainment at half-
price. If a party of 20 children and 2 adults paid £2 8s.
in all, what was the price of admission ?
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Al5
1. A man is 12 times as old as his son. TIn ten years’
time the difference between their ages will be 22. Find their
ages NOWw.
2. Divide
(@) 522 + zy by .
(b) 92% — 16a® by 3z - 4a.
(¢) 922 — 16a? by 3x — 4a.
3. Solve the following equations:

(@) 3% = T29.
(b) 17-5x + 3-85 = 4-5z + 5-15.
1 1 5
© 5 T3: "%
1 1 1 i
4. If - + =7 express f in terms of » and w.

5. The numerator of a fraction is one less than the
denominator. If the reciprocal of the fraction is 13, find
the original fraction.

6. If 72z 4 4) - 3(22-5) = A(x + 5) 4 3, find A.

7. Calculate as quickly as possible the value of

(a) 45% — 432
(b) 17 x 19-19 x 13.
14 X 15 X 16 4-15 X 16 X 17

156 X 16

8. The perimeter of a card is 26 cm. and it is 3 cm. longer
than it is wide. Find its area.

9. A clerk is appointed at a salary of £a, which is in-
creased by £b for each completed year of service. What
salary will he receive (a) at the beginning of, (b) and the
end of, the nth year?

10. Find a formula for (a) all numbers which are multi ples
of 7, (b) all numbers ending in 7.

(¢)



PART II

CHAPTER VII
DIRECTED NUMBERS

61. We are all familiar with the idea of direction. The
traveller from London goes north when he journeys to Edin-
burgh, and south when he returns. The words ‘north’ and
‘south’ indicate the directions in which he: has travelled,
and we know that they are opposite directions. This sense
of ‘oppositeness’ occurs in other cases. A boy may win 16
marbles, and next time he plays may lose 5 marbles. Win-
ning and losing are two opposites. Again, a tradesman may
gain £5 on a transaction one day and make a loss of £5
another day. Here gain and loss are two opposites. We use
the familiar plus (4-) and minus (-) signs to indicate this
oppositeness. Thus we may write (4 10) to stand for a
journey of 10 miles north of a certain town. Then (- 10)
will represent a journey of 10 miles south of the same town.
We call (+ 10) and (- 10) directed numbers. In the same
way, the boy who wins 16 marbles can describe his winnings
as (+ 16). His loss of 5 marbles would be written as (- 5).
The tradesman would write his gain of £5 as (4 5) and his
loss of £5 as (- 5).

EXERCISE LXVII

1. If (4 7) stands for a gain of £7, write down (a) a gain
of £10, (b) a loss of £7, and (c) a loss of £10.

2. It (4 1000) stands for the height in feet of a town
above sea-level, write down, in similar form, a height of
(a) 1500 feet above sea-level, (b) 12 feet below sea-level.

3. If (- 30) represents a fall in temperature of 30°, write
down (a) a fall of 40°, (b) a rise of 38°, and (c) a rise of 15°.

I 121
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4. 1f (- 24) stands for a journey of 24 miles west of a
certain town, write down a journey of (a) 5 miles west,
(b) 34 miles east, of this town.

5. A clock gains 10 seconds a day. If this is written

+ 10), how Would you write down a loss of 10 seconds
a day ?

6. A boy’s weight increases by x lb. If this is written
(+ z), how would you write down (a) a gain of p lb., (b) a
loss of p 1b. ?

7. A soldier takes 2 paces forward. If this is written
(+ 2), how would you write down (a) 7 paces forward,
(b) m paces forward, (c) 5 paces backward, and (d) k paces
backward ?

8. If (4- 12) represents the number of steps up to my
bedroom from the ground floor, how would you write down
the fact that there are 7 steps downward from the ground
floor to the cellar?

9. The speed of a train is increased from 30 m.p.h. to
35 m.p.h. If this increase in speed is written as (-4 5), say
how you would write down the following changes of speed :

(@) 20 m.p.h. to 38 m.p.h.
(b) 40 m.p.h. to 38 m.p.h.
(¢) From rest to 20 m.p.h.
(d) From 20 m.p.h. to rest.

10. If (4 x) stands for the payment into the bank of £x
and (- z) stands for the withdrawal of £z, say how you
would write down the followi ing transactions:

(@) A payment in of £24.
(b) A payment in of £a.
(c) A withdrawal of 10 shillings.
(d) A withdrawal of p shillings.
11. If (4 4) represents a journey of 4 miles in the direc-
tion north-east, what does (- 4) represent?
12. If (+ 1930) represents the year a.n. 1930, what does
(—100) represent ?
How would you write 55 B.C. ?
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62. Fig. 39 shows a method for representing directed
numbers in a diagram. Numbers of the form (4 2), (4- 3),
and so on are called positive numbers, and are represented
above the horizontal line. Numbers of the form (- 2), (- 3),
and so on are called negative numbers, and are represented

L +77
L +0
L +8
- +4
-+3

Fic. 39

in a corresponding manner below the line. The point where
the horizontal line crosses the vertical is called the origin,
and is always represented by the letter O. Notice that
(+ 1) and (- 1) are equally spaced above and below the
origin respectively. Similarly, (-- 2) is as far above O as
(- 2) is below it, and so on for the other numbers.
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Sometimes this diagram is drawn horizontally instead of
vertically, as in Fig. 40. In this case positive and negative

1 12 43 +4 45 +0 ¥7
7 -6-5-43-21 |0

F1c. 40

numbers are represented on the right and on the left of the
origin respectively.

EXERCISE LXVIII

1. Draw a diagram similar to Fig. 39, and cn 1t mark by
a cross each of the following points: (+ 1), (+ 4), (4 7),
(_ 2): (_ 5): (_ 6)

2. Draw a diagram similar to Fig. 40, and on it mark by
a cross each of the following points: (+ 2), (4 5), (+ 6),
(— 1)) (_ 3)9 (+ 0)9 (" O)

83. We must now consider how the addition of directed
numbers can be performed—ifor example, (4 2) 4 (4 5).

62— {5
.o ' ;Q.
-2 -1 +1 +2 +3 +4 +5 +6 +7
{47} 2

Fia. 41
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In our diagram we shall measure positive numbers to the
right of the origin and negative numbers to the left. Hence
in Fig. 41 (4 2) will be represented by the point P, which is
2 spaces to the right. We have to add on to this (4 5),
which.means moving toward the right a further 5 spaces.
This brings us to Q (Fig. 41). But Q represents the number
(+ 7), because it is 7 spaces to the right of the origin.

Therefore (4- 2) + (+ 5) = (4 7).

EXERCISE LXIX

1. By means of diagrams similar to Fig. 41 prove the
following :

(@) (+ 1) + (4 2) = (4 3).
(0) (4 2) + (+ 3) = (4 9).
(¢) (1) + (+2) + (4 3) = (+ 6).

2. From a diagram (or otherwise) find the value of

(@) (4 4) + (4 3).
(0) (+ 6
()

64. The addition of two negative numbers is performed
in a similar manner. Thus, if we wish to find the value of
(- 2) + (- 5) we choose P 2 spaces to the left of our origin
(Fig. 42). The addition of (- 5) means a further 5 spaces in

e (e '/ ¢
T T o
7 -6 -5 -4 -3 2 -1 +1 +2
< 7

Fia. 42
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the negative direction—i.e., to Q. It is easy to see that Q
represents (- 7).
Hence (- 2) 4 (- 5) = (= 7).

EXERCISE LXX

1. By means of diagrams similar to Fig. 41 prove the
following :
(@) (-1) + (-2) = (- 3).
(0) (-2) 4 (-3) = (- 9).
© -1+ (-2)+ (-3) =(-6).

2. From a diagram (or otherwise) find the value of

(@) (=3) + (-4).

(b) (-8) + (- 3).
(©) (~1) + (-3) + (- 5).

@) (-4) + (-8) + (-2).

(e) (1) + (- 10) + (- 8).

(f) (-7a) + (- 10a) + (- 8a).

(9) (- 52) + (- Ta) + (- 92) + (- 11a).

65. We must now consider the addition of two directed
numbers, one of which is positive and the other negative
—e.g., (-2) + (+ 5).

Following the method adopted in the preceding pages,
(- 2) will be represented in Ifig. 43 by P, which is 2 spaces

! I
E {+3) >
P 0 Qe
7 -6 -5 -4 -3 2 - +1 +2 43 +4 +5 +6 +7
:<—(-2‘/—
1
Fic. 43

on the negative side—i.e., the left side—of the origin, O.
The addition to this of (4 5) means moving 5 spaces in the
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positive direction—i.e., toward the right—from P. This
takes us to Q, which is 3 spaces on the right of O.

Hence (- 2) 4 (+ 5) = (4 3).

As a second example, consider the sum (-7) 4 (<4 4).
This is illustrated in Fig. 44. The point P, which is 7 spaces

I———(+4‘H

: a. | 0, -
7 -6 -5 -4 3 -2 -1 +] +2 +3 +4. +5 +0 +7

< oy

Fic. 44

on the negative side of the origin, represents (-7). The
addition of (- 4) is represented by a movement of 4 spaces
in the positive direction—i.e., to Q. This is 3 spaces to the
left of O.

Hence (-7) + (+ 4) = (- 3).

EXERCISE LXXI

1. By means of diagrams similar to Figs. 43 and 44 prove
the following :

(@) (=3) + (+2) = (-1).
(0) (4 3) + (- 2) = (+ 1).
(€ (+4) + (-7) = (- 3).
(d) (=1) + (-2) + (+ 5) = (+ 2).

2. From a diagram (or otherwise) find the value of

()(+10)—|-( 11) + (- 3).
(6) (- 8) + (- 10) + (+ 18).
(©) (+4) + (-7) + (- 8).
()(7)+(9)+(+11)+(+13)-
() (=1) 4 (+2) + (-3) + (4 4).
() 8+ (+7) 4+ (+9) + (-11).

H H



128 A JUNIOR ALGEBRA

(9) (4 a) + (—I— 3a) 4 (- 5a).

(B) (= 4k) +- (= 3k) + (+ k) + (+ 2k).
(¢) (+ 32) 4 (+ 122) + (- 92).

(7)) (-122) 4 (+ 21=) + (- 42).

(k) (-14m) + (+ 8m) + (- 10m).

3. The lift in a, hotel went from the ground floor to the
seventh floor, on to the eighth floor, and then down to the
second floor. Illustrate these movements by means of
directed numbers.

4. A boy’s diary revealed the following financial transac-
tions: August 1, received 10s.; August 2, paid out 2s. 6d.;
August 17, spent 5s. 6d.; August 29, received 15s. from
father and 7s. 6d. from aunt ; September 1, paid out 8s. 6d.

Represent these receipts and payments by directed
numbers, and thus calculate how much money the boy
had left.

66. The subtraction of directed numbers is performed by
means of complementary addition—that is to say, instead
of subtracting 7 from 13 we find what must be added to 7
in order to make 13. The following examples will show the
application of the method to directed numbers.

ExampPLE 1

Find the value of (4 5) — (+ 2).

In this case we have to ask ourselves what must be added
0 (4 2) in order to make (+ 5). In Fig. 45 (+ 2) is
represented by P and (+ 5) by Q. In order to go from P

——-—(+5}——>i
| o P Q
-3 -2 1 4 +2 +3+4+5 +6 +7

—{+2)—>'- - -4+3) >‘

F1c. 45
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to Q we must move (- 3), or, in other words, we must
add (4 3) to (4 2) in order to get (4 5). Hence

(4 8) = (4 2) = (4 3).

ExaMpLE 2

Find the value of (- 5) — (- 2).

Here we have to find what must be added to (-2) in
order to make (-5). In Fig. 46 P represents (—2) and Q

31

TobE 5 24 | 153

K- = {-3F - - -2

F1c. 46

represents (- 5). To go from P to Q means an addition of
(- 3). Hence

(=6) - (=2) = (-3).

EXERCISE LXXII
1. Show by means of diagrams similar to Figs. 45 and 46

that
(@) (+4) - (4 1) = (+ 3).
(0) (-4)-(-1) = (=3).
(€) (+95)—(+4)=(+1).
(d) (-=5)-(-4) = (-1).

2. From a diagram (or otherwise) find the value of

(@) (+ 10) - (4 7).
b) (—I— 14) - (+ 8).
(¢) (=10)-(=17).
(d) (- 14) - (-8).
(e) (—10a) — (- 4a).
(f) (+ 242) - (+ 17a).
(9) (+ 14m?) - (4 11m?).
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+ 29zy) - (+ 152y).

+ 8) + (+ 7) - (+ 8).

+6) + (+10) - (+ 12,
—8) - (= 6) + (- 5).

+ 14a) + (- 8a) - (+ 4a).

- 152) - (- 82) + (+ 5a).

+ 21m) - (4 15m) 4 (- 6m).

67. We have seen from Fig. 45 that
(4 5) = (+ 2) = (4 3).
This gives the same result as (4 5) + (- 2), for
(+98) + (=2) = (+3)
according to the rules we obtained for the addition of
directed numbers. Compare these two results and notice
that the effect of subtracting (+ 2) is the same as adding
(- 2).
From Fig. 46 we have
(-9)-(=2) = (=3).
This gives the same result as (- 5) 4+ (+ 2), for
(-5)+ (+2)=(-3)
according to our rules for the addition of two directed
numbers. Hence the subtraction of (- 2) gives the same
result as the addition of (4 2).
These suggest that we can change the process of subtraction

1nto one of addition provided we change the sign of the number
we subtract.

EXERCISE LXXIII

1. Insert the proper directed number in the empty
brackets in each of the following examples:

(@) (+5)—(+1) = (+5) + ( )-

) (+7)-(+4)=(+7) +( )-

(€ (-8)-(- ) = (-8) + ( )-

(d) (-10a) - (- 8a) = (- 10a) +- ( )-

(e) (- 15zy) - (- 8xy) = (- 1dwy) + ( )-
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2. Write down the answers to each of Nos. 1 (a)-1 (e).

3. Verify the following from a diagram similar to Figs. 44
and 45:

(@) (+5)-(+7) = (-2).

b (+ 8)-(+158) =(=7).

(€) (=8)-(=7) = (+2).

(d) (-8)=(-15) = (+ 7).
4. Complete each of the following:

(@) (-122) - (- 14x) = (- 12x) 4 ( ).

(b) (- 10ab) — (- 24ab) = (- 10abd) + ( ).

(c) (4 ldayz) - (+ 15ayz) = (-+ ldaxyz) + ( )

(d) (4 12m?) - (+ 18m?) = (4 12m?) 4 ( )-
5. Write down the answers to each of Nos. 4 (a)-4 (d)

68. The subtraction of directed numbers of opposite kinds
follows the rules just established.

ExAaMPLE 1

Find the value of (+ 5) - (- 3).
Here we have to find what must be added to ( 3) in order
to make (4 5). Thisis (4 8), since

(+8) + (-3) = (4 5).
Hence (+8) - (- )=(—I— 8)

We see at once from this that our rule of signs (p. 130),
by which we change a subtraction into an addition, still

holds gcod, for
(+5) - (-3) = (+ 5) + (+ 3) (TP o sue
= (- 8).
We can illustrate this subtraction by means of a diagram,
as in Fig. 47. Here P represents (- 3). In order to obtain

(-+ 5) we must move 8 spaces to the right—.e., in the posi-
tive direction—to Q. But Q represents (4 5). Hence

(4 8) = (= 3) = (+ 8).

ll
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<3 (+5—>!
P (U ¢ R
I I R A I R RV R
] (8- - - -
Fic. 47

ExaMpPLE 2
Find the value of (- 3) - (+ 5).
Here again we ask ourselves what must be added to (- 5)

in order to make (- 3). Clearly (- 8). Notice that the rule of
signs still holds, for

accordin th
(-3) - (+5) = (- 2) + (-8 O o s
— (- 8).

EXERCISE LXXIV

1. Draw a diagram similar to Fig. 47 to illustrate each
of the following :

(@) (+7)-(=2) = (+9).
(0) (=7)— (4 5) = (-12).
(€) (=8)-(+4)=(-9).
2. Rewrite each of the following subtractions as addi-
tions, and hence find the required answer:

(@) (- 18) - (+ 4).

(0) (4 18) - (-4)

(¢} (-122) - (4 7).
(d) (- 14ab) — (+ 21ab).
(e) (+ 1222) — (—4x?).
(f) (4 4lzyz) — (- 322yz).
(— 32xyz) ~ (+ 41lzxyz).
(+ 20a?) — (— 47a?).
(- 35mn) (4 14mn).
(- 369 — (+ 39).
(-l- 3-5p) — (= 2-7p).

(a,

)
)
(9)
(h)
)
(7)
(k)
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3. fa=(-7),b = (+ 8),and ¢ = (- 9), find the value of

(@) o + b. (k) b-a.
b)) a+b+c () b—c.
(c¢) a-b. () c—a
(d) b-a. (k) c-b+a
(e) a-b + c. (/) c—b—-a
(fy a + b-c. (m)c+b-a
(9) a-b-c. (n) c—a+5

(@)  +y. (f) (x +y)-=

(0) = + y + = (9) 2= (= + 7).

© z+(H+2. @) (x+y +(H+2).

(d) z~(y +2). (0) (x-y)~(y +=,.
) ® (7)) (x-y) + (y-2) + (- ).
69. We have already seen that multiplication is nothing

more than repeated adadition. Thus,

4 x3=4+4+4
= 12.

We shall deal with directed numbers in the same way, for

(FHX(F3)=HHD+(+4 +{+ 4

(4 12)
and (—4) X (+ g 4) + (-4) + (-4)

l

ll H |

EXERCISE LXXV
By the process of repeated addition show that

(+2 X (43, = (+6).
(-2) X (4 3) = (- 6).
(+2) X (=3) = (- 6).
§+1,><(+°) (+3; = (+ 6)
(-

P e 6210

1) X (4-2) X (+3) = (-6
4) X (+7,=(-28
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7. (4 8) X (- 5a) = (- 15a).
8. (- 2z) X [+ 5) = (- 10x).
9. (+ 8) X (+ 8) = (+ 25).
10. -5) X (+ 5) = (- 25).

70. Just as we define the product (4 4) by (4 3) as a
repeated addition thus:

(+4) X (+3)=(H4H+(+4)+(+4)

(+ 12)

so we shall define the product (- 4) by (- 3) as a repeated
subtraction in this manner:
-4 X3 =-(-4H-(-49-(-9)
—(-12)
(+ 12).

We thus obtain the following rule for the product of two
directed numbers :

When two directed numbers are multiplied together the
product is positive if the signs of the two numbers are the
same, or negative if the signs of the two numbers are unlike.

Il

| II ll

EXERCISE LXXVI
1. Find the value of

(@) (+ 8) X (-4). (k) (- 2x) X (+ 3y).

(6) (+7) X (+ 8) ) (+ 22) X (- 3y).

() (=7) X (=9). (m) (-3a?) X (- 4b).

(d) (+4) X (-9). (n) (+ 4b6) X (- 3ab).

() (=1) X (+2) X (-3). (0) (-5m) X (- 6p).

(f) (=8) X (+ 7) X (4 6). (p) (-8k) X (+ Tk).

(9) (1) X (=2) X (=3). (q) (-2) X (~¥) X (-2).
(h) (+ 4) X (4 12). (1) (-22) X (- 3y) X (-4z).
(1) (—4) X (-12). (s) ( 5mn) X (~ 6np)..

(7) (=3) X (=8) X (=7). () (-3ab) X (- 10bc).
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9. Tfa = (+ 2),b = (- 3), and ¢ = (- 4), find the value of

(a) ab. (e) b(db + ¢).
(b) be. (f) abe.

(c) ac. (9) c(b + a).
(d) a(a +b). (h

) a(b-c) + blc—a) + cla - D).
)

3. If x = (- 5), y = (- 4), and z = (- 3), verily by substi-
tution that

(@) aly +2) = ay + 2.
(b) x(y —2) = xy — @=.

71. We have seen that
(4+12) = (4 3) X (4 4).
If we divide both sides of this equation by (-4 4) we get
(+ 12)
(4 4)
Compare this with
(-12) = (+ 3) X (- 4).
Dividing both sides of this equation by (- 4), we get
(-12)
4 (+ 3) (2)

The results (1) and (2) show that if two directed num-
bers of the same sign—it.e., both positive or both nega-
tive—are divided the quotient is positive. Now consider
the equation

— (+3) (1)

(-12) = (=3) X (+4)
Dividing both sides by (- 4), we get
(-12)
(+4)
This shows that the quotient of two directed numbers of
opposite signs is negative.

= (- 3).
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EXERCISE LXXVII
Find the quotient in each of the following:

1. (= 8) = (+ 2), (+ 16) = (- 4).
2. (-8) =+ (=2), (- 16) = (+ 4).

3. (+2) =+ (=8), (=3) = (+ 9).

4. (-l— 16) ~ (+ 4), (- 9) =+ (+ 3).
5. (- 16) =+ (- 4), (+ 64) = (- 8).

6. (+ 10) = (- 5), (- 64) =+ (+ 8).

7. (-49) = (+ 7), (+ 56) = (= 7).

8. (- 108) — (—|— 12), (4 144) = (4 9).
9. (- 12a) = (- 4a).

10. (+ 4a) = (- 12a).

11. (+ 35a:2) = (- Tx).
12. (- 152y) = (- 3=x).

13. (+ 4pg) = (+ 20pg).
14. (- 18m2n) — (- 3mn?).

15. (+ 32p%g) = (4 4pg®).

EXERCISE LXXVIII
(GENERAL REVISION EXERCISE ON DIRECTED NUMBERS)

Ifa=(+2),b = (-T),and ¢ = (- 8), find the value of

1. a + b. a

2. a:l_b. 14. b

3.a+b4ec b

4. a-b + c. 15. —.

5. a-b-c. © ;

6. a+ (b+ o). a b

7. a— (b + c). 16'b+c'

8. a—(b—c). ac

9. (a-0)-c. 17. b

10. a(b + o). be

11. ¢(b + a). 18. =,

12. b(a + c). ab .

13. ¢(a + b) + b(c + a) a be ca
+ a(b + ¢). 19. c +a +F'
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a 2 4
20. 7(c + a). 29. ~ + -
21. 4a. 30. 5(a 4 2b + 3c).
922. 7b. a+b
23. 4a + 7Tb. L3~
24. a + 2(b + ¢).
25. a—2(b 4+ c). 39. 24“ +53bb'
26. 2a - 3(b - c). -

%2 33.a+2b+3c+’4a
27. —. 4- 5b 4 6¢.

b 34. 7(a 4 b) + 8(b - ¢)
9g 20 -9(c + a).

e’ 35. 4ab - 5bc.

72. Powers of directed numbers are calculated in the same
way as powers of non-directed numbers. Thus,

(+2)* = (+2) X (4 2) = (+4)
(-2)?=(-2) X (-2) = (+4)
(+2)° = (4 2) X (+2) X (+2) = (+8)
(= 2P =(-2) X (-2)X(-2)=(-28)

and so on.

These four cases are sufficient to show what will be the
proper rules for signs.

1. All powers of a positive directed number are positive.

2. Even powers of a negative directed number are
positive.

3. Odd powers of a negative directed number are
negative.

EXERCISE LXXIX
1. Find the value of

(@) (+ 3)% (f) (+ 5)2.

(0) (=3)°. (9) (= 1)* + (-2)%

(c) (4 2) (R) (=2)° + (+ 3)2.

(d) (-2)°. (1) (+ 1)* + (4 2)* + (- 3)2
(e) (-4)% () 1+ (4 2)° + (- 3)°.
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2. If z=(-4) and y = (4 2), verify the following
identities :

(@) (x y)2—x2+2xy+y

(b) (x-y)® = 2® - 2zy + y*.

(¢) (x + y)3 =x3—{—3x2y—|—3xy + 3
(d) (x-y)® = 2®-32% 4 3zy? - ¢°
(e) x®— y2=(x+J)(x—y)-

(f) w3 (- y) (2 4+ xy + ¥).

0 2+ oLy

3. Verify each of the identities in Nos. 2 (a)-2 (g) for the
values z = (4 2) and y = (- 4).

78. Since (4 2) X (+ 2) = (+ 4), therefore vV (+ 4)
= (+2).

Similarly, since (4 2) X (4 2) X (+ 2) = (- 8), there-
fore \3/(—|— 8) = (+ 2).

And so on for other roots.

Notice that not only does

(+2) X (+2)=(+4)
but also (- 2) X (- 2)=(+4).

Therefore there are two square roots of (- 4)—namely,
(+ 2) and (- 2). We write this fact as follows:

V(+ 4) = (£ 2).

Since we cannot find any number which when squared
will give as the product (- 4), we say that the square root
of (- 4) is imaginary.

Thus, V(4 16) = (+ 4)
V(+ 144) = (£ 12)
V(- 16)

and so on, but

} are imaginary.

V(- 144)
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EXERCISE LXXX
Find the value of

1. (+ 3) / 100
2. (- 3)2. 19. A (+ 191)
3. (- 5). /
4. (4 5)3.
5. (- 6)2. 20- A ( )
6. (4 1)*-(+ 2)% 21. (4 =z
7. (12 -(-2)% 22. (- )
8. (+5)*-(-3)°. 23. (4 3x).
9. (- 2)" - (4 2)°. 24. (- 3x2)2.
10. (4 5)%2 - (- 5)2. 95. (4 4k)3.
11. V/(+ 25). 36- (— 4k)%.
= 7. (+ 2p)® - (- 2p)>.
12. \/(— 20). 98 (_ 4m)2 + (+ 4m)2.
13. V(4 64). 29. (4 2bc)? + (-+ 3cb)3.
14. V(T 169). 30. (- 2bc)® — (- 3¢cb)3.
15 \/m 31. V(4 4a?).

32. V/(+ 169k2).
33. V(4 121min?).
34. V(+ 25p%).
35. V/(+ 64a'b?).

e el
= o
P
‘\ K
/“'l""\ —/
Ol = _I_
| O]

ey

74. The two square roots of a number are equal in magni-

‘tude but opposite in sign. This can be extended to any even
root. H.g.,

+1
since  (+ 2) X (+2) X (+ 2) X (4 2) = (+ 16)
.and (- 2) X(-2)x(-2)

X (= 2) = (4 16).
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There is no corresponding ambiguity, however, in the
case of odd roots. Thus,

V(+ 8) = (+2)

since (+2) X (4 2) X (+2) = (+ 8).
But (- 2) X (-2) X (-2)=(-8)
So that V(-8) = (- 2).
Similarly, vV (+ 256) = (4 4)

and V(_§5_(5) is imaginary.
But V(+ 243) = (+ 3)

and V(- 243) = (- 3).

EXERCISE LXXXI
Find the value of

1. vV (+ 64). 9. V(- 125m?).
2. V(- 64). 10. V/(+ 64%2).
3. V(+ 64). 11. V(- 216a3b®).
4. V(- 64). 12. V/(+ 6252%).
5. vV (+ 81). 13. V(- 32119).
6. V(4 1024). 14. V/(+ 343p%).
7. V(- 1024). 15. V- 2187414,
8. V/(+ 2729).

75. In practice we consider all quantities with which we
deal in algebra as directed quantities unless otherwise
stated, and manipulated by the rules we have just con-
sidered. Consequently we can write them without the small
brackets and omit the addition sign.

Thus (+ 5x) + (- 3=x)
would be written 5x — 3z.

Similarly (- 8a) -+ (- 5a) would be written — 8a - 5a, and
this is - 13a.
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EXERCISE LXXXII

1. Simplify
(@) 2a + 3a. (k) a + b + a -b.
(b) 2« — 3z. (1) 2a —3b + 4a - 5b.
(c) 3p - 2p. (m) Tx — 9y 4+ 8y - 10zx.
(d) 2p - 3p. (n) 1-56x 4+ Tx-3.
(e) Tm + 4m 4 2m. (0) 9-10mn + Tmn - 8.
(f) Tm —4m + 2m. (p) 2> + 5x—6—222% + 8x - 12,
(9) - Tm + 4m - 2m. (9) 3p* + 4pg - 5¢° - Ipg + ¢*.
(k) 10a? — 8a?. (r) 92y — 8y + 1022y — 12y.
(z) 8a?— 10a?. ) —12ab + 145> 4 8ba - 7b2.

(s
(7) 12pg + 8pg—20pg.  (¢) 10pm — 9m® + 8mp® + 3m>.
2. Simplify the following by removing the brackets and
collecting together like terms:

(@) (z-y) + (y—2) + (- 2).

() a + 4(b —a).

(¢) a—4(b-a).

(d) (2m - p) - (p-2m).

(e) 7(x—1)-8(2x 1 3).

(f) 8(3k—5) + 5(7k - 4).

(9) x( -2) + y(z - x) 4 2(x - y).
(R) a(2b—-c) 4+ c¢(2a - 1).

(1) (4x + 3) - 5z(3 - 4x). |
(9) 2p(p + 1) -3 4 4p(3 - 2p) -+ 5.

76. It is sometimes an advantage to arrange the addition
of terms as is done in arithmetic, by putting like terms in
columns. Consider the following example.

Find the sum of 4a% + 5zy — 42, 3xy + 4y?, — Ta* - 2y
+ 312, 222 - Ty2.

Arranging the terms in columns, we have

t\DCJOQ

422 4 Sxy — 2
Szy + 4y?
-Tx? - 2zy 4 3y?
22?2 — Ty?

The sum is - 2% + 6xy — y? e
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EXERCISE LXXXIII
1. Find the sum of

(@) Ta+3b - ¢ (f) 3a® - bxy - Ty?
4a — 2b + 5c¢ - 822 + 10zy — 12y°
—3a + 5b - 2¢ — 1122 — 9xy + 10y2
(b) 10m — 4mn — 6p (g) 4ab - 9bc + 8abc
—5m — 3mn + 10p Tab — 9abc
3m + bmn — p — 10b¢ + 4abc
(c) 5k + 6l — 4m (h) x +y — =
-7k - 81+ 9m x —y+z
10k + 121 — 21m ~x+y 42
(d) Tp — 8q + 3r (1) 12a® — 15ab + 9b?
- 10p 4 4 — 9r -3a®2 4+ ab
-3p -5+ r — 8ab — 1052
() 22+ b5x - 4 (§) 5m? — 6n? 4 12¢2
1022 — 11z 4 9 — m? -
— 322 - 22 - 8 On? + 5¢2

(k) a® -+ b2, 3ab — 9b?, Ta? — 4ab.
[) 3% — y* + yz, 2(2® — ay), 3y(y —2).
(m) 7+ p* + 9p(p - 5), 8p® + 10, 31 — 4p> + 3p.
(n) a(7b-c), 5b(4a — 1), Tc — 30.
(0

) 5p% — 69% - 9pq, 8¢* — pq, 27p* + 8pg.

2. If A =4a%2 4+ 7a-b, B =8a%2-18a + 3b, and C =
« — 5b, find the value of

(@) A+ B+ C. (dy B+ C.
(b) A + 2B + 3C. (e) C + A.
(c) A + B.

77. We have seen in our consideration of the subtraction
of directed numbers on p. 130 that we can change the
process of subtraction into one of addition provided we
change the sign of the number we subtract. We can do this

mentally and write down our result as in the following
examples.
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ExampLE 1
Tx? - 8xy + 4>
3a? - 4y + 3y?
42% - dxy - 2>
Note. In order to perform this subtraction we say

Tx? - 32 = 4x2,
- 8zy + 4ay = — 4xy.
y?— 3yt = — 242

In each case we have changed (mentally) the sign of the bottom
line of the subtraction and then added.
ExamMpLE 2

From 7a — b + 3¢ subtract 8b - 5¢.
Writing this as a subtraction, we have

Ta — b+ 3¢

80 — 5¢

Difference is Ta —9b 4 8¢

EXERCISE LXXXIV
1. Perform the following subtractions:

(@) 8 + 9y - 5 (f) —14m? + 20m - 8
3x - 8y + 6 5m? + 37Tm — 16
(b) 7a? — 8ab + b® (9) 4a + 10a% 4 5a3
—a? + 5ab -+ 60 6a + Ta? 4 8ad
(c) —8x% — 9xy- 2 (R) 1 + 2m - 3mn 4+ 6n?
5x% + 10xy — Ty? -5 - 3m + 4mn - 10n?
(d) 10p+16pg - q+5 (t) a+ b- abc
8p — 9pq+ 109+ 7 ~b5a 4 6b — 3abc
(e) 12ab — 9bc + l4ca (9) =y + Ty - 10yz
8ab + 10bc + 5ca - bxy + 9y® + 15yz
2. Subtract

(@) 9a + b from 96 + a.

() 2% + 2z + 3 from 2? - 2z 4 3.

(c) 8p? - ¢?from 8qg® — p2.

(d) 12zy + y? — 2® from 1822% — 6 zy + 5¢°.
(e) 10mn — 9n? from 8m?* + Tmn — 6n2.
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3. If A=3224+52x-6, B=822-72x4+ 9, and C =
1022 - 832, find the value of

(a) A-B. (d) A+ B-C.
(b) B-A. (e) A-B 4 C.
(¢) C-B.

78. We have seen (p. 134) that when two directed numbers
of like signs—i.e., both positive or both negative—are multi-
plied together the product is positive. If the signs are unlike,
then the product is negative.

ExampLE 1
Multiply 7« - 8y by 9.
Tx X 9z = 6322
-8y X 9x = - T2xy.
S (T —8y) X 9z = 6322 — 72xy.
The following example shows a convenient method for
sarranging the multiplication.

ExampPLE 2
Multiply 10ab - 9a? + 8a by - 3ab.
10ab — 9a2 + 8a
— 3ab
— 30a%b2 + 27a3b — 24a2b

Note. The various steps in this multiplication are

(1) 10ab X — 3ab = — 30a2b2.
(i1) —9a? X — 3ab = 4+ 27a3.
(ili) 8a X —3ab = - 24a?.

EXERCISE LXXXV
1. Multiply
(@) 5a — 3b by 2a. (f) 3mn —5n2 by - 3n.
(b) 122% 4 5z by — 3x. (g9) 7a®—3ab + b2 by — 4.
(¢c) 10m —n by 4mn. (k) 10bc - 8¢ by 5c.
(@) * +y +=zby2z. (i) 2p-5q + 3pg by - 3q.
(e) 3p-59 + rbyp%q. (j) —14k + 3m by - 2mk.
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2. Simplify the following by removing the brackets and
collecting like terms:

(@) 4x(bx + 7) - 3x(8 - 22).

(b) 5ar,('7c1,2 —ab + b) - 8a%(a + b).

(c) 8p(4 - p?) - 3(p® + 2p - 1).

(@) — 3bc(a b—c)—4a(bc—1).

(e) 1022322 + x—1) — 3a%(2?® — = + 4).

79. If we multiply 4a - 3b by 2a we get

da - 3b
20,
8a? — 6ab

If we multiply 4a - 3b by - 5b we get
4a — 3b
— 5b
— 20ab + 15b2

The sum of these two results will give the product of
4a — 3b and 2a - 5b.
Hence we have

— 6ab
—20ab + 15b2

The product is 8a? — 26ab 4 15b*

This work can be arranged in a more satisfactory manner
by following the methods of long multiphcation in arith-
metic. Thus in this case we should write :

4a — 3b

2a - 5b

8a? - 6ab (multiplying by 2a)
—20ab + 1562 (multiplying by - 5b)
— 26ab 4 15b2
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EXERCISE LXXXVI

x 4+ 3 by 4x - 5. (¢) 4c —5d by 2a —c.
() 10a -2bby —3a + b. (j) 10m —n by 10n —m.

1. Multiply
(a) 22—y by 3z + 2y. (f) # + v + 1 by 2z - 3y.
(b) 4p + 3gby3p-4q.  (9) 3p-29 4 4by2p +4¢.
(c) 5m — 6n by 7m + 8n. (k) 13w— 12t by 2w -1t 4 1.
(d)

)

(1 + 22) (1 - z).
) (

(a) . )
(b) (@ + b)2 4 (@ - b)? () (@+b-c)a-b+c).
(c) (2z-y)> (k) (p—9qr)(q—pr).
(d) By - 2x)2. (1) (222-3) (4 - x)
(e) (4p - 39)> (m) (ab-c) (bc—a)
(f) (4x - 3y) (bx + 6y). (n) (wx + a) (wz + 5a)
(

(g) (3a —2b) (4a - b). (0)
(R) (xy + 1) 2z -y).

80. It is frequently an advantage to arrange algebraical
expressions in ascending or descending order of the letters.
Thus the expression 424 — 62% + 822 4 9z — 10 is arranged
in descending order, the powers of x decreasing as we move
from left to right. Similarly 3 + 5a2 -+ 7a% + 8a® is an
expression arranged in ascending order. It sometimes hap-
pens that by arranging an expression in ascending order of
one letter the expression is at the same time arranged in
descending order of another letter. Thus 5p4q — Tp3¢* 4 8p3¢®

— 10pg? is in descending order of the p’s but in ascending
order of the ¢’s.

EXERCISE LXXXVII

Arrange the following expressions («¢) in ascending, (b) in
descending, order :
5a* 4+ 6a -4 + 3ad - a?.
4p* -5 + Tp* - p + 3p°.
x + 4 -+ 5x2 - 924 | 3a3.
5—-9c¢% 4 10¢c + 8¢ — ¢3.
10 - i* + 2k - 3K + k2.

St 09 o =
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81. It is always advisable in the multiplication of alge-
braical expressions to arrange the terms in order before
starting. It does not matter whether it is an ascending or
a descending order which is selected, but usually the ques-
tion itself suggests which order should be chosen. Consider
the following example.

Multiply 3 + 4a%— 22 by 32% — =z + 1.

Rearranging so that the terms are arranged in descending
order, we have

4ot

2 Notice the spaces left
x —I— 3 for the missing powers

3z2-z +1 of z. These are gradu-

ally filled up as the

1228

_ 2 working progresses.
31}4 + 9z The final answer ar-

— 49 + 23 - 3x ranges itself in _de-

scending order of the

4ot - -+ 3 powersof z.

1226 — 425 + ¢ 4 23+ 822 — 32+ 3

EXERCISE LXXXVIII

Multiply

32> —4x + 1 by 222 4 2 - 1.
5p® - 3pg + ¢* by 2p* - 2pq - 3¢°.
4-3z + 22by 2 4+ v 4 22
10a® — ab + b2 by a® — ab - 2b2.
322 4 2by 2?2 + - 1.

4m? 4+ 3m — 1 by m? 4- 2.
PP-pg+@¢byp+q.

P>+ pe+¢byp-g.

1 +3x+ 322+ 23by 1 4 =.

. 4-2k*+ kby 3k 4+ k- 1.

. &5a3 - 2a® + 3a + 1 by a® 4 3a - 2.
42 -5t +4by 2 4+t + 2

. 2k® — 5k 4 8 by k% - 2k.

. Y2 +zx by zy + 1.

. 2% 4 xy + y? by 2® - xy + y2.

82. Division in algebra follows the method of long divi-
sion in arithmetic, with the difference that at each stage
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of the work the difference of the first two terms is zero.
The following examples will illustrate this.

ExamrLE 1
Divide 6x% — 22 -1lz + 6 by 3z -2. ~Nok

(i) 62% — 3z = 222,
32-2)623— a2—1lz + 6(222 + -3 (i) (32 - 2) 54?.:;
b’ — a7 i Syptrnct, Notie
da -~z t‘lexgri'semigincﬁ]aerfn
Bt 22 W e
= 3z% =22

- 9 + 6 (vi) Sulll)mﬁf' Notice

— that there are no

-gx——|_6 terms in z? in
the remainder.

The required quotient is 2x* + z — 3. (91'1111)) P Y o,
ExamMPLE 2
Divide 2722 — 12528 by 3z — 5y.
3x — 5y)27x3 — 12533(922 + 152y + 2542
2723 — 4522y

4522y

45x%y — THxy?
75xy? — 12543
T5xy* — 125y°

The required quotient s 9x? 4 15xy -+ 2543,

EXERCISE LXXXIX

Divide
1. 22 -222 4+ x + 4 by « + 1.
2. 6p®—p*>+ 7p—6 by 3p - 2.
3. 8ad - 26a® 4 5a + 25 by 2a - 5.
4. 10m3® — 33m? + 5m — 42 by 2m - 7.
5. 16p? — 10p%q + "Tpq® — 3¢® by 2p —q.
6. 928 - 212%y + 4xy? 4 44° by 3z - 2y.
7. 3a* 4+ a® 4+ 2a%>-a + 1 by a® + a + 1.
8. 2k - 3k® 4 2k* - 2k - 3 by 2k2 - k + 3.
9. 10m?* + 11m® - 10m? - Tm + 4 by 2m? 4 m - 1.
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10. 2p5 4 6p3 — 5p% — 15 by p? 4 3.

11. 823 — 26x%y + 192y* — 10y® by 422 - 3zy + 242
12. a*~a® + 2a-1bya?-a + 1.

13. 32* + 23 - 4a® 4 3z -1 by 322 - 2z | 1.

14. 2k* + k3 — 12k — 2k 4 15 by 2k® - k- 5.

15. 6m* — m3n — 3m®n? + 3mn3 — nt by 2m? 4+ mn — n?

83. Mention has been made of the advantages of arranging
algebraical expressions in ascending or descending order of
powers of the letters. This should always be done in
multiplication and division, not only because it simplifies
the calculation, but also because the answer obtained will
then be arranged in proper order. Since the nature of the
answer depends upon the coefficients, we can perform the
operations of multiplication and division by writing down
only the coefficients at each stage of the work. The follow-
ing example will illustrate this method of ‘detached
coefficients.’

Multiply 722 - 3x + 2 by 222 - 3.

Ordinary method :
72> — 3z + 2
222 -3
- 2122 +9x - 6

1424 — 623 + 422
1424 — 623 — 1722 4+ 92 — 6
Method of detached coefficients :

7 -3 +2
2 —|— 0 -3 N?it)e The =igns in front
921 +9 -6 oro dotermined by
14 -6 + 4 (ii) Mﬁl‘s‘?ﬁé‘“n?éryxﬁmefé
shown by + 0.

1424 - 623 — 1722 + 92 - 6

EXERCISE XC

Perform the multiplications of Exercise LXXXVIII by
the method of detached coefficients.
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84. The following example shows the application of the
method of detached coefficients to division.
Divide 102 — 923 — 2622 + 38z — 15 by 222 4 z - 5.
Ordinary method :
242 4 x - 5)1024 — 923 - 2622 + 38x — 15(52% - Tx + 3
1024 4 5z3 - 2522
- 1423 - 22 + 38«
— 1423 — Tx? 4 35z
622 + 3x-15
622 + 3x-15

The required quotient is 5z — Tx 4 3.

Method of detached coefficients :
2+1-510 - 9 -264-38-15(6-7+4+3

10 + 5 - 25
14 — 14-38
~14 - 7+35

6+ 3-15
6+ 3-15

T'he required quotient is 5x* — Tx - 3.

EXERCISE XCI

Perform the divisions of Exercise LXXXIX by the
method of detached coefficients.

EXERCISE XCII (REVISION EXERCISE)

(A)
l. fx=5,y=-7 and z = - 9, find the value of
(@) «+y +2. @) aye.
(0) «? + o2 + 22 () -y -~=.

(¢) zy + yz + 2.
2. Multiply 2a? + 5ab — 6b2 by 3a — 2.
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3. For what value of x is 172 = — 153 ¢
4. Divide 1022 - 1123y —4a?y?® + 4xy3 + yAby 222 — xy — y2.
5. If A = 3p - 59 and B = 5p — 3q, find the value of

(@, A+ B. (b) A-B. (c) AB.

(B)
6. Solve the following equations:
(@) 22 +5=1. (b) 3(x—4) = 2(x-10).
7. If a®-3a%?-6a + K is exactly divisible by a - 2,

find K.
8. Find two numbers whose sum is 70 and whose differ-

ence 1s 24.
9. If X = 4a-3b and Y = 3b — 4a, verify that
(@) X+ Y)(X-Y)=X2-Y2
0) (X4 Y)(X2-XY 4 Y?) = X3 4 Y3
() (X-Y) (X2 + XY + ¥?) = X3-Y3.

10. For what values of nis (- 1)" positive ?

©)

11. Change the subject of the formula T = 2+ J ‘ from
T to l. g

12. A sum of £4 14s. 6d. is made up of an equal number
of sixpences, shillings, and florins. How many of each kind
of coin are there ?

13. Solve the following equations :

3r+1 4x-3
4 5
0) Bx+2)(x+ 1) = 3x(x + 4) - 11.
14. Simplify
5p + 3 -3
@) 104 q_4q5 P

m-+2n-+p 4m-3n -+ 2p

3
(@) =7
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15. Find the factors of
(@) 1 - 8lma.
(0) p°q-q*p + P*¢*.
b2z

(C) QS—T.

(D)
16. If 102%-272% 4 38x - K is exactly divisible by
222 — 3z + 4, find K. ‘
17. After A has spent one-eleventh of his money he has
seven times as much as B. How much had each at first ?
18. Find by using the method of detached coefficients
the coefficient of a® in (1 4 2a — 3a?)3.
19. If x = - 2a and y = - 3b, find the value of
x? — 2y + y*
Ty

in terms of @ and b.
20. Solve the following equations:
z+1 3r-5 3x-13

() (4% + 1) 2 - 3)
— (52-2) (x +4) + Bz -4) (z + 1).




CHAPTER VIII
SIMULTANEOUS EQUATIONS

85. If y = 2x + 3, then as z is given a succession of
values a corresponding set of values for y can be calculated.
Thus,

ifz= 1,theny=21+3 5;

fx= 3,theny=23+43 9;

ifx=-5theny=2.(-5)+3=-7;
and so on.

I

We may represent these corresponding values on a dia-
gram by the method illustrated in Fig. 48. Two straight
lines called axes are drawn at right angles to each other, O
being their point of intersection, called the origin. The
corresponding values x = 1 and y = 5 are represented on
the diagram by the point A, which is said to have these
numbers as co-ordinates. For this reason A is described as
the point (1, 5), the z co-ordinate being the first of this pair
of numbers. Similarly B is the point (3, 9) and Cis the peint
(— 5, — 7). Inthe particular case of Fig. 48 these three points
lie on a straight line.

The straight line BAC in Fig. 48 has some important
properties. The co-ordinates of every point on it are con-
nected by the relationship y = 2« + 3. For example, con-
sider the point P. Its co-ordinates are 2, 7.

If x = 2,theny =2.2 + 3

=4+ 3

= 7, which is the y co-ordinate of P.
And so on for every other point on the line. For this reason
the straight line can be regarded as a locus of all points
whose co-ordinates satisfy the equation y = 2x + 3. Such
a locus is called the graph of y = 2x 4 3. The graph of an
equation is not always a straight line. We shall use several

L 1563
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curved graphs in later chapters of this book, but the graph
of an equation of the first degree—i.e., an equation con-
taining no squares or higher powers—is always a straight



SIMULTANEOUS EQUATIONS 155

line, and for this reason equations of the first degree are
sometimes called linear equations.

EXERCISE XCIII

(1t will be an advantage to use squared paper for this
exercise.)

1. Using the same scale on both axes, plot the following
points: (3,-1), (3, 3), (-1, 3), (-1, -1).

Verify that these four points are the corners of a square.

2. Plot the points (- 2, 2), (2, — 2), and (3, 3). Verify that
they are the vertices of an isosceles triangle.

3. Show that the points (- 3, - 2), (0, — 1), and (6, 1) lie on
a straight line. Draw this line.

4. Join the points (- 2, 5) and (0, — 1), and show that the
straight line on which they lie is perpendicular to the line
drawn in Question 3.

5. Join each of the points (1, 3) and (3, 1) to the origin
and measure the angle between these two lines.

6. Draw the graphsof y = z, y = 2z, and y = 3x. What
is the smallest number of points necessary in order to draw
each of these graphs ?

7. Draw the graph of ¥y = — z. This is sometimes called
the ““mirror graph” of y = x. Why is this?

8. Draw the graph of y = z — 5. On the same figure draw
in dotted lines the mirror graph (a) in the x axis, (b) in the
y axis. Write down the equation of the mirror graph in
each case.

9. Plot the graphsofy =2+ 3,y =r-1l,andy=2x-17
on the same axes, and verify that they are three parallel
straight lines.

10. Draw the graph of y = -3z + 1. Say which of the
following points lie on the graph: (0, 0), (1, -2), (-2, 7),
(-3, 4).

11. Using the graph drawn in Question 10, find the values
of y corresponding to the following values of z: -3, -1,
1, 3. Verify by calculation in each case.
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12. Using the graph drawn in Question 10, find the values
of x corresponding to the following valuesof y: -3, -1, 1, 3.
Verify by calculation in each case.

13. State which of the following graphs will be a straight
line: 1

(@ y== (b)) y=2a (o) y=r_.

14. The Fahrenheit and Centigrade thermometer scales
are connected by the equation F = £C + 32. Draw this
graph for values of C between 0° and 10°, and from it obtain
the Fahrenheit temperatures corresponding to 5°C., 8°C.,,
and - 10° C.

15. Use the graph drawn in the previous question to
obtain the Centigrade temperatures corresponding to 5° F.,
8°F., and - 10° F.

16. What is the graph of y = 0?

17. What is the graph of x = 0?

86. In Fig. 49 we have again the graph of y = 2z + 3.
The graph cuts the « axis in the point (- 3, 0), which shows

that the corresponding value of x for y = 0 is x = — 4.
If y = 0, then 2z + 3 = 0.
Jo2x=-3
and x = — 3.

Hence the x co-ordinate of the point where the graph
cuts the z axis is the solution of the equation 2z + 3 = 0.

The graph y = 2z + 3 cuts the graph y = 5 at the point
P, whose co-ordinates are 1, 5.

It 2t +3 =05
then 20 =5-3

= 2

a:nd. x:]__

Hence the x co-ordinate of the point P (x = 1) is the”
solution of the equation 2z + 3 = 5.
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Similarly, the graph y = 2x + 3 cuts the graphy = -1
at the point Q, whose co-ordinates are — 2, — 1. The solution
of the equation 2z + 3 =-11s x = - 2.

This is the z co-ordinate of Q, the point of intersection
of the graphs y = 22 + 3 and y = —

o e e
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EXERCISE XCIV

(It will be an advantage to use squared paper for this
exercise.)

1. Draw the graph of ¥ = -2, and from it read off
solutions of the following equations:
(@) 2-2=0. (b) v-2=3. (¢c) z-2=-0.

2. Draw the graph of y = 3z -4, and from it read off
solutions of the following equations:

(@) 3z-4=0. (b) 3z-4=1. (c) 3x—4=-10.

3. Draw the graph of y = 5 -2z, and from it read off
solutions of the following equations:

(@) 5-22=0. (b) 5-22=3. (¢) 6-2x = -85,

87. Fig. 50 shows the graphsof y=2x 4 3andy =5 + .
These intersect at the point P, whose co-ordinates are 2, 7.
As x is given a succession of values, the corresponding values
of y when y = 2z 4+ 3 and when y = 5 4 x are shown in
the following table :

r=-12=0lz =1 |x=2|2=83|z=4

y=2z+3| 1 3 5 vy 9 11

The table shows that when = 2 both ¥ = 2x 4+ 3 and
¥ = 5 + x have the same values—namely, y = 7 ; and this
is the value of the y co-ordinate of the point P in Fig. 50.

The equation ¥y = 2x + 3 can be rewritten in the form

22-y+3=0

and this equation is true when x = 2 and ¥ = 7. This can
be seen by substituting these values of x and .
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Similarly, the equation ¥y = 5 + z can be rewritten in the
form r—-y+5=0

and this equation is also true when « = 2 and y = 7. This
can be seen by substituting these values of x and y.

Hence for the values x =2 and y = 7 the equations
22-y+3=0 and z-y + 5=0 are true at the same
time. Other values of x and y can be chosen to satisfy the
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equations individually. Some of these are shown in the
above table, but the only pair of values which will satisfy
both equations simultaneously—i.e., at the same time—are
x =2 and y = 7. For this reason we say that the solu-
tions of the two simultaneous equations 2z -y 4 3 =0
and x -y +5=0arex = 2and y = 7.

Fig. 50 shows that the solutions of two simultaneous
equations of the first degree are given by the x and y
co-ordinates of the point of intersection of the two graphs
of the equations.

EXERCISE XCV

(It well be an advantage to use squared paper for this
exercise.)

1. Solve by means of graphs the following simultaneous
equations:

(@) y==2+1. () y =z + 3.
y=3zr-1. 22+ y+6=0.
(b) y==2+5. 9) z=y.
y=1-= x4+ y=4.
(¢) x+y+1=0. (h) z-y-2=0.
x -y -3=0. y-2¢x4+1=0.
(@) 3x — y=4. (2) 20—y = 1.
x + 2y = 6. 2y —x = 4.
(e) x — y=2.
x+y=-2.

2. Draw on the same diagram the graphs of (a) y = -1,
(b) 2y —xz =1, and (¢) x -y = 2, and hence find the solu-
tions of the following pairs of simultaneous equations :

(@) y=x-1. (0) 2y —x = 1.
2y —z = 1. x -y =2,

88. Although all simultaneous equations with two un-
knowns can be solved by the graphical method just
described, it is quite clear that except in the simplest cases
it is not the best or the quickest method of obtaining the
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required solution. The following is the method usually
adopted.

ExampLE 1
Solve the simultaneous equations
20 -y =-3
r—-Yy =-0>

The graphs of these two equations will be found in Fig. 50.
The point P, where the two graphs intersect, is common to
both straight lines, and therefore at this point

20 +3 =5 + =x.
Le., x = 2.
Since y = 2z + 3, if x = 2, then by substitution we have
=4 4 3.
Soy=T.

Hence the solutions of the two simultaneous equations
are x = 2and y = 7.

This suggests the method to employ—mnamely, from the
two original equations containing #wo unknowns we should
obtain one equation containing one unknown. This is done
by a process called elimination.

The following system of numbering equations is usually
adopted.

22-y=-3 (1)
x—y=-95 (2)
Subtract equation (2) from equation (1).
X = —3 + 5 (This has eliminated ¥.)
x = 2.
Substituting the value x = 2 in equation (2),
2-y=-5
— y —_—
y=71

Hence the solutions of the equations are * = 2and y = 7.
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EXAMPLE 2
Solve the simultaneous equations
20 -y = 1.
3x + 2y = 12.
Numbering the equations as we did in the last example,
2z -y =1 (1)
3x 4+ 2y = 12 (2)
Multiplying equation (1) by 2, we have
dx -2y =2 (3)
3z + 2y = 12 (2)

Adding equations (3) and (2), we have
7x = 14. (This has eliminated y.)

x = 2.
Substituting this value of x in (1), we have
4-y=1 (4)
-—y=1-4
= -3.
y = 3.

Hence the solutions of the equations are x = 2 and y = 3.

EXERCISE XCVI

Solve the following simultaneous equations :

1. z 4+ y = 5. 7. x =Y.
x —y=-1 x4+ y = 4.

2. x—-y=-1. 8. z2z-y-2=0.
3x—y = 1. y—-2x +1=0.

3.y — x=25. 9. 2z -y = 1.
y+x=1. 2 —x = 4.

4. x+y+1=0. 10. 2m + 3n = 2.
xr -y —3=0. 6m + 8n = 5.
5. 3z - y=4. 11. Tp—q 4+ 21 = 0.

x + 2y = 6. q-p=2>5.
6. x -y = -3. 12. 4a 4+ b = 5.

22 +y + 6 =0. 4b - a = 3.
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13. z +y=4x—y =25.
14 m4+n+1=2m-+3n-3=2.
15. 2p +q+4=3p+q+1=T7.
16. 3x +y=Tx—y = 5.
17. m+n+4=3m-2n = 2m-3n - 3.
1 2
18. - + —-=3.
zr Yy
2 6
_._l__.=
r Yy
Hint. Put% = a and 1_ b, then the equations become
a+ 2b = 3.
2a + 6b = 5.
Solve for @ and b and then obtain the values of z and y from
1=aa.nd—1-=b.
z
2 3 4 2 3
19. — 4+ - = 2. 21, — 4 - = —.
-y P q 2
8,75 6L i,
x y 6 P g
20 2.5_4 99, = 1
-4-;{'1—;&——4 H.J.2—|—y_
3 2 3z
2 _Z_ > y=29
m n L g Y

89. The solution of simultaneous equations with three (or
more) unknowns is performed in a similar way to the case
where there are only two unknowns. The number of equa-
tions is gradually reduced by a process of elimination until
a simple equation is obtained. The following example will
1llustrate this, and also show how the solution of such a set
of equations should be written out.

Solve the simultaneous equations

r+y+z=86.
22-3y +z= 1.
3z + v+ 22=11.
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Numbering the equations as before, we have

z+y+z=26 (1)
20 -3y +z=-1 (2)
3z +y+ 22 =11 (3)
Multiplying equation (1) by 2, we have

2x + 2y + 22 =12 (4)
2¢ -3y +z2=-1 (2)

Subtracting equation (2) from equation (4), we have
5y +z =13 (5)

Multiplying equation (2) by 3 and equation (3) by 2, we
have

6x -9y 432 =-3 (6)
6x + 2y + 4z = 22 (7)
Subtracting equation (7) from equation (6), we have
~1ly-2z=-25 (8)
S5y +2=13 (5)
Adding equation (5) and equation (8), we have
-6y = - 12.
y=2.
Substituting the value ¥ = 2 in equation (5), we have
z = 3.

Substituting the values y = 2 and z = 3 in equation (1),
we have

x = 1.

Hence the solutions of the three simultaneous equations
arex = 1,y = 2,and z = 3.

EXERCISE XCVII

Solve the following simultaneous equations :

1. z4-2y+ 2= 6. 2. z4 y+22=17.
x - y+ z= 3. 3r - y - z=0.
22 4+ y 4+ 3z =12. 2x 4 3y — 4z = 8.
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3.4z+ y+ z=26. 7. 22 - y + 3z = 12.
3x - y-+ z=26. 3z + 2y — z = 26.
2x - 3y + 4z = 3. xr - 3y + 42z = -4.

4. p+ g+ r=6. 8. a-b-c= 6.
3p+ q - r=-8. 3b 4+ 2c= T.

p - 3q - 2r=-21. 3a — 4¢c = 19.

5.3¢ — b+ c¢c=-13. 9. 7p - 3q + 2r = 12.
a — 3b + 2¢ = -16. p+ q - 4r= 4.

-2a+ b4+ c¢c=12. 3p+ 29+ r=12.

6.1 - m+n=-2. 10. z+ y — 4z2=-2.
Il+m - n=0. S5x + 2y + z=117.

~l4+m+n=-4. 3z - 5y + 4z = 26.

90." Problems involving simultaneous equations are of
frequent occurrence, but their solution introduces no fresh
rules. When the equations which describe the problem have
been written down they are solved in the manner already
explained.

ExampLE 1

Find two numbers whose sum is 54 and whose difference
18 S.

Let x be the larger number and y the smaller number.

Then x 4 y = b4 (1)
and x -y= 8 2)
Adding equation (1) and equation (2), we have

2x = 62.
x = 3.

Substituting this value of z in equation (1), we have
y = 23.

Therefore the two numbers arec 31 and 23.

ExaMPLE 2

One table and five chairs cost £23. Two tables and six
chairs cost £36. Find the cost of a table and of a chair.
Let £x be the cost of a table and £y the cost of a chair.
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Then x 4 5y = 23 (1)
and 2z -+ 6y = 36 (2)
Multiplying equation (1) by 2, we have
22 + 10y = 46 (3)
2x + 6y = 36 (2)
Subtracting equation (2) from equation (3), we have
4y = 10.
y = 21.
Substituting this value of y in equation (1), we have
x = 101.

Hence the table cost £10 10s. and each chair cost £2 10s.

-

EXERCISE XCVIII

1. Find two numbers whose sum is 43 and whose differ-
ence is 13.

2. Find two numbers whose sum is 212 and whose differ-
ence is 34.

3. Find two numbers such that the sum of the first and
twice the second is 42, and the sum of the second and twice
the first is 39.

4. Divide 210 into two parts in the ratio of 9: 12.

5. A bag contains 23 coins, some of which are florins and
the remainder shillings. The total value of the coins is
£1 18s. How many of each kind of coin are there ?

6. For £2 5s. it is possible to buy either 7 lb. of tea and
6 1b. of coffee, or 11 1b. of tea and 3 1b. of coffee. Find the
cost per 1b. of each.

7. One lb. of tea and 41b. of sugar can be bought for
4 shillings. If the price of the tea is increased 33} per
cent. and the price of the sugar is increased 25 per cent.
they would cost 5s. 3d. Find the price per pound of the
tea and the sugar.

8. A gramophone and 8 records can be bought for
£13 12s. The same gramophone and 20 records can be
bought for £15 2s. Find the cost of the gramophone.
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9. A is 7 years older than B. In 10 years’ time the sum
of their ages will be 63. How old is each now ?

10. A sum of £2 17s. is made up of florins and half-crowns.
If the numbers of florins and half-crowns were interchanged
the value of the money would be £3. How many of each
kind of coin are there ?

11. Each of three numbers being left out in turn, the sums
of the remaining two are 26, 21, and 23 respectively. Find
the three numbers.

12. A number consists of two digits, one of which is twice
the other. If the digits are interchanged the number is
diminished by 36. Find the original number.

13. A number consists of two digits whose sum is 8. If
the digits are reversed the number is diminished by 18.
Find the original number.

14. A factory employs both skilled and unskilled workers.
The weekly wages bill was £235 for 80 skilled men and 20
unskilled : it was £247 for 75 skilled men and 34 unskilled.
Find the weekly wages of the skilled and the unskilled
worker.

15. A man bought two kinds of tea for £16 6s. Some of
the tea cost 2s. 6d. per lb. and the remainder cost 3s. 6d.
per lb. He sells the mixture at 3s. per lb. and makes a total
profit of £1 2s. How many lb. of each kind of tea did ho

buy ?

EXERCISE XCIX (REVISION EXERCISE)
(A)

1. Multiply 322 - 42 - 8 by 2® + = + 1.

2. If 202* - T2® 4 102* + Ax + Bis exactly divisible by
422 + x + 1, what values must be given to A and B?

3. Solve the equations
20 +7 x+1

3 5

6) 5z +y=1.
3z -4y = 18.

4.

(@)
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4. Find the factors of
(@) Tx® — 3523y + 49x2y2.

) 14424 49

5. fy=ax + band y = 7 when x = 1,and y = 9 when
x = 2, find @ and b.

Hint. Substitute in turn ¢ = 1, ¥y = 7, and x = 2, y = 9, in the
equation ¥ = ax + b, and thus obtain two simultaneous equations
for a and b.

(B)
6. If v = -5,y = 7,and z = — 3, find the value of
(@) x(y ~2) —2(y - ).
(0) (x-9) + (y—-2) + (- 2).

7. A number consists of two digits of which the ten’s
digit exceeds the unit’s digit by 3. The number itself
exceeds the sum of its digits by 72. Find the number.

8. Solve the equations

(a);—l—;:Z
8 9
— -1
z Yy
2¢ + y
(b) 3._5.
3z — y
5 = 1.

9. Divide 6m*—m?®-15m2 4 11lm -5 by 3m?-2m 41,
using the method of detached coefficients.

10. Find what numerical values must be given to A, B,
and Cin y = Az? 4 Bx 4 C so that when z = 1, y = 6,
when z = 2, y = 11, and when « = 3, y = 18.

©)

11. The perimeter of a rectangular garden is 70 yards. If
the length is increased by 5 yards and the width is decreased
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by 3 yards, the area remains unaltered. Find the length
and width of the garden.

12. Solve the equations

(@) 2z 4+ 1) (x-3)-28 = 2(x + 1) (= - 5).
(6) 2(3z — 5y) 4 25 = 3(2z + 5).
Tx -2y = 12,
13. At what time between 10 o’clock and 11 o’clock will
the hands of a clock be in a straight line ?
14. fA=322-2-2,B=22%2+5x+ 3,and C = 22-1,

AB
find the value of —— in terms of x.

C

15. A man pays the keeper of a shooting-range 1d. for a
miss and receives 3d. for a hit. After firing a dozen shots he
has to pay the keeper 4d. How many hits did he make ?

(D)
3 2b + 3
16. Say by how much the expression @+ 1 + 30) ex-
. 4(3a + 2b + 3c)
ceeds the expression 3 .
17. Solve the equations
2 1 3
2 1 4
-4 —-=-1-*
Yy )
(b) 52« + 3y + 1) - 4(3z - 2y + 5) = 25.
S5 -2y = 11.

18. A boy has two bags, the first of which contains z
marbles and the second y marbles. How many must he
take out of the first bag and put in the second so that both
bags contain the same number ?

19. A father is 6 times as old as his son. In 10 years’

time their combined ages will be 62. How old is each now ?
3

1
- 2
20. Showtha,t1 =14+a+ta +l—a'

M



CHAPTER IX
HARDER FACTORS AND SQUARE ROOTS

91. We have already used the relationship
X?-y'= (X-Y) (x + )
by which the difference of two squares can be expressed as
a product of two factors. Although it was originally dis-
covered in the course of our investigations of non-directed
numbers, it can be proved to hold good for directed numbers
as well. Further, it also holds good when x and y represent

algebraic expressions. The following examples will illustrate
this.

ExampLE 1
Find the factors of (@ + 2b)% - (2a + b)2.
In this case z = (@ + 2b) and y = (2a J- b). So that
(@ 4 2b)% - (2a + b)?
— a2 — g2
= (z-y)(» +¥)
= {(a +2b)- (2a + b)} §(a+ 2b) + (22 + b)}
ia—}—2b42a—b§ ga + 2b + 2a + bg
= (—a + b) (3a + 3b).,

Notice the necessity for the brackets and how they are
gradually cleared. Once the process is understood it is not
usual to show the substitution in full, as in this example.
The next example illustrates the way in which the work is
genecrally set out.

|

ExAMPLE 2
Find the factors of 9(p + ¢)% - 2572
Ip + q)2 - 252 = {3(p + ¢)}2 - {5r)2
$3(p +q) -5r) §{3(p + q) + 5r}
(3p + 3¢-57) Bp + 3¢ :
170

Il
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EXERCISE C
1. Verify that 22 - 32 = (x — y) (x + y) for the values

) x=-1,y=>5. (i) 2 =-2,y =—4.
i) =4,y =-3.
2. Find the factors of the following:
(i) (@ + b)* - (a - b)>
(ii) (@ —-b)2- (@ + b)2.
(iit) (z - 2y)*- (22 + y)*
(iv) (z + y)* -2
(v) 2% - (x + y).
(vi) 9(p + q)* ~ 64¢%
(vil) 16a? - 36(a + b)2.
(viil) 25(x + y)* - 100(x — y)*.

(ix) 8l(a + b)% - 9b2.

(x) (m —mn)*—-49.

(x) (x +y +2)°2-(x—-y-2)>
(X]l) 25}710