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PREFACE

This book is written for students of the teaching of
arithmetic and for the teacher in the elementary school
who is face to face with the question of what can be done
to reduce the number of failures in the subject of arith-
metic, and to eliminate the difficulties which interfere
with pupil progress. This book is not a treatise on the
whole subject of the teaching of arithmetic but deals
intensively with only oné phase of instruction; namely,
the techniques for diagnosing pupil difficulties in all
phases of arithmetic, and the types of remedial exercises
which have been found by experiment to eliminate the
difficulties that are located.

The discussion will help teachers to use standardized
tests to the greatest advantage. Only those tests that
help to illustrate the points under discussion in this book
have been described. This was felt to be a more helpful
plan than to include descriptions of all available tests.
A list of such tests is given in the Appendix.

The uses of standard tests in teaching are discussed in
detail from the point of view of their various functions.
It is essential that the purposes for which tests are
intended be clear to the teacher who wishes to select a
test for a particular purpose. Detailed discussions of
how tests are given are not included in the discussion
since the necessary directions usually are furnished with
the tests. It is believed that any teacher who studies
carefully the material in the text of this book will have

(iii)



iv PREFACE

little difficulty in using any of the tests that have been
published.

Special stress is placed on the use of the results of tests
as a means of. diagnosis, and on the limitations of such
procedures. \Techniques of detailed psychological diag-
nosis are described which should be used in all difficult
cases to determine the exact nature of the difficulty which
is interfering with desirable progress. Test scores indi-
cate the general level of the pupil’s ability, and locate
the place where a difficulty may be found, but indicate
in only a very superficial way the nature of the difficulty.
The problem of the teacher is, then, to determine the
cause of the difficulty by a careful analysis of the pupil’s
work and his mental processes, and to prescribe the nec-
essary remedial work>

Much of the illustrative material in the discussion in
this book is based on the researches of the author and his
graduate students. Some of this has been published in
magazine articles, chiefly in the Elementary School Journal
and in the Journal of Educational Method. In some cases
illustrative material has been taken from the various
manuals which the author has published to accompany
his diagnostic tests in the several processes in fractions,
whole numbers, and decimals. Significant contributions
by other workers in this field have been freely quoted.
Certain data from the study by Buswell and John on pupil
difficulties in fundamental processes have been rearranged
and are given to show the frequency with which the com-
mon difficulties occur.

Suggestions for remedial work are included in the
various chapters in connection with the discussions of
difficulties and the analyses of the elements in each of
the processes. It is the author’s belief that most of the
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difficulties in arithmetic would be eliminated if the right
kinds of instructional materials were available. In such
materials due consideration would be given to the con-
struction of comprehensive diagnostic tests, to the
preparation of instructional materials in which special
attention has been given to the step by step development
of the learning process, and to the points in each process
which have been found by investigation to present serious
difficulties to pupils. This applies both to processes in
arithmetic, and to procedures in problem solving.

The author acknowledges his indebtedness to many
workers in this field who are contributing to the improve-
ment of the teaching of arithmetic. Many of the ideas
herein presented are the direct result of the six splendid
years of research in Detroit under the direction of S. A.
Courtis. Much of the experimental work was done in
the Minneapolis Public Schools during the five years
that the author was Director of Instructional Research
in the schools of that city. The support of principals
and teachers was unfailing in the attempts that were
made to make the tools that are described in this book
effective instruments of instruction. Special acknowl-
edgment is made of the many contributions by the author’s
graduate students who have dealt intensively with special
problems in their individual researches. The author is
particularly indebted to Dr. W. E. Peik for a careful read-
ing of the entire manuscript, and to G. O. Banting for
helpful suggestions.

LEO J. BRUECKNER.
Minneapolis, Minnesota.
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CHAPTER 1

INTRODUCTORY

~ Surveys of instruction have shown that one of the

i chief causes of nonpromotion in the elementary school
5 is failure in the subject of arithmetic. Numerous investi-
gations have been made to determine the reasons for this
condition. * The scientific study of the arithmetic cur-
riculum has presented evidence that much of the tradi-
tional subject matter commonly taught in the schools of
the past generation is of little social utility, and much too
difficult for many children in the grades in which it has
been taught. The elimination of cumbersome, difficult,
useless processes and topics has greatly reduced the
complexity of the skills that the pupils are now expected
to acquire.” * At the same time the work in arithmetic
has been greatly enriched and vitalized by stressing its
application in meaningful activities and situations.3-Other
investigations have revealed the inadequacy of much of
the instructional material found in textbooks. To over-
come this deficiency the newer textbooks are being con-
structed according to more or less adequate specifications
based on extensive studies of pupil difficulties in the sub-
ject and careful analyses of the steps in the learning
process. The simplification of the arithmetic curriculum
and the improvement of instructional materials will
undoubtedly do much to reduce the extent of failure in
arithmetic.

(1)



2 DIAGNOSTIC TEACHING

1. THE RESULTS OF EARLY ARITHMETIC INVESTIGATIONS.

By means of tests of achievement much less reliable
than the well standardized tests that are now available,
Rice! and Stone? early revealed the wide differences in
the achievements of pupils in different communities and
of pupils in the same grade. A large amount of over-
lapping of scores was found from grade to grade, some
studies revealing a range of ability of as much as six or
seven years in a single grade. In the earlier studies of
test results, special stress was placed on the differences
in the achievements of classes, and relatively little atten-
tion was given to the causes of the wide variations in
ability of individual pupils.

In the course of time, careful consideration of the impli-
cations of the data secured by means of the tests resulted
in the formulation of various plans of adapting instruc-
tion to differences in the abilities of pupils. \In some of
the progressive schools, pupils were grouped according to
their level of progress to reduce the range of ability in
classes. However, the variation in performance after a
period of teaching was almost as great as it had been
before the grouping. Parallel track plans were also
devised which made it possible for pupils to progress at
different rates”” Burk devised a plan for completely
individualizing instruction in arithmetic and other sub-
jects, so that each pupil could progress at his own rate of
speed. This plan is the basis for the Winnetka® plan of

1J, M. Rice, “Educational Research: A Test in Arithmetic,” Forum,
Vol. 34, pp. 437-52.

2C. W. Stone, ‘““Arithmetic Abilities and Some Factors Conditioning
Them,” Teachers College Contributions to Education, No. 19 (New York:
Columbia University, 1908).

3 (C. W. Washburne, Twenty-Sizth Yearbook of the National Society for

the Study of Education, Part I (Bloomington, Illinois: Public School
Publishing Company, 1926), pp. 219-29.
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individualized instruction. None of these plans has
solved the problem of providing for individual differences
in instruction in arithmetie, since in almost every class
there are still found pupils who fail to make progress at
a desirable rate.

2. EMPHASIS ON THE ANALYTICAL STUDY OF ARITH-
METIC PROCESSES.

One of the early studies of Stone! showed that arith-
metic is made up of a large number of specific abilities
each of which must be developed through careful prac-
tice. For example, Stone! showed that a pupil might be
doing fairly satisfactory work in addition but be quite
deficient. in several of the other operations. The result
of this and similar studies by Brueckner,? Thorndike,?
Knight,* and others has been the detailed analysis of the
specific abilities and skills which constitute the com-
plexity of processes in arithmetic. The earlier tests of
achievement have been greatly improved by making them
more analytical. {Instead of lumping many skills in a
single test, carefully constructed diagnostic tests in each
process have been devised by means of which the teacher
can locate the specific weakness in a process which may
be causing difficulty for a pupil. Instructional materials
are being greatly improved because of the increasing body
of information available regarding the elements in a proc-
ess that must be presented during the learning period)
Special consideration is also being given to the clarifica-

1 Stone, loe. citf.

2 L, J. Brueckner, Manual for Diagnosiic Test in Fractions (Minneap-
olis, Minnesota: Educational Test Bureau, 1926).

3 B. L. Thorndike, Psychology of Arithmetic (New York: The Mae-
millan Company, 1922), pp. 61-101. )

¢+ F. B. Knight, E. M. Luse, and G. M. Ruch, Problems in the Teaching
of Arithmetic (Iowa City, Iowa: Iowa Supply Store, 1925),
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tion of some of the steps in the several processes which
investigations have found to be especially difficult for
pupils. This is being done by means of carefully con-
structed practice exercises in which the difficult elements
are isolated and presented one after the other in such a
way that the difficulty is almost eliminated. The neces-
sity for repeated review in order that the specific skills
that have been taught may be retained is being recognized
in the preparation of various types of practice exercises
which embody inventory tests, diagnostic tests, and reme-
dial exercises.!

In recent years, important investigations have been
concerned with the study of the nature of the psycholog-
ical difficulties of pupils who are not making satisfactory
progress in arithmetic. These studies give definite infor-
mation as to the most common types of errors made by
pupils, their habits of work, the faulty procedures the
use, the nature of the difficulties they encounter in proble
solving, their general physical and mental characteristics
and their social qualities.

Techniques have been devised as a result of these studies
for locating the specific source and nature of these defi-
ciencies, and for analyzing the mental processes of pupils
in working examples which are causing difficulty. The
information thus secured has been used to improve in-
structional materials by the preparation of special types
of exercises on elements in processes which are known to
present unusual difficulty to pupils; by providing exer-
cises which teach economical, efficient. procedures from
the beginning; by providing carefully constructed diag-
nostic tests to locate specific difficulties.  Adequate

1L. J. Brueckner; C. J. Anderson, G. O. Banting, and E. Merton,

Diagnostic Tests and Practice Exercises in Arithmetic (Philadelphia: The
John C, Winston Company, 1929), Grades 3, 4, 5, 6, 7. and 8,
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remedial exercises to be used to provide the practice
necessary to raise the work to a satisfactory standard
have also been devised.

3. CONSIDERATION OF INDIVIDUAL DIFFERENCES.

The fact of individual differences in the needs of pupils
and in their rates of learning is being taken into consid-
eration in the teaching procedures used in the classroom.
To this end inventory tests have been devised for use at
the beginning of the year by means of which the pupils
and teachers can determine the general needs of each
individual. Practice exercises have been prepared which
enable the teacher to assign the remedial work needed
by each pupil. Many of these standard practice exercises
are so constructed that pupils can progress at different
rates, each pupil according to his ability. Standardized
survey tests are being used to measure the relative
achievements of classes from fime to time. Diagnostic {

tests of a very specific kind are being used to determine
the exact nature of difficulties of a class or of individuals.
In cases in which the nature of the deficiency cannot be
determined by a test or by an analysis of the pupils’
written work, more refined diagnostic methods are used
to discover whether the difficulty may not be due to
faulty associations, incorrect, involved procedures, round-
about methods of work, or some other reason that can be
discovered only by methods approximating those used in
individual psychological exminations.

It is the purpose of this book to contribute to a con-
structive attack on the teaching of arithmetic by bringing
together in a compact form: 1, the results of the impor-
tant studies that have been made to develop adequate,
reliable methods of determining the achievement of pupils

,_*2.
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in arithmetic; 2, scientific techniques for diagnosing the
nature of the difficulties and deficiencies that may prevent
satisfactory progress in the various processes and in prob-
lem solving; and 3, the types of remedial and practice
exercises that may be used to remove specific types of
difficulties, and to raise the work in arithmetic to a satis-
factory level.

In the discussion of these points, the important types
of achievement tests now available are presented and
their uses described. Detailed analyses of the basic
skills in each of the processes in whole numbers, fractions,
and decimals are presented for the purpose of showing
the care that must be taken in the construction of in-
structional materials to insure the inclusion of all of the
elements involved in each of the above-mentioned proc-
esses. These analyses of basic skills are shown to be
the basis of diagnostic tests which should be used to
determine the specific nature of the pupil’s deficiencies
in each process. Detailed reports of the common faults
revealed by a diagnostic study of the work of pupils
deficient in the several processes and in problem solving
are given, and the techniques that can be used to locate
these faults are discussed. A knowledge of the sources
and causes of greatest difficulty will help the teacher to
give the pupils special help at critical points.

4. THE Basts oF A WELL-ROUNDED PROGRAM IN ARITH-
METIC INSTRUCTION.

The following list of items suggests the basis of a well-
rounded program of arithmetic instruction:

(1) Knowledge of specific objectives and functions of arith-
metic.

(@) Using materials and processes having social value.
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(b) Showing how numiber has aided in the systematizing
of the quantitative aspects of the environment.

(¢) Developing an appreciation of the informational
function of arithmetie.

(d) Developing an appreciation of number as a means
of precise and accurate thought.

(e) Having an appreciation that arithmetic is in fact a
social study of great importance.

(f) Assisting pupils to understand quantitative refer-
ences in readings.

(g) Developing adequate concepts of units of measure-
ment.

(h) Training pupils in the use of reference materials.

(1) Selecting social applications of value.

(2) Recognition of the function of general method in the
teaching of arithmetie.

(¢) Knowing how to organize subject matter into large
units for study by the class.

(b) Securing a learning situation in which motives of a
relatively high order are present.

(¢) Providing conditions in which the growth of desir-
able social characteristics, attitudes, and ideals’
will take place.

(d) Recognizing the possibilities of socializing experi-
ences in the lesson.

(¢) Enriching and vitalizing the experiences of pupils.

(f) Recognizing arithmetic applications in other sub-
jects, such as history, geography, science, and
health work.

() Using experiences and activities that arise in con-
nection with local conditions and situations. '

(k) Providing intercorrelations between subjects in sit-
uations in which number functions.

(8) Procedures in presenting new processes.

(¢) Knowing the steps in the learning process.
(b) Showing the social utility of the new stepin a proc-

ess through applications and problems.
2
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(¢) Using previously acquired skills in presenting a new
step.

(d) Presenting only one new step at a time.

(¢) Considering special difficulties in the new step.

(f) Providing adequate practice on the new step.

(9) Giving special help to those pupils for whom the
class presentation is not adequate.

(h) Teaching efficient methods of work.

(?) Providing for the repeated review of the new step
in subsequent lessons to insure retention of the
new skill.

Procedures in diagnosing pupil difficulties.

(a) Locating the specific needs of the pupils in the class.

(b) Knowing the most common pupil faults and weak-
nesses in processes.

(¢) Using suitable diagnostic procedures.

(d) Preparing informal diagnostic exercises.

(e) Teaching pupils to diagnose their own difficulties.

(f) Adjusting the class work in such a way that the
teacher has time available for diagnosis of pupil
difficulties.

(g) Selecting pupils in need of intensive diagnostic
study.

(h) Keeping records of diagnosis.

(#) Filing the results of standard diagnostic tests.

() Using graphs, etc., to interpret shortcomings.

(k) Usipg sphool records to locate other causes of defi-
ciencies.

(l) Considering the pupil’s personality as a factor in
diagnosis.

(m) Interpreting the results of the diagnostic study.

Procedures in providing remedial instruction.

(@) Selecting the remedial exercises adapted to the
needs of each individual.

(b) Organizing group work as the basis for instruction.

(¢) Eliminating faulty habits, such as counting, etc.

(d) Correcting faulty, inefficient methods of work.
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(e) Teaching methods of checking all work.

(f) Using pupils whose work is satisfactory to assist
deficient pupils.

(9) Devising methods of showing pupils their improve-
ment.

(k) Teaching pupils how to select the proper remedial
exercises.

(z) Providing for variations in rates of pupil progress.

() Evaluating the effectiveness of the remedial work
by tests.

(k) Setting up reasonable standards of attainment.

(I) Teaching pupils good techniques of problem solving.

(6) Methods of making the work vital and meaningful for
the pupils.

(@) Teaching pupils to purpose to improve.

(b) Using materials of the proper level of difficulty.

(¢) Motivating the drill work.

(d) Making pupils conscious of objectives.

(e) Helping pupils to diagnose their difficulties.

(f) Helping pupils to overcome their difficulties.

(g) Using graphs, charts, ete., to show achievements.

(h) Using games.

(z) Providing activities in which arithmetic processes
are applied concretely.

(5) Showing the life need of processes prior to teaching
them.

(k) Using illustrations from daily life to show applica-
tion of processes.

(l) Encouraging original applications of processes.

(m) Showing applications of processes in other subjects.

(n) Using excursions, exhibits, and projects.

(o) Showing social significance of quantitative concepts.

(p) Providing opportunities for exploring topics of spe-
cial interest.

(¢) Keeping of notebooks on topics being studied.

(r) Assigning topics for special reports.

(s) Distributing opportunity for participation in class
activities.
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() Organizing the contents of the subject matter to be
taken up into coherent units stressing applica-
tions and functions.

(7) Methods of socializing the work in the class period.

(a) Providing for group or committee work on special
topics.

(b) Providing opportunities for pupils to assist in organ-
izing and planning class activities and discussions.

(¢) Using superior pupils to assist those below standard.

(d) Assigning special topics for research.

(¢) Encouraging practical applications of processes in
the home and elsewhere.

(f) Organizing the aspects of the school bank, milk sup-
ply, etc., in which arithmetic is used in such a way
that pupils participate in phases of the activity.

(g) Considering questions of thrift in the home, in school,
ete.

(h) Using a socialized form of recitation.

(7) Considering the social significance of such topics as
money, the number system, ete.

(7) Arousing interest and developing habits of extensive
reading on topies being considered by the class.

(k) Developing an appreciation of the social significance
of quantitative relations.

(l) Posting papers of special merit. _

(m) Encouraging courtesy on the part of pupils whose
work is completed before that of the others.

(n) Requiring neatness in all written work.

(8) Use of tests in instructing.

(a) Standard tests.

Giving of tests.

Scoring of tests.

Tabulating test results.

Interpreting test results.

Considering limitations of standard tests.

Charting test results.

Using test results as the basis for group, for
remedial work, ete,

RS kel e
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Using the results of standard diagnostic tests.

Utilizing provisions that enable the teacher to
secure test materials.

Filing of findings and test papers.

Selecting tests suited to the purpose of the
teacher.

(b) Informal tests.

1.

PNooux WO

9.
10.

11.
12.

Constructing informal tests—giving informal
tests. '

Scoring informal tests.

Using informal tests effectively, as inventory,
pre~test, re-test, ete.

Tabulating informal test results.

Interpreting test scores.

Considering the limitations of test scores.

Varying the form of test used.

Using test scores as the basis for remedial work,
diagnosis, ete.

Filing informal tests for future use.

Using school equipment, such as school mimeo-
graph, ete., in preparing tests.

Preventing pupils from cheating in tests.

Cooperating with other teachers in the prepara-
tion of tests.

(¢) Use of pertinent data from other tests.

1.
2.

Considering intelligence test scores in diagnosis.
Using reading test scores as basis for diagnosis of
difficulties in problem solving.

(9) Points of a general character.
(@) Filing of materials of instruction such as drill cards,

ete.

(b) Keeping of records of pupil progress.
(¢) Planning of work, preparation of materials to be

used, etc.

(d) Preparing improved types of supplementary mate-

rials.

(e) Distribution of time to problem and formal drill

work,
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(f) Keeping available materials essential in an ideal
modern program of arithmetic. _

(g) Using the course of study for reference and guidance.

(k) Using the textbook as a teaching tool.

(z) Reading important scientific contributions on aspects
of arithmetic.

() Handling details of method technique.

(k) Supervising pupil’s work during supervised study
periods,

5. THE STEPS THAT CHARACTERIZE WELL-CONCEIVED
REMEDIAL WORK.

The steps which characterize well-conceived work with
remedial cases in the classrooms are concisely stated in
the Twenty-Fourth Yearbook of the National Society for
the Study of Education, Part 1, as follows:

1. Discovery of deficiency in the course of classroom
activities.

2. More intensive observation and study of the exact
nature of the difficulties encountered in regular class work.

3. Individual examination by means of personal inter-
view and selected standardized and informal tests with a
view of revealing fundamental attitudes and causes of
deficiency.

4. Formulation of specific remedial exercises which
attack the causes of deficiency.

5. Initiation of regular remedial work in a manner to
enlist pupil codperation and effort.

6. Measurement with records, notes on pupil reactions,
and study of progress.

7. Adjustment of work to changing needs until the
deficiency is removed.



CHAPTER 11

THE USES OF TESTS IN MEASUREMENT
AND DIAGNOSIS

Arithmetic is a subject that lends itself readily to
analytical treatment as far as the elements involved in
computation in arithmetic processes are concerned.
Arithmetic is made up of a hierarchy of habits, specific
skills, and general abilities. Each may be isolated, studied
independently, and have its elements determined by crit-
ical analysis. This fact has long been recognized by
those who have attempted to evaluate the results of
instruction by means of educational tests and to adapt
instruction to the needs and capacities of pupils as
revealed by these tests.

At the present time there are available several different
kinds of standardized tests in arithmetic. Standard sur<
vey tests make it possible to secure information as to the
general status of pupils in achievement in arithmetic as
a whole, or in some single phase of the subject, such as
addition of fractions or subtraction of decimals. Diag-
nostic tests have been prepared to locate the particular
element in a process or to determine the type of example
which causes difficulty. Some of these diagnostic tests
are supplemented by carefully prepared blanks, several
of which are included on the following pages, to be used
for recording the specific difficulties and faults found by
an individual clinical examination of pupils who are
markedly deficient in arithmetic. To facilitate diag-

13)
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nosis, these blanks contain lists of the most common
arithmetic difficulties which extensive studies of the work
of deficient pupils show to exist. In this chapter the
place of tests in teaching arithmetic processes is discussed

in -detail,

1. ELEMENTS IN ARITHMETIC ABILITY.

Five important elements, similar to those proposed by
Thorndike' for intellect in general, must be considered in
measuring the ability of pupils, as a basis for diagnostic
and remedial work:

1. Their rate of work.

9. Their accuracy of work.

3. The altitude or level of difficulty of the most difficult
examples that they are able to work correctly.

4. The area -of the skills they have mastered in a

process.
5. Their methods of work.

(a) Rate of work. It is a recognized fact that one of
the important characteristics of a skill is the speed with
which an individual can perform the tasks involving it.
Other things being equal, the greater the speed the
greater is the skill possessed. Speed of response is not
stressed in the initial stages of the learning process, since
in the beginning it is important that the steps in the
operation itself should be learned and a correct procedure
established. Speed of response should increase with mas-
tery of the operation. It is also a function of maturity.

Rate of work in arithmetic is easily determined by
finding the number of examples of a given type that a

1 E. L. Thorndike, Measurement of Intelligence (New York:
Publications, Columbia University, {928). ’ (New York: Bureau of

h
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pupil can work in a certain period of time. Usually
tests given for the purpose of determining rate of work
should contain more examples than the most rapid worker
in a class can complete in the time allowed. However,
various factors affect the pupils’ performance on these
tests, such as their speed of writing, the amount of effort
put forth, the understanding of the directions, degree of
interest, their state of health, and similar factors.

Courtis and Thorndike! have shown that marked
changes in scores result from corrections made for differ-
ences in rate of writing on tests in which there is a large
amount of writing, especially in the primary grades
where pupils have inadequate control over the writing
process. A pupil who can write rapidly may make a
higher score on such a test than a pupil who cannot write
so rapidly but who in fact has greater arithmetical ability.
While therefore the real ability of the pupils cannot always
be determined, their relative ability can be reliably
inferred, except in a few cases, from their performance in
a standardized rate test. _

Rate of work is a factor that has determined the time
standards on practice exercises, such as those of Courtis
and Studebaker, in which pupils are required to practice
on a certain unit of work until they can complete it in a
given length of time. The number of minutes is reduced
from grade to grade because of the need of allowing for
the factor of maturity and its influence on speed of work.
The basic assumption underlying this application of time
standards is that pupils in a particular grade should not
be required to increase their speed of work beyond the
reasonable limits which pupils of their maturity can nor-

18, A. Courtis and E. L. Thorndike, “Correction Formulae for Addi-
tion Tests,” Teachers College Record, Vol. 21, pp. 1-24.
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mally reach. It has often been necessary for teachers to
modify the time standards in the cases of individual pupils
who for various reasons, such as slowness of reaction and
general inability to speed up their work, are unable to
complete an exercise in the time limits that have been set
up, although their computations are accurate but very
slow and no undesirable habits of work can be discovered.

On more difficult exercises, such as column addition
and long division, the practice of allowing enough time
on a test to find the answer and alsp to check the work
is sometimes followed. Too much stress has in many
cases been placed on speed of work with the result that
accuracy has been made a minor objective. There is no
reason why time standards cannot also take into account
the time needed for checking the work.

(b) Accuracy of work. A knowledge of the pupil’s
rate of work is of little value unless this information is
accompanied by a record of his accuracy of work. A
pupil may work a large or a small number of examples
with a relatively high or low degree of accuracy.

There are various methods of measuring the pupil’s
accuracy of work. One method is to find the per cent of
the examples attempted that are worked correctly. A
pupil who worked correctly nine of twelve examples
attempted would receive a rating of 75 per cent accuracy.
When standard norms are available, the relative status
of a pupil can be determined by comparing his accuracy
rating with these norms.

Another method of determining a pupil’s ability is to
find the number of examples that he has worked correctly
regardless of the number of examples that he has at-
tempted. Thus two pupils who both work eight exam-
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ples on a test correctly receive the same score, although
one attempted only eight examples and worked all cor-
rectly while the other attempted to work fifteen of the
examples and worked only eight of them correctly. If
the examples in the test are all equally difficult it is
obvious that the two pupils have quite different habits
of work, one being slow but accurate, the other being a
fast but inaccurate worker.

Clearly the ability of the pupil cannot be found by
considering either his rate of work or his accuracy, one
independent’ of the other. Both factors must be con-
sidered together. The following chart contains the pos-
sible combinations in which relative degrees of rate and
accuracy may be found in classes and in individual
pupils:

Superior rate of
work and a high
degree of
accuracy

Average rate of
work and a high
degree of
accuracy

Low rate of work
and a high degree
of accuracy

Superior rate of
work and an aver-
age degree of
accuracy

Average rate of
work and an aver-
age degree of
accuracy

Low rate of work
and an average
degree of
accuracy

Superior rate of
work and a low
degree of
accuracy

Average rate of
work and a low
degree of
aceuracy

Low rate of work
and a low degree
of accuracy

(c) The level of difficulty.

It is desirable to know not

only the rate and the accuracy with which a pupil can
work examples of a certain type, but also the level of his
progress in the subject. A pupil’s level of ability in
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arithmetic can be found by discovering the highest level
of difficulty of the examples in the wvarious processes
which'he is able to work correctly. This is found in much
the same way that we find the mental capacity of a pupil
by such a series of graded tasks as are found in such
tests as the Stanford Revision of the Binet-Simon Test
or the Kuhlmann Individual Mental Test. A series of
items is arranged in a scale in the order of their difficulty
from very easy to very difficult. (See page 28.) The
pupil is given approximately as much time as he needs
to solve all of the examples he is able to work. The
level of the pupil’s ability is roughly determined by the
difficulty of the examples of greatest difficulty he is able
to work correctly. The pupil whe is able to work examples
high on the scale has a higher level of ability than a pupil
who cannot work them. Rate of work is not considered
in finding the level of the pupil’s general ability in arith-
metic. However, the ability of the pupil at a particular
level can be found by giving him tests made up of ex-
amples similar to the elements at that level and finding
his rate of work and accuracy.

SCALE OF PROBLEMS BASED ON THORNDIKE'S C-A-V-D!?
ARRANGED IN ORDER OF DIFFICULTY

1. A nickel is 5 cents. How many nickels make 15 cents?

2. How much must you add to 7 to make 10?

3. How many cents make half a dollar?

4. Dick is 11 years old. John is 15. How much older
is John than Dick?

5. George is 9 years old. How old will he be in 2 years?

6. How many cigars can you buy for $1 at the rate of
three for a quarter?

7. John had 8 dollar bills, 7 dimes and 2 pennies. How
much is that?

1 Completion; Accuracy; Vocabulary; Directions.
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8. At 121 cents each, how much more will 6 tablets cost
than 10 pencﬂs at b cents each? e
9. What number added to 16 gives a number 4 @S5, Lhian

277 s
10. A man bought land for $400. He sold it for $445,
gaining $15 an acre. How many acres were there?

11. What part of 16 equals half of 247

12. T bought 4% yards of cloth, gave the clerk $2, and
received 20 cents as correct change What was the price
of the cloth per yard?

13. 81511 X

14. A man spent two thirds of his money and had $8 left.
How much had he at first?

15. How many times as long as 8 feet is 12 yards?

16. Write in the space left for it the number that should
come next.

240, 120, 60, 30,

17. If a snail crawls at the rate of an inch in 1% minutes,
how long will it take it to go 8 feet?

18. By how much must you increase 10 so that it will
stand in the same ratio to 8 that 15 does to 10?

19. A ship has enough provisions to last her crew of 500
men 6 months. How long would they last 1200 men?

20. Three men hired a pasture for $24; the first put in
2 horses, the second put in 3 horses, and the third put in
4 horses; how much ought each to pay?

In measuring the level of the pupil’s ability in such a
process as addition of fractions, the teacher must, there-
fore, consider the difficulty of the examples included in
the test. Examples ranging from very easy to fairly
difficult should be included in test exercises given for the
purpose of providing a basis of grouping pupils according
to their ability.

The principle of difficulty should assist in the grading
of the content of the curriculum and in the preparation
of special exercises on points of extreme difficulty.” The
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elimination, at least for the slower pupils, of certain of
the usual requirements, which are very difficult and are
not commonly used in life, should also result from the
application of this principle.

In order to secure an adequate picture of the arith-
metic ability of the class, the teacher must secure measure-
ments of achievement at different levels of difficulty by
means of tests which consider both rate and accuracy of
work at the several levels. The results of a test consist-
ing of relatively easy examples of a low level of difficulty
will not give adequate, valid information as to what the
same pupils will achieve in a test of subject matter of a
considerably higher level of difficulty.

(d) The area of the skills in a process. The ability
of a third-grade pupil in such a process as addition of
whole numbers can be adequately determined only by
means of a test containing, as far as is possible, all of
the various types of examples in which that process is
used. The same principle applies to all of the other
processes in whole numbers, fractions, decimals, per cent,
and denominate numbers. This is true especially dur-
ing the period when the several operations are first
being taught. This is the critical time in the learning
process.

The present practice of measuring the ability of the
pupil by means of a few examples selected at random
from the complete process is not satisfactory. In such
tests, the results do not show what the pupil’s performance
will be on the types of examples not contained in the
test. Such tests usually do not take into account the
information now available as to the complexity of skills
and abilities which constitute a particular process. The
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ILLUSTRATIVE EXAMPLES FROM THE COURTIS
STANDARD RESEARCH TESTS—SERIES B

Eight of the Twenty-four Addition Examples

You will be given eight minutes to find the answers to as many
of these addition examples as possible. Write the answers on
this paper directly underneath the examples. You are not ex-
pected to be able to do them all. You will be marked for both
speed and accuracy, but it is more important to have ‘your
answers right than to try a great many examples,

127 996 2317 386 186 474 877 537
375 320 949 463 775 787 845 685
953 778 486 827 684 591 981 452
333 886 987 240 260 106 693 904
325 913 354 616 372 869 184 511
911 164 600 261 846 451 772 988
554 897 744 755 595 336 749 559
167 972 195 8333 254 820 256; 127
554 119 234 959 137 533 2568 323

Eight of the Twenty-four Subtraction Examples

146246252 80630266 124485018 107419373
52160891 68164329 73098624 65348405

37953635 137825921 152695030 178976226
23913884 62729490 85612816 93060303

Ten of the Twenty-five Multiplication Examples

3268 4795 7954 2386 9745
95 83 74 38 59.
6283 9624 7853 4926 5873
417 503 35 620 49

Eight of the Twenty-four Division Examples
24i6‘984 95185880 36)10440 8781867

78)62868 42)17682 63)26460 59)50799
3
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The basis of the standards now used by Courtis® is
described in the following quotation:

The speeds (rates) set as standard are approximately the
average speeds (rates) at which the children of the different
grades have been found to work when tested at the end of
the year. For any one grade, a random selection of five
thousand scores from children in schools of all types and
kinds is used as a basis of judgment.

Standard accuracy is perfect work, one hundred per cent.
This is a tentative standard only, as there is available very
little information. in regard to the factors that determine
accuracy and the effects of more efficient training.

At present in addition and multiplication, it is anly very
exceptional work in which the median rises above eighty per
cent accuracy, while in subtraction and division the limiting
level is ninety per cent.

Standard speeds (rates) are not likely to change greatly.
Standard accuracy is surely destined to approach much
more nearly one hundred per cent than present work would
indicate.

Standard scores are not only goals to be reached; they are
limits not to be exceeded. It seems as foolish to overtrain
a child as it is to undertrain him. All direct drill work
should, in the judgment of the writer, be discontinued once
the individual has reached standard levels. If his abilities
develop further through incidental training, well and good;
but the superintendent who, by repeated raising of stand-
ards, forces teachers and pupils to spend each year a larger
percentage of time and effort upon the mere mechanical
skills, makes as serious a mistake as the superintendent who
is too lax in his standards.

By comparing the scores of a pupil, or of a class, with
these standards it is possible to determine the general
level of achievement and the processes on which addi-

*S. A. Courtis, Third, Fourth, and Fifth Annual Accountings (Detroit,
Michigan: Department of Cooperative Research, 1913-16). )
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tional practice is needed. For example, a fourth-grade
class might have a median score on the addition test of
8.4 examples tried and 61 per cent correct; in rate of
work this class would be somewhat above the standard
for rate but below the standard for accuracy.

The following suggestions will assist in interpreting
pupil and class scores on this test or on similar rate tests:

Scores
INTERPRETATION

TyYPE PropaBLE MEANING
RaTE Accuracy

1 | High High Marked ability.

2 | Average| Average| Normal ability, usual class work suffi-
cient to maintain present level of work.
3 | Low Low Lack of native ability, or marked defects
in training; a ecarefully organized
remedial program is needed here.

4 | High Low Shows poor training or poor ability;
must be given special training in
accuracy and taught to check work.

5 | Low High Shows excellent training; group may be’
of low native ability, or accuracy may
have been stressed at expense of speed;
probably could improve speed with
special practice.

Rate tests in arithmetic have also been prepared which
make it possible to measure the achievements of pupils
in a single test on a variety of examples in one or more
processes. A typical series of tests of this type suitable
for inventorying the work at the beginning of the fourth
grade is given on page 26.

INVENTORY TESTS IN THE FUNDAMENTALS!
These tests will help you to find how well you remember work
like that which you had in the third grade.

! Triangle Arithmetics, Book 1, Part 2, page 3. The John C. Winston
Company, Philadelphia.
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Addition (5 minutes, not including copying)

a b c d e f

1. 14 7 3 7 75 70
3 46 4 9 61 40
- 4 6 32 9

2. 36 876 965 798 243 $69.89
48 908 178 459 928 84.96

53 309 — 547 385 73.69

Subtraction (3 minutes, not including copying)

1. 945 906 547 823 873 720
324 405 34T 14 487 467
2. 900 7,020 5,914 5,475 13,225 $300.00
%ES 2,854 5,907 4,957 4,664 48.32

Multiplication (7 minutes, not including copying)

1. 13 70 621 804 706 45
3 5 _4 _2 _8 9

2. 930 800 641 724 978 $5.49
6 7 5 3 9 8

Division (10 minutes, not including copying)
1. 3)36 Y 5)255  6)516 9)874

e —e s

2. 5)1,100 6)365 81,960 7)749 9)1,832  8)$16.48

Practice on the proeess in which your work was weakest.

Each of these tests contains examples of different types
in a single process. The time limits that are given sug-
gest the length of time in which pupils should be able to
work and check the examples in each test. Inability of
the pupil to work all of the examples in a process cor-
rectly within these time limits shows that practice is
needed in that process. It should be noted that these
tests do not contain all types of examples in each process,
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thereby limiting their value as a means of exact diagnosis.
They must therefore be supplemented by other analytical
tests of a more detailed kind containing a wider variety
of types of examples. This is essential in order that the
teacher may determine the ability of the pupil to work
types other than those included in the test. Such tests
are described in detail on the pages following.

The basic principle of the rate test, namely, the time
element, has been incorporated in such standard practice
exercises as the Courtis Standard Practice Tests in Arith-
metic, The Studebaker Economy Practice Exercises, and
Brueckner, Anderson, Banting and Merton Diagnostic
Tests and Practice Exercises for Grades 3, 4, 5, 6, 7, and
8. In these exercises pupils are required to practice on
a given unit until they can work all of the examples cor-
rectly in a specified time. The length of time decreases
from grade to grade.

Other well-known survey tests are the Cleveland-
Survey Arithmetic Tests, Compass Survey Tests, and
Monroe General Survey Scales in Arithmetic.

(2) Scales. Scales differ from rate tests in two respects:
1, the time limits for the tests-are so liberal that each
pupil is given practically as much time as he needs to
complete all of the examples on the test. His rating is
not determined by the speed with which he can work the
examples but by the number of examples on the scale
that he can work correctly; and 2, the examples in the
scale are arranged in the order of difficulty from very
easy types, on which few pupils fail, to those which only
a few pupils can work correctly. The difficulty has been
determined by the proportion of pupils who can work the
examples correctly. An example missed by only a few
pupils in a group is placed lower in the scale than an
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example more frequently worked incorrectly by the
pupils in the same group. In theory a score on a scale
indicates the level of difficulty at which a pupil is just
able to work an example correctly. A typical problem
scale is given on page 18.

THE WOODY ARITHMETIC SCALES

PUBLISHED BY
TEACHERS COLLEGE, COLUMBIA UNIVERSITY

ADDITION SCALE A

City oo County............._._. School ... Date.........._...
Name. .o When is your next birthday?...._.
How old will you be?.... ... Are youaboyoragirl? ...
In what grade are you?................ Teacher’'sname.. ...
@ (2) 3 @ ) ()] )
2 2 17 53 72 60 3+1=
3 4 2 45 26 37
i 3 _“ Z9 “d il
N ()] ()] 10 (11) 12) (13)
24+54+1= 20 21 32 43 23
10 33 59 1 25
2 85 17 2 16
30 T T 13 T
25 _
(19) (15) (16) aan (18) (19)
25 -+ 42 = 100 9 199 2563 $ .75
33 24 194 1387 1.25
45 12 295 4954 49
201 15 156 2065 -
46 19 _ -
(20) (21) (22) (23) (24)
$12.50 $8.00 547 1+1= 4.0125
16.75 5.75 197 1.5907
15.75 2.33 685 4.10
- 4.16 678 8.673
.94 456 -
6.32 393
- 525
240

152



USES OF TESTS 29

(25) (26) ‘@n (29)
P+i+i+i= 12 f+iti= f4i=
623
121
371
(29) (30) (1) (32) (33)
3 21 113.46 341i41= 49
91 63 49.6097 28
1 3 19.9 63
T T 9.87 95
.0086 1.69
18.253 22
6.04 33
36
(34) (35) (36) S 1.01
1+ 2= 2 ft. 6 in. 2 yr. 5 mo. 163 56
3 ft. 5in. 3 yr. 6 mo. 123 .88
4 ft. 9 in. 4 yr. 9 mo. 211 5
5 yr. 2 mo. 323 56
6 yr. 7 mo. — 1.10
1

25.091 + 100.4 + 25 + 98.28 4~ 19.3614 =

k . . . Copyright, 1916, 1920, by Teachers College
Printed with the permission of the publishers.

Scales are published in various forms. Some of them,
such as the Woody Arithmetic Scales, have a separate
test for each of the four fundamental operations. They
combine examples in one operation in whole numbers,
fractions, decimals, and denominate numbers in the same
exercise. Other scales, such as the Woody-MecCall Mixed
Fundamentals, the Stanford Achievement Test, the Los
Angeles Diagnostic Tests in Arithmetic, and the Woody-
VanWagenen Mixed Fundamentals, include examples in
all processes in one test, arranged in the order of their
difficulty. The same scale is given to pupils in all grades
and consequently must cover a wide range of difficulty.
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The score of the pupil is usually determined by the
number of examples in the scale he can work correctly.
This is an index of the highest level of difficulty of the
examples that he is barely able to work correctly. These
scores can be converted into arithmetic ages and scores,and
used in other ways that are described in detail in the man-
uals for each of the tests.  Scores can be related to intel-
ligence by means of the achievement quotient technique.
The data secured make it possible to compare the achieve-
ment of a class or of an individual with standard scores
and to find whether the work is at. the level to be ex-
pected of pupils of their grade or age. For example,
note the scores below made on the Woody-McCall Mixed
Fundamentals Test by pupils in a certain school and
also the standard scores for each grade, which are ex-
pressed in terms of the average number of examples
worked correctly by pupils in each grade in October.

TABLE I

COMPARISON OF SCORES ON Wo0DY-McCALL MIXED FUNDA-
MENTALS TEST WITH GRADE STANDARDS

GRADE 3 4 5 6 7 8
Standard Score. 6.8 131 17.8 22.5 259 27.8
School B. 6.4 11.7 17.2 248 26.7 128.4

In Table I, the class averages are somewhat below the
standard scores in grades 3, 4, and 5, and slightly exceed
the standards in grades 6, 7, and 8 This information
gives the teacher comparative data of considerable value
which in some schools are made the basis for grouping
or classifying pupils. However, it furnishes no precise
data as to the exact phases or processes of arithmetic in
which the class may be deficient or as to the reasons for
the deficiency of any particular individual. There is the
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same limitation to the information supplied bya knowledge
of the pupil’s arithmetic age as there is to data concerning
the number of examples worked correctly. For example,
a teacher may learn that a sixth-grade pupil has ability
equal to that of a normal fifth-grade pupil or that a
14-year-old pupil is achieving only as much as the
typical 12-year-old pupil; still he has no definite infor-
mation as to the specific nature of this pupil’s arithmetic
deficiency on the basis of which to provide the needed
remedial work. The same limitation applies to the
problem scales of Buckingham. They provide a means
for measuring the ability of pupils to solve problems,
but they supply no information as to the reasons for the
failure of pupils to achieve as much as is expected of
pupils of their level of progress. Monroe attempted to
overcome this difficulty by providing a method of scoring
the work of the pupil for both computation and the ability
to determine the principles involved in the problem.

The value of these arithmetic scales is further limited
by the fact that for most of them there is not a sufficient
number of equivalent forms of each test to make possible
repeated measurement at regular intervals during the
year. Present practice consists chiefly of giving a rate
test or a problem scale, either at the beginning or at the
end of the year and then comparing the scores on the
test with standards in order to evaluate the progress that
has been made. What is needed is a series of tests or
problem scales for each grade which would make possible
a continuous inventory of the progress being made at
regular intervals. The tests could be given at least once
a month throughout the school year, so that the neces-
sary teaching adjustments could be made at any time
during the year,
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(3) Curriculum tests in arithmetic. In order to make
it possible to conduct systematic surveys of the work in
arithmetic throughout the year, a series of standardized
curriculum tests in arithmetic has been prepared by
Brueckner.! There are ten tests for each grade, one for
each month-in the school year. The use of the name,
“Curriculum Tests,” is due to the manner in which the
contents of each of the tests were determined. The pro-
cedure used was briefly as follows: It is possible to list in
detail the specific abilities and arithmetic processes that
are to be taught in each grade. At the beginning of the
year the work usually consists largely of a review of the
processes developed in the preceding year, few new proc-
esses being presented. In some months more new steps
may be presented than in others because of differences
in difficulty. This list of skills and abilities can be
divided into sections, each of which covers roughly the
work for one month, that is, the curriculum for the
month. In constructing the Curriculum Test in Arith-
metic for any one month, the first step was to include in
the test the new skills and processes which would nor-
mally be taught in that month. When the number of
examples secured in this way was inadequate, typical dif-
ficult examples from the work in previous months were
added until the desired number of examples, graded
according to approximate degrees of difficulty, had been
assembled. In this way ten tests for each grade were
prepared. A typical curriculum test for grade 3 is given
on page 33. Similar tests for grades 4 to 8 are available.
Obviously their content becomes increasingly difficult
from grade to grade.

1 L. J. Brueckner, Curriculum Tests in Arithmetic Processes (Philadel-
phia: The John C. Winston Company), Grades 3, 4, 5, 6, 7, and 8.
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CURRICULUM TEST III

DIRECTIONS: You will be allowed
10 minutes to work the examples
below. Do your work on the
paper in the space for each ex- .
ample. Work rapidly, but try to Rating.
have every example correct. Be-
gin to work when your teacher

Number correct.

says ‘‘Start.”
Find your rating and continue your Progress Chart.

1. 2 2. 2X2= 3. 26 4, 92
+ 27 29 9
— B8

5. 95 6. 80 7. 168 8. 152
— 28 X 3 — 94 -+ 286

9. 20f10 = 10. 2)64 11. 7 12, 8+ 2=

— 64
13. $7.50 14. 708 15. 94 16. 2)608
+ 2.18 — 495 78
89
ﬁ
STANDARDS
Rating. 12 ]3| 41]5 6 7 8

Number correct. .|0-1|2-3|4-6|7-8|9-11/12-13]14-15| 16

The basis for the standards for each test is the scores
made by pupils on that test when given at the end of the
month for which it is constructed; for example, the stand-
ards in Curriculum Test I in each grade are based on
scores made at the end of the first month by pupils in
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CURRICULUM TESTS IN ARITHMETIC
Class Summary Sheet

ScHooL, Longfellow GRADE Room 206 Trst II1
DATE, December, 19— TEACHER, Mary

SuMMARY OF STANDARDS SuMMARY OoF ERrORs ON Eacr ExaMPLE

Number of Pupils Number of Pupils Making

Making Each Standard Errors on Each Example
9. 1 1. 2
8. 2 2. 3
7 3 3. 3
6. 5 4. 5
5. 9 5. 5
4. 6 6. 7
3. 3 1 9
2. 2 8. 11
1. 9. 11
— 10. 9
Total number 31 11. 14
Mid-standard. 5 12. 12
13 11
14. 16
15. 12
16. 17
Comments: Much absence 17 19
due to influenza. 18. 20

Recommendations: Give special work on zero difficulties in
short division.

the first semester of that grade; the standards for Test I1
on scores made at the end of the second month of the
first semester. The standards for each of the other tests
are based on scores obtained in a similar manner.
The standards for each test are given at the foot -of the
test sheet. These standards make it possible to deter-
mine each month whether a class or a pupil is at, above,
or below the expected median score for pupils of that
grade. They provide a continuous survey of the results
on the basis of which necessary adjustments of instruction
can be made in reviewing arithmetic processes, and in
the teaching of the new steps.
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NaME, Harry Nelson GRADE 3 RooMm 306

CURRICULUM TESTS IN ARITHMETIC
RECORD OF TEST RESULTS

Enter the results of the tests in the spaces below. Keep your
record up to date. Write neatly and clearly.

Nomser or TEST Dare TAKEN (13\:0?}13;%};‘ RATING
1. Sept. 18 7 2
2. Oct. 16 9 3
3. Nov. 13 10 5
4. Dec. 12 12 5
5. Jan. 24 14 6
6. Feb. 22 13 5
7 Mar. 22 14 6
8. Apr. 20 15 7
9 May 18 14 6
10 . ... ..., ... June 18 15 NE

PROGRESS CHART

Use a chart similar to this chart to graph your scores. Watch
your progress. Your teacher will show you how to make your

graph.

TEST
RATING
T IT IIT IV V VI VIIVIII IX X
8 . Excellent
7
6 }Very Good
5 /_ \ Median
4 Danger Line
3
2
1

A Typical Individual Record and Gfaph of Scores on Curriculum Tests.



36 DIAGNOSTIC TEACHING

The records of test scores constitute the basis of legit-
imate incentives to stimulate efforts on the part of the
pupils to strive to increase their ability in arithmetic. An
analysis of the work on the examples in the test also
supplies valuable information as to the phases of the work
on which additional practice is needed by the class or by
individual pupils. (See page 35.)

Graphs showing the progress made by pupils and classes
month by month can also be prepared on the basis of the
results. (See page 35.).

Curriculum tests such as those that have just been
described constitute an important part of the technical
equipment of the teacher and the supervisor of arith-
metic. They supply much more detailed information
concerning the progress being made by the pupils in a
class than can be secured by the arithmetic scales which
are now being used, since no attempt is made in these
scales to evaluate or measure the ability of the pupil to
work examples of as wide a variety as are included in the
curriculum tests.

A complete series of ten monthly standardized curric-
ulum tests for each grade from 3 to 8 is available. The
tests for each grade are based on the detailed work for
that grade, as found in the Triangle Arithmetics, pub-
lished by The John C. Winston Company.

Obviously, a single scale for grades 3 to 8, such as that
of Woody, must contain a series of examples covering a
much wider range of skills or processes than would be
found in a curriculum test designed to cover the work for
one month and for the period immediately preceding it.
In addition to the fact that the curriculum tests are
better adapted to measuring the processes in a grade
than the scales, there is the advantage that they make it
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possible to secure ten different comparable measurements
of the status of the work in arithmetic at regular intervals
during the year. Such information cannot be secured
by means of the standard tests previously available be-
cause none of them were constructed so as to follow a
specified curriculum, and because of the few forms of
each test available.

(b) Diagnostic tests. Rate tests, scales, and curric-
ulum tests supply much valuable information as to the
relative status of the achievements of pupils in arithmetic.
Still it has been found necessary to supplement them with
analytical diagnostic tests which will assist in the location
of the exact nature of the deficiency or difficulty that is
preventing desirable growth in ability on the part o
certain pupils.

One of the earlier forms of diagnostic tests, the Monroe
Diagnostic Tests in Arithmetic, consists of a series of 21
rate tests, each of which measures the ability of the pupil
in a particular phase of arithmetic. Illustrations of the
types of examples included in the tests are given on page
38. The pupil’s weakness is discovered by comparing
his rating on each of the tests with standard scores and
by locating the elements in which his score is below
standard. These diagnostic tests supply important in-
formation concerning the skills which they measure, but
they do not measure the ability of the pupil to work the
many types of examples not found in the series of tests.
Nor does the knowledge that a pupil s below standard \
on any one of the tests show why he is deficient in that
particular phase of arithmetic. Additional information J.[
based on a detailed diagnosis is needed as to the specific
difficulty or groups of difficulties which are the causes of
his deficiency. i
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TYPICAL EXAMPLES FROM MONROE DIAGNSSTIC

TESTS
ADDITION
Test I Test II Tesr VII Tesr XII Test XV
4 7862 * 7 14+3i= t+i=
7 5013 6 5 +4= Hti=
2 1761 6 %+ =
- 5872 5 §+35=
3739 0
- b
1
8
5
3
3
1
2
SUBTRACTION
TesT 11 Test IX Tesr XIII
37 94 739 1853 i— 3=
5 8 367 948 2 — 4=
MULTIPLICATION
Test 111 Test VIII Tesr X
6572 4857 560 807 617 840
6 ﬁ 37 59 508 80
Tesr XIV TesT XVIII Tesr XX
22X 3= 657.2 67.50 487.5 57.28
22X 8= A .03 .62 9.5
46004 20250 302250 544160

(Pupil inserts decimal points in tests XVIII and XX.)

Di1visiON
Tesr IV Tear VI Tesr XI TesT XVI

8)3840 82)3854 47)27589 2+ 1=
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Test XIX Test XVII Test XXI
4)148 Ans.: 37 .03)16.2 Ans.: 54 A72758.9 Ans.: 587

.9)65.7 Ans.: 73 .07)1.82 Ans.: 26 8.2)38.54 Ans.: 47

(In tests XVII, XIX, and XXI pupile write in answers and
place decimal points.)

Diagnostic tests may be divided into three groups: 1,
the sampling test, by means of which the teacher can
determine the ability of the pupil to work selected ex-
amples of the types included in the test; 2, tests which
seek to determine the specific elements in a process which
may be the cause of the pupil’s difficulty; and 3, tests
which seek to determine the ability of the pupil to work
examples of varied types, each type representing a dif-
ferent combination of the wvarious skills that are the
basis of tests of the second type. Tests of the third
type inventory the complete area of the process being
tested.

(1) The sampling test. In a sampling test the teacher
or supervisor includes a selected variety of examples in
different processes. After the test has been completed
the work on the papers of the pupils is analyzed and the
examples which are worked incorrectly most frequently,
are determined. A typical sampling test is given on
page 40. The curriculum test on page 33 may also
be used as a sampling test, since, after it has been given
the number of times that each example on the test was
worked incorrectly can easily be determined,

DiagNosTIC TEST VI

This exercise will help you to locate your difficulties in
working examples in fractions and decimals.

! Triangle Arithmetics, Book 2, Part I, page 250.
4



s 3

!

Add 4%, 53, and 73.
Subtract 6% from 153.
31 x 11 x 4.
Divide 7% by 6.
Divide 3% by 73.
Find the cost of 24 inches of ribbon at $.36 a yard.
Add 7.4, 8.25, and 563.
Subtract 7.5 from 18.25.
Multiply 27.5 by 16.

10. Divide 28.8 by 6.

11. Divide 753 by 16. Carry the work to two places.

12. Express .75 as a common fraction.

13. Write.as words: 26.07; 18.206; 728.01.

14. Multiply $.26 by 100; by 1,000; by 10.

15. Write a fraction and name its terms.

16. Add $37.64, $.04, $7, and $128.65.

17. Subtract $4.68 from $300.

18. Multiply $76.43 by 800.

19. Divide 570,665 by 95.

20. At 25 cents a dozen, how much do 8 cookies cost?

21. Which is more, I yard or £ yard?

22. Express 45 minutes as a fraction of an hour.

23. Find the cost of 2 pounds 4 ounces of meat at 40¢ a
pound.

24. Draw a plan of a garden 100 feet square to the scale
of 1 inch for 25 feet.

25. Find the volume of a trunk, 33 feet by 23 feet by
22 feet.

A blank, such as the one on page 34, can be used to
show the complete distribution of errors on the various
examples among the pupils in the class, and also the
number of times each example was missed.

The use of the sampling test makes it possible to devise
informal methods of locating the deficiencies in the work
done by a class, since the purpose of such a diagnostic
test is not to compare achievements with standards but
to determine the ability of the pupils to work certain

Rl 2k ad N
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types of examples. Sampling tests are not timed be-
| cause their purpose is not to determine the number of
i examples of a given type the pupils can work in a given
’Utime, but to determine whether they are even able to
work examples in the test.

The contents of sampling tests can be selected by
applying the same principles that were used in the con-
struction of the Curriculum Tests, previously described.
The examples that make up the sampling tests can be
selected from among those that are contained in a com-
plete list of the specific skills and types of examples that
constitute the curriculum. By a careful distribution of
the various types of examples in the sampling tests and
by varying the contents of such tests, a complete inven-
tory can be made in a short time, of the processes that
have been taught. Thus an excellent type of review is
also provided.

The new types of objective examinations may be used
as sampling tests. They enable the teacher to determine
the types of information the pupils may lack; to deter-
mine their ability to select correct solutions to examples;
to determine their grasp of important principles involved
in problem solving; and to secure other kinds of valuable
information. A typical exercise of this kind is the fol-
lowing completion test. Other types of useful informal
tests are described in Chapter IX.

A READING TEST!

Supply the missing word in each of these sentences.

1. 2 is a — fraction.
2. 32 18 an —— fraction.
3. 11 1s a —— number.

T Triangle Arithmetics, Book II, Part II, page 18.
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When § t is changed to 2 it is reduced to terms.
Before £ and 1 can be added, they must be changed to
a— denommator

10. To change % to § 5 multiply each term by —.

11. To reduce % to %, each term by 2.

12. Inverting 2 gives —.

13. Inverting 22 gives e

14. Inverting 5 gives

15. Before unlike fractlons can be added or subtracted,

they must be changed to fractions.

16. When changed to an improper fraction, 37 is equal
to —.

17.

18. A common denominator for 3, 1, and ¢+ is —.

19. Give the steps in working this example:

163 — 3% = ?
20. Express the following in the simplest form:
65 94 123 1625 183

Sampling tests enable the teacher to determine the
types of examples with which an individual or a class has
difficulty, but the exact reason for the difficulty can be
discovered only by a careful analysis of the work of the
pupil on the test paper. Such an analysis should reveal
whether the example was worked incorrectly because of
failure to understand the process involved, because of
Inaccuracy in computation, confusion of processes, faulty
methods of work, or for other reasons. Such an analysis
is greatly facilitated by applymg the techniques deseribed
in succeeding chapters and by a knowledge of the most
common kinds of mistakes made by pupils, lists of which
are also given.

(2) Tests for determining the element in a process

4.

5. 1 and £ are fractions.

6. 1 and 7 are fractions.

7. When } i is changed to 3 8 it is changed to —— terms.
8.

9.
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which is the source of the deficiency. In this group
there are two types: (a) those which aid in the selection
of the specific elements in a process on which the pupil
may be deficient; (b) those which show the level at
which pupil mastery in a process breaks down.

(a) Determining the element causing difficulty.

In the primary grades it is important for the teacher
to discover what specific number combinations the pupil
does not know, since lack of knowledge of basic number
facts is one of the chief causes of failure in the various
processes in the intermediate grades. For this purpose
the combinations may be grouped into sets according to
their difficulty as shown in Chapter IV.

When pupils are tested on one group after the other,
specific combination deficiencies can be discovered which
may be made the basis of the remedial work in subsequent
practice periods, each pupil practicing on the combina-
tions he does not know. The Wisconsin Inventory Tests
and Lunceford Diagnostic Tests are tests of this type.

Analysis of the example at the left in subtraction of frac-
tions shows that certain elements

b =53 =43 are involved in working it, each of
- 13 =13 =13 which may be the cause of diffi-
o 3+ = 32 culty. These elements are as fol-

lows:

1. Ability to change fractions to a common denominator.

2. Ability to see that borrowing is involved in working
the example.

3. Ability to change the form of 53 to 4%.

4. Ability to subtract mixed nmmbers containing like frac-
tions.

5. Knowledge that the answer must be expressed in lowest
terms.

6. Ability to reduce the fraction in 34 to lowest terms.
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Inability of the pupil to perform the work involved in
any one of these six elements, assuming that his knowl-
edgeé of the basic subtraction facts is adequate, may be
the cause of failure to work the example correctly. To
determine the exact element which is causing the diffi-
culty the teacher can prepare an informal exercise of the
following type which tests the pupil’s ability to do the
work involved in each element:

(@) Change the unlike fractions in the following pairs to
like fractions:

11— 2.2 = — 3.l=— 4 1 =—
3 _ 3 - __ i _ T =
1 — £ = 4 = T iz —
5. 41 =4 6. 51 =5 — 7. 61 = 6 —

93 =2 930= 2 2% =2 —

(b) In which of the following examples will it be neces-
sary to borrow before you can subtract the numbers?
1. 61 2. 7% 3. 61 4. b& 5. 9
— 42 — 21 — 23 — 2% -6

b ot

(¢) Supply the missing numbers in the following ex-
amples:

1. 13
5. 7

13 =1
61z 6. 7%
— 23

|STCH

13

oo
bof=
I
=-J

S|

TZ

7.

ow
Do

cal "

3.
6
2

It
N
Ko
o
e &

i
Icncn
o e

8. Ti-=

Ot =]

6
k3

(d) Reduce the fractions in the following to lowest terms
where they are not already so expressed:

L. 5% = 2 g = 3. 8% =
4. 9% = 5. 6% =

(e) Subtract the following, expressing all fractions in
answers in lowest terms.
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1. 9% 2. 6% 3. 8%
— 7% — 43 — 8%
4, 9% 5. T
— ¢ — 413

By means of such informal exercises as these the specific
element in the subtraction process which is causing diffi-
culty can be located. Such detailed analyses probably
are needed only for pupils who have marked weaknesses in
a particular process or for types of examples such as the
following which contain special elements of considerable
difficulty:

1. 9 2. 43 3.8 X% = 4. 71 +5 =
— 63 + 9
5. A 6. 265 7. 74/22,363 8. 2.7/685
.6 X 408
9 —

The great variety of types of examples in each process
which involves different combinations of skills and each
of which consequently contains different possible causes
of difficulty is a factor which must be taken into con-
sideration in the development of such diagnostic exer-
cises as that presented above for the subtraction example.
Such detailed analyses of the elements involved in work-
ing any example make clear to the teacher the variety
of steps that must be presented in teaching the method
of working the example. The labor involved in preparing
suitable diagnostic exercises of this type can be con-
siderably reduced by limiting the analyses to the difficult
types of examples in the various processes or by using
the ready-made exercises found in the newer textbooks
and in sets of remedial exercises.
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The application of this technique of diagnosis involves
first the location of the types of examples with which a
pupil or a class has difficulty by means of a sampling
test. When the difficult spots have been determined the
next step is to give each pupil the exercise which will
aid in the location of the exact element in that type of
example which is giving him difficulty. Usually it will
be necessary to use such analytical materials with only
a small group of pupils who do not appear to profit from
the help given by the teacher in the class presentation.
Such exercises are not timed nor are standards available
which can be used for comparative purposes. The funec-
tion of such tests is to aid the teacher to locate the ele-
ment in examples of a given type which is the cause of
difficulty, not to measure the ability of the pupils to
work such examples.

(b) Determining the level at which mastery breaks down.

It has been suggested that it is possible to determine
the level at which pupil mastery of a process breaks down.
In order to apply this method, the important skills in
arithmetic are first analyzed into a number of component
parts, each of which can be measured in isolation. The
Compass Diagnostic Tests in Arithmetic are based on
this principle. The diagnostic test in addition of whole
numbers which is the first one in this series of twenty
tests is given on pages 47 to 49. The test consists of
five parts, as follows:

TiME ALLOWED

Part 1, The Basic Addition Facts. 3 minutes
Part 2, Higher Decade Addition. 6 minutes
Part 3, Column Addition. . 3 minutes
Part 4, Carrying in Column Addition. 6 minutes

Part 5, Checking Answers in Addition. 9 minutes
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COMPASS DIAGNOSTIC TESTS IN ARITHMETIC
RUcH—KNIGHT—GREENE—STUDEBAKER
EDITED BY G. W. MYERS

TEST I: ADDITION OF WHOLE NUMBERS: FORM A

47

School o Date .o oo .
{Name) (City) (State)
SuMmaRrY oF PuriL's SCORE PAntT | PanT | PART | PART | PART || TOTAL
1 2 3 5
Scores on Parts of Test
Educational Age Equivalent
Grade Equivalent of Score
PART 1—BAsSIC ADDITION FACTS
Add:
0+2= 441= O 9 5 2 38 1 17
1+7= 543 = 2 1 0 3 4 1 5
2+ 2= 1+0= - — —/ =
T+ 6 = 6+ 4= 9 8 5 T 6 4 2
245 = 3+4= 2 4 4 4 2 1 6
24+1= 24+ 17= - T 7
0+ 9 = 1+6= 9 4 8 0 4 2 6
942 = 3+3= 5 0 6 7 2 5 6
34+9= 74+ 4 = - /=
5+ 8 = 0+4+0= 5 2 4 3 7 8 8
9+41= 949 = 3 4 5 7 3 3 8
8+ 5 = T+ 5 = - — —
2+ 8= 944 = 9 0 1 9 2 7T 1
8+8=  74+2= 6 9 T 7 8 6 8
7 1 79 5 8 3 6
8 6 7 9 0 9 3

Score on Part 1 = Number right
[Total possible score = 70 points]
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PART 2—HIGHER DECADE ADDITION

.2168184972410 6 16 14
5 2 .

4 24 21 4 32 1 4 38 4 33 7
2 3

Add:
1947 = 14 4 2 = 10 + 3
12 + 2 = 11+ 7= 18+ 8
20+ 7 = 28 + 7 = 0+ 20
26 + 6 = 184+ 7= 224+ 0

Score on Part 2 = Number right =
[Total possible score = 66 points]
ParT 3—COLUMN ADDITION
Add:

4 7 6 9 6 9 9 4 7 3 2
7 4 6 4 4 7 2 2 6 0 4
5 9 9 6 0 8 4 9 7 1 3
1 3 4 7 9 7 7 4 2 8
4 9 5 1 5 8 8 4 1
O 6 9 8 7 1 8
8 6 2 &

Score on Part 3 = Number right X 5§ =
[Total possible score = 60 points]

It

|QD'P-O~'JCJ\0305
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PART 4—CARRYING IN COLUMN ADDITION

Add:
1. 2. 3. 4, 5. 6. T.
29 98 17 47 117 766 27
47 13 13 4 960 982 96
— 67 13 517 932 7
- 49 N 448 84
29 — 98
— 17
8. 9. 10. 11. 12. 13. 26
9132 7027 162 653
5112 249 4914 5156
2343 7191 9737 7360
7417 9235 67 2661
— 9059 9280 4099
- 427 9730
— 9222

12. Copy and add: 62 4 604 + 827 4 797 + 997 = ? (Put
your work under 12 above.)
13. Copy and add: 76, 64, 60, 97, 35, and 20. (Put your work
under 13 above.)
Score on Part ,, = Number right X 10 = ...
[Total possible score = 130 points]

PART 5—CHECKING ANSWERS IN ADDITION

Directions: Some of the printed answers below are right, and some
are wrong. Check each sum by adding downwards.
Write your check answer on the line at the top of the
example. The first one is already done correctly.
797

213 165 6566 9270 7774 887 162 653
128 923 3157 9984 9447 756 4914 5156
456 928 4918 4763 7267 798 9737 7360
787 466 7194 7163 2848 91 67 2661

2484 77 9650 9192 700 9280 4099

21792 3083 36528 206 427 9730
3618 24587 9222

38861

Score on Part 5 = Number right X 10 = oo

[Total possible score = 70 points]
Copyright, 1025, by Scott, Foresman and Company
Printed with the permission of the publishers,
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The five tests are given consecutively, the pupils being
allowed the time indicated for work on each part. Their
ability is measured by the score they make in each part
of the test, based on the number of examples worked
correctly. No attention is paid to the number of ex-
amples worked incorrectly. Each part of the test is
essentially a rate test. Standard scores In terms of the
number of examples are provided in each part of the
test, which make it possible to compare the scores made
by each pupil with reasonable norms. Scores may be
expressed as arithmetic ages for each part of the test and
for the whole. If the pupil’s score is below the standard
on some part or parts of the test, it is assumed that he is
deficient in the skills contained therein, thereby locating
the level at which his mastery of the process breaks down.
A typical record is given in Figure 1 for Test III, Multi-
plication of Whole Numbers.

NaMmE, Elsie Schmidt GRADE L4 Boy or GIRL: Girl

Ace 10. WHEN 1S YOUR NEXT BIRTHDAY? September 4.

How OLp WILL You BE THEN? 11

ScuooL, Barton. Minneapolis, Minn. DATE, May &, 1928,
(Name) (City) (State)

PArTB

SUMMARY OF SCORB ToraLn

I Im|m |1 | v | v

Number of examples correct | 49 | 53 | 42 | 29 | 1 5 | 179
Educational age equivalent 9-6
Grade equivalent of scores. |H4 | L4 | L4 | L4 | H3 | H3 | L4

FIGURE 1.

The pupil whose record is shown is in the low fourth
grade. Her score on Part I, Basic Multiplication Facts,
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is equivalent to the High 4 standard. Her scores on
Part II, Additions Needed in Multiplication in Parts 4, 5,
and 6; Part I1I, Carrying in Addition used in Multiplica-
tion, and Part IV, Fundamentals in Multiplication, are
equivalent to the standards for the Low fourth grade,
the grade she is in. Her scores on Part V, Checking Mul-
tiplication, and Part VI, Finding Errors in Multiplica-
tion, are both considerably below the standard for her
grade. Remedial work must begin at the levels rep-
resented by the materials and skills for Parts V and VI.

Just what is meant by “level” has not been clearly
defined by the authors of this series of tests. An analysis
of some of the tests shows that many of the important
types of examples in the process have been omitted.
This probably is due to the fact that it is the theory of
the authors that the ability of a pupil can be adequately
determined by measuring his ability to work a satisfac-
tory number of examples from a fairly large sampling of
the total possible list of types of examples in the process
rather than all types. These tests therefore do not form
the basis of a complete diagnosis, nor do they provide
techniques by means of which the why of failure at a
‘particular level can. be discovered. The fact that a
pupil is below the standard on one part of the test, say in
subtraction of fractions, may be due to marked inability
to work examples involving zero difficulties or borrowing
procedures, or to some difficulty on some specific skill
lumped in the same test with other specific skills, and
not to an all around weakness in subtraction of fractions.

No attention is paid to the number of examples
attempted and therefore the relative accuracy of the pupil’s
work is not determined. Specific types of difficulties are not
located by these tests, nor are faulty methods of work
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revealed. If a pupil is assigned practice work on the
basis of his test scores above, such exercises may tend
further to establish, rather than to eliminate, faulty
habits which cannot be detected by such tests.

(8) Tests which determine the ability of the pupil to
work a wide variety of types of examples in each process.
An analysis of the learning process in each of the opera-
tions in arithmetic shows that the pupil may encounter
a wide variety of types of examples in each process. Sets
of examples can be prepared, each of which represents a
particular combination of specific skills and elements not
found in the other examples in the set. This point has
been made clear by Monroe! in the following statement:

“Assuming the possibility of this conclusion, a little con-
sideration will reveal that there are a large number of
types of examples in division of decimal fractions. Even
within a range of relatively simple examples in division of
decimals it is possible to enumerate a considerable number
of types. If each type of example requires a specific
ability, it is clearly very important that this field of
subject-matter be carefully analyzed to determine the
fundamental types of examples. It is also obvious that it
is extremely important that each teacher be aware of the
several types of examples which exist and make certain
that each pupil is trained in handling each type of example.”

When the pupil is learning to work examples in a proc-
ess it is desirable, therefore, that the practice exercises
used to develop skill contain these varied types of ex-
amples in order that the whole area of the process may
be covered. For example, in considering the skills in-
volved in the addition of proper fractions the following
types must be considered:

! W. S. Monroe, “The Ability to Place the Decimal Point in Division.”
Elementary School Journal, Vol. 18, pp. 287-93, it in Division,
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ADDITIONAL TYPES

1. 1 2. 1 3. 2 4, 2 5 %
1 1 1 4 5
_3 4 4 _5 _€
P =1 i=1 =1 We13=13

In this group of addition examples, each pair of frac-
tions has a common denominator. In example 1, the
sum, when found, is already expressed in lowest terms;
in example 2, the sum must be reduced to lowest terms.
A new element is introduced in example 3, since the sum
is expressed as an improper fraction which when reduced
to simplest form is a whole number. In example 4, the
sum is an improper fraction which is reduced to a mixed
number, involving no further reduction. In example 5,
the sum is an improper fraction which when reduced to
a mixed number contains a proper fraction (%) that
must be reduced to lowest terms. Each of these examples,
therefore, involves a different combination of skills and
must be considered as a separate type in the construction
of drill materials or diagnostic exercises.

These types can be varied by introducing the element of
unlike denominators which greatly increases the difficulty
of each basic type and, therefore, practically results in
a new series of types each of which may cause difficulty.
Note the following addition examples paralleling the five
given above in which the only new difficulty included is the
factor of reducing the fractions to a common denominator.

3
1.1 2.1 3. 1 4.3 5. %
1 1 4 2 1
S _8 B 5 _2
— 1 — _— 3 — 2
1z t=13 g=1 35 = 1% g=13 =13

The six examples in division of proper fractions, given
below, also contain elements which make each of them
a specific type. In type 1, the quotient is a whole number
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greater than unity; in type 6, the answer is unity. The
answers for types 2 and 3 are fractions, reduction being
involved in the latter type. In types 4 and 5, the

DivisioN TYPES

. 1 . 1 __ 8 — 2 — 11
1.%‘—%_—%=2. 46-3—"—6‘—1-6‘—13
1 . 1 __ 2 1.1 -1 =12
2.3 +3 =3 5.3 +r1=%=1s
<1 __ 1 1 - 1 _ 8 —
3.3 +1=4¢=1% 6.3 +3=8=1

quotients are mixed numbers, type 4 involving reduction
to lowest terms.

The types here given may be made more difficult by
increasing the sizes of the numerators to numbers larger
than 1. Complete analyses of the important types of
examples in each of the processes in whole numbers and
fractions are given in Chapters IV and V.

In analyzing the types of examples in decimals the
chief difficulty involved, in addition to the computation,
is the proper use of the decimal point in each process in
various types of examples. The analysis of types of
examples of decimals can be made on this basis. Such
analyses of types of examples in decimals are given in
Chapter VI.

In making a study of pupil difficulties in arithmetic, it
is necessary to survey their abilities over a wide range of
skills in each process and to determine their ability to
work the numerous types of examples in which these
skills may occur in different combinations, or in which:
specific difficulties, such as those involving zeros, are
present. A complete diagnosis of deficiencies cannot be
made on the basis of the work done by the pupil on a
few examples in each process selected at random, since
it is practically certain that through this procedure the
ability of the pupil to work difficult types of examples
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not included in the test cannot be determined and serious
deficiencies may not be discovered.

The necessity of such a detailed analysis of types of
examples has been recognized by Buswell and John.t In
their study of the nature of the faults of pupils in work
in the fundamental processes they used tests covering the
entire range of types of examples. In the studies dealing
with the most common sources. of errors in fractions and
decimals, that are reported in subsequent chapters, the
surveys of errors were made on the basis of an analysis
of the mistakes made on diagnostic tests made up of a
wide variety of types of examples in each of the processes.
Similar analyses of difficulties have previously been
based on the errors made on a small. number of examples
covering only a small part of the total area of the proc-
esses in fractions.

Diagnostic tests of this type.are not timed. Their
function is to make it possible for the teacher to deter-
mine the specific types of examples in.each process which
the pupils may not be able to work, not to compare their
rate of work or their accuracy with standard scores. A
class summary (see page 56) may be made of the number
of times each of the examples was worked incorrectly,
thereby locating the places where remedial work is needed.

As has been indicated, the nature of the specific element
which is the source of the difficulty must then be deter-
‘mined by a careful analysis of the pupil’s work, or by
means of the specific types of diagnostic tests previously
described. In some cases a special study of the pupil’s
methods of work must be made by methods described
in the discussion of individual diagnostic procedures.

1G, T. Buswell and L. John, “Diagnostic Studies in Arithmetic,”
Supplementary Educational Monograph, No: 30 (Chicago, Illinois: Uni-
versity of Chicago Press, 1926).
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BRUECKNER DIAGNOSTIC TEST IN FRACTIONS
Class Diagnostic Sheet

ScHOOL, Marshall GRADE TB3 Room 309
TEACHER, Florence Smith DATE, October 4, ——

Record opposite each example the number of pupils that
missed it. This analysis will reveal class weaknesses and the
necessary remedial work. It should be followed by a study of
individuals.

—

E 1| SuB- | MuL- |y & ADDI- SUB-_ 'II}/IIIELI_I‘:I Drvi-
T | o | Tag | o 3 | To¥ | T | catiow | o
= 2]
1| 6| 38| 12|19 11 9113 2019
21 8| 9] 18120 2116 |11 21|18
Row |3] 9| 8| 11|22 | Row |3 |12 10| 22|23
I 4|17 |11 21 (23| VI (4] 7|16 24| 19
5|14 | 8| 20|22 5|21|15]| 16
1| 3] 6] 13|15 11 9| 5| 15|18
2016 |14 | 20| 14 2116 7| 2022
Row (83| 6| 6| 12 |11 | Row |3 | 18|12 | 16| 23
I |41 4] 81 11|21 || VII | 4|14 {11| 24 | 27
5| 7| 8| 16| 23 5|22 |17 23|27
11110 13 17 1]10]15| 20 18
2110 15| 127 15 217 (11| 15|20
Row |3 115110 | 7|23 | Row (3|18 |14 23] 15
HI (4112 112 | 18 |21 || VIII | 4|19 | 15| 26 | 25
51514 | 14 5122 8| 271 23
1| 9115 18|25 1 17| 17
2|19 16| 16| 20 2 20 | 23
Row |3 | 13 | 13| 22 | 19 || Row | 3 18| 26
IV |4 |11 | 14| 23|23 IX |4 15 | 20
5115|11 | 19 5 23 | 22
1115 9| 17|20 .
2115 |14 | 20| 22 REMARKS:
Row [ 3|17 | 6| 24| 20
V |4|15|15]| 23] 29
5118 7| 24|20

Copyrighted 1928, by I.. . Rrucckner, Minneapolis, Mina,
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Diagnostic tests of this kind are also very useful in
connection with the development of instructional mate-
rials.! The contents of the practice exercises can be
constructed in such a way that the types of examples
found in an analysis of possible types will all be included,
and according to certain specifications set up in advance.
In this way, the serious limitations that have been found
to exist in the present-day practice exercises in the vari-
ous processes can be overcome. The nature of these
deficiencies is made clear by the following conclusions
based on a study by Brueckner? of the distribution of
practice on the various types of examples in the subtrac-
tion of fractions found in ten modern textbooks:

The range in the amount of error on the 58 types of sub-
traction examples by a group of 167 sixth-grade pupils is
from 7 per cent on type (3 —3) to 40 per cent on type
(8% —12). It is therefore obvious that each of these types
should appear in drill materials in subtraction of fractions.
Some of the types on which there were the largest amounts
of error are entirely missing in some of the texts.

Textbook writers apparently have not constructed their
drills in the subtraction of fractions according to specifica-
tions which consider the question of types of example as a
factor. In the ten textbooks analyzed, the range in the
number of types missing was from 16 to 46.

Very little practice is given in solving examples of the types
that do occur in textbooks, since on the average 75 per cent
of the types that are found in texts occur less than five times.

There is no agreement as to what types of examples
should occur in drills, there not being a single one of the 58
types that occurs in all ten textbooks.

1 An excellent series of such diagnostic tests and practice exercises
may be found in L. J. Brueckner, C. J. Anderson, G. O. Banting, and E.
Merton, Diagnostic Tests and Practice Exercises, Grades 3,4, 5,6, 7, and 8
(Philadelphia, Pennsylvania: The John.C. Winston Company, 1929).

21, J. Brueckner, ‘A Technique for Analyzing the Distribution of
Drill in Fractions,” Journal of Educational Method, Vol. 7, pp. 852-58.
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3. FacTors To BE CONSIDERED IN SELECTING A TEST.

The most important consideration for the teacher to
bear in mind in selecting a test is the purpose for which
the test is to be given. If the teacher merely wishes to.
secure a picture of the present status of her class, a survey
test should be given. If the teacher wishes to discover
the sources of difficulty of pupils in the class, a diagnostic
test should be given. When necessary the teacher should
supplement the information secured by these tests by
data of other types, that would help her to locate the
causes of deficiency in'the work of pupils whose scores.
are much below the standard for the grade.

Not all tests that are now available have the same,
value. This is due to the fact that they have not always
been carefully constructed, and that basic principles that
should underlie the construction of a test have not been
taken into consideration. Briefly stated the criteria
to be considered in the evaluation of a test are the
following:

1. Ease of giving and scoring the test.

2. The validity of the test; that is, the general worth-
whileness of the test, the extent to which it parallels the
curriculum being taught, and the value of the test as a
means of measuring what it purports to measure.

3. The reliability of the test; that 13, the degree of
accuracy of measurement, the stability of & measure of
the ability of the pupil on various forms of the same test,
and the degree to which the test measures what it is
claimed to measure.

4. The cost and the availability of equivalent forms
of the test. To allow for repeated measurement, tests
with duplicate or equivalent forms should be selected.
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Those who may be interested in making a detailed study
of these factors will find an excellent discussion of ecriteria
to be considered in evaluating standard and unstandard-
ized tests in G. M. Ruch, The Objective or New-Type
Examination, published by Scott Foresman and Company.
Similar discussions are given in the texts listed in the
bibliography at the end of this chapter. Manuals that
are published for -standard tests usually contain data
regarding their reliability, their validity, the basis for the
standards or norms, and other pertinent data.

PROBLEMS FOR STtuDY, REPORTS, AND DiscUsSsION

1. Show that arithmetic consists of a large number of
specific skills and abilities.

2. Why 1s rate of work an 1mportant factor in ablhty in
arithmetic? What provision is made in textbooks for giving
standards for rate of work?

3. How does a pupil’s rate of writing affect his scores in
an arithmetic rate test? Why?

4, Is 1009, a reasonable standard for accuracy in long
column addition in grade 57

5. How does a scale differ from a rate test? What aspect
of ability is measured by a scale? What arithmetic scales
are available?

6. What is meant by the “area’ of a process?

7. Select from the tests listed in the appendix and those
described in this chapter-a group of tests and exercises that
you feel should be part of the teaching equipment in arith-
metic instruction.

8. Examine textbooks in arithmetic to find out what
provision is made for survey tests, diagnostic tests, and prac-
tice exercises. How are standards stated?

9. Prepare a’sampling test that may be used to deter-
mine the ability of the pupils to work examples in some
phase of arithmetic processes. Give the test and deter-
mine the frequency with which pupils work each example
incorrectly,
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10. Analyze carefully the skills involved in the diagnostic
exercise on page 44. Prepare a similar exercise. Give it
to a class of pupils and analyze the results. . .

11. What is meant by a “type’’ example In f_ractlons?

12. Why are analytical diagnostic tests not timed?

13. How may the validity of a test be determined? _

14. Examine the manual of some standard test and find
out what information it contains concerning the procedure.
followed in preparing and standardizing the test, its reli-
ability, validity, norms, and method of scoring.

SELECTED BIBLIOGRAPHY
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CuAPTER III
TECHNIQUE OF INDIVIDUAL DIAGNOSIS

Survey and diagnostic tests give the teacher important
. information as to the pupil’s ability in the various proc-
esses in arithmetic, and aid considerably in the location
of the causes of weakness in some cases. But these tests
must be. supplemented by a special study of the work of
an individual pupil who is much below the standard for
his grade or is not making satisfactory progress due to
some sort of hidden difficulty which is not apparent from
a study of his work on the test. The number of pupils
in need of such careful study will vary from class to
class. Ordinarily not more than from five to ten in
a class of forty require such an analytical examination.

Diagnostic procedures to be used with individual cases
may be classified as of three types: 1, general, 2, analyt-
ical; and 3, psychological.

1. GENERAL DIAGNOSIS.

By means of survey tests and scales, the teacher can
determine the general level of the pupil’s ability in arith-
metic. These data provide a basis of selecting pupils
whose work is below the standard for their grade. As
has been indicated, such scales and survey tests give
almost no information as to the exact causes or nature
of the deficiencies of pupils whose work is not up to
standard. A graph such as that on page 107 may show
that all classes in the school are above the average. The

(62}
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giving of a survey test, however, is only the firs{ step in

an effective testing program. When a class score is
" considerably above average there is often great danger
that the pupils who are at the lower end of the class dis-
tribution may be overlooked and no special adjustment
made to bring their work up to the standard. For
example, a certain principal in his report of the results
‘'of a testing program in arithmetic, which showed the class
averages to be above standard throughout, stated that
because of this fact drill in arithmetic need not be stressed,
thereby implying that the work of all pupils was satis-
factory. An analysis of the scores made by individuals
in his classes showed that several of the pupils were
considerably below standard and in need. of special indi-
vidual help.

When a class score is below the standard, possible
factors which have produced this result should be inves-
tigated. The mental level of the class may be such that
their achievement may really be exceptional for pupils
of their mental level; the class may contain many aver-
age pupils; there may have been excessive absence for
various reasons; there may have been a considerable
turnover in the pupil population; the instructional mate-
rials may be unsatisfactory; the teacher may be incom-
petent; or the training that the pupils received in earlier
grades may have been inferior.

When survey tests can be given only once during the
year, they probably should be given early in the school
year instead of at its end, as is often done, because then
the data can be used as the basis of adjustment of instruc-
tion during the remainder of the year. About the end
of the first month of school would seem to be the best
time for these tests, since by then the “warming up



“64. DIAGNOSTIC TEACHING

process” or review work which is necessary to overcome
the retrogression in ability in arithmetic which occurs
during the summer vacation is completed and a more
reliable picture of the conditions would be secured than
by a test given immediately after the opening of school.
Obviously, it is desirable to repeat the testing program
later in the year to secure data as to the growth that has
taken place as a result of the work during the year. A
class, which may be below standard at the end of the
year, may actually have made excellent progress when
their rating is compared with similar ratings secured
earlier in the year. A series of standard tests given at
more frequent intervals and standardized for the work
being covered by the class provides a more adequate
basis of supervision and instruction than two tests that
may not even cover the curriculum that the pupils are
following, given at the beginning and the end of the year.

2. ANALYTICAL DIAGNOSIS BY MEANS OF TESTS.

In this group may be placed all such diagnostic pro-
cedures involving the uses of tests as are employed to
determine:

(a) the particular process in which the pupil is
deficient;

(b) his ability to work certain types of examples
contained in sampling tests;

(c) the particular element or skill in a process which
may be the cause of the deficiency:

(d) the level at which pupil mastery of a process
breaks down:

(e) his ability to work a large variety of examples
in a process, such as are contained in compre-
hensive diagnostic tests.
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As has been shown in the preceding chapter, there
are available at the present time standard diagnostic
tests which make it possible to determine the weaknesses
of pupils by any of the five methods listed above. If a
pupil’s rating on a test, containing a partial sampling of
the varieties of examples in a process, is considerably
below standard there is every reason to believe that he
may have difficulties in the process as a whole which
should be investigated. Such sampling tests have the limi-
tations that they do not show whether the pupil knows
how to work examples of the type not included in the
test, nor do they reveal the specific nature of the difficulty.

Standard diagnostic tests, or informal exercises, which
assist in locating the particular element in an example or
in a process that is the basis of the difficulty, are excel-
lent teaching guides. They indicate the steps that must
be presented in teaching the process. Such informal
exercises can be prepared by any teacher who under-
stands the technique of analyzing the skills involved in
any given example, described in the preceding chapter.

The knowledge that a pupil is having difficulty because
of some specific element, may be made the basis of the
remedial teaching. Such remedial work is given after
the teacher has discovered by some method whether the
difficulty is due to lack of comprehension of the process,
lack of some more basic skill, or to other causes. Diag-
nostic tests which enable the teacher to determine the
level at which pupil mastery breaks down, or to ascer-
tain which types of examples in a particular process a
pupil is not able to work, are analytical in character and
indicate the places where remedial work must be done.
Neither of these types of tests indicates the specific causes
of the difficulties either of individuals or of the class as a
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' whole. In order that the teaching may function effec-
tively, it is important that the exact nature of the inter-
fering element, process, ‘skill, or method of work be
determined. This is especially needful for pupils whose
-work shows little improvement.

3. PSYCHOLOGICAL DIAGNOSIS.

When the teacher has discovered, either by the general or
i)y the analytical methods of diagnosis, that the pupil is de-
ficient in arithmetie, the problem then presents itself of how
best to discover the exact cause or nature of the difficulty.

(a) Specific procedures inm psychological diagnosis.
The specific procedures used in the psychological type of
diagnosis. have been devised for the purpose of locating
the exact causes of failure or difficulty in arithmetic.
Such procedures supplement the data secured from sur-
vey ‘and diagnosti¢ tests. The two chief methods of
psychological diagnosis -are: 1. To analyze the written
work of the pupil. 2. To observe the pupil’s mental
processes in working examples, which can be done when
he is required to do all of the work aloud.

(1) Analyzing the written work of the pupil. Many
difficulties of pupils are apparent after an analysis has
been made of their written work. Some of these difficul-
ties are easily removed by a few helpful suggestions.

@ +4+%=%2=1%1 In example (a) at the left it is
evident that the pupil added the two numerators and the
two denominators to find the terms of their sum.

(b) g5 In example (b) the pupil probably sub-

— g9 tracted the 5 from the 9 instead of bor-

—— rowing. Both of these examples illustrate

54 faulty methods of work and show that
some direct teaching is needed.
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(¢) 4836 =162 In example (c) the pupil carried
the wrong number (4) from (24), the product of 4 X 6,
and wrote the (2).

d) 73 In example (d) the pupil gave the incor-

+ 26 rect sum of 6 + 3. Both of these ex-
—— amples illustrate possible carelessness in
98 work, or errors due to lapses in attention.
(e) g8 Insome cases it is more difficult to deter-
47 Wine the exact cause of the error by an ex-
rg amination of the written work. In example
—— (e) the pupil found the correct sum for the
191 gt column and the incorrect sum for the
second. The error may have been made because he had
difficulty in carrying or because of faulty sums in the
several additions in that column.

() 13 + 3% =% In example (f) it is not possible to
determine the cause of the error from the work given.
The pupil may merely have guessed an answer; he may
have tried to work the example mentally and have
omitted some important step; he may not have known
how to reduce mixed numbers to improper fractions or
how to invert the divisor. In order to discover the exact
cause of the difficulty in examples, such as (e) and (f) in
which the reasons for the errors are not obvious, the only
satisfactory way to proceed is by means of a conference
with the pupil in which his work is discussed and his
difficulties are ascertained. While an analysis of the
written work, in many cases, reveals the kinds of errors
that were made, it does not give any information as to
the mental processes of the pupil while working the
examples, his methods of work, or his specific weaknesses.

(2) Observing the mental processes and habits of work of
the pupil. While survey and diagnostic tests may give
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the information that a pupil is considerably below a desir-
able standard in one or more processes or elements of
processes, they yield no information as to his mental habits
and methods of work. A pupil should not be assigned
practice exercises in the process in which he is deficient
before the teacher has made certain whether his difficulty
may not be-due to faulty, roundabout methods of work,
lack of knowledge of the method of working the examples
in the exercises, or some specific deficiency, such as
inability to carry in addition or to borrow in subtraction.
This can best be done by a careful observation and
analysis of the work of the pupil as he works the examples
orally.

One of those who first used this technique was Courtis!
who describes methods of diagnosis and typical errors in
processes in his Teacher’s Manual for the Standard Prac-
tice Exercises in Arithmetic. Uhl? discussed the value
of standardized material as the basis for diagnosis and
described typical errors revealed by an analysis of the
oral work of pupils in solving examples. The first blank
for recording typical errors in arithmetic and the first
standard test for analyzing pupil difficulties in the proc-
esses with integers were published in 19222  These
materials were the forerunners of the much more care-
fully constructed diagnostic tests and record blanks
which are now used in diagnostic work in all arithmetic
processes.

1S. A. Courtis, Standard Praclice Erercises in Arithmetic (Teachers’
Manual), (Yonkers-on-Hudson, New York: World Book Company, 1916).

2W. L. Uhl, “The Use of Standardized Materials in Arithmetic for
Diagnosing Pupils’ Methods of Work,” Elementary School Journal, Vol.
18, pp. 215-18.

1 L. J. Brueckner, “A Necessary Step in the Diagnosis of Pupil Diffi-
culties in Arithmetic,” Third Yearbook of the Department of Elementary
School Principals (Washington, D, C., 1924), pp. 290-300,
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The steps to take in making a psychological diagnosis
of the pupil’s methods of work are as follows:

1. Select for special study the pupils in the class whose
work is considerably below standard in any process or
part of a process.

2. If the pupil is deficient in a whole process, select a
standard diagnostic test containing a wide variety of
types of examples in the process in which the pupil is
deficient. When a standard test is missing, the teacher
can devise an informal one for the immediate purpose.
Several modern arithmetic textbooks contain satisfactory
tests for this kind of diagnosis. If the pupil’s deficiency
seems to be limited to one element of a process or to a
particular type of example, materials of a much more
restricted nature, limited to the phase in which the pupil
is deficient, should be used.

3. Select one of the pupils for special study. Bring
him forward to the teacher’s desk. Place him in a chair
at the right of the examiner. At some convenient time,
when the other pupils are working on drill exercises,
direct the pupil to work the examples in the test aloud,
simply saying to him, “Since we have discovered that
you are not up to standard in ——, the best way for me to
find how to help you will be for you to work the examples
aloud for me, instead of working them silently, like

this. .’ After a simple demonstration, pupils readily
understand what is wanted and proceed to work the
examples.

4. Carefully observe the verbal statements of the pupil.
Make a note of any faulty procedures, examples which
evidently present serious difficulty, roundabout state-
ments of method, or other possible sources of difficulty
that are evident. Whenever necessary require the pupil
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to repeat the work. If there is a long pause, the examiner
should seek to determine what the mental activities of
the pupil were during that time. This can usually be
done by judicious questioning. To .prevent fatigue, a
diagnosis of only one process should be made on one day.
5. Observe the pupil’s habits of work. He may be a
“counter,” lie may dawdle, his attention may easily be
diverted, he may be bored by the whole process. Through-
out the entire period of the examination every effort
must be made to take an impersonal attitude toward
the pupil’s responses. Under no circumstances should
the pupil be censured for faulty habits that are revealed,
since this might result in the inhibiting of his responses
and make it difficult to proceed with the diagnosis. The
attitude of the examiner should be the same as that of
the physician or clinician who is. seeking to determine
the cause of an ailment, that is, a critical, impersonal
study of the case in hand, unbiased by prejudices or
emotion. Nor should any attempt be made during the
diagnosis to teach the pupil the correct methods of work.
This should not be done until after the diagnosis has
been completed. |
6. Record the results of the diagnosis on the pupil’s
record blank for future reference both in deciding what
remedial work is needed and to find what faults have
been eliminated as a result of the remedial work that is
done. File the pupil’s test paper with his record blank.
(See pages 104 and 106 for typical record sheets.)
(b) A typical summary of errors in a school. The
following statement is a summary* of the faults that were
found as the result of the psychological diagnosis of the

, kel IJ%I .Probstt, :S"Fol%ov\.rfing Epsausurve% gf Instruclt\jlon,” Proceedings of
wnesota -Society for the St 0 ucation inneapoli 1 .
sota, 1925), pp. 32-37. vof ( 2polis, Minne
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difficulties of 45 pupils in grades 4 to 6 in the Calhoun
School of Minneapolis who were rated by the test results
as “pupils so far below standard that special adjustment
is necessary’’:

The types of difficulty disclosed were most interesting.
The most common fault proved to be the habit of counting.
The teachers had worked faithfully to secure automatiza-
tion of all combinations, but in spite of their efforts,
twenty-three counters slipped through. They counted in
the most amazing ways, with lips, tongue, toes, and fingers.
Sometimes the counting was scarcely perceptible. Fourteen
had a short attention span. They could readily add a
column of four or five figures, but beyond that they were
lost. Fourteen moved lips constantly, vocalizing every
step, ten had a bad habit of guessing, eight failed because
of faulty procedure, and six failed because of slowness.

Addition difficulties. Twenty-two skipped around, select-
ing combinations that seemed easy to them; eighteen
hunted about for addends of 10; eighteen inspected the
example to find a starting point; eleven had trouble with
carrying; five added all the large numbers first to get them
out of the way, and nine used curious roundabout methods.

Subtractron difficulizes. Fifteen showed weakness in the
fundamentals; fourteen had trouble with borrowing;
twelve used roundabout methods; three always subtracted
the smaller numbers from the larger whether it was in the
minuend or the subtrahend; four added to obtain results,
and three counted backwards, using the fingers to keep
track of the count.

Multiplication difficulties. Ten showed weakness in fun-
damentals; seven had carrying difficulties; nine used the
multiplicand and the ‘multiplier, and two had zero difficul-
ties.

Division difficulties. Nineteen had trouble with divisions
having remainders; twelve had zero difficulties;. eleven
repeated the tables to secure results; eight used roundabout
methods; twelve had difficulty with trial division, and six
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couldn’t remember the number to carry in the multiplica-
tion involved.

It took from forty-five to ninety minutes to complete an
individual diagnosis, the time depending upon the number
and kind of difficulties encountered. We were fortunate in
having the assistance of student examiners, but if we had
not had their help, we could readily have made our own
diagnoses. Anyone who is supplied with the necessary
diagnostic material can do the work. As a matter of fact,
it is a distinet advantage for a teacher to make her own
diagnosis, and some of our teachers preferred to do so.

The children, themselves, were keenly interested in the
analysis and codperated willingly with. the teachers in their
effort to improve the situation. It sometimes happened
that a child had only one or two special difficulties. When
these were known it was a comparatively easy matter to
clear up the trouble. On the other hand, one boy in 5A
grade had a total of twenty-three separate kinds of trouble.
No wonder his teachers considered him extremely ‘“careless”
in the handling of figures!

(¢) Types of errors found. Many peculiar errors,
faulty types of procedure, and special difficulties are
found in the work of deficient pupils. The following
illustrations' will make clear some of the faults most
commonly found:

DESCRIPTION OF DIFFICULTIES IN ADDITION
1. Weakness in combinations.

(@) Illustration: 9
7

15
(b) Description.—Pupil does not know facts.
2. Counting.
(a) Description.—Pupil gets answer by tapping pencil,
counting on fingers, moving lips, etec.

! Taken from L. J. Brueckner, Diagnosis of Difficulties in Whole Num-~
bers, Manual (Minneapolis, Minnesota: Educational Test Bureau, 1926).
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3. Vocalization.
(a) Description.—Lip movement, audible or silent.

4. Adds same digit to both columns.

(a) Illustration: 12
3

45
(b) Description.—Pupil adds, “3 plus 2 and 3 plus 1.”
5. Bridging.
(a) Illustration: 3g
53
(b) Description.—Pupil says, “36 plus 8 are 53.”
6. Zero difficulty.

(a) Illustration: 40
78

110
(b) Description.—Pupil says, ‘“8 plus 0 are 0.”
7. Breaks up combinations.

(a) Illustration: 66
47
99

212

(b) Description.—Pupil makes combinations that he
knows. He says, “9 plus 3 are 12”"; “12 plus4
are 16”’; ‘16 plus 6 are 22.”

8. Roundabout methods of work.
(a) Pupil has very indirect methods of work. This
difficulty is closely allied to difficulties 7, 10 (1),
10 (4), and 10 (6).
9. Carrying difficulties.
(1) Forgets to carry.

(a) Illustration: 68
15

3
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(b) Description.—Pupil writes the 3 of 13, but does
not carry the 1.

(2) Adds carried number irregularly.

(a) Description.—Sometimes adds carried number
at the beginning of the next column and some-
times does not add it until he has completed
adding the next column.

(8) Carried wrong number.
(a) Hlustration: 89

36

161

(b) Description.—Pupil puts the 1 in the sum and
carries the 5.

10. Defficulty wn Column Addition.
(1) Adds large numbers first.

(a) Illustration: 89

43

"7

209

(b) Description.—Pupil says, “9 plus 7 plus 3,” or
“8 plus 7 plus 4.” Evidently pupil does not
know higher combinations.

(2) Trouble with second addition in column.

(a) Ilustration: 66
47
99

210
(b) Description‘.—Pupil says, “9 plus 7 are 16; 16
Dlus 6 are 20”; or “9 plus 2 are 11; 11 plus 4 are
14; 14 plus 6 are 21.” Cannot add a- written
number to a thought-of number.
(3) Repetition.

(a) Description.—Pupil repeats addition of column
because of short memory or attention span.
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(4) Adds by tens.
(a) Illustration: 114
5
7,365
59

(b) Description.—Pupil says, “5 plus 5 are 10;
10 plus 9 plus 1 are 20; 20 plus 3 are 23.”
(5) Loses place in column.

(a) Description.—Most likely to occur in long col-
umn addition. May be due to weakness in funda-
mentals, short memory span, break in attention,
or lack of visual concentration.

(b) Remedial.
1. Begin with easy examples like:

II?O}—‘[\DOOI—‘I.\D
IOOHkH[\'JkP-OD

(6) Inspects example to find starting point.
(a) Illustration: 83
2
877
354

(b) Description.-—Pupil is confused as to the com-
bination with which he is to begin. Shall he
start with 4 plus 7, or 4 plus 2, or will 8 plus
2 be an easier combination to begin with?

DESCRIPTION OF DIFFICULTIES IN ‘SUBTRACTION

1. Weakness in combinations.
(a) Illustration:

0‘:'0300
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(b) Description.—Failure to give accurate and quick
response to the subtraction combinations. Pupil
either guesses to get results or remains silent until
given assistance by the teacher.

2. Counting.
(a) Illustration:

<l

(b) Description.

(1) Pupil deducts one from minuend recording a
mark for each deduction until minuend is
same number as the subtrahend, and then
adds the marks to get the answer. The
reverse of procedure may also occur when
pupil adds to the subtrahend, recording marks
until subtrahend is same number as minuend,
and adding marks to get answer.

(2) Pupils also count with fingers, tongues, movements
of the head, feet, ete.

3. Zero difficulty.
(a) Zero in minuend.

(1) Illustration: 100
81
29
(2) Deseription.—Zero difficulties may be in units,
tens, or hundreds place in minuends having
two to five digits.

(b) Zero in subtrahend.

(1) Ilustration: 8 24 324
010 107
0 10 207

(2) Description.—In all three of the above samples
pupil may say it is impossible to take nothing
from something, hence will put down a zero
for an answer.
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4. Borrowing difficulty.
(a) Not allowing for borrowing.

(1) Hlustration: 26 53
L O
19 47

(2) Description.—Pupil fails to realize that we can-
not take 7 from 6 but that we must borrow
one from the two in the first sample. The
same holds true in the second sample.

(b) Failure to borrow, giving zero in answer.
(1) Illustration: 32
16
20
(2) Description.—Pupil says he cannot take 6 from
2 so puts down zero as part of answer, and

then subtracts the 1 from the 8 in the second
digit, getting 20 for remainder.

(¢) Deducting from minuend when borrowing is not

necessary.
(1) Illustration: 38 746
5 213
23 423

(2) Description.—Pupil does not understand the
“why” or the “when” of borrowing; has
difficulty in forming new bonds in subtrac-
tion but when the new bond is learned, he
has difficulty in going back to the old.

{d) Deducting two from minuend after borrowing.

(1) Ilustration: 43 568
18 1
15 429

(2) Description.—Pupil does not understand the
process of borrowing.

(e) Increasing minuend digit after borrowing.
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(1) Iliustration: 13 97
19
29 108

(2) Description.—Pupil does not understand -the
borrowing process.

(f) Errors.due to minuend and subtrahend digits being

the same.
(1) Illustration: 784 264
86 34
708 220

(2) Description.—Pupil does not know when to bor-
row or when not to borrow.

Subtracting minuend from subtrahend.

(a) Illustration: 62 145
T e
65 143

(b) Description.—In these examples the pupil has taken
the smaller from the larger number to get the results
regardless of their position in the problem.

. Using same digit ©n two columns.

(a) Illustration: 65 88
_4 7
21 11

(b) Description.—Pupil subtracts subtrahend from each
of the digits in the minuend to get results.

Roundabout methods of work. (Deriving unknown from
known combinations.)

(a) Illustration: 10
6

4

(b) Description.—Pupil says, “10 — 4is 6; 6 — 4 is 2;
and 6 — 2is 4.”
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Solitting up of numbers.
(a) Illustration: 347 34 7
L 94
253 253

(b) Description.—Pupil evidently cannot subtract a two-
digit from a three-digit number so splits up digits
in minuend and subtrahend and subtracts from
each division.

Reversing dvgit in remaznder.

(a) Illustration: 86 — 4 equal 28.

(b) Description.—Pupil reverses numbers in units and
tens place in remainder. This error would prob-
ably not occur in column subtraction.

Confusing processes with division.
(a) Illustration: 86
4
34

(b) Description.—Pupil says, “4 goes into 16 four
times,”” and borrows one from the 8, then subtracts
the 4 from 7 getting 3, or a remainder of 34. The
pupil has confused division with subtraction.

Skipping one or more decades.

(a) Illustration: 15
13
12

(b) Description.—Pupil says, “13 from 15 is 12,” thus
getting an answer one decade too high.

DESCRIPTION OF DIFFICULTIES IN MULTIPLICATION

Weakmness in combinations.
(a) INustration: 74
7
508

(b) Description.—Pupil says, “7 X 4 = 28;7 X 7 = 48
and 2 are 50.”
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2. Counting.
(a) Carrying.
(1) Illustration: 28
8

224
(2) Description.—Pupil says, “8 X 8 = 64;8 X 2 =
16, 17, 18, 19, 20, 21, 22.”
(b) To get combinations.

(1) Illustration: 63
6

378
(2) Description.—Pupil says, “6 X 3 =18; 6 X 5
= 30, 31, 32, 33, 34, 35, 36, and 1 to carry
— 37.” -
3. Zero difficulties.
(a) Zero in multiplier.

(1) Illustration: 35
20

35
0
(2) Description.—Pupil says, “0 X 5 =5; 0 X 8 =
3; 2X5=10; 2 X3 =6and1 ="17."
(b) Zero in multiplicand.

(1) Illustration: 803
2

1626

4. Carrying difficulites.
(a) Carries wrong number.

(1) Ilustration: 632
9

5958
(2) Description.—Pupil carries wrong digit. He

says, “9 X 2 =18; 9 X 3 = 27, and & are 35;
9 X 6 =54, and 5 are 59.”
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(b) Forgets to carry.

(1) Illustration: 72
5

350
(2) Description.—Pupil says, “5 X2 =10; 5 X 7
= 3b.”
(¢) Error in carrying into zero.

(1) Illustration: 807
7

6009
(2) Description.—Pupil says, “7 X7 =49; 7T X0
=0; 7X 8 = 56, and 4 are 60.”
5. Errors in adding.
(a) In partial products.

(1) Illustration: 13
12

26
13
166
(2) Description.—Pupil multiplies correctly but
says, “2 and 3 are 6.”
(b) In carried number.

(1) Hlustration: 948
4

3782
(2) Description.—Pupil says, “4 X 8 = 32; 4 X 4
= 16,and 3are18;4 X 9 = 36,and 1 are37.”
(¢) Forgets to add partial products.

(1) Illustration: 21
32

42
6
(2) Description.—Pupil multiplies correctly but fails
to add partial products.
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6. Errors in multiplying.

(a) Confuses products when multiplier has two or more
digits. '
(1) INustration: 25
26
530
(2) Description.—Pupil says, “6 X 5 =30; 2 X b
=10, and 3are 18; 2 X 2 = 4, and 1 are 5.”
(b) Splits multiplier.
(1) Illustration: 18
60
1080
(2) Description.—Pupil says, “0 X 18 = 0; 3 X 8
= 24; 24 + 24 = 48.
(¢) Uses multiplicand as multiplier.
(1) Ilustration: 486
3
3458
(2) Description.—Pupil says, “6 X 3 = 18; 8 X 3
= 24, and 1 are 25; 8 X 4 = 32, and 2 are
34.”
(d) Multiplies by adding.
(1) Hlustration 42
_2
84
(2) Description.—Pupil says, “40 4 40 = 80, and
4 are 84.”
(e) Multiplies by same digit twice.
(1) Illustration: 437
230
13110
1311
874
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(2) Description.—Pupil says, “0 X7 =0; 3 X7
=21; 3 X8 =9,and2arell; 3 X4 =12,
and 1 are 13; 3 X 7 =21; 3 X3 = 9, and 2
arel11; 3 X 4 =12,andlarel3; 2 X 7 = 14;
2X3=6andlare7; 2 X4 =28."
7. Omats digit in
(a) Multiplier
(1) Illustration: 807
26
4842
(2) Description.—Pupil fails to multiply by 2.
(b) Multiplicand
(1) Tlustration: 618
159
5562
6183

(2) Description.—Pupil multiplies by 9 and 1, but
neglects to multiply by middle digit 5.
(¢) Product
(1) Illustration: 27
10
27
(2) Description.—Pupil says, “0 X 7 = 0 (not nec-
essary to write it) 1 X 7T =7;1 X 2 = 2.”
8. Uses wrong process (adds.)
(a) Tllustration: 52
3
85
(b) Description.—Pupil says, “3 X2 =5;3 X 5 = 8.”’
9. Errors in position of partial products.
(a) Illustration: 24
11
24
24
48
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(b) Description.—Pupil places partial produets under
one another.

DESCRIPTION OF DIFFICULTIES IN DIVISION
1. Weakness in combinations.
9
(a) Illustration: 7)56
(b) Description.—The pupil does not know the simple
division facts.
2. Difficulty with remainders.
(a) Within the example.
11
(1) Illustration: 476

(2) Description.—The pupil does not carry the re-
mainder of the first partial dividend to form
the second partial dividend.

(b) With final remainder.
293

(1) Illustration: 2)587

(2) Description.—Pupil does not express remainder
as a fraction or omits remainder.

3. Zero difficulty.
(a) Within quotient.
(1) Illustration: 6)642
(2) Description.—Pupil omits zero in quotient. He
says, 6 into 6, 1; 6 into 42, 7. Answer 17.
(b) Within dividend.
2 20 42
(1) Tllustration: 3)60 30)60 2)804
(2) Description.—Pupil is confused by the ZEros,

giving 2 as the quotient of the first, 20 of the
second, and 42 of the third.

4. Difficulty with quotient.
(a) Trial quotient. .
(1) Mlustration: 17)85 23)437
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(2) Description.—Pupil is unable to determine a
quotient in long division when apparent
quotient is not true quotient.

(b) Counts to get quotient.
(1) Ilustration: T)672

(2) Description.—Pupil does not know how many
T’s in 67, so counts by 7’s until he reaches 63,
keeping count at the same time of the number
of times he gave an exact multiple of 7,
namely 9.

(8) Remedial.—The counting habit is evidence of
weakness in the fundamental facts. To over-
come firmly established counting habits,. give
oral division combination drill under time
limit, decreasing the time with increasing
skill of pupil.

(¢) Derives quotient from a similar example.

(1) Illustration: As this may occur with any phase
of division, sample is omitted.

(2) Description.—Not knowing the combination, the
pupil looks for other examples already worked
to find the answer in one of like combination.

5. Roundabout methods of work.

Under this caption may be designated any of the
peculiar methods which individuals may show during
diagnosis. On account of the variety of such methods
and the fact that they are associated with indi-
vidual characteristics, specific remedial measures
cannot be prescribed here. Usually it may be suf-
ficient to call the attention of the pupil to his
particular peculiar method.

6. Difficulty with subtraction.
40

(a) Illustration: 23)1035
92

15
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(b) Description.—Pupil is unable to do subtraction to
obtain partial dividend.

Difficulty with multiplication.
56

(a) Illustration: 32)1792
160

192
162
30
(b) Description.—Pupil is unable to do multiplication
to prove trial quotient.

Repeats tables for results.

7
(a) Illustration: 6)42
(b) Description.—Pupil being unable to give the quo-
tient repeated the tables of 6’s to 42.

. Uses digits of divisor separately.

22
(a) Ilustration: 33)66
(b) Description.—Using digits in tens place, pupil says,
“8 into 6, 2. Write down 2.” Then he uses digits
in units place and says, “3into 6, 2. Write down 2.”
Answer becomes 22.
Uses digits in dividend twice.
869

(a) Illustration: 64)5568
512

446
384

628
576

52
(b) Description.—Pupil becomes confused in long divi-
sion and uses the 6 in the dividend twice.
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11. Interchanges long and short division.

(a) Illustration: 6)749
(b) Description—This is a short division example but
pupil used the slower long division method.

(d) Desirable types of supplementary information
needed concerning the pupil. Some pupils are so defi~
cient in all phases of arithmetic that their mental level
should first be.-determined by means of the excellent
standard mental tests that are now available. Inferior
mentality has been found to be a primary cause of poor
work in arithmetic. It has also been found that even
pupils of superior mentality sometimes show marked
deficiencies in arithmetic. There are various reasons for
this, such as gaps in their training due to frequent moving
from town to town, indifference on their part to the for-
malized work in arithmetic, or excessive absence.

The physical condition of these pupils should also be
studied, to determine whether their vision and hearing
are normal, whether they are anemic or underweight, or
whether special medical attention is needed. Their
school history should be known, whether they have
skipped grades, what grades they have repeated, the
subjects in which they have done satisfactory or unsatis-
factory work, the number of schools they have attended,
and their general attendance. Their ratings in achieve-
ment tests in other subjects should also be known; for
example, weakness in problem solving may be associated
directly with inferior reading ability, in which case the
latter is undoubtedly a contributing factor to deficiency
in the former.

The pupils’ general methods of work should also be
observed. Their attention may be very poor, any simple

distraction diverting them from the work at hand. They
7
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may merely dawdle over their work, making no,real effort
to complete the assighments. Day dreaming, miscon-
duct, whispering, and other forms of undesirable behavior
can be detected. They may be nervous or work in a tense
manner. Such symptoms show that the pupil has no
effective habits of work and that a definite effort must
be made to develop them before much improvement in
arithmetic can be expected.

4. CASE STUDIES.

The following case studies adapted from those by Soubat
and Martin? contain descriptions of the results of diag-
nostic studies of pupils who are markedly deficient in
operations in whole numbers and in problem solving. A
careful study of these cases will show the great variety of
factors that may have a direct bearing on the quality of
the pupil’'s work. Record blanks used for recording
faults in addition of whole numbers and in addition of
fractions are given on pages 104 and 106.

CASE A (after Souba)

A Fourth Grade Child with a High Intelligence Who Will
Not Work Because He is Bored with the Drill Side
of School Life

E. S. was nine years old in June, 1923, at the time of the
examination. He came from a very wealthy home where the
children are allowed to do as they please and where they
have nurses and maids to wait on them. The parents are
both highly educated and both are vitally interested in their
careers. They are very indulgent in their attitude towards
their children. E. S. has everything he desires at home.

1 A. Souba, “ Diagnosis of Difficulties in Arithmetic,” Master’s Thesis,
unpublished (Minneapolis, Minnesota: University of Minnesota, 1923).

2 C. Martin, ‘“An Analysis of the Difficulties in the Arithmetical Rea-

soning of Fourth, Fifth, and Sixth Grade Pupils,” Master's Thesis,
unpgblished (Minneapolis, Minnesota: University of Minnesota, 1927).
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He has a «chemical set at home in which at present he is
greatly interested. He is always talking about the things
he has made with this set. Just recently he made some ink.
His greatest difficulty in school arises from the fact that he
has never been made to conform to any rules at home. He
does not know what it is to get-down to work or to do any-
thing that he does not wish to do at that particular time.

His attendance at school has never been regular. He
attended a private school at first and then at the request of
his parents attended only half-day sessions in a public school.
He repeated the 2C and 3C grades because he was absent so
much of the time those two terms, while traveling with his
parents. At the time of the examination he was doing the
work of two grades, the 3A and the 4C.

He does well in the subjects that are of interest to him.
The novel and unusual situations appeal to him, but he
tires scon even of those. He was interested in the mental
test as long as it did not involve arithmetic, but his responses
were so irregular that so many tests had to be given to find
his mental level that he became tired and wished to quit
before the examination was completed. He lacks in staying
powers. He soon tires of everything. It was necessary to
go back to the tests of the fifth year to find his basal year
and he passed two tests in the fifteenth year. He has a
mental age of ten and five-eighth years and an intelligence
quotient of one hundred and eighteen. At that, it is reason-
ably certain that his score would have been higher if it had
been possible to divide the examination period into several
sessions so that his interest might have been sustained.

His teachers have the same difficulty with him. It is
very difficult to keep him interested in the things going on
in school. He does very well in the things that appeal to
him. His teachers rate him A in intelligence, B in scholar-
ship, and C in industry. He understands the processes in
arithmetic, but the whole subject bores him. He only does
the work under protest and his work is never completed on
time. He has been on the first lesson in the Studebaker
Practice Tests for sixteen days. A study of his record re-
veals some interesting points, ®
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RECORD
EXERCISE DATE TRIED RigHT
I May 1 50 48
I 2 43 43
I 3 60 48
I 4 56 56
I 10 44 43
I 11 40 38
I 14 41 40
I 15 52 52
I 16 45 44
I 17 60 60
I 28 26 26
I 29 27 26
I 31 15 14
I June 1 8 8
I 2 63 63
I 6 91 90
I 1 706 75
I 8 50 50
I 12 v 45 45

For one thing this record shows his irregular attendance.
It also shows that he is able to do well if he so desires, but
that his interest is not in the work or he would not allow
his scores to go down to almost nothing. It is possible to
pick out the days when he has a determination to do the
work. Another noticeable fact is that he is apt to be quite
accurate. He usually has practically all the examples he
attempts correct. Anyone who can work eight examples
one day and ninety-one another has possibilities that need
to be directed. It is poor pedagogy to keep such a child
on such a test for sixteen days. .

He always has been a problem to his teachers. One day
he was scolded by the principal for some minor offense and
as a result he stayed home. He claimed he had a headache.

He has had glandular trouble, his tonsils have been
removed and he has been fitted with glasses, but he does not
wear them. He is a fine looking boy, large for his age. In
so many ways he ‘seems mature, while in other ways he is
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nothing but a baby. His general attitude toward school
work is indifferent. He does well in all phases of school
work involving reading; but poorly in the drill phase of school
activities, not because he is incapable of doing the work, but
because it is of little interest to him.

In the time allowed for his grade test he attempted seven-
teen examples and had four correct in the Courtis Super-
visory Test. He skipped the last four subtraction examples
and worked the first three multiplication examples in the
time allotted for his grade test. It took him eight minutes
and thirty seconds to complete the twenty-nine examples.
Only five of the entire set were correct. In the Minneapolis
3C and 4C Arithmetic Test he made a score of twenty-four.
This places-him at the 3B standard. His responses to the
diagnostic tests were very slow, but his accuracy was good
considering his lack of concentration. His attention was.
always wandering, he was continually fussing, wiggling and
turning around. He kept singing out his results and repeat-
ing them over and over to himself, making a little song out
of every example. He counted with his head and fingers
and kept his place with his pencil. It was very evident
throughout the entire examination that he was a child who
had the ability, but who would not work.

In addition he broke up his numbers, added the small
numbers first, grouped his numbers, had trouble with zeros
and used roundabout methods. In subtraction he usually
took the smaller number from the larger; he had trouble in
borrowing; he used the Austrian method to some extent and
counted up from the subtrahend. In multiplication he
always called the upper number the multiplier. He seemed
to have formed wrong associations with some numbers. He
gave the results better if the examiner pointed to the ex-
amples and kept encouraging him all the time, in fact that
seemed to be the only way to get him to work at any time.
He wanted attention all the time. He had formed some
wrong assoclations in division, but his main difficulty in
division lay in dividing a number by itself.

E. 8. is a child of keen intelligence, who unfortunately
for his own good has always been a law unto himself. With
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him it is not a question of inability to do the work. It is
simply a matter of doing what is required even if it is a mat-
ter of little value to him. I believe E. S. would probably
be able to gain all thé arithmetic that was required in his
particular grade in a few lessons or at most in a few weeks
and that he would learn it if he knew he would be excused
from the drudgery of the drill periods as long as he kept up

to the standards required for his grade.

ok

CASE B (after Souba) 599

A Sixth Grade Boy With a Keen Mind Whose Mental-and
Physical Reactions Function Very Sluggishly

S. W. was eleven years and six months old when he was
included in this study. His parents, who are Norwegians,
were in very comfortable circumstances and lived in a good
residential neighborhood. They were interested in the boy’s
progress in school because they were ambitious for him to
attend college and to succeed in life. The father, especially,
seemed a very intelligent man who greatly regretted his
failure to obtain a college education while he was young.
S. W. is an only child and everything is bought for him and
done for him. He is a very well brought up child. He
seems to be unspoiled in spite of the unusual care that is
lavished upon him.

He is one of those children who seems incapable of quick
action. He is very slow and deliberate in everything. If
given time enough, he is able to do any task that is set for
him, but he has always been a cause of exasperation to his
teachers because he is so dreadfully slow. He has always
made his grade. At the time of the examination he had a
very sympathetic teacher who seemed to see great possibili-
ties in him.

His general attitude is very good. He is phlegmatic,
careful to the extreme, and dreamy. His teachers were apt
to consider him lazy. He is always willing to cogperate,
and while he does ask for help when he needs it, he is apt to
be confident in his ability to perform his tasks and is apt
to depend upon himself and not on others.
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He is considered a “C” child in scholarship, intelligence,
and industry by his teachers. He does very fine work in
drawing. He does slow written work because he draws his
letters and figures. He is a very quiet child. He says very
little and often is not given credit for what he does know
because he gives his answers in such a few words. His
mother has always helped him at home with his work,
especially in arithmetie.

The writer worked with S. W. six months before he was
included in this study and diagnosed his difficulties in arith-
metic for his teacher. When more cases with a higher level
of intelligence were needed, the writer asked for S. W. The
principal and teachers all said that he was not the type of
case desired, that his intelligence was not above average,
but they raised no objections to the administration of a
mental test. S. W. fell into the highest level of intelligence
while the three other cases picked by the principal and the
teachers fell into the dull level of intelligence. This fact
was a source of great pleasure to the parents, who were
conscious of the boy’s slowness and had often wondered if
it was a matter of intelligence. His mental age was thir-
teen and one-eighth years and his intelligence quotient was
one hundred fourteen. The writer felt sure that the scores
would have been even better if the time element had not
played such a large factor in the mental test.

S. W. attempted ten examples and had five correct when
he first tried the Courtis Supervisory Test. The next time
he tried the test he raised his score to twenty attempted,
and eighteen right. When he was given all the time he
wanted on this same test he had twenty-one examples cor-
rect. His accuracy is not very good.

In the diagnosis it was noticed that voecalization and lip
movements were present to a slight degree. It was very
evident that S. W. counted. In the simple diagnostic tests
he did very poorly both as to speed and as to accuracy.
This was especially noticeable in addition. He had many
roundabout methods of doing his work. He inspected his
column for the starting place, and would start adding one
way, and then discover a difficult combination and stop and
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begin adding from the other end. He skipped around the
column, grouped his numbers, and then added the groups.
He was.weak in fundamentals and had formed the wrong
associations for certain combinations. He had trouble with
the second addition. He could not remember his sums and
he had difficulty in carrying and in bridging tens. In all
his work he made a long story instead of simply stating his
results.

In subtraction he used faulty statements when he said he
took the upper numbers from the lower. He very seldom
did take the upper from the lower numbers, but he always
stated his process in this way. He was weak in the funda-
mental combinations and evidently formed wrong associa-
tions. He had difficulty in examples involving borrowing.
As a rule his results were ten too large. Examples involving
the use of the zero were also a source of difficulty.

In multiplication he was apt to confuse this process with
addition. In several of the examples he only used partial
multiplication and finished the example with some other
process. Carrying caused him trouble. Often he obtained
the correct results, but was unable to remember his product
and so laboriously had to repeat the whole process. He did
not always use the multiplier as the multiplier, but inspected
his numbers first to find the one that was the most familiar
to him. He did not know his combinations, often failing
on very simple ones as 3 X 6 = 16, or 3 X 4 = 10.

In division a large part of his difficulties were caused by
his inability to subtract, expecially in examples involving
borrowing. He did not know his combinations and had
formed wrong associations. It seemed difficult for him to
retain in mind his results. Examples involving the use of
zeros also caused him trouble. In several examples he did
not carry. Short division seemed to be more difficult than
long division.

S. W. has a fine mind in a large, slowly moving body. He
is dreamy and slow to respond and his slowness is a source
of trial to his teachers. He is one of those children whose
nerves and muscles will probably always function slower
than normal. Little can be done for such a case except that
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the standard should be set a little higher than the present
achievement, a little at a time and a sympathetic encourage-
ment should be given all the time to aid the child to better
his own record. The class instruction has been too rapid
for him to grasp all the points. The rest of the class has
probably been ready-for the work before he grasped what
was wanted. His motor and mental reaction after he did
get started, were so slow that he could not keep up with
the class.

Case C (after Souba)

An Over-Age Boy Who Lacks a Foundation in the
Fundamentals of Arithmetic

J. B. was sixteen years and six months old when a study
was made of his case. He was normal physically and had
attended school very regularly for ten years. He was a
constant repeater from the fourth grade up. He repeated
the 1B, 4B, 5C, 5B, 5A, 6C, and 7A grades.

According to the report of his teachers his comprehension
in reading was above the average, but he seemed to lack a
foundation in the mechanics of arithmetic. This weakness
was always noticed and was the cause of much of his repeti-
tion of grades. His arithmetic has always seemed a confusion
of ideas and while he has improved, as a result of individual
instruction which has been given him, he has not by any
means overcome his weakness in the mechanics of arithmetie.

His teachers rated him “B” in intelligence and in indus-
try. According to the findings from the Kuhlmann Test he
is-a dull normal child. His general attitude is good and he
is very unassuming in his manners. He seems to have quite
a talent in drawing and wishes to study further alghg that
line, but he lives with his mother and grandmother.and they
are not able to pay for his further schooling. He will have
to work, but he does not seem to know how to obtain a job.
His grandmother seemed very much concerned about his
future. She feels that J. B. will not be able to keep his
position, if he obtains one, because he is unable to tell time:
She wondered why the schools did not teach time. The
difficulty with J, B. seems to lie largely in the fact that he
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realizes that he has missed learning things that others learn
much younger. As he is sensitive about this and is ashamed
to ask for help now or to allow others to help him, it will
be difficult for him to learn these things at the present time.
A sympathetic stranger could do more with him now than
his own people. They evidently have scolded and ridiculed
his shortcomings.

J. B.’s scores in the Courtis Supervisory Test in two trials
were twenty-one attempted and thirteen right, and nineteen
attempted and ten right, respectively. When the same test
was repeated in the diagnosis, he tried seventeen in the time
allotted for his grade, and had twelve correct. It required
six and one-fourth minutes to complete the test, the same
time that is given to low fourth grade children, and then he
had only fifteen examples correct.

Vocalization and lip movement as well as counting were
very noticeable in the examination of his difficulties in arith-
metic. His speed and accuracy were both very low. Guess-
ing and a lack of thoroughness in all the four operations
were common characteristics of his work. He used round-
about methods, skipped around in the column, broke up his
numbers, combined numbers into groups, and added the
groups, broke up numbers and recombined these parts with
other numbers, counted up by ones, and tried other numbers
first. He had difficulty in ecarrying and in second addition.
His attention span was short. He was weak in his combina-
tions and had formed wrong associations.

In oral subtraction most of his responses were incorrect,
probably due to the fact that he did not take time to count
out his answers. He did not know his combinations and
seemed uncertain as to the method. At times he used the
Austrian- method of subtraction. Most of his difficulties
were due to confused ideas in examples involving the use of
zeros and borrowing.

In multiplication the multiplier was not always used as
the multiplier. At times he became confused and used only
partial multiplication. He did not-know his multiplication
combinations and had to repeat his tables in order to obtain
those that he did know. He was absolutely unable to do
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long division. He did have some success with short division,
but it was a very laborious process. He repeated the tables
for the results, had difficulty with uneven division, trial
division, and with zeros, did not carry, forgot what to carry,
and paid no attention to the remainders.

J. B. is an over-age child whose arithmetical sense has
been slow in developing. Possibly little individual instruc--
tion fitted to his particular needs was given to him when it
would have done the most good. The gains from even a
large amount of drill at the present time are apt to be small.

Case D (after Martin)
An Over-age Child Deficient in All Phases of Arithmetic

D. D. was selected for this study because of the unusual
and rather inexplicable results on his test papers in arith-
metic reasoning. D. D. is the oldest child in a family in
which there are five children. The family lives in a rented
house in a rather undesirable neighborhood, made so by the
proximity of factories, railroad trackage, and tumble-down,
dilapidated houses. The father is a practical engineer and
works in a factory not far removed from the home. He
and the mother, too, are very much interested in the welfare
of the children and coidperated with the writer in every pos-
sible way to see if something might come of the interviews
that would be of value to the child. The father seemed to
have lost patience with D. D. because he could not grasp
the fundamentals of arithmetic and this attitude hindered
rather than improved the boy’s chances for development.
The mother was conscientiously interested in her children
and helped them as much as she could with their school
work when they brought it home. This was especially true
in the case of D. D. The mother stated that he very seldom
had difficulty with his other subjects, but that arithmetic
seemed to be his “bugbear’ and that he could not seem to
understand it. A blackboard had been provided for his use
at home and it was here; the mother stated, that she helped
him in the evenings to attempt to master the different com-
binations in the four fundamentals, D, D, could not seem
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to retain the combinations for any length of time. The
mother helped him to memorize them in the evening until
he was tired and she was sure that he had learned some of
them, but the next day he would have forgotten them.
D. D. is a boy who becomes very easily discouraged. He
does not seem to have much real “backbone’” and when he
could not get the combinations quickly, he seemed to lose
interest and to become sulky.

D. D. is a boy of average intelligence, his 1.Q. in the Hag-
gerty Delta 2 being 99. His low achievement in arithmetice
may be partially due to the fact that he has attended five
different schools since he began. This perhaps has only a
very indirect bearing upon the case, however, because his
achievement in his other subjects seems to be on a par with
his intelligence D. D.’s progress in school has been entirely
normal, i. e., he has not had any repeats or skips. He has
secured average marks in his other school subjects during
his attendance but has been conditioned twice on account
of poor work in arithmetic. He is very much interested in
Elementary History and enjoys reading stories of historie
battles and heroism.

D. D. is not an especially robust child. His tonsils and
adenoids have been removed and his eyes have been cor-
rected with glasses, but he does not wear the glasses because
they make him nervous. He has had kidney trouble, his
mother states, and this, together with his nervousness, has
alded in hindering his development. However, he enjoys
getting outside with the other boys. He is very fond of
baseball and spends all of his spare time, when the weather
is favorable, on the corner lot engaging in this pastime.

D. D. scores 0 in the Buckingham Secale for Arithmetic
Problems. His score in the Stanford Reasoning Test was 8,
the standard in this test being 36 for his grade. In other
words, he worked two reasoning problems correctly when he
should have been able to work nine to comply with the
standard. He was above normal in the two reading tests,
his score in the Stanford Reading Test being 95 with a
standard of 84, and his scores for rate and comprehension
in the Monroe Sllent Reading Test being 125 and &, respec-
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tively, the corresponding standards being 122 and 7.7. One
of D. D.’s serious weaknesses in arithmetic lies in his inability
to cope with the four fundamental processes. His scores
in the addition, the subtraction, the multiplication and the
division sections of the Woody-MecCall Scale were 6, 0, 3,
and 2, respectively, the standards in those tests for his grade
being 17.8, 15.7, 11, and 10.5. His weakness in fundamentals
was given further emphasis by his score of 20 in the funda-
mentals test of the Stanford Achievement Test, the standard
for that test being 65. In the Stevenson Problem Analysis
Test his score and the standard for his grade were 7 and 11,
respectively. His condition in arithmetic is apparently
pitiful.

An inspection of the fundamentals test of the Stanford
Examination indicates that D. D. did not have a weakness
in any particular process, but weaknesses in all of them.
For instance, he secured 5 when he added 3 and 2, but 9
when he applied the same process to 3 and 4. When he
subtracted 2 from 4, his result was 5; 4 from 7 equaled 8;
5 from 16 equaled 14, according to his figures. His work
in the other processes closely corresponds to these results.
Sometimes he was fortunate enough to get the right result;
more often he was not. He attempted every one of the
forty-seven problems in this test and only five of them were
correct. A fourth-grade pupil could not possibly hope-to
work some of the more advanced problems in this test, and
yet D. D. blindly attempted all of them; that is, he wrote
an answer under each one. He seemed to think that he was
required to work all of them and he did not want to cause
displeasure.

D. D.s case seems just as hopeless in reasoning. It
naturally would seem hopeless when he does not have better
command of the fundamentals than he does. The test was
not a reasoning test to him but a guessing contest. D. D.
answered the first two questions of the Stanford Reasoning
Test correctly. He did know these combinations correctly
for the writer quizzed him regarding them some days after
the test.

The third problem reads, “A hen had 9 chicks and 3 of
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them died. How many were left?” His answer to this
problem was “9,” a mere guess.

In the fourth problem he divided when he should have
added. His division, however, was correct.

In the fifth problem which reads, “If you buy a pencil
for 4 cents and pay for it with a dime, how much change
should you get?” D. D.’s result was 9.

In this problem there were three things involved: the
knowledge of the value of a dime, the selection of the correct
process (subtraction), and the carrying out of that process
suceessfully. D. D. knew the value of a dime to be ten
cents, and when asked, after the test, the proper process to
use, he suggested subtraction, which was right. When
asked to solve it, he gave a result of 6, his answer the first
time being 9. This indicated, very conclusively, that he
was guessing.

The probabilities are that he guessed at the process also
for he did not seem to know the correct process in other
problems. In the test he stated that there are 8 dimes in a
dollar, but when asked afterwards he knew the correct
response.

In the problem, “How many eggs are there in 7 nests if
each nest has 3 eggs?’’ his response in the test was 2. He
did not know what process to use when he later was asked
about the problem. When asked to work it, his figures
looked something like this: 8 +3 =6+3=8+3 =11 43

=14 4+3 =17 + 3 = 20.

He seemed to know how to get the right result and would
have secured it if he had not made a mistake in adding 6
and 3. He did not know that he was supposed to use multi-
plication, however, and when told, he did not know the
product of 7 and 3.

In the next problem which involved the product of 8 and
3, his result was 9. When asked to rework the problem,
he gave 28 as the result. After the problem was explained
to him, he was asked the product of 8 and 3 and his response
was 23.

D. D. gave answers to all of the forty problems in the
reasoning test. His results were just as erratic as in the
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problems above; more so, if possible. His results in the
Stevenson Problem Analysis Test would indicate that in most
cases his silent reading ability enables him to find out what
is given in the poblem and what he is to find, but he cannot
place his finger upon the proper process for solution, nor
can he execute the processes correctly. D. D. seems to be
the product of poor teaching in arithmetice, or perhaps he
lacks capacity to think in mathematical terms.

CaseE E (after Martin)
A Superior Child with a Dislike for Arithmetic

H. P. is a precocicus child of grade 5B who has a genuine
dislike for arithmetic because he has not been able to master
it. He is a very likable boy with rosy cheeks and flashing
brown eyes. The family, consisting of a father who does
not live at home, the mother and two children, a boy and a
girl, is in rather unfortunate circumstances. H. P.’s father
is an expert candymaker and has an excellent income. The
separation between the father and mother was discussed
very freely by the members of the family with no apparent
feeling of regret or disturbance.

H. P.’s parents are both Italians, having emigrated from
Italy shortly before H. P. was born. The father has good
command of the English language considering the handicap
of coming into a new country at an advanced age, but the
mother has not been so fortunate. Neither the father nor
the mother had a great deal of schooling, and while the
mother seems to want H. P. to go on to school, she is rather
negligent of some of the things necessary to make a child’s
education a success. For instance, both children had been
attending summer school for about three weeks when the
writer first visited the home, and during that time the
children had been tardy a large portion of the time. The
mother stated that she forgot to get them up at the proper
time, and the children did not get up of their own accord
because they were permitted to stay up until eleven o’clock
or midnight every evening. What child will arise early
every morning to attend summer school if his mother
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permits him to retire at a late hour and does not make
a serious effort to get him started for school at the proper
time?

" H. P. has lived in Minneapolis for four years, having come
here from New York City. During his residence here he
has attended three different schools. His school progress
has been normal with one exception—he was permitted to
skip grade 2A. One would think H. P. to be an exceptional
scholar because his 1.Q. is 130, the highest in the group of
fifty-six pupils. This is not the case, however, his school
work being only of mediocre caliber. H. P. received C’s
in all of his work the last school year with the exception of
arithmetic and spelling, in which he received F and A,
respectively. H. P. is permitted to do pretty much as he
likes as far as home study is concerned. He does not like
arithmetie and language so he never brings these texts home;
however, he brings home the books of those subjects in
which he is interested. He does a great deal of reading at
home, securing his books at one of the Minneapolis Public
Libraries. H. P. has ambitions as far as his future is con-
cerned and might be able to fulfill them were he to get the
proper encouragement and backing at home. He would
like to be either a lawyer or a musician some day, he stated.
These boyish aspirations are not always significant, but the
fact that they are present is a very good indication. H. P.
is such a sincere, courteous little chap that he makes one
wish that his aspirations would eventuate in something
worth while.

H. P. seems to be in good physical condition. He has
had many of the diseases which children usually have but
they have left no ill effects. Baseball, football, and wagon-
coasting are his favorite outdoor sports and he spends a
great deal of time engaging in these.

H. P. is far above the average for his grade in reading, his
scores in the rate and comprehension sections of the Monroe
Silent Reading Test being 188 and 15, respectively, as com-
pared with standards of 142 and 9.8. He did equally well
in the Stanford Reading Test, his score and the standard
being 153 and 119, respectlvely
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H. P. was above the standard in the Stanford Computa-
tion Test, but his scores of 18, 19, 15, and 9 in the four divi-
sions of the Woody-McCall Scale were below the correspond-
ing standards of 21.4, 19.4, 17.2, and 16.5 for his grade.

His weakest process was evidently division. He was
slightly above the standard in the Stanford Reasoning Test
but scored 0 in the Buckingham Test and 10 in the Stevenson
Problem Test, the standard in this test being 16. He
missed several problems in these tests because of confusion
of processes and inability in the fundamentals, and others
because he arranged his work so carelessly.

In the first problem of the Buckingham Test which in-
volved the division of 36 by 12, he subtracted the 12 from
the 36, an evident choice of incorrect process.

The next problem of the same test read, “An automobile
was run 30 miles every day for a week. How many miles
did it go?” H. P. again chose the wrong process, adding
30 and 7 instead of multiplying.

The next problem was a two-step probiem involving the
multiplication of 8 by 5 and the division of this result by 4.
Here, he added the 8 and 5, indicating that he did not under-
stand the problem. When asked why he had done this he
stated that he did not know. The writer explained the
problem to him and gave him another problem of similar
type which he succeeded in working correctly.

The next problem read, “Ned sold his rabbit for 30 cents.
This was 34 of what he paid. How much did he pay for
the rabbit?” After the test H. P. said that he did not
understand the use of fractions. He felt that he ought to
work the problem, however, so he added 30 and 35 because
35 and 34 looked practically the same to him. His result
for this problem was 65.

In the next problem, which involved the addition of four
items involving dollars and cents, H. P. would have been
able to work the problem if he had arranged his work care-
fully, for he did so afterwards. Many of H. P.’s problems
were difficult to interpret as he had figures strewn all over
the page. In this case, he was asked to work the problem

over while the writer looked on. In another problem of
8
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the Buckingham Test which involved the finding of % of 210,
H. P. again stated that he did not understand fractions. In
another problem involving the subtraction of 181 from 42,
H. P. chose the correct process but was again troubled with
fractions. He gave a result of 24,neglecting the 1 altogether.

It seems rather peculiar that a 5B grade pupil of his intel-
ligence could not understand simple fractions like %, 3, and 1.

H. P.’s teacher volunteered the information that he had
a rather bored attitude during the arithmetic classes and
that she could not seem to interest him or challenge his
thinking powers.

H. P. attempted four problems in the Stevenson Problem
Test. He knew what facts were given in two of these;
knew what to find in all four; knew the most reasonable
answer in two, and chose the correct process for solution in
two. All that is involved is the ability to comprehend and
H. P. has that ability. Had he been interested in the prob-
lems, and concentrated his attention on them, he should
have been able to tell what facts were given in all the
problems he attempted.

H. P.s principal difficulties in arithmetic reasoning are
carelessness, inability in fractions, and an evident lack of
interest in all that deals with arithmetic. Were one able
to instil in him an interest for the subject, his other difficul-
ties could be removed speedily.

BRUECKNER DIAGNOSTIC TEST IN ARITHMETIC
Record of Individual Diagnosis—Whole Numbers

ADDITION DIFFICULTIES

Name. .. ... Grade ... Room....._....... Date ...
AGEs: Chronological._................_. Mental ... N P A S
General Rating by Teacher: Scholarship...............__ Effort...... ...

Intelligence.............oooo .
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Ser { Score | Diacnosis CLASBIFICATION OF DITFFICULTIES REMARES
1 1. Weakness in combinations.
2 2. Counting.
3 3. Vocalizes his work.
4 4. Bridging the tens.
5 5. Zero difficulty.
6 6. Breaks up combinations.
7 7. Roundabout methods.
8 8. Carrying difficulty:
9 (1) Forgets to carry.
10 (2) Adds carried number
irregularly.
11 (8) Carries wrong number.
12 9. Column addition:
13 (1) Adds large numbers
first.
14 (2) Trouble with second
addition in column.
15 (8) Forgets sum and re-
peats work.
16 (4) Adds by tens.
(5) Loses place in column.
17 (6) Inspects example to
find starting point.
18
Difficulties: DIRECTIONS: Under ““Score” indicate the
a. Maior number of examples wrong in each set.
) ] Under “Diagnosis” indicate by number
b. Minor the types of difficulties found in each set.

General Remarks:

Copyrighted 1928, by L. J. Brueckner, Minneapolis, Minn.
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BRUECKNER DIAGNOSTIC TEST IN FRACTIONS
INDIVIDUAL DIAGNOSTIC RECORD SHEET—ADDITION

Namg, Lowell H——— GRADE 8A Room 304
ScHoOL, Franklin DATE, March &, 1928
Diaanos1s SuMMARY

I. Lack of Comprehension of Process
a. Adds numerators and denominators.
b. Adds numerators, multiplies denominators.
¢. Numerator added without changing to common
denominator. Either denominator used insum 25

ITI. Reduction to Lowest Terms
a. Fraction not reduced. 3
b. Denominator divided by numerator
¢. Denominator and numerator divided by dlfferent
numbers.

ITI. Difficulties with Improper Fractions.
a. Not changed to mixed numbers. .
b. Changed but not added to whole number. 1

IV. Computation Errors
a. Addition. 9
b. Subtraction.
c. Division.

V. Omitted.

VI. Wrong Operation.

VII. Partial Operation _
a. In adding mixed numbers adds only fractions. . .

VIII. Changing to Common Denominator.. ..
IX. Other Difficulties.

First indicate by number opposite each row the types of errors
mmade on each example that was missed. For example, Ia means
that the pupil adds numerators and denominators.

Then summarize under “Summary’ the total number of times
each difficulty was found.
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EXAMPLES
Row 1 2 3 ' 5
I 2a 2a
II 4a 2?.
III 4a 3b
V| I 1e 1c, 4a 1c 1
vV lc lc lc, 4a lc le
VI lc, 4a | lc le, 4a lc le, 4a
VII lc lc, 4a 1c lc lc
.VIII lc 1c 1le 1lec, 4a le
IX -

'DETROIT PUBLIC SCHOOLS—Dept. of Educational Research

SCHOOL REPORT AND GRAPH SHEET: SCORES.

School: Blake Test: Initinl _ Subject: Arithmetic

1000,
900
800
700
600
500
400
300
200
100

¢

POINT SCORES

Grades 3B 3A 4B 4A 5B 5A 6B 6A 7B 7A 8B SA |sB

A secore of 1000 points indicates tha
reached the standard level o

Scores Test,
Differ-
™ — ences
o )
3 § Sl n|Ex B
153 [=] 3] p Q=X
O| K| @} OIL0 &0
P
’x . 3B 1
e N /,' ’ 2
’f : \\.// . Xl» 34
: . 4B 3 1300 135 165
/)} - 4A 4 (475 427 48
5B 24750 (o 119 |
5A 6 1600 406 19
) 6
B 7 1650 480 170
. GA 8 [700 558 142
—t.__Blake 9_|720 115
. - City: 7B 605
3 9
7A 10 [640 618 22
11 (800 600 200
tevery child in the clasg hag - 12 |825 5
£ ability for his grade, BA 670{12
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PROBLEMS FOR STUDY, REPORTS, AND DISCUSSION

1. Whatis the difference between diagnosis and measure-
ment?

2. Describe a technique for selecting pupils for diagnosis.

3. What facts should the teacher secure to aid in the mak-
ing of a diagnosis?

4. Why is a test score an inadequate method of making a
diagnosis?

5. Why are survey tests not satisfactory diagnostic exer-
cises?

6. Describe several useful diagnostic procedures and point
out the limitations and value of each.

7. Secure a set of test papers and attempt to make an
analysis of the causes of errors in the examples solved incor-
rectly. What difficulties do you encounter in making the
analysis? Are you sure that your diagnosis is correct?

8. How do you account for the roundabout methods of
work that have been discovered in pupil’s procedures in
solving examples?

9. Suggest some things that a teacher may do to prevent
the development of faulty methods of work.

10. Show that difficulty in long division may be due to
weakness in subtraction.

11. How do tests help the teacher to instruct more effec-
tively?

12. If a class score is considerably above the average, is
it a sign of good teaching?

13. If a class score at the end of the year is below the
average, is it a sign of poor teaching?

14. Why do the abilities of pupils in a class vary so greatly?

15. Give a standard test and analyze the results. Pre-
pare a chart to aid the pupils to interpret the scores.

_ 16. Give arguments for a plan of completely individual-
1zing instruction.

17. How does the teaching of arithmetic in the Winnetka
schools differ from the conventional teaching of the subject?

18. What should a teacher do for pupils whose test scores
are considerably above the standard?
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CHAPTER IV

THE DIAGNOSIS OF DIFFICULTIES IN THE
PROCESSES WITH WHOLE NUMBERS

In order to make an adequate diagnosis of the causes
of failure or deficiency in the four fundamental operations
with integers, the examiner should have: 1. A clearunder-
standing of the specific skills and abilities which the proc-
ess under consideration includes; 2. A knowledge of the
most common faults and difficulties that have been found
in that process, and their symptoms; and 3. An adequate,
reliable diagnostic test together with the necessary blanks
for recording the faults that are noted in the pupil’s
work. No-diagnosis should be considered complete until
the necessary remedial work has been prescribed.

A. AppiTioN OF WHOLE NUMBERS

1. ANALYSIS OF THE ADDITION PROCESS.

An excellent classification of the skills in each of the
four processes with whole numbers, not including long
division, was published by Miss Elda Merton! in the
Second Yearbook of the Elementary School Principals, 1923.
The specific abilities listed for addition are as follows:

1E. Merton, ‘“Remedial Work in Arithmetie,” Second Yearbook of
the Depariment of Elementary School Principals (Washington, D. C.,
1923), pp. 395411,

(110)
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1. The 100 addition combinations.
2. Ability to apply the combinations to higher decades:

2 52
4 4
8. The meaning of the addition sign.
4. The meaning of the following terms: Addition, sum,
add, addend, and carrying.
" b, That in writing the example, units must be placed
under units, tens under tens, ete.
6. That one must begin at the right and work to the left.
7. That unit figures should be added to unit figures in
a column, tens to tens, ete. This also includes the ability
‘to keep one’s place in a column. A7
8. Ability to add a seen to a thought-of number: 5():

After a child has added 3 and 6, he no longer sees 93
both of the numbers he is required to add. Now 7'is
a seen number, but 9 is only a thought-of number. —
This also includes the ability to keep in mind the result of
each addition until the next number is added to it.

9. How to regard zeros in a column.

10. How to regard empty spaces in a column.

11. How to place the answer in the sum when a column
has been added and the total sum of these figures is less
than 10.

12. How to proceed with the next column when meeting
the condition in 11.

13. How to place the answer in the sum when a column
has been added and the total sum of these figures is 10 or
more than 10.

14. How to proceed with the next column when meeting
the condition in 13; i.e., carrying.

15. Ability to remember the number carried.

16. How to proceed when the need for carrying and no
carrying is met alternately in an example.

17. How to place all the numbers in the sum.

18. How to check for correct answers.
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2. DETAILED ANALYSIS OF THE BASIC NUMBER FAcCTS

USED.

There are one hundred basic number facts in addition
which the child must be taught. Weakness in knowledge
of these number facts results in inaccurate work in the
application of the addition process in the solution of
examples. In making a diagnosis in the primary grades,
one of the first steps should be to determine the pupil’s
knowledge of the hundred basic combinations. This
may be determined by finding how rapidly and how
accurately he can give the answers to sets of examples
such as the following, in which the number facts are
grouped according to their approximate degree of difficulty.

The answers should be given orally for sets 1 and 2 in
one minute, and for sets 3 and 4 in one and one-half
minutes. The examiner should note the combinations
whose sums are given incorrectly and assign these facts
for further study.

PRACTICE IN ADDITION: SET I

leoro [nm Troro | onm
Ivo (R loo lwm

PRACTICE IN ADDITION: SET II

1 2 1 6 0 3
6 8 1 7 5

—_— e e

| = o
o

EXS

| o
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Irhw IH-Q IL\'Jcn
lmoo lewon e
leo lom oo
feoon Irooo v
v o leow
leoa loo [aw
loa Jarm |-
looro [ oo
e [ow laom

PRACTICE IN ADDITION: SET III

6 3 9 2 &5 38 4 2 7
T 6 5 8 8 7 8 6 9 3
8 7 2 6 8 3 6 3 4 3
o 4 1 4 3 6 5 T 8 4
9 1 v 2 5 6 1 4 8 5
2 9 5 6 6 38 8 5 4 3

PRACTICE IN ADDITION: SET IV

looo [0 oo
IQDCD I@-Q o0 ©

8. SKILLS IN COLUMN ADDITION.

(a) Addition by endings, including bridging 95
the tens. An analysis of the work done by 56
a pupil in solving such an addition example as 68
that at the right reveals at once the skills the 89
pupil must acquire in order to be able to work
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the example correctly. For example, if addition is begun
from the top of the column the pupil first says 11; then
he adds 8 to 11, saying 19; then he adds 19 and 9, say-
ing 28. He writes 8, and carries the 2. In like manner
he continues in the second column until the example is
completed.

In giving the sum of 11 and 8, addition
by endings is introduced as a new diffi-

11 culty. The difficulty is complicated by
+8 the fact that the number, 11, is not seen

but is “thought of”’ mentally. The same
is true for the addition of 19 and 9, since

19 19 is not seen, but is ‘“thought of” men-

Y tally.
To find the sum of 19 and 9, the new diffi-
culty of bridging the tens is introduced, a

19 step which causes much difficulty for pupils.

9 If it is assumed that the pupils should be

given practice on all the number combi-

nations involving addition by endings, a
very large number of practice exercises would need to
be prepared. For example, to any number, such as 47,
any number from 0 to 9, ten numbers in all, may be
added. In order to provide for practice in adding by
endings of all unit digits, 0 to 9, to all numbers less than
100, not including the 100 baste facts, 10 X 90 or 900
combinations would need to be practiced.

There is no experimental evidence available which
would justify the conclusion that all of these 900 com-
binations must be practiced. Curriculum investigations
have shown that long addition examples involving sums
as large as 60 or 70 in the addition of columns of figures
occur very rarely in life. It has therefore appeared
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adequate to limit the work in addition by endings largely
to sums of less than 40 or 50.

In order to discover possible weakness in addition by
endings the following sets of examples may be used. It
should be pointed out that the fact that a pupil can give
the sums correctly when the numbers are presented to
him in this form is no guarantee that he can transfer
the skills involved directly to the addition of columns
of numbers, since column addition is a much more com-
plicated process.

ADDITION BY ENDINGS—NO BRIDGING. (11 minutes)

22+4= 17T+2= 26+3= 14+4= 2445 =
36+2= 254+2= 1245= 2714+2= 33+4+5 =

42 18 21 3 4 § 26 35
6 1 2 3 2 3l 3 4

Less than 16 correct in the time allowed indicates
possible difficulty.

ADDITION BY ENDINGS—BRIDGING. (11 minutes)

% +7= 184+6= 46 4= 23 +L8= 4218 =
17T+9= 85+8= 83+9= 20+7= 44+9=

38 47 33 45 6 8 5 9
5 4 8 8 4 ;W 1

Less than 16 correct in the time allowed indicates pos-
sible difficulty. The pupil should then be given addi-
tional practice on similar examples.
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(b) Carrying. As has been indicated, carrying in
column addition presents many difficulties to pupils.
The following examples illustrate some of the skills that
are involved:

(@) 486 251 .
504 226 Carrying in unit’s place.
- 218

b 253 154
492 283 Carrying in ten’s place.
T 521

() 257 598

495 176 Carrying in unit’s and ten’s place.
o 169

(d) 5426 5158

2637 2918 Carrying in alternate places.
1918

(e) 506 306
208 208 Carrying into zero.

209
(f) 584
26 Carrying to a vacant place.
2
(9) 598
2 Carrying in adding by endings.

The essential skills involved in carrying are: 1. Know-
ing what number to write in the sum; 2. Knowing what
number to carry; 8. Knowing the process to be used in
the completion of varied types of examples involving
carrying. To the adult these skills seem so simple and
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obvious that the difficulties which pupils encounter in
solving the examples involving carrying are not recog-
nized. In making a diagnosis of pupil difficulties in addi-
tion, the mental processes of the child in carrying must
be carefully studied to determine his habits of work while
solving the example. Correct habits of carrying must
be established from the beginning to insure efficiency in
addition.

Carefully prepared practice exercises containing the
various types of skills involved in carrying should be
prepared. One new skill should be introduced at a time.
Other skills should be added as rapidly as the pupils
become efficient in their work.

A diagnostic test in addition of integers is given on
page 118. This test contains the important types of
examples in addition, each involving a different combina-
tion of skills or a special difficulty.

In giving this test to pupils in-grades 3 and 4, the
teacher should study carefully the work of each pupil to
determine, if possible, the types of examples with which
he has difficulty. If the cause of the difficulty is not
obvious from the survey of the work on the paper, the
pupil should be required to repeat orally the steps in
solving the example, so that faulty procedures may be
discovered.

4. ADDITION INVOLVED IN MULTIPLICATION.

In any multiplication example with carrying, addition
combinations involving adding by endings are used,
hence the pupil should be given sufficient drill on the
different combinations that he becomes proficient in
all the skills in addition. These will be discussed in
connection with multiplication.
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FINDING DIFFICULTIES IN ADDITION!
This exercise contains many different kinds of addition
examples.  Practice until you can work all of them

correctly.

SET I

a b c d e
1. 18 4 5 9 18
7 6 1 6 a1

— 18 5 2

- _” 1
2. 753 5,241 13 342 30
236 4,537 21 104 20
- 42 152 20
3. 204 81 7,104 46 304
301 26 2,060 3 72
203 2 30 _3
4. 58 627 3,965 5,248 4,953
24 258 3,714 2,396 7,638

Ser II

5. 8,564 68 337 162 957
1,987 47 406 360 777
- 5 238 407 995
6. 3,926 807 926 298 399
2,518 508 565 46 7
6,029 808 409 785 607
7 $.01 $.60 $.25 $1.65 $4.89
.04 40 54 2.64 .26
.03 .20 72 7.28 .05
— 6.53 8.08

—

5. DIFFICULTIES IN ADDITION OF INTEGERS.

Afjcer itz has -b.e?n determined by a test that a pupil is
deficient in addition as measured by either his speed or
1 Triangle Arithmetics, Book II, Part I, page 17.
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accuracy of work, the next step is to determine the causes
of the deficiency and the desirable remedial exercises.
Many pupils make satisfactory progress by the use of
well constructed, standardized practice exercises; others
make relatively little, if any progress, and present serious
problems for the teacher.

A careful study of the mental processes of pupils who
are deficient in arithmetic reveals many faulty habits,
which, unless corrected, result in inaccurate, inefficient
work in addition. Table 2 shows the relative frequency
of the most common faults in addition. It is based on a
rearrangement of data from the investigation by Buswell
and John.!

The data in Table 2 shows that in grades 3 to 6 the
most common source of difficulty in addition for the 414
pupils whose work was studied was errors in addition
combinations. The next most common faulty habit was
counting. Pupils count with their fingers, tongue, toes,
by nodding their heads, by tapping with their pencils,
and in many other ways. Undoubtedly the weaknesses
and faults due to- errors in combinations and counting
are the result of ineffective work in the lower grades.
The remedy for these difficulties is more work on the
basic number facts themselves rather than on "difficult
examples in column addition. The diagnostic methods
described on pages 62 to 72 show how it is possible to
determine the specific deficiencies and to do the neces-
sary remedial work.

The largest group of faulty habits in addition involves
carrying. Many of the pupils added the carried number

1G. T. Buswell and L. John, ‘“Diagnostic Studies in Arithmetic,”
Supplementary Educational Monograph, No. 27 (Chicago: University of
Chicago, 1926), p. 136.
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TABLE 2

FREQUENCY OF FAULTY HABITS IN ADDITION
(Adapted from Buswell and John)

GrapEs
ToraL
L | 1v | v | VI
1. Errors in Combinations...... .| 81 (103 | 78 | 58 | 320
2. Counting...... | 61| 8 | 564 | 17 | 215
3. Carrying:
(@) Added carried number last. 1839 |45 | 45| 26 | 155
(b) Forgot to add carried number .. | 37| 38134 17| 126
(¢) Added carried number irregularly 126 | 30 | 28 | 18 | 102
(d) Wrote number to be carried. J 34|25 18 | 12 89
(¢) Carried wrong number .1 28119 |26 | 14 87
(f) Carried when nothing to carry 6 9 9 5 29
(9) Wrote carried number in answer.. .| 10 2 2 1 15
(h) Added carried number twice. d 0 1 0 0 1
(i) Subtracted carried number......... 4 01 0 0 1 1
4. Faulty procedure:
(a) Retraced work partly done........... 26 [ 34 | 39| 22 | 121
(b) Irregular procedure. .1 16129 | 23 | 18 86
(¢) Grouped numbers......... 2522|211 16 84
(d) Split numbers. .. J 12129 | 25 | 14 80
(e) Lost place in column....... 17 |17 (17 | 14 65
(f) Disregards column. 34 (11| 9 1 55
(g) Omits digits........ 13 ] 211 13 5 52
(k) Disregarded one column. . 15| 11 8 2 36
() Error in writing answer. |12 31|14 5 34
() Added in pairs.. . . . 6 6 6 2 20
(k) Added same digit in two columns.....| 10 6 1 1 18
() Began with left column. . ... 11 1) 1| of 3
5. Lapses, and other miscellaneous faults:
(a) Used wrong operation. .. 423125120 11 79
(b) Depended upon visualization. .. .. . 24 8 | 27 2 61
(¢) Errors in reading numbers. . J 1411021 7 52
(d) Dropped back one or more tens. J13 [ 12 ) 17 5 47
() Derived unknown from known. .. .. .| 18 7111 | 11 42
(f) Skipped decades...... .11 7 9 b 32
(g9) Confused columns. ................ 1 0f 0}t 0 1
(k) Added imaginary numbers........... 0O 0 1/ o 1
6. Used scratch paper............ e . 71 51 91 0] 21
Total cases......ovvvveenvnnn... 96 (124 |116 | 78 | 414
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last, instead of at the beginning of a new column, resulting
in many errors due to forgetting what number was to be
carried. This fault can be corrected by showing the pupil
the desirability of adding the carried number first, and
then giving practice until the habit is established. Other
pupils forgot to add the carried number at times; some
carried the number irregularly, sometimes at the begin-
ning of the column, sometimes in the middle, and some-
times at the end; some pupils carried the wrong number:
some carried when there was no number to carry; some
wrote the carried number as a “crutch” to aid them to
remember the numbei. Other peculiar methods of carry-
ing are given in the table. The data make obvious the
necessity of giving special attention to the habits that are
formed when carrying is being taught. The data also
show the types of faults in carrying that the teacher
would expect to discover in the work of pupils who are
deficient in addition.

Faulty procedures are often discovered in the work of
deficient pupils. Some pupils have no regular procedure
in working addition examples. They begin at the top or
the foot of the column; they add the large numbers first
and then the small ones, or vice versa; they attempt to
group numbers by tens, and in other ways; they split num-
bers to get easier combinations; they lose their place in a
column, possibly due to lapses in attention or because
they are easily distracted by environmental influences
such as noises, whispering, and the like. Numerous
other types of faulty procedures are given in the table.
The following description of the methods of work used by
pupils deficient in addition is contained in a report by

Uhl:
1'W. L. Uhl, loc. cit.



122 DIAGNOSTIC TEACHING

Pupils’ methods of work —The findings as to methods em-
ployed by pupils in “difficult” combination are both inter-
estmg and significant. The following methods were found
in the work of pupils who were tried out in the manner just
described. A fourth-grade boy showed by slow work that
the combination 9 -+ 7 + 5 was difficult for him. When
questioned, he showed that he used a common form of
“breaking up”’ the larger digits. In working the problem,
he said to himself: “94+2+4+2+2+1 =16 and 21.”
This shows that the 9 + 7 combination was not known but
that the 16 + 5 combination was known inasmuch as he
arrived at 21"’ directly after having combined the other two
numbers. Another boy of the same grade showed the same
type of difficulty in a more pronounced form. He added
8, 6, and 0 as follows: ‘“First take 4, then take 2, then add 8
and 4—makes 12, and 2 makes 14.”” In adding 9, 7, and 5,
he said: “9and 8is12and4is16and 2 = 18; and 2 = 20;
and 1 = 21.” He broke into parts even so easy a problem
as3 +4+9,adding9 +-3 +2 + 2 = 16.

It is not known to what extent pupils who are efficient
in arithmetic have irregular methods of work which may
reduce their efficiency below possibly higher levels. The
fact that the faulty habits listed in the table were found
in the work of deficient pupils suggests the importance
of teaching the pupil from the beginning, effective, eco-
nomical methods of work. In the past, the establishment
of methods of attack has too often been left to chance,
and the faults described above have resulted.

Various psychological factors such as lapses in atten-
tion, short attention span, confusion of processes, and the
like are a prolific cause of difficulty in addition. Much
of the difficulty in adding long columns of figures in
grades 3, 4, and 5 is due to the breaks in attention as the
pupil proceeds upordowna columnof figures. Forexample,
in adding the column of numbers on the next page the pupil
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might have added 8, 7, 6, and 8, getting 29 98
as the sum, and then become confused in add- 47
ing this number and 4, due to a break in 56
attention. The writer has found many pupils 58
who knew the combinations, knew adding by 84
endings, bridging of the tens, and the carrying 72
procedure, but who failed completely in add- 65

ing a column of figures such as the above be-
cause they did not know how to proceed when the break
in attention came in adding the numbers. The lower
the ability of the pupil and the greater his lack of con-
trol over the basic facts, the more frequent will be his
lapses in attention. The average attention span of
pupils in grades 3 and 4 is much less than that of pupils
in the upper grades. It is therefore probably best not
to give pupils in grades 3 and 4 addition examples con-
taining more than five numbers in a column. The length
of the column can be increased in the upper grades to
seven or eight numbers in a column.

Courtis! describes difficulty due to faulty attention as
follows:

“Irregular speed in adding a column may be due to either
of two factors: lack of control of attention, or lack of knowl-
edge of the combinations. Attention will be considered here.

“There is a limit to the length of time that a person can
carry on any mental activity continuously. As time goeson,
the mind tends to respond more and more readily to any
new mental stimulus than it does to the old. The mind
wanders, as it is said. The attention span for many children
is six additions; for some, only three or four; for others, eight,
or ten, and so on. That is, a child whose. attention span is
limited to six figures may add rapidly, smoothly, and accu-

18, A. Courtis, Standard Practice Tests in Arithmetic, Manual (Yonkers-
on-Hudson, New York:. World Book Company, 1916).
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rately, for the first five figures in the column, giving its atten-
tion wholly to the work. As the limit of its attention span
is reached, however, it becomes increasingly difficult for it
to concentrate its attention. The child suddenly becomes
conscious of its own physical fatigue, and of the sights and
sounds around it. The mind balks at the next addition;
it may be a simple combination, as adding 2 to the partial
sum, 27, held in mind. It finally becomes imperative that
the child momentarily interrupts its adding activity and
attends to something else. If this is done for a small frac-
tion of a second, the mind clears and the adding activity
will go on smoothly for a second group of six figures. The
inattention may be repeated.

“It should be evident that these periods of inattention
are critical periods. If the sum to be held in mind is 27,
there is great danger that it will be remembered as 17, 37,
26, or some other number, as the attention returns to the
work of adding. The child must, therefore, learn to ‘bridge’
its attention spans successfully. It must learn to recognize
the critical period when it occurs in order to divert its
attention consciously while giving its mind to remembering
accurately the sum of the figures already added. This is
probably best done by mechanically repeating to one’s self
mentally, twenty-seven, twenty-seven, twenty-seven, or
whatever the sum may be, during the whole interval of
Inattention. Little is known about the different methods of
bridging the attention spans and it may well be that other
methods would prove more effective. The use of the device
suggested above, however, is common.

“Giving up in the middle of a column and commencing
again at the beginning is almost a certain symptom of lack
of control of the attention. On the other hand, mere inac-
curacy of addition (as 27 plus 2 equals 28) may be due to
lack of contrcl over the combinations. If the errors occur
at more or less regular points in a column, and if, further,
the combinations missed vary slightly When the column is

re-added, the difficulty is pretty sure to be one of attention
and not one of knowledge.”
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B. SuBTRACTION OF WHOLE NUMBERS
1. ANALYSIS OF THE SUBTRACTION PROCESS.

One of the most difficult processes in arithmetic is
subtraction. An analysis! of the skills and knowledges
needed in subtraction is as follows:

1. The 100 subtraction combinations.

2. Three ideas in one’s subtraction concept:
Taking away idea: 15 — 7; 7 from 15.
Adding idea: What number added to 7 equals 157
Difference idea: 15 is how many more than 7?

3. The meaning of the following terms: Minus, less,
subtrahend, minuend, borrowing, difference, remainder.

4. The meaning of the subtraction sign.

5. That the complete minuend must always be larger
than the complete subtrahend.

6. That in writing the example, units must be placed
under units, tens under tens, ete.

7. That one must begin at the right and work to the left.

8. That the order of units in the subtrahend must be
subtracted from the same order in the minuend.

9. How to proceed when the first number to be subtracted
in the minuend is larger than the corresponding number in
the subtrahend.

10. That one must not borrow unless the number in the
subtrahend is larger than the corresponding number in the
minuend.

11. How to proceed when a number of the subtrahend is
larger than the corresponding number of minuend; i.e.,
borrowing.

12. What it means to place a 1 in front of a number when
borrowing ten.

423
—219

1 E. Merton, loc. cit.
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13. What it does to the next number in the minuend when
a 1 has been placed before the following number.

14. Must be able to remember the new number made
through borrowing.

628
— 239

After subtracting 9 from 18, the child is dealing with 11,
not 12.

15. How to proceed when the need for borrowing and no
borrowing is met alternately in an example.

16. How to borrow when two or more successive digits
in the subtrahend are larger than the corresponding digits
in the minuend.

17. How to proceed when there are fewer figures in the
subtrahend than in the minuend.

18. How to proceed when the last subtraction takes place
with the subtrahend and minuend the same:

649
— 623

(The zero must not be placed in the remainder.)

19. Ability to handle a zero or a succession of zeros in
the subtrahend.

20. Ability to handle a zero or a succession of zeros in
the minuend.

21. How to check for correct answers.

A well organized teaching procedure must recognize
the necessity ‘of providing for the development of each of
the elements included in the analysis. Deficiency in any

element may be the cause of weakness in the process as
a whole.

2. THE BASIC SUBTRACTION FACTS.

A knowledge of the basic facts in subtraction is abso-
lutely essential for satisfactory work in that process. Since
this is true the first step in a diagnosis should be to deter-
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mine the control the pupil has over these facts. This
should be done by measuring the speed and accuracy
with which he can give orally or write the remainders for
combinations and by discovering his deficiencies.

The following sets of combinations may be used to
determine the pupil’s knowledge of the basic facts. A
pupil in grade 3 or 4 should be able to give the answers
for each set in the time indicated. If he cannot do so,
additional practice is needed to develop speed. Special
work should be done on combinations not known.

PRACTICE IN SUBTRACTION: SET I (Two minutes)

o low lor lwe
oo lcoon [om oo
lwmlww‘leum
lmon Jeoos oco [meo
low |mn oo lwoa
mo oo loo leo
loven e [no [owm

PRACTICE IN SUBTRACTION: SET II (Two minutes)

g8 o9 8 7 7 10 9 8 8
1 4 8 2 4 1 9 4 2
7 10 9 9 9 7 10 10 7
3 8 1 & o0 6 6 5 0
8 8 8 9 10 9 10 T 9
5 4+ 3 3 4 6 7 1 7T
7 10 7 10 9 10 9 8 8
7 & 5 2 2 95 5 0 6
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PRACTICE IN SUBTRACTION: SET III (Two minutes)

11 7 10 11 9 7 12 8
¢+ 3 6 9 3 4 5 5
12 10 11 10 12 10 9 12
3 3 8 4 6 7 2 8
9 11 9 12 10 11 10 12
4 38 7 9 8 T 9 4
11 8 11 9 11 12 8 10
6 38 =2z 6 5 1 6 2
PRACTICE IN SUBTRACTION: SET IV (Two minutes)

15 14 16 13 18 13 14
6 8 7 5 9 & 09
17 16 13 14 15 13 16
s 09 4 6 8 T 8
15 13 14 17 13 14 15
7 9 7 9 8 5) _9

—_— —_— —— — —_— —_—

3. HicHER DECADE SUBTRACTION.

Whenever a pupil works a short division example of

the type, 4)1956, higher decade subtraction is used. For
example, after dividing 19 by 4, the subtraction example,
19 — 16, must be worked mentally; the 3 must be car-
ried to the 5, forming 35. Here the example 35 — 32
must be worked mentally after division by 4. Similar
types of subtraction examples must be worked in every
short division example involving carrying. Specific prac-
tice on such subtraction examples improves the work in
short division. The detailed discussion of this point will
be taken up in the unit on division of whole numbers.
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4. EXAMPLES NOT INVOLVING BORROWING OR CARRYING.

When compared with addition, subtraction is a much
less complicated process as far as the basic number facts
to be learned are concerned. Only two numbers are
involved, namely, the minuend and the subtrahend,
whereas in addition, long columns of as many as nine, or
ten, or more numbers, are sometimes found.

The chief difficulties in examples not involving carrying
or borrowing are found in examples which contain zero
difficulties, as follows:

84
— 24 A number less the number equals zero.
65
— 20 A number less zero equals the number.
47 598
— 45 — 592 Zero is not written when occurring in this
type.
85 487
- 4 — 6 How to subtract in examples involving a

larger number of digits in the minuend
than in the subtrahend.

Examples of the type below merely afford practice on
the combinations, although care must be taken to estab-
lish the habit of beginning work at the right.

976 800 906 6892
— 432 — 400 — 804 — 4571

5. EXAMPLES INVOLVING BORROWING OR CARRYING.

After the pupil has learned the basic combinations, and
has learned to work examples such as those given under
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(4), he must learn the process of working examples in
which the number in the minuend is less than the number
in the subtrahend. There are many skills that must be
taught, the chief ones being illustrated by the following

examples:
158 15
— 75 Where the combination -7 introduces the process.
95
— 28 Borrowing or carrying in unit’s place.
60
— 47 Zero difficulty.
73 6
— 64 Zero difficulty in — 6
63 .
— 9 Subtraction by endings; blank place.
962
— 138 Three numbers; borrowing or carrying in unit’s
place.
708
— 495 Borrowing or carrying ten’s place.
845
= 269 Borrowing or carrying in unit’s and ten’s place.
435
— 86 Two-place borrowing or carrying; blank place.
600
— 497 Double zeros in minuend.
207 |
— 29 Zero in ten’s place; borrowing or carrying,

_-—
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800
— 208 Double zeros in minuend; borrowing; zero in sub-
trahend.

These examples may be followed by four-place or five-
place numbers, involving other combinations of difficulties.
The diagnostic test on this page contains many different
types of subtraction examples, each type representing a
new combination of skills. Such a test makes it possible
for the teacher to locate the specific types of examples
which cause the pupil difficulty and to prescribe the neces-
sary remedial exercises.

FINDING DIFFICULTIES IN SUBTRACTION!

This exercise contains many different kinds of subtrac-
tion examples. Practice until you can work all of them
correctly.

SET 1
a b c d e
1. 9 15 a7 46 897
4 7 3 2l 356
2 9 25 258 90 805
9 510 20 202
3. Wi 686 869 774 793
7 68 22 414 5%

SET II
4. 73 494 868 729 921
8 49 59 456 636
5. 6,172 523 180 909 802
4,753 195 2 727 618

1 Triangle Arithmetics, Book II, Part I, p. 24.
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6. 4,001 9,200 574 4,981 8,043
2,883 3,373 108 3,008 7,606

SET III

7. 9,080 8,010 11,900 7,462 8,376
6,759 3,684 9,901 4,399 2,968

8. 15,886 16,575 2,333 12,344 6,661
5,899 6,778 1,677 4,446 5,892

9. $.08 $1.20 $4.00 $6.54 $8.91
.03 .30 1.25 5.79 4.06

6. THE Most ComMoN FAULTY HABITS IN SUBTRACTION.

An analysis of the faulty habits in subtraction revealed
by a study of the mental processes of pupils deficient in
that process is given in Table 3.

TABLE 3

FREQUENCY OF OCCURRENCE OF THE MOoST COMMON FAULTS
IN SUBTRACTION OF WHOLE NUMBERS

(Adapted from Buswell and John, page 137)

GRADES
ToTAL
IIT | IV v VI
1. Errors in Combinations................. 62 ( 75 | 69 | 40 | 246
2. Borrowing:
(a) Did not allow for having borrowed . 19 | 50 | 57 | 86 | 162
(b) Errors due to zero in minuend...... 2513926 |15 ( 105
(¢) Subtracted minuend from subtra-
hend. . 47 [ 33 | 12| 4| 96
(d) Failed to borrow, gave zero as
answer. 2112014 )| 4 59
() Deducted in minuend when no bor-
rowing was necessary . 2 8| 10 5 25
(f) Deducted (2) from minuend after
borrowing. . 1 5 8 6 20
(¢9) Increased minvend d1g1t after bor-
rowing......... 2 2 6 2 12
(h) Deducted all borrowed numbers
from left hand digit............... 11 01 11 0 2
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TABLE 3 (Continued)

GRADES
ToraL
oI | Iv v VI
3. Counting. | 43144139 10 | 136
4. Faulty Procedures:
(a) Said example backward.. .. 21 (88|29 | 12 | 100
(b) Added instead of subtracted. .| 18 9119 1 47
(¢) Used same digit in two columns. | 18 1 15 3} 4| 40
(d) Omitted a column. 9113 8 5] 3b
(e) Split numbers. . g7 51| 10 2 24
(f) Ignored a dlglt 12 6 2 3 23
(9) Used minuend or subtrahend as
remainder. ..... .| 10 6| 2 0 18
(k) Began at left column.............. q 2 0 1 0 3
5. Lapses, etc.:
(a) Derived unknown from known. . 12 9 | 13 3 37
(b) Error in reading. ... 114 5| 13| 10 42
(¢) Error due to numbers in minuend
and subtrahend being the same . 1 51 10 3 19
(d) Reversed digits in remainder. . 4 7 2 4 17
(¢) Confused process with division or
multiplication. 5 6 3 2 16
(f) Skipped one or more decades... . 3| 4| 7| 0 14
(g) Based subtraction on multlphcation o
combination. J 01 2 3 0 6
(k) Error in writing answer........ 2 1 0 1 4
Total cases.... 84 (109 {109 | 70 | 372

Errors in the basic subtraction combinations and count-
ing to get the answer are the most common faults in
subtraction. Their prevalence suggests the need of addi-
tional work to develop speed and greater accuracy in the
basic number facts. This practice should be adjusted
to the needs of the individual by careful pre-tests and an
analysis of the results.

The skills involved in borrowing or carrying present
the largest group of faults in subtraction. The most
common fault in this group was failure of the pupil to
allow for having borrowed. Inability to solve examples
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with zeros in the minuend caused many errors. This
suggests the need of special stress on examples involving
zeros in the minuend. Complete lack of comprehension
of the process involved is evidenced by the individuals
who subtracted the smaller number in the minuend from
the larger number in the subtrahend, or who failed to
borrow when necessary and gave zero for the answer.
Most of these faults can be eliminated by a careful re-
teaching of the borrowing or carrying process by means
of a well graded set of practice exercises each of which
presents a new difficulty.

Various faulty procedures are found in the work of
deficient pupils. Faulty statements, splitting up num-
bers, omitting numbers, and using the same number in
two columns were those most frequently discovered. The
following is an exact reproduction of the steps in solving
a subtraction example orally, reported by Winch:!

(1) “9 frem 6 you cannot; take 1 from the 7 next door
leaves 6; 9from 10is 1 and 6 is 7.”

(2) “2 from 6 leaves 4.”

(3) “8 from 5 you cannot; take 1 next door, leaves 3;
8 from 10 leaves 2, and 5 are 7.”

(4) “9 from 3 you cannot; go next door,

take 1 leaves 1; 9 from 10 is 1, and 8 makes 624,576
4.’ 139,829
(6) “3 from 1 you cannot; go next door, 484,747

take 1 from the 6 leaves 5; 3 from 10 is 7
and 1 makes 8.”

(6) “2 from 6 leaves 4.”

Similar statements of the pupil’s verbal processes are
frequently found in educational literature. They illus-
trate the complexity of the mental processes employed by

' W. H. Winch, “Equal Addition Versus Decomposition in Teaching
Sugté'gitl%l),” Journal of Experimental Pedagogy (Vol. 5, pp. 207-20,
an — .
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many pupils in arriving at the solution of an example.
Such roundabout methods are inefficient and cumber-
some and result in inferior work. One fifth-

grade pupil was given the example at the

rigcht to solve. After laboring for a time he 84
finally wrote the correct answer, 47. After — 37
considerable questioning it was revealed that T
he had found the answer by counting from 84

back to 37 by ones and had managed, in some manner,
to keep track of the count and to get the correct answer.
He simply did not know what to do when the number in
the minuend was less than the corresponding number in
the subtrahend. It may be said that he readily learned
the correct process and was greatly pleased to see how
much more quickly and easily he could find the answer
than by the method he had been using.

C. MULTIPLICATION OF WHOLE NUI\%BERS

1. BAsic KNOWLEDGE IN MULTIPLICATION.

According to Merton!, the basic knowledge needed in
multiplication is as follows:

1. The multiplication tables through 9 X 9 including
ZEros.

2. How to add. _

3. The meaning of the multiplication sign.

4. The meaning of the following terms: Multiplication,
product, multiplicand, multiplier, carrying, and sum.

5. That in writing the example, units must be placed
under units, tens under tens, ete.

6. That the multiplier is always a number of frmes.

7. That the number in the multiplicand is to be multi-
plied by the numbers in the multiplier.

1 Merton, loc cit.
10
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8. That one must begin at the right and work to the left.
9. How to place the product after the first multiplica-
tion when the product is less than 10.

10. Ability to proceed with the multiplication of the next
digit when meeting the condition in 9.

11. How to place the answer in the product when the
product is 10 or more than 10.

12. How to proceed with the multiplication of the next
digit when meeting the condition in 11; 1.e., carrying.

13. Ability to multzply and add quickly.

14. Ability to remember the number carried.

15. Ability to handle zero or a succession of zeros in the
multiplicand.

16. How to proceed when the need for carrying and no
carrying are met alternately in the example.

17. How to proceed after the multiplication by the units
figure of the multiplier is completed when there is more than
one figure in the multiplier.

(a) Which number to multiply by next.
(b) Where to place the first product.

18. Ability to handle a zero or a succession of zeros in
the multiplier.

19. That these products must be added and how this is
done. This involves any or all of the 18 points on addition.

20. How to check for correct answers.

2. THE BAsic NUMBER FACTS.

(a) Zero combinations. Unless they are carefully pre-
sented, combinations, one of whose factors is zero, have
been found to be difficult for children. There are 19 such
combinations. When being taught they should be prac-
ticed in connection with the other basic facts.

(b) Combinations not involving zero. Assuming that
the pupil should know all combinations neither of whose
factors exceeds 9, there are in all 81 facts to be learned,
not including zeros. There are 100 facts in all.
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The following sets of combinations provide a con-
venient means of locating deficiencies in multiplication
facts. Pupils in grades 4 and 5 should be able to give
all of the facts in each set in the time allowed. Special
note should be made of the facts on which the pupil
makes mistakes. Special work on them should be re-
quired.

SET I. 1 minute.

1 2 1 2 1 1 2
6 0 1 3 2 4 1 2
1 1 2 1 1 0 1 1
3 8 1 4 95 0 0 5
2 2 2 2 0 0 2 0
709 5 8 1 4 & 2
SET II. 11 minutes.
3 4 4 3 3 4
1 1 3 6 0 3 3
4 3 4 3 4 4 3
X 4 9 2 5 8 7
3 4 3 0 3 4 4
8 2 9 3 6 4 9

SET III. 11 minutes.

5 6 5
2 1 6

-_ — —

IP—*U’!
I@Oﬁ
IOJCJ'(
l'\'lCD
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6 5 6 5 6 6 6

3 4 5 5 4 8 0

5 6 5 5 6 5 0

8 2 7 0 9 9 )
Sgr IV. 11 minutes.

8 7 8 8 7 7 7

2 1 3 6 5 2 09

17 0 1 8 8 7 0

s 71 3 9 4 1 6

7 8 7 8 7 8 8

+ 1 0 1 & 8 5
SET V. 1% minutes.

9 9 9 8 9

L7 2z o0 3 0

9 9 0 9 9 9 0

8 A 9 b 9 B 8

3. CARRYING IN MULTIPLICATION.

Whenever a pupil works an example of
43 such a type as the one at the left carry-
% 4 ing is involved. The pupil must learn
— (1) to write the correct number in the
_ product; (2) to carry in his mind the
number to be carried; (3) to add the carried number to
the next partial product. This process seems simple to
adults but for the pupil it is a quite complicated process
to learn, one which causes much difficulty.
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One method of reducing the difficulty of this process is
to give the pupil special practice on the possible combina-
tions that may arise in the carrying step. The following
types of exercises will aid the examiner to discover pos-
sible weaknesses in carrying in multiplication:

SET 1
27+4= 18+4+383= 494+5= 1245= 36+4+4 =
45+8= 40+6= 35+4= 1643 = 8l+4+8-=
18+5= 1B6+4= T72+7T= 324+6= 2447=
SET 11
4 XT+3 = IX6+T= 3XT+2=
6 X6+3= I9X4+48= 5X4+438 =
TX5+6= 8X6-+4= 2X9+1=
8Xb+4 = 3X4+4+1= 4 X5+2=
6 X845 = IXT+4 = TXT4+6=
Set (I) includes the sums of some of the possible prod-

ucts and a number that might be carried in an example
in multiplication. Set (II) includes multiplication com-
binations plus numbers that might be carried, giving prac-
tice in multiplying and adding a given number to the
product. It should be noted that in exercises like Set (II)
the number carried must always be at least one less than
the number by which one is multiplying. An example
such as 4 X 3 4+ 9, never should be used, since 9 is never
carried in a multiplication example when the multiplier is
4. The largest number that ever could be carried when
the multiplier is 4 is the 3 in the product of 4 X 9 = 36.

The product numbers which occur in examples involving
carrying in multiplication are 1, 2, 3, 4, 5, 6, 7, §, 9, 10,
12, 14, 15, 16, 18, 20, 21, 24, 25, 27, 28, 30, 32, 35, 36, 40,
42, 45, 48, 49, 54, 56, 63, 64, 72, 81. There are in all 175
possible addition combinations involving carrying in mul-
tiplication.
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The most common types of examples in multiplication
involving carrying are as follows:

(@) 16 Carrying in ten’s place; two-place product.

x5
) 65 Carrying in ten’s place; three-place product.
X 6
(¢) 216 Carrying in ten’s place.
X 6
(d) 3821 Carrying in hundred’s place.
X8
(e) 4162 Carrying in alternate places.
X3
(fy 3617
X 5

|

47 7ZEROS IN MULTIPLICATION.

Zeros cause much difficulty in multiplication. The
most common types of zero difficulties in simple multipli-
cation are as follows:

(a) 40 Zero at end.
x 2

(b) 203 Zero in"middle, no carrying.
X 3

(¢) 200 Double zero.
X 4

(d) 206 Middle zero; carrying.
X 6
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(e) 4007 Double zero; carrying.
X 8

(f) 4080 Alternate zero; carrying.
X 9

If pupils are given the above examples to work, their
deficiencies in working with zeros quickly become ap-
parent.

5. LoNG MULTIPLICATION, INCLUDING ZEROS.

When the pupil has once learned all of the steps in simple
multiplication, he must be taught the more difficult com-
plex processes of multiplying by two or more numbers,
including numbers ending in zeros, or including zeros.
The new skills involved here are:

1. Ability to place partial produects correctly.

2. Ability to allow for zeros in the multiplier.
3. Ability to add partial products.

These abilities are involved in many different types of
examples in multiplication. The diagnostic test for grade
5 on page 142 contains a large variety of types of examples
by means of which the teacher can locate the specific
types which the pupil is not able to solve because of lack
of knowledge of the procedure to follow.

In most cases an examination of the paper will show
the exact nature of the difficulty. Where it is not pos-
sible to discover the cause of the difficulty in this way
the pupil should be required to work the example aloud.

6. FaurLty HABITS IN MULTIPLICATION.

The relative frequency of faulty habits of work of pupils
in grades 8 to 6 deficient in multiplication is given in
Table 4,
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This exercise contains many different kinds of multipli-
Practice until you can work all of them

cation examples.

correctly.
a
1. 7
8
2 340°
_2
3. 16
!
4 32
21
5 412
103
6 849
490
7. 628
705
8. 3.75
_8
9. $15.20
80

| R

412
21
3,004
22
708
796

625
404

$1.20
_°
$.60
90

_—

SET 11

230
22

52
93

9,005
465

—_—

SET III

7,859
968
$.09
-

$.05
48

612
30

24
85

9,080
823

4,685
157
$2.25
79
$30.10
275

! Triangle Arithmetics, Book II, Part I, page 42,

312
400

369
78

143
596

7,865
2,500

$16.00
64

$524
76
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TABLE 4

143

TaE Most CoMMON FAuLTS IN MULTIPLICATION OF WHOLE

NUMBERS

(Adapted from Buswell and John, page 138)

GRADES
ToTaL
Iy | 1v | v VI
. Combinations:
(a) Errors in combinations. . . 36 | 59 [ 60 | 41 | 196
(b) Errors in single zero combmatlons, .
0 as multiplier..................... 11 | 20 | 23 | 27 81
. Carrying:
{(a) Error in adding carried number 6|40 | 58 | 45 | 149
(b) Carried wrong number. 5128 | 40 | 22 95
(¢) Forgot to carry 10 | 30 | 27 | 22 89
(d) Counted to carry... 4|20 | 28 9 61
(¢) Wrote carried number...... 8|16 | 14 9 47
(f) Error in carrying into zero.... 1 6| 7 1 15
(g) Multiplied carried number. 2 1 0 1 4
(k) Added carried number twice. 0 1 L 0 2
(¢) Carried when nothing to carry 0 0 1 0 1
. Counting:
(a) Counting to get combinations. .. 15 | 11 9 519 40
(b) Repeated table. ... 311 11 6 31
(¢) Multiplied by adding.... 6 | 11 8| 4| 29
(d) Wrote table........ 0] 0| 44 1 5
. Faulty Procedures:
(a) Wrote rows of zeros......... 2 (33|40 | 34 | 109
(b) Used multiplicand as multiplier 18 [ 33 | 23 | 15 89
(¢) Errors due to zero as multiplier 5126 (30|17 | 178
(d) Omitted digit in multiplier ..... 1115|2016 52
(¢) Omitted digit in multiplicand . 211712 | 12| 43
(f) Errors due to zero in multiplicand. 4 114 | 15| 9| 42
(g) Error in position of partial products . 0115|115 9| 39
(h) Confused products when multiplier
has two or more digits..... 113 9 9 32
(1) Did not multiply a digit in multi-
plicand...... 51 9 71 7| 28
(7) Omitted digit in product ....... 0 5 7 5 17
(k) Forgot to add partial products. 0| 3 7 2 12
(I) Split multiplier.... . 0 1 6 4 11
(m) Wrote wrong digit of product 0 3| 4] 2 9
(n) Used multiplier or multiplicand as
product. . 1 1 1 1 4
(o) Used digit in product twice. 0| 1| 2| 0 3
(p) Began at the left side.. . g 1] 00 0} O 1
(¢) Multiplied partial products ........... 0y 1] 0f O 1
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TABLE 4 (Continued)

GRADES
ToTAL

I | Iv v VI

5. Lapses, etc.:
(a) Used wrong process... .. ... .
(b) Derived unknown combination from

—t
Qo

22 116 | 10 | 66

known....... 3111 6 6 26

(¢) Errorsin reading.. .. . 6 5111 3 25
(d) Errors in writing products. . . . 2 4 8 2 16
(e) Multiplied twice by same digit.. 17 1] 3 2 7
(f) Reversed digits in product...... 1 1] 2 2 6

6. Errors in addition....... 5131141 (21 98
7. Illegible figures............ ..ot 0] 3 5 71 15
Total cases. 47 | 98 102 | 82 | 329

The most common fault is lack of knowledge of the basic
combinations especially those in which 0 is the multi-
plier. This fault is also revealed by the number of pupils
who count to get the products of combinations or repeat
tables. Evidently these pupils would profit greatly from
further work on these basie facts.

Another important source of error in multiplication is
in faulty carrying. Many errors are made in adding the
carried number, showing the need of additional practice
on the step of adding products and the number to be
carried. Many other errors in carrying are due to the
fact that the wrong number is carried. Pupils often
forget to carry. They count with their fingers and in
other ways when carrying, thereby revealing
weakness in addition.

Errors are often made when carrying into
zeroin such an example as the one at theright.
It is evident that teachers must give special

408
X 6
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attention to the carrying process. In making an analysis
of the causes of difficulty in multiplication, the pupil’s
habits of work in carrying should be carefully checked.

Numerous faulty procedures are found in examples

involving the work in multiplying by two or more numbers
especially when the multiplier contains one or more zeros.
Many of these errors are probably due to carelessness,
such as the omission of a digit in the multiplier or in the
multiplicand; incorrect placing of the partial products;
failure to complete the example, or using a digit in the
multiplier twice.

An analysis of the data concerning faulty procedures

suggests:

(1) The necessity of giving special attention to ex-
amples involving zeros in either the multiplier
or multiplicand.

(2) The necessity of insisting on neat work and the
correct placing of the partial products.

(8) The desirability of requiring the pupil to recheck
the entire work before being prepared to accept
the answer as correct.

Errors in the addition of partial products are also fre-

quently found and constitute one of the chief causes of
weakness in multiplication.

D. DivisioN oF WHOLE NUMBERS

1. THE KNOWLEDGE NEEDED IN SHORT DIVISION.

According to Merton! the basic knowledge and abilities
necessary in short division are as follows:

1. The multiplication tables through 9 X 9 including
ZEr0s.

BE Merton, loc. cit,
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2. The 100 subtraction combinations.

3. The division tables through the 9’s including zeros.

4. The meaning of the signs for division, ) , and + .

5. The meaning and use of each of the following terms:
Division, product, dividend, carrying, divisor, quotient,
remainder..

6. How to proceed when the first number of the dividend
is the same as, or greater than, the divisor.

7. Where to place the first number of the quotient when
meeting the condition in 6.

8. Must know how to proceed when the first number of

the dividend is smaller than the divisor, as: 4)104.
9. Where to place the first number in the quotient when
meeting the condition in 8.
10. Each step:
(a) Divide.
(b) Place quotient figure.
(¢) Multiply.
(d) Subtract.
(e) Carry.
11. How to handle the remainder after subtracting:

2)9154.

12. Ability to remember the number carried.

13. That no number equal to or larger than the divisor
can be carried.

14. Ability to find the correct quotient figure with a min-
imum of trial; i.e., rapid recognition of the two factors, one
being given.

15. How to continue dividing after some number in the
quotient brings no remainder: 18

2)364

16. Ability to handle the zero in the quotient and make
the proper operation in the dividend: 150

4)6012

17. Ability to handle the zero in the dividend when alone
or used with a number carried.

18. How to handle a zero or a number of ze
of the dividend. zeros at the end
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19. How to place correctly all quotient figures.

20. How to handle the remainder at the end of a problem
that does not ‘‘come out even.”

21. How to check for correct answers.

2 TuE ADDITIONAL BASIC KNOWLEDGE NEEDED IN
LoNG DIVISION.

In addition to the knowledge listed for short division,
the following knowledge is basic in the long division
process:

1. Ability to subtract under conditions found in the long
division process.
2. Ability to estimate quotients of all types, chiefly in
examples with two- and three-place’divisors.
3. How to multiply and carry.
4. The steps in the process.
(1) Divide.
(2) Place quotient figure correctly.
(3) Multiply divisor and correct quotient figure.
(4) Place the resulting product correctly.
(5) Compare with number from which it is being
subtracted.
(6) Subtract.
(7) Compare remainder and divisor.
(8) Bring down digit from dividend.
(9) Continue these steps until the example is com-
pleted.

If the correct basic habits in short division relating to
the manipulation of zero difficulties and remainders are
well established, the chief problems involved in long
division are teaching the pupil the form to be used in
writing out the example and how to find the quotient
figures. The form in which to write out the work is easily
taught by requiring the pupil to write out the steps in
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solving a typical example in short division which the
pupil has learned to solve mentally.

3. Tur DivisioN COMBINATIONS.

(a) The basic combinations. In division there are 90
basic combinations with divisors from 1 to 9 and in which
there is no remainder. Since these are absolutely essen-
tial any deficiency in knowledge of basic combinations
is certain to have serious consequences. The following
sets of examples afford a convenient means of checking
up on the pupil’s knowledge of the basic combinations:

SET I. 1 minute.
D6 24 2)10 19 N3 D5
2)12 N7 NN 2)14 28 2)18
2 02" 26 D8 D6 D4

SET II. 11 minutes.
3)3" 48~ 36 4)20 4H12 39
424 312 Ha- 24 4)28 016
321 4)32 3)27 4)36 3)15 3)18

SET IIT. 1% minutes.
5)10 6)24 5)5 6)36 6)6 515
6)18 5)25 6)12 6)48 5)20 5)45
5)30 6)30 5)35 6)54 5)40 6)42
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SET IV. 1% minutes.

728 8)24 714 8)40 735 8)438

8)32 nNT 88 756 8)56 749

721 8)16 742 8)64 763 8)72
SET V. 1 minute.

9)45 972 99 9)54 9)27

9)63 9N18 9)36 9)81

(b) Combinations with remainders. In dividing 13
by 2, the pupil must first find the quotient figure 6, then
subtract 12 from 13 to get the remainder 1. It is known
that pupils have much difficulty with this step since
higher decade subtraction is involved and the pupil has
usually had relatively little, if any, practice in this type
of subtraction. Therefore, in addition to the 90 basic
division facts, the pupil must have definite practice on
360 other division combinations in which there are re-
mainders. This is a total of 450 division facts. These
facts may be found as follows:

ToraL
PossiBLE
One into any number from 0 to 9. 10
Two into any number from 0 to 19. 20
Three into any number from 0 to 29. 30
Four into any number from 0 to 39. 40
Five into any number from 0 to 49. 50
Six into any number from 0 to 59. 60
Seven into any number from 0 to 69. 70
Eight into any number from 0 to 79. 80
Nine into any number from 0 to 89.... 90

Total. .. 450
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The following sets of exercises should be used to dis-
cover possible weakness in division examples involving
remainders. The sets contain a fair sampling of com-
binations ranging from easy to difficult.

SET I. SUBTRACTION INVOLVED IN DIVISION.
11 minutes.

52 — 49 = 17— 9 = 19 — 18 = 44 — 36 =
67 — 63 = 156 — 12 = 3l — 24 = 48 — 42 =
52 — 48 = 27T — 21 = 29 — 25 = 62 — 45 =
19 — 15 = 20 — 14 = 35 — 27 = 39 — 36 =
15 — 12 = 14 — 10 = 34 — 28 = 17 — 12 =
24 — 20 = 26 — 18 = 39 — 32 = 23 — 16 =
32 — 28 = 27 — 21 = 41 — 35 = 61l — 54 =

SET II. FINDING REMAINDERS AND PRODUCTS.

2 minutes.
9 X 5and ? = 48; 52 8 X 5and ? = 47; 42
9 X T7and ? = 67; 70 8 X 6and ? =51; 54
9 X8and ? =177; 79 7 X Tand ? = 52; 55
4 X 6and ? = 27; 25 6 X 9and ? = 57; 59
5 X 7Tand ? = 388; 39 3 X 8and ? = 26; 25
SET III. EASy DIVISIONS AND REMAINDERS.

2 minutes.
(Subtraction in Same Decade)

215 317 4)14 3)23 T £H19
4)35 5)4T7T 4)29 54 4)38 5)23
4)3~ 5)24 5)39 217 3)19 5)46
2)19 3)26 4)21 5)18 4)37 4H27
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SET IV. DIVISION AND REMAINDERS. 2% minutes.
(Higher Decade Subtraction)

4)31 6)21 733 4)11 3)20 6)41
762 853 628 862 7)61 9)44
64 960 &2 65 N0  9)80
6)53 )31 733 9)62 935 741

4, TYPES OF SHORT DIVISION EXAMPLES.

The chief difficulties in short division examples are
concerned with remainders in the body of the example
or at the end, and with the use of zeros in the quotients.
The following set of examples contains the important
types of examples in easy short division. This set may
be used to determine deficiencies in particular types of
processes.

(@) 2)64 Even division, no remainders.

(b) 2)482 Even division; 3 place quotient.

(¢) 2)608 Even division; zero in quotient in middle.
2)420 Even division; zero in quotient at end.
4)400 Even division; zero in quotient; double zero.

(d) 8)216 Initial trial dividend—two figures; no re-
mainders.

(e) 2)816 Zero difficulty in quotient; carrying.

(f) 4)485 Remainders at end of example; with and with-
out zero difficulty.

3)905
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0246

5)254
(9) 2)819 Zero, carrying, and remainder.
(h) 8)282 Carrying; no remainder.

4)96
(z) 4;347 Carrying and remainder.

If the pupil has difficulty with any of the types listed
above, the reason for the difficulty should be discovered.
The following are known to be the chief causes of difficulty
in short division:

1. Errors in division combinations.
2. Errors in carrying.

3. Zero difficulties.

4. Manipulation of remainders.

If the pupils have special difficulty with any particular
type of example they should be given practice on others
of the same type. These can easily be prepared by the
teacher.

5. NAMING QUOTIENTS IN LONG DIVISION.

One of the chief problems in long division is to teach
the pupil effective techniques for finding the quotient
figures. The difficulty of finding a quotient figure may
vary from the easy type 20)60, to the very difficult trial
division type, 16)142. The following sets of examples
afford a convenient basis for determining the level at
which the pupil has difficulty in naming quotients. Each
set contains a special step. Any single column of these
examples may be used to locate approximately the level
where difficulty may be found.
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(1) (2 (3 4) (5)

(@) 20)40 30)60 40)80 20060  40)40
(b) 20)44 30)36 40)88 1065  20)66
(c) 21)42 32)64 43)86 23)69 41)82°
(d) 32)69 21)89 12)38 31)96 23)48
(e) 20)54 43)97 21)70 24)97 23)59
(f) 40)160 80)480 51)102 61122 21)126
(g) 35)105 32)160 34)108 43)236 52)171
(h) 29)275 58)187 78)356  29)222 28)138
(1) 63)428 36)226 55411  25)128 85)251

() 14)74 15)90 14)107  18)165  17)95

In sets (a) to (¢) the trial quotient is the true quotient.
In sets (k) to (5) the trial quotient is not the true quotient.
In these sets the pupil faces the problem of first estimat-
ing the quotient and then checking his estimate by mental
multiplication. He must repeat this checking until he
has found the correct quotient figure. The pupil should
be given considerable practice in naming quotients with
specially prepared exercises, beginning with level (@) and
proceeding to level (7).
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6. SPECIAL TYPES OF DIFFICULTIES IN LONG DIVISION.

The chief new skills needed in long division, in addition
to the ability to name quotients, are those concerned with
the multiplication of the quotient figure involving carry-
ing and the subtraction necessary in long division ex-
amples. Some authorities suggest that only one new
difficulty be introduced at a time. Note the following

examples:

22
(@) 81)682
62
62

62

(b) 45)990

23
(c) 22)506
44
66
66

31
(d) 36)1116
108

36
36

In example (o) there is no carrying in multi-
plication and there is no borrowing in
subtraction.

In example (b) there is carrying in multipli-
cation, but no borrowing in subtraction.

In example (c) there is borrowing in subtract-

ing 44 from 50, but there is no i
In multiplication. o taing

In example (d) there are both carrying in

?ultiplicatiOn and borrowing in subtrac-
1on.
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Any one of the above types can be further complicated
by introducing the factor of remainders. Two other
factors that can increase the difficulty of these examples
are the introduction of more difficult quotient figures and
zero difficulties in quotients.

The following exercise contains the different types of
examples in long division by means of which specific diffi-
culties in long division can be located. Each example
illustrates a new difficulty, either in process or in quo-
tients.

1. 23)483 2. 25575 3. 2)308
4. 31)345 5. 32)407 6. 35)428
7. 2D)1155 8. 32)2592 9. 42)1008
10. 33)1786 11. 28)1896 12. 63)4285
13. 15)1065 14. 16)912 15. 35)10675
16. 72)14416 17. 26)52104 18. 37)74370

Appropriate remedial exercises must contain examples
of the types given above. The examples should be given
in a well graded series.

7. THE MosT COMMON FAULTS IN DIVISION.

In Table 5 are given the most common faults in long
and short division, according to an analysis of data con-
tained in the report of Buswell and John.!

 Buswell and John, loc. cit.
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TABLE 5

FREQUENCY OF OCCURRENCE OF THE MOoST COMMON FAULTS
IN DiI1visiIoON OF WHOLE NUMBERS

(Adapted from Buswell and John, page 139)

GRADES
TotAL
IIL v v VI
1. Errors in division combinations. . 351 5656 | 59 |42 | 191
2. Errors in subtraction. | 4|25 |47 | 37 | 113
3. Errors in multiplication............ 1|20 |48 | 36 | 105
4. Remainders:
(a) Used remainder larger than divisor .. 111713929 86
(b) Neglected to use remainder within
example.. .. - . 5127|2513 70
(¢) Wrote remainders within example. 8111 | 17 | 13 49
(d) Omitted final remainder . .. . 411618 | 11 49
() Used remainder without new divi-
dend figure...... . . .00 6| 14 9 29
(f) Wrote all remainders at the end of
the example. . oo 1 0 6 2 9
(9) Added remainder to quotient...... ..| 0 2 1 0 3
(k) Added remainder to next digit in
dividend...... 0 0| O 1 1
Faulty procedures:
(a) Found quotient by trial multipli-
cation. .. ) o1 8149 | 24 82
(b) Omitted zero resulting from another
digit........ ..... . 0120|2224 66
(¢) Omitted digit in dividend..... . 4115|2718 64
(d) Used _short division form for long
division. .. . , 016 |24 | 10 50
(e) Omitted zero resulting from zero in
dividend.... .. .. . . 3112119 |12 | 46
(f) Used long division form for short
division. c 0| 4|27 | 13 44
(g) Used too large a product. . 0 7121 ] 12| 40
(h) Said example backwards.. .. .. 911 81 7 35
(t) Grouped many digits in dividend. . 1 4 112 5 22
(7) Used dividend or divisor as quotient 2 4 6 4 16
(k) Reversed dividend and divisor. 8 3 2 2 15
(1) Used digits of divisor separately 0 1 8 1 10
(m) Used digits in dividend twice. ..... .| 0 2 5 2 9
(n) Used second digit in divisor to find
quotient..... 1 0 1 b 1 7
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TABLE 5 (Continued)

GRADES
i TorAL
m | w v v
(0) Began dividing from the right. . 1 1 4 1 7
(p) Split dividend...... . .. .... 0] 0 51 1 6
(¢) Used endings to find quotient (Iong
division)........ .. 0 2 3 1 6
(r) Added zeros to dividend when quo—
tient not a whole number..... 0 0 1 2 3
(s) Wrote row of zeros....... 0 0 1{ 0 1
(t) Dropped zero in divisor, not in divi-
dend............. ... ... ..., 01 0] O 1 1
6. Counting:
(a) Counted to get quotient.. 512 | 24 4 58
(b) Repeated part of mult1p11cat10n
table. . d 4115127 9| 55
(¢) Counted in subtractions. . 31156 |18 | 6| 42
(d) Found quotient by addmg 1 3 6 4 14
7. Lapses, ete.:
(a) Used wrong operation. . 17 | 17 | 24 6 64
(b) Derived unknown combination from
known. 1 6| 11 3 26
(¢) Had right answer but usedwrong one. 0 7110 4 21
(d) Error inreading........... 3 2| 10 2 17
(e) Misinterpreted table......... 0| 2 51 2 9
8. Illegible figures............covivvenn.. 40 0 0 1 1
Total cases............... 44 | 77 1103 | 76 | 300

As was found in each of the other processes, the chief
faults in division are lack of knowledge of the funda-
mental combinations and counting to get the answer.
These difficulties can be remedied by well organized prac-
tice. Many errors were made in subtraction, both in
carrying in short division and in subtracting in long
division examples. Many errors were also made in the
multiplication of divisors and quotient figures. These
data show that much of the deficiency in long division
may be due to weakness in the other basic processes
involved in the complex long division examples,
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Another large group of errors is due to difficulty with
remainders, mainly because of using remainders larger
than the divisor, or because of neglect to use remainders
within examples. Many faulty procedures are found, a
large proportion of them involving zero difficulties and
the method of finding the quotient.

PROBLEMS FOR STUDY, REPORTS, AND DISCUSSION

1. Do you think that the lists of skills in each process,
as prepared by Miss Merton, are complete? Analyze them
carefully. What changes, if any, would you make?

2. List the skills that are involved in solving the following
examples:

78 7890 786 65)6770
49 — 1564 X 35
675 —

3. Show how addition is used in subtraction, multiplica-
tion, and division.

4. What are the most common difficulties in addition?
in subtraction? in multiplication? in division?

5. Construct a duplicate set of subtractioh examples
containing the same types of difficulties as those in the
examples on page 131.

6. Show how subtraction is used in short division. Pre-
pare a set of exercises that will give the pupils practice on
the subtraction used in short division.

7. Make an analysis of the examples in naming quo-
tients on page 153 and show the specifie skills involved in
each level of difficulty.

8. Examine textbooks to discover the methods pupils
are taught to use in estimating quotients in long division.

9. Select some pupil whose work in arithmetie is inferior
and by means of a standard diagnostic test make a diagnosis
of his difficulties. Use the technique of psychological diag-
nosis described in the previous chapter. Select or prepare
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a set of remedial exercises that you would use to overcome
his difficulties.

10. Why might continued practice on exercises with which
the pupil has difficulty result in failure to produce any
improvement in his work?

11. Examine an arithmetic text and list the number of
types of examples in a process that are presented in the
new development units. Compare the number of steps in
developments of processes in new and old texts.
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CHAPTER V
DIAGNOSIS OF DIFFICULTIES IN FRACTIONS

1. AN ANALYSIS OF THE SPECIFIC ABILITIES IN FRAC-
TIONS.

The first step in the development of a diagnostic pro-
cedure in fractions is the analysis of the specific abilities
involved in each of the processes. This is true because
weakness in working fraction examples may be due to
deficiency in one or more of these specific skills or abilities.
Such an analysis of skills likewise facilitates a study of the
instructional materials that are being used by the class
to discover the possible shortcomings of their content.
Diagnostic tests may be constructed on the basis of such
an analysis. By means of such tests the teacher can locate
the specific nature of the difficulty that the pupils have in
any of the processes. Such an analysis of the specific
skills in each process is also of great value to the textbook
writer. This list, supplemented by a knowledge of the
most difficult types of examples and of the major causes
of pupil difficulty in each process, furnishes a valuable
set of specifications to be used as the basis for the
development of adequate instructional and practice
units.

(a) Specific abilities involved in addition of fractions.
The following list of items arrays the various new skills
involved in the addition of fractions: -

Sknn No. DESCRIPTION OF SEILL
(1) 1. Knowledge that fractions must have a common
denominator before they are to be added.
(161)
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SEmL No.

@) 2.

(3)
(4)

()
(6)
(7)
(8)
)

(10)

11)
(12)

(13)
(14)
(15)

(16)

DIAGNOSTIC TEACHING

DESCRIPTION OF SKILL

Knowledge that to find the sum of two or more
like fractions their numerators are to be added-
and their sum written over the common denom-
inator.

Ability to reduce unlike fractions to a common
denominator:

(@) When the common denominator is one of the

given denominators: 1 + 1 =2; 41 4 1 = 41,

(b) When a common denominator is the product

of given denominators: % 4 1 = §; 21 4
33 = 51%.

. Knowledge of procedure to use in:

(@) Adding like fractions.

(b) Adding unlike fractions.

(¢) Adding whole numbers and fractions.

(d) Adding whole and mixed numbers.

(e) Adding fractions and mixed number (all types
of fractions).

(f) Adding two or more mixed numbers (all types
of fractions).

. Ability to reduce sums to simplest form:

(a) Ability to recognize answer already in simplest
form.
(b) Ability to reduce proper fractions: % = 2;
8 __ 2
12 — 3
(¢) Abilit_y to reduce improper fractions:
(1) Simple reduction, answer a mixed number:
3= 23
(2) Simple reduction, answer a whole number:
1=2;%2=1
(3) Further reduction, answer a mixed num-
ber: 4 = 1§ = 14; 18 = 42 = 41,
(d) Ability to reduce mixed numbers:
(1) No reduction required: 9% + 71 — 16 .

Nore.—An analysis of descriptive elements to be used in analyzing
practice in fractions, differing in make-up from the lists here given, has
been published by F. Knight, E. Luse, and G. Ruch, Problems in the
Teaching of Arithmetic (Iowa City, Iowa: Iowa Supply Store, 1925),
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am (2) Simplereduction: 124 = 12}; 16:% = 164.

(18) (3) Carrying, answer a whole number: 12%
=14.

(19) (4) Carrying, simple reduction, answer a mixed
number: 7§ = 113.

(20) (5) Carrying, further reduction, answer a mixed

number: 7¢ = 8% = 81.

How to use the list of skills in analyzing an example:

This list of items may be used in making an analysis
of the skills involved in working such an example as
the following:

7L =172 The skills involved in this ex-
82 = 84 ample are skills 1, 2, 3, 10,
T 158 =15 + 11 = 161 13, 19, described in the list

above.

The skills involved in working the following examples
differ from those listed for the above example, as can be
determined by a comparison of the skills indicated.

(1) 7% Skills required are (2) 81 Skills required are
2 Nos. 1, 2,9, 15, 20. 61 Nos. 1, 2,4, 10, 16.
14+%

(00]
=

In a similar way an analysis can be made of the skills
involved in any example in the addition of fractions.
The diagnostic test in addition of fractions on page 164
contains a large variety of types of examples, each of
which contains a different combination of the unit skills
listed above. The reader can readily make an analysis
of the unit skills involved in each example on the basis
of the list of skills given above. Such analysis will make
clear the complexity of the various types of examples in
the process.
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(b) Specific abilities involved in subtraction of frac-
tions. The following is a list of the specific skills in-
volved in the subtraction of fractions:

Sk No. DEscrirTION OF SKILL

(1) 1. Knowledge that fractions must have a common de-
nominator before they can be subtracted.

(2) 2. Knowledge that numerators of like fractions are to
be subtracted and the difference written over the
common denominator.

3. Ability to reduce unlike fractions to a common
denominator:

(3) () When common denominator is one of

denominators: 3 — =% — 1 =
31 =42 — 31 = 11

1

the given
1.
) 2

(4) (b)) When common denominator is the product of
given denominators: % — 1 =4%; 3% —
§ = 3.

4. Ability to use procedure in subtracting fractions and
mixed numbers, not involving borrowing, in—

(5) (e) Subtracting like fractions: § — £ =%; 2 —
1 _ 1
4 — 2-*

(6) (b) Subtracting unlike fractions: 7 — % = 3L

(7) (c) Subtracting fractions from mixed numbers, no
zero difficulty: 3% — 3 = 3L

(8) (d) Subtracting two mixed numbers, no zero diffi-

culty: 563 — 21 = 31,
(e) Special types of zero difficulties with—

9) (1) Answer a proper fraction, zero not ex-
pressed: 73 — 7 = 1,

(10) (2) Answer a whole number, zero not ex-
pressed: 73 — 3% =4; 42 — % = 4,

(11) (8) Answer is zero, and zero is expressed:

I —5=0;7 — 7L =0.
5. Ability to subtract a whole number from a mixed
number:
(12) (@) Knowledge that a fraction less zero gives the
original fraction.
(13) (b) No zero difficulty: 41 — 2 = 21,
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Sk No. DEBCRIPTION OF SEILL

(14) (c) Zero difficulty, zero not expressed: 43 — 4 = 3.
6. Ability to use procedure in subtracting fractions
and mixed numbers from whole numbers, which
involves borrowing—
(15) (¢) When whole number is unit (1): 1 — § =% —

3 — 1

4 = 4

(16) (b) When whole number is greater than one, no
zero difficulty: 7 — 2 =6 — § = 6%; 8 —
41 =74 — 41 = 3%

(17) (¢) When whole number is greater than one, zero
difficulty, zero not expressed: 8 — 73 =
73 — T4 = 1.

7. Ability to use procedure in subtracting fractions
and mixed numbers from mixed numbers, which
involves borrowing:

(18) (@) Ability to change the form of the minuend in

examples containing like fractions: 71 —

2 =62 — 3 =6}; 75 — 23 = 63 — 2} = 42,

(19) (b) Ability to change the form of the minuend in

examples containing unlike fractions: 61 —
3=62—2="5¢—3="5%

NoTE.—After the form of the minuend in 6 and 7

is changed, the skills listed under 4 become operative.

No new skills are required.

8. Ability to reduce answers to simplest form:

3(20) (@) Ability to recognize answers already in simplest
.~ form.
(21) (b) Ability to reduce proper fractions to lowest
terms: 2 = 4.
(22) (c) Ability to reduce mixed numbers to simplest
form: 42 = 4}.
(23) (d) Knowledge that fraction with 0 numerator
equals zero: { — 3 = %.= 0.

This list of skills may be used in making an analysis
of the skills involved in any example in subtracting frac-
tions. The following examples illustrate the method:
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(1) 7% =72 Skills required are
— 3= %1 Nos.1,2,3,7, 20.
Tt
(2) 8% = 8§ =17% Skills required are
—73 =74 =74 Nos. 1, 2, 8,19, 9, 21.
4=

Similar analyses may be made of the unit skills in-
volved in the solution of the examples in the diagnostic
test in fractions on page 168.

(¢) Specific abilities involved in multiplication of frac-

tions.

The following list of items arrays the unit skills

involved in multiplication of fractions:

SmL No.
1 1.
(2) 2.
3) 3.
4) 4.
b5) 5.
6.
(6)
)
&)
9)
(10)

DESCRIPTION OF SKILL

Knowledge that fractions need not be reduced to
a common denominator before multiplying.
Knowledge that “of” means “times,” as in 1 of 4.
Knowledge that the product of the numerators
gives the numerator of the answer and that the
product of the denominators gives the denomi-
nator of the answer. v
Ability to reduce mixed numbers to improper frac-
tions: 73 = 15,
Knowledge that a whole number; as 4, may be’
expressed with a denominator, as %.
Ability to apply procedure to use in—
(@) Multiplying proper fractions, with .unit nu-
merators: + X § = 4. )
(b) Multiplying proper fractlons with greater than
unit numerators: £ X 3 = 15,
(c) Mult1p1y1ng proper fractlons and whole num-
bers: + X 4 = 1.
(d) Multiplying proper fractions and mixed num-
bers: 2 X 1 = 3.
(¢) Multiplying whole .and mixed numbers: 4 X
T3 = 313,
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BRUECKNER TEST IN FRACTIONS:

Date School..oo e

a b c d e f g

2 5

L4 $ ; ; 4 4 7

4 _8 _3 _8 _3 _3 5

2. 5% 43 32 73 13 9 5

I T N I B

3. 3 6t 73 10% 9: 41 3

4 3 o8 4 3 T 4

I I I

5. T3 3% 3 1 21 23 1

2 13 3 " B ¥ $

6. 13 13 3 23 31 6} 3

A - A

T 13 28 8 43 148 11 62

2 s 3 18 14y ¢ 52
8. 11 104 21 9%
S

(11) (f) Multiplying mixed numbers: 47 X 42 = 21.
7. Ability to express products in simplest form (if
cancellation is not used), when product is ex-
pressed as—
(@) Proper fraction.
(12) (1) Reducible: ¢ =

[N
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(13) (2) Irreducible: 2.
(b) Improper fraction, which gives—
(14) (1) Product a whole number: 12 = 3; 4 = 1.
(15) (2) Product a mixed number, simple reduction:
12 = 2%,
(16) (8) Product a mixed number, involving further

reduction: 18 = 22 = 21.
8. Ability to cancel, which involves—
a7 (a) Ability to determine when cancellation is not
possible.
(18) (b) Ability to recognize common factors.
(c) Ability to indicate cancellation in numerator
and denominator.

(19) (1) Single cancellation: 2 X & = 2,
1 5
: 3 )10 5
(20) (2) Double cancellation: s X ?71 = 58
4 7
(21) (d) Ability to manipulate unit terms remaining after
complete cancellation:
1 p 1 1
A 1.3 4 1
5 8 2 g z~17"
2 1 1

NoTE.—Cancellation is merely a short-cut method of
reduction before the respective multiplications have been
made. It should probably not be taught until the basie
procedure has been firmly established. Otherwise inter-
ference with important habits may result in serious difficulty.

The skills involved in solving typical examples in the
multiplication of fractions are analyzed below:

29 ; 58 Skills required are
(1) X2 =4 X5=73=19%  Nos 1, 3 4
1 11, 15, 18, 19.

(@) $ %8 =% =62 Skills involved are 1, 3, 5, 15, 17.
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The diagnostic test in multiplication of fractions on
this page contains a wide variety of types of examples
in which these unit skills oceur in varying combinations.

BRUECKNER TEST IN FRACTIONS

Date. b Sehool. e
Name.. ..o Grade...:........... Age.. ... N1 S
Find the answers to the following multiplication examples:
a b c d e
.2 X8 = + X3 = 2 X2= Z2X16= ¥X14=
.2 X% = 3X3%= 4 X 3= 12X t= 8Xx1i=
.1 X3 = T X§ = zX1o= $X3% = X 3% X

LBX2l= TXAl= 6X3= 2x4i=

LN
[

W e ol Cofen
X
(K]]8
X

L2l x1= 81X2= B8ixd= 32x9= £Xx10X
3
3
1x2.= 3xX1i= §xX62= 2X82= 3x6x
21 —
B3x§= 3Xi= Tixi= 6ixi- 4x3ix
7T =
2)X2; = 61X63= 31XB3l= 33x2f- 43x2%x
14 =
.2 365 18 251 23
8% 12 153 27 182

(d) Specific abilities involved in division of fractions.
The following list of items arrays the skills involved in
division of fractions. It is assumed that the method of
inversion is used.
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Srm No. DESCRIPTION OF SKILLS

(1) 1. The knowledge that the divisor must be inverted
as the 1mportant new step in a division example.
(2) 2. Knowledge that a whole number such as 4 may be
thought of as having the denominator 1, thus
2 r4=3+t-3xt-h dri-tX
$ = 12
(8) 3. Ability to reduce a mixed number to an improper
fraction: 41 = §
(4) 4. Knowledge that mixed numbers should almost
alvvays first be reduced to improper fractions:
1+11=3%+3=2
-(5) b. Knowledge that after the divisor is inverted the
procedure is the same as in an example in multi-
plication of fractions, thus involving many of the
specific skills and knowledges listed for that
process.
6. The ability to invert the divisor when it is—
(6) (a) A proper fraction: =+ % = X%; +%t= X323
(7) (b) An integer: = 4 =
&) (¢) A mixed number = 21 = +5 =X
7. After the divisor is inverted,. the example 1nvolves
the ability to work an example in which—
9) (¢) An integer is multiplied by a proper or an
improper fra'ction b5+2=5X3;, b=
21 =b+45 =5 X1
(10) (b) A proper or an 1mproper fraction is multiplied
by a proper or an improper fraction: % =+
F=3XH2 4= X152 +3=8XE
(11) 8. Ability to cancel when the form has been changed
to a multiplication example. See skills listed
under multiplication.
9. Ability to reduce the answer to the simplest form
involving—
12) (a) Ability to'recognize fractions already reduced
to lowest terms.
(13) (b) Ability to reduce proper fractions to lowest
terms.

u-lto
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(¢) Ability to reduce improper fractions to simplest

form:
(14) (1) As a whole number: = 2. .
(15) (2) As a mixed number, no second reduction:
=1L
(16) 3) As a mi?{ed number, involving further re-

duction: 4* = 1§ = 14.

The following illustrate the analysis of skills involved
in three typical examples in division of fractions.

1) 5+ 2% = Skills in division, 1, 2, 3, 4, 5, 8, 9,
. 11, 14.
B2 _2_
1 XF=1"°
1
@ 5+71 = Skillsin division, 1,2,3,4,5,8, 9, 11, 12.
1
B2 _2
171573
3
8) 5+ 8% = Skillsin division, 1, 2, 3, 4, 5,8, 9, 11, 15.
1
B4 _4_ 4
iXg =3~ 1
3

Division examples 1, 2, and 3, each involve the division
of a whole number by a mixed number; yet each example
contains a specific element which makes.it differ from the
other two in an important way. Division skills 1, 2, 3,
4, 5, 8, 9, and 11 are common to the three examples.
The difference between the types is revealed by the re-
maining element which varies in each example, namely,
the nature of the answer. In example 1 the answer is
an improper fraction which reduces to a whole number,
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gkill 14; in example 2 the answer is a proper fraction,
skill 12; in example 3 the answer is a mixed number,
skill 15. Similar analyses may be made of the skills
involved in working the division examples found in the
diagnostic test on this page.

The examples contained in the diagnostic tests in frac-
tions are the important types that should be included
in the practice materials. They contain, in various
combinations, all of the gkills listed under specific abili-
ties on pages 171 to 172. Unless all of these types are
present there is a possibility that the pupil may not be
able to work examples similar to missing types encoun-
tered in life outside the school.

BRUECKNER TEST IN FRACTIONS

Date. e Sehool. e
Name. ... Grade............_....... Age ... Sex.....o....
Find the answers to the following division examples:

a b c d e
1.5 = b= B +2= 12+ 2= 14+ $t= 2 +4# =
2. d+t= d+i= $+d= Hii= e o=
3, 1+ 1= 11+ 1= U+ 4{= 1§+5%= 9 +8 =
4. t+5 = $+4 = §+5 = $+6 = 10+6 =
5.11+5 = 114 = b53+5 = b5%+2 = 2 +1ld4=
6. 1+13= 3+12= H+lf= 3+13= 12+ 6% =
7.2 +922 = 8 w4l = 5 +28 = 5 25 = 43 +2;=
8 11+8L = 1i+381= 2§+23= 83+1i= 35+1;=

These tests are not standardized for rate of work nor
are there norms or standards of accuracy. Their func-
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tion is not to measure ability but to make it posssible
for the teacher to inventory the complete area of each
process and to locate the types of examples which may
be presenting difficulty for the class or for an individual
pupil. This is vital at the time the processes in fractions
are first being taught.

The diagnostic test in reduction of fractions given
below supplies material by means of which the teacher can
determine the specific element that may be causing diffi-
culty ‘in reduction or in changing the form of fractions.
It will be shown that it is this phase of the work that is
a major source of errors in all processes.

It is of course obvious that the ability of the pupil to
work all examples that fit the description of a particular
type is not measured by his ability to work a single
example of the type. However, the fact that he can work
a single example of the type means that he knows the
procedure to use in working similar examples. To
measure the ability of the pupil to work examples of a
given type, a test containing from fifteen to twenty such
examples should be given. At present no such tests are
available.

DragNosTIC TEST IN REDUCTION OF FRACTIONS!

1. Reduce the following fractions to lowest terms:
a

8. — 15 _ 6 _ 6 10
12 — 18 — 16 — 7T = 14 —

2. Supply the missing terms in each of the following
fractions:

£ =~ 1% 3 16 5 = 10 =3 i=s
3. Change the following improper fractions to mixed
numbers. Express all answers in lowest terms.
9 _ 12 __ 19 _° 25 __ 11 __ 14 _
| = 8- — 12 = 10 = 3 = 5=

1 Triangle Arithmetics, Book 1I, Part II, Page 217.
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4. Change the following mixed numbers to improper
fractions:

1;]5;- = 2% = 7—:13- = 5%— = 8% = 9T3T =
5. Change these pairs of unlike fractions to fractions

with a lowest common denominator. The first example is
already worked correctly.

o b c d

N\

f

1

SN
il
NSRS
= e o3

e coft
[
Ol -3
i
[XICE N
Il
Wl dlen
I

6. Change 1, %, and % to twelfths.,

7. Change 2, 8, and  to fractions having a lowest com-
mon denominator.

8. Supply the missing numerators in the following:

71 = 65 52 = 45 6 = b¢ 8 = Ts

31 =2 bl=ds 9] =8y 15} = 14
9. Reduce the following to simplest form:

3% = 8t = 1212 = 88 =
10. Express the following as fractional parts of 100:

121, 25, 75, 50, 331, 87%

662, 37L, 40, 831, 60, 621

(e) Basis of Analysis of Fractions Proposed by Osburn.
Osburn! has proposed a somewhat different technique
than the method just described for analyzing the pro-
cedures used in solving fraction examples. This tech-
nique makes very clear the complexity in the number
and sequence of steps involved. Failure of the pupil
to take any of the steps in the correct order will result
in confusion and error. The following example illus-
trates Osburn’s suggested procedure:

L'W. 8. Osburn, Corrective Ailrhmetic, Vol. 2 (Boston: Houghton
Mifflin Company, 1929), pp. 39-46.



176 DIAGNOSTIC TEACHING

The Steps are:

(1) Multiply 2 and 3......
(2) Divide 6 by 2.
(3) Multiply 1 by 3..

43 = 43 (4) Divide 6 by 3.
2% =25 (5) Multiply 2 by 2.
6 =6+1L =7: (6) Add 3and 4.

(7) Add 4 and 2.

(8) Divide 7 by 6.

(9) Subtract 6 from 7
(10) Add 1% and 6.

Summary: MDMDMAADSA

M stands for multiplication, S for subtraction, A for
addition, D for division, I for invert.

In solving this example there are ten steps. Should
one be surprised if the.pupils find such examples difficult?

Similar analyses may be made for solutions of examples
in other processes. The following analyses illustrate the
complexity of steps.involved in solving examples in the
other processes in fractions:

SpndrrRURUR

Subtraction.

3 — 21 = MDMDMAASS(Qsteps)or

MDMDMSASS (9 steps)

Multiplication. , , .,

3t X ¢ = MADDDMM D (7 steps)

3 X2% = MAMADDDDMM DS (12 steps)
Division. |

15 +12 = MAIMM DS (7 steps)

++5= MAMAIMMDMS (10 steps)

2. RELATIVE DIFFICULTY OF TYPES OF EXAMPLES IN
FRACTIONS.

It is important that provision be made for practice
on each of the types of examples in fractions. This is
made clear by available data as to the relative difficulty
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of types of examples in each process. To determine the
difficulty of the types of examples found in the diagnos-
tic tests previously described Kelly! gave the tests to
approximately 800 pupils in Minnesota and Wisconsin
schools at the end of the first semester in the sixth
grade. These pupils had completed all work in fractions
and in addition had a careful review of fractions.

Table 6 contains the results of this investigation.
The table contains an analysis of the skills involved in
each of the examples in the four tests. It also gives
the per cent of thé pupils who solved each example in-
correctly; and the rank of difficulty -of each example,
based on these per cents of error.

TABLE 6

ANALYSIS OF THE EXAMPLES IN THE DIAGNOSTIC TESTS IN
FRACTIONS AS TO SKILLS AND DIFFICULTY
A, ADDITION (40 Types)
Grour I. ADDITION OF PROPER FRACTIONS HAVING COMMON

DENOMINATORS
(I;ER Rank
TyrE ExamrLe Dzscrirrion §§T Dﬁ};b

Error | corty

13+3=1% Similar denominators. Sum is less| 5.0 1
than 1. No reduction.

21 4+5=¢6=2 |Similar denominators. Sum is less| 14.3| 14
than 1. Reduction.

3i+i=1 Similar denominators. Sum is'1. 8.6 4

4 |44+ 2=¢ =1} |Similar denominators. = Numerators| 10.0| 6
more than 1. Sum is more than 1. No
reduction,

51243 =24=1} |Similar denominators. = Numerators| 16.1| 18

more than 1. Sum is more than 1.
Reduction.

1P, Kelly, “An Analysis of the Relative Difficulty of Types of Ex-
amples in Fractions,” Master’s Thesis, Unpublished (Minneapolis,
Minnesota: University of Minnesota, 1929).
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TABLE 6 (Continued)

GrouP II. ADDITION OF WHOLE NUMBERS WITH PROPER FRACTIONS
AND WITH MIXED NUMBERS

Per | Rank
Cent OF
TyrE ExamrLE DEscrIPTION or | DirFI-

ERrnror | coLrY

6 |5-+13

= 5% Fraction added to a whole number. 11.6; 9
TE+T="3 Whole number added to a fraction. | 5.5] 2
8 |4+ 1% = 5% Mixed number added to a whole num-| 12.0| 10

ber.

9 (381 +8 =114 Whole number added to a mixed num-| 6.1} 3
ber. No reduction.

Whole number added to a mixed num-{ 15.9} 17

10122 +4=63=6 '
ber. Reduction.

[T

Group III. ADDITION OF MIXED NUMBERS WITH FRACTIONS
HAVING COMMON DENOMINATORS

11 |34 + 3 = 8% Similar denominators. Sum of frac-| 10.8| 7
tions is less than 1. ‘No reduction.
12 |} + 2} = 2% = 2}(Similar denomihators. Sum of frac-| 15.7| 16

tions is less than 1. Reduction. .

13 |25 + 7% = 93 = |Sum ol fractions is 1. Carrying. 21.2| 24.5
10 .
14 |3 + 2¢ = 51 = |Sum of fractions is more than 1. Car-| 26.5| 28
62 rying. No reduction. .
15 5% + 2§ = 7> =|Sum of fractions is more than 1. Car-| 28.8( 33.5
82 rying. Reduction.in fraction remain-
ing.

GrouP IV, ADDITION OF PROPER FRACTIONS WITH RELATED

DENOMINATORS
16 3+5=132 One given denominator is common de-| 10.8| 8
nominator. Sum is less than 1. No
reduction.
172+3%=%=% |One given denominator is common| 17.8| 20
denominator. Sum is less than 1.
Reduction. _
Bii+:+i= One given denominator is common| 14.4] 15
£=1 denominator. Reduction. Sum is 1.
Y §+i4+ &= One given denominator is common| 18.2{ 21
24 =9 denominator. Answer is whole num-

ber greater than 1.
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TABLE 6, GROUP IV (Continued)
| Per | RaRk
Tyer ExaxrLe DescrrpTiON ngT DIOFFH_
Ernor | coury
20 2+ 35 =3%=1% |One given denominator is common| 13.8| 13
denominator. Sum is more than 1.
, No reduction in fraction remaining. _
21 |5+ %=1t = (Sum is more than 1. Reduction in| 29.6| 35
1% = 1% fraction remaining.

GroUP V. -ADDITION OF MIXED NUMBERS HAVING RELATED FRAC-
TIONS. AND ONE GIVEN DENOMINATOR AS COMMON DENOMINATOR

2282 + 2% = 5% Sum of fractions is less than 1. No| 13.0| 11
reduction.
23 |1} + 3% = Sum of fractions is less than 1. Re-| 27.2| 29
418 = 43 duction. ‘
24 (11 4+ 14 21 = |Sum of fractions is-1. Carrying. 21.2) 24.5
3% =4
25 |74 4 84 = 102 =|Sum of fractions is more than 1./ 21.0; 23
111 Carrying. No reduction in fraction :
remaining.
26 |23 + 72 =93 = |Sum of fractions is more than 1.| 27.6| 30.5
103 = 10% Carrying. Reduction.
27 |35f + 4% + 33 =(Sum of fractions is more than 2.] 50.4| 39
1032 = 12,4 = | Carrying.  Reduction in {fraction
191 - remaining.
[
GrouP VI. ADDITION OF PROPER FRACTIONS WITH UNRELATED
DENOMINATORS
28 1+ 5 =1% Common denominator is product of| 9.1 5
given denominators. Sum less than
1. No reduction. ,
29 34+ 1445 = Common denominator is product of| 37.7| 36
25 =3 two of the given denominators. Sum
° is less than 1. Reduction.
03+t +3= Common denominator is product of| 27.6| 30.5
28 = 14 two of the given denominators. Sum
of fractions more than 1. No reduec-
tion in fraction remaining.
g1 t+i+i= Common denominator is product of| 24.3] 27
=145 two of the given denominators. Sum

No reduction in frac-
Remaining fraction

more than 1,
tion remaining.

| has numerator greater than 1.
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TABLE 6, GROUP VI (Continued)

Per | Rank
Cent OF
I'yrE Exaxrrn DgscrirTion OF DIFFI-

Error | corty

R E+E+1% = Common_ denominator is product of| 42.0[ 37

— 2.5 = g1 | two of the given denominators. Sum
® | more than 2. Reduction in fraction
" remaining.

Group VII. ADDITION OF MIXED NUMBERS WITH UNRELATED FRAC:
TIONS. CoMMON DENOMINATOR IS PrRoODUCT OF UNLIKE D=-

NOMINATORS
33 4% 4+ 1% = 555 |Sum of fractions is less than 1. Nol| 13.2| 12
reduction.
34 |15 + 73 4+ 8 = |Common denominator is product of| 55.0| 40
1128 = 1134 two of given denominators. Sum of
i N fractions is less than 1. Reduction.
35 163 + 43 = Common denominator is product of| 27.9| 32
104 = 115 given denominators. Sum of frac-
1 z tions is greater than 1. Carrying.
36 |52 + 73 = Common denominator is product of| 42.7| 38
1233 = 1875 given denominators. Sum of frae-
20 tions is greater than 1. Carrying.
Reduction.
!

GrouP VIII.—ADDITION OF MIXED NUMBERS AND FRACTIONS

37 |67z + & =517 |One given denominator is common| 17.4| 19
denominator. Sum of fractions is
less than 1. No reduction.

88 |/ + 15 = 17% =|One given denominator is common| 28.8| 33.5
13 denominator. Sum of fractions is
less than 1. Reduction.

89 {3+ 1+ 475 =5|0One given denominator is common| 19.1| 22
denominator. Reduction. Sum of
fractions is 1. Carrying.

40 |2 4-15 = 13§ = |Common denominator is product of| 24.2| 26
1 given de-ominators. eduction.
Sum of fractions is more than 1.
Carrying.
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TABLE 6 (Continued)

B. SUBTRACTIONS (53 Types)

Grour I. PRrOPER FRACTIONS SUBTRACTED FROM PROPER AND
IMPROPER FRACTIONS WITH SIMILAR DENOMINATORS

Per | RANE
Tyen Exawrin DescrIpTION Cg;q T DIC;\F;I_
ERrROR | cULTY
1|3—%=%=1% |Similar denominators. Reduction. 5.0 38
2|8 —3=2 Similar denominators. No reduction.| 8.1} 2
32—-1=1% Similar denominators. No reduction. | 2.3 1
4 |8 —%=4%4=1 |Similar denominators. Reduction. 6.9 5
5i—31=0 Fraction subtracted from fraction.| 29.0| 33
Similar denominators. Remainder is
Zero.

GrouP II. PROPER FRACTIONS SUBTRACTED FROM MIXED NUMBERS.
FRACTIONS WITH SIMILAR DENOMINATORS

6 [42 — I = 43 Similar denominators. Remainder is] 21.5] 17
mixed number. No reduction.

T4 -2 =4 Similar  denominators. Fractions| 40.2| 53
equal. Remainder is whole number.
Zero difficulty.

8 7§ — t =74 = 7%|Similar denominators. Remainder is| 29.2| 35.5
mixed number. Reduction.

913 —%2=2 Fraction subtracted from mixed num-} 29.2| 35.5
ber. Similar denominators. Bor-
rowing. Remainder is fraction. No
reduction. Zero difficulty.

GrouUp III. WHOLE NUMBERS SUBTRACTED FROM MIXED NUMBERS

10 52 — 8 =2} Remainder is mixed number. 8.2 7

11 (10 —10=1 Whole numbers similar. Remainder is| 15.4| 13
fraction. Zero difficulty.

GROUP IV. MIXED NUMBERS SUBTRACTED FROM MIXED NUMBERS
WITH SIMILAR DENOMINATORS. INO BORROWING

12 |4% — 2} = 2% |Mixed rumber subtracted from mixed| 6.7 4
1 number. Similar denominators. No
‘ reduction.
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TABLE 6, GROUP 1V (Cbntinued)

Per | Rawx

Cenrt oF
TyYPE ExamrLe DescrrrTroN or | DrFFi-

EgrRoR | cuLTY

13 33 — 23 =1 Similar denominators. Fractions| 29.9( 39
equal. Remainder is whole number.
14 |73 — 2% = 5% = |Similar denominators. Remainder is| 19.9| 15
52 mixed number. Reduction.
15 |1 — 1} = 4 = 1 |Similar denominators. Remainder is| 14.8| 11

fraction. Reduction. Zero difficulty.

16 |22 — 21 =0 Similar mixed numbers. Remainder is| 32.5| 45
zero. Zero difficulty.

Grour V. MIXED NUMBERS SUBTRACTED FROM WHOLE NUMBERS,
AND FRACTIONS SUBTRACTED FROM WHOLE NUMBERS

171 -1 =1 Fraction subtracted from 1. Remgm— 26.4| 24
der is proper fraction. Borrowing.
No reduction.

18 9 — 1 =82 Fraction subtracted from whole num-| 26.7| 27
ber. Borrowing. Remainder is
mixed number. No reduction.

19 |5 — 1} = 3% Mixed number subtracted from whole| 28.6| 32

number. Borrowing. Remainder is
mixed number. No reduction.

20 3 — 20 = {5 Mixed number subtracted from whole| 38.0| 52
number. Borrowing. Remainder is
fraction. No reduction. Zero diffi-
culty.

GRrouP VI. PRrROPER FRACTIONS AND MIXED NUMBERS SUBTRACTED
FROM MIXED NUMBERS WITH SIMILAR DENOMINATORS. BORROWING

21 65 — % = 5% Fraction subtracted from mixed num-| 23.4| 20
ber.  Similar denommators Bor-
rowing. Remainder is mixed num-
ber. No reduction.

22 (13 — § = 4 = 1 |Fraction subtracted from mixed num-| 31.8| 44
ber. Similar denominators. Bor-
rowing. Remainder is proper frac-
tion. Reduction. Zero difficulty.

28 |73 — § = 63 = 63|Fraction subtracted from mixed num-| 31.8| 44
ber. Similar denominators. Bor-
rowing. Remainder is mixed num-
ber. Reduction.
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TABLE 6, GROUP VI (Continued)

|
PeEr | Ranx

Cent | or
Tyer EXAMPLD Descrrerion or | Dirrr-

ERROR | cULTY

24 (103 — 4% = 52 |Mixed number subtracted from mixed| 26.3| 23
number. Similar denominators. Bor-
rowing. Remainder is mixed number.
No reduction.

25 198 — 8% = Mixed number subtracted from mixed| 83.7| 47
numbet. Similar denominators. Bor-
rowing. Remainder is fraction. No
reduction. Zero difficulty.

26 |43 — 17 = 2} = |Mixed number subtracted from mixed| 33.9| 48.5

g1 number. Similar denominators. Bor-
rowing. Remainder is mixed number.
Reduction.

27 |21 — 1§ = % = 1 |Mixed number subtracted from mixed| 27.3| 28.5
number. Similar denominators. Bor-
rowing. Remainder is fraction. Re-
duction. Zero difficulty.

GrouP VII. FRACTIONS SUBTRACTED FROM FRACTIONS; FRACTIONS
FROM MI1XED NUMBERS; MIXED NUMBERS FROM MIXED NUMBERS.
RELATED FRACTIONS. NO BORROWING

g8 1 —1=1 Related fractions. One given denom-| 7.8/ 6
inator is common denominator. No
reduction.

29 |1 —1=2%2=1 |Related fractions. One given denom-| 13.2| 10

inator is common denominator. Re-
mainder is fraction. Reduction.

80 33 — 1 =31 {Fraction subtracted from mixed num-| 14.9| 12
ber. Related fractions. One given
denominator is common denominator.
Remainder is mixed number. No

reduction.
81 |48 — } = 4% = |Fraction subtracted fromg mixed num-| 26.5| 25.5
41 ber. Related fractions. One given

denominator is common denominator.
Remainder is mixed number. Re-
duction.

32 133 — 13 = 2% Mixed number subtracted from mixed| 10.7{ 9
number. Related fractions. Re-
mainder is mixed number. No reduec-
tion. One given denominator is com-
mon denominator.

13
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Typrn

TABLE 6, GROUP VII (Continued)

ExaMpLE

DEBCRIPTION

Per
Cenr
OF
Ernor

Ranx

DiFFI-
CULTY

33

34

36

@jtn

o

143 — 14}

Mixed number subtracted from mixed
number. Related {fraction. One
given denominator is common denom-
inator. Remainder is fraction. Re-
duction. Zero difficulty.

Mixed number subtracted from mixed
number. Related fractions. One
given denominator is common denom-
inator. Remainder is mixed number.
Reduction.

Mixed number subtracted from mixed
number. Related fractions. One
given denominator is common denom-
inator. Remainder is proper fraction.
No reduction. Zero difficulty.

Mixed number subtracted from mixed
number. Related fractions. Com-
mon denominator is denominator of
fraction in minuend. Remainder is
unit fraction. No reduction. Zero

difficulty.

21 .4

25.4

21.8

19.4

16

22

18

14

Grour VIII.
MixeEp NUMBERS.

BORROWING.

FRACTIONS AND MIXED NUMBERS SUBTRACTED FROM
RELATED FRACTIONS

37

38

39

40

I

(L]

ot

Fraction subtracted from mixed num-
ber. Related fractions. Borrowing.
Remainder is fraction. No reduction.

Fraction subtr_acted from mixed num-
ber. Borrowing. Remainder is frac-
tion. Reduction.

Fraction subtracted from mixed num-
ber. Related fractions. One given
denominator is common denominator.
Remainder is mixed number. Re-
duction.,

Fraction subtracted from mixed num-
ber. Related fractions. Common
denominator is given denominator.
Borrowing. Remainder is mixed num-

ber.. No reduction.

28.6

30.1

37.¢2

27.8

32

40.5

51

30
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TABLE 6, GROUP VIII (Continued)

Per | Rank
D Cent OF
T'veE ExaMpLE ESCRIPTION or | DirFr-

Error | cunry

41 7% — 22 = 4% Mixed number subtracted from mixed| 3¢ 1| 40.5
number. Related fractions. One
given denominator is common denom-
inator. Borrowing. Remainder is
mixed number. No reduction.
42 |3t — 1% = 1§ = |Mixed number subtracted from mixed| 37.1} 50
1% number. Related fractions. One

given denominator is common denom-
inator. Borrowing. Remainder is
mixed number. Reduction,

43 |3 — 23 =% Mixed number subtracted from mixed| 33.5| 46
number. Related fractions. One
given denominator is common denom-
inator. Borrowing. Remainder is
fraction. No reduction. Zero diffi-
culty.
44 97y — 83 = Mixed number subtracted from mixed] 27.3| 28.5
=1 number. Related fractions. One

given denominator is common denom-
inator. Borrowing. Remainder is
fraction. Reduction. Zero difficulty.

GroUP IX. FRACTIONS SUBTRACTED FROM FRACTIONS; FRACTIONS
FROM MixED NUMBERS. UNRELATED FRACTIONS

45

wir
!
[N

=15 Fraction subtracted from {fraction.| 8.6 8
Unrelated. Common denominator is
oroduct of given denominators. No
reduction.

46 |1 — % = 7% = {x|Fraction subtracted from fractfon.| 31.6| 43
Unrelated. Common denominator is
product of given denominators. Re-

duction.
47 |28 — 3 = 24 Fraction subtracted from mixed num-| 29.2| 35.5
ber. TUnrelated. Common denom-
inator is product of given denomi-
nators. Remainder is mixed number.
No reduction. No borrowing.
48 |13 -3 =% Fraction subtracted from mixed num-| 30.8} 42

ber. Unrelated. Common denomina-
tor is product of given denominators.
Remainder is fraction. No reduction.
Borrowing. Zero difficulty.
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TABLE 6, GROUP IX (Continued)

Tyre ExampLE

DescrrTION

Per
CenT
OF
Error

or
Drrrr-
CULTY

49

50

51

52

53

[45]
W
I
[y
XN
i

175

Fraction subtracted from mixed num-

ber. Unrelated. Common denom-
inator is product of given denomi-
nators. Borrowing. Remainder is
mixed number. No reduction.

Mixed number subtracted from mixed
number. TUnrelated. Common de-
nominator is product of given denom-
inators. No borrowing. Remainder
is mixed number. No reduction.

Mixed number subtracted from mixed
number. Unrelated. Common de-
nominator is product of given denom-
inators. No borrowing. Remainder
is fraction. No reduction.

Mixed number subtracted from mixed
number. TUnrelated. Common de-
nominator is product of given denom-
inators. Remainder is mixed number.
Borrowing. No reduction.

Mixed number subtracted from mixed
number, Unrelated. Common de-
nominator is product of given denom-
inators.  .Remainder is fraction. Bor-
Towing. No reduction. Zero diffi-
culty.

29.2

22.5

28.5

33.9

35.5

23.7| 21

19

31

48.5

Grour I.

C.

PROPER FRACTIONS MULTIPLIED BY WHOLE NUMBERS

MULTIPLICATION (45 Types)

1

1X8=2

FX3 =4

i xX2=4%

Whole number multiplied by fraction.
Cancellation. Produet is whol
number.

Whole number multiplied by fraction.

tion.

Whole number multiplied by fraction.
No cancellation. Product is proper
fraction.

Cancellation. Product is unit frac-]

7.3

) 12.8

/1.

2
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TABLE 6, GROUP I (Continued)
Prr | Ranx
Trea ExampLE DescrirTION CSET DIOFIZ.I_
Enrror | coLTY
4 |2 X 16 = 103 Whole number multiplied by fraction.' 24 .8| 21
No cancellation. Product is mixed
number. /
5 (2 X 14 =113 Whole number multiplied by fractions 26.4| 26

Cancellation. Product is mixed num-

ber.

Group II. WHOLE NUMBERS MULTIPLIED BY PROPER FRACTIONS,

6

7

8

10

2X$=%

3 X %— 1 :-"‘.

4X3=2¢2

12 X 1 =23

8X %

=13 ¢

Whole number multiplied by proper
fraction,

Whole number multiplied by fraction.
Cancellation. Product is 1.

Whole number multiplied by fraction.
1()Jancelfl:a.tion. Product is whole num?
er.

Whole number multiplied by fraction(
No cancellation. Product i1s mixed
number. No reduction.

Whole number multiplied by fraction,
k()]ancellation. Product is mixed num-
er.

4

s

F17.9

9.8

10.9

16.8

18.2

14

15

Group III.

ProPER FRACTIONS MULTIPLIED BY PROPER FRACTIONS
INnvOoLVING ALsSO UNIT FRACTIONS

11

12

13

14

1
bES

I
op

Unit fraction multiplied by unit frac-
tion. No cancellation. Produect is
unit fraction. No reduction.

Proper fraction multiplied by wunit
fraction. Cancellation. Product is
proper fraction.

Proper fraction multiplied by unit frac-
tion. No cancellation. Product is
proper fraction. No reduction.

Proper fraction multiplied by proper“

fraction. Cancellation. Product is

proper fraction.

4

4

4

14.2

15.5

6.7

19.7

17.5
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TABLE 6 (Continued)

Group IV. WHOLE NUMBERS MULTIPLIED BY MIXED NUMBERS

Per | Rang
CeNT OF
Tree ExaMPLE DESCRIPTION ofF | DirpI-
Error | corry
15 |6 X 2% = 14 v Whole number multiplied by mixe_d'/19.7 17.5
number. Cancellation. Produet is
whole number.
16 {7 X 43 = 313 Whole number multiplied by mixed| 28.1| 27
number. No cancellation. Carrying.y”
Produet is mixed number. No reduc-
tion.
17 |6 X 32 = 222 Whole number multiplied by mixed| 29.3| 31
number. Cancellation. Product is~
mixed number. No reduction.
18 (2 X 4} = 8% Whole number multiplied by mixed| 26.0| 24

number. No cancellation. No re

duction.

Product is mixed numberd

~

Grour V. MIiXED NUMBERS MULTIPLIED BY WHOLE NUMBERS

19 (31 X 2 = 62 Mixed number multiplied by whole| 38.3| 28.5
number. No cancellation. Product)/
is mixed number. ; No reduction. ‘
20 (31 X 4 = 12% Mixed number multiplied by whole| 83.0| 33
number. Cancellation. Product isly
mixed number. No reduction. .
21 |32 X 9 =33 Mixed number multiplied by whole| 19.4| 16
number. Cancellation. Product is|,
whole number.
GrouP VI. PROPER FRACTIONS MULTIPLIED BY MIXED NUMBERS
22 [fx2t=3% Unit fraction multiplied by mixed| 17.1] 10
‘ number. No cancellation. Product|/
is proper fraction. No reduction.
23 |3 X1} =8 Unit fraction multiplied by mixed num-| 17.7| 12.5
ber. Cancellation. Product is propery
fraction. No reduection.
24 |3 X 62 =14 Proper fraction multiplied by mixed Ar.3| 11

25 12X 82 = 14

number. Cancellation.

Product i
whole number.

p.um_ber. No cancellation.
1s mixed number.

No reduction.

Proper fraction multiplied by mixed
Product L~

8

26.1| 25
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TABLE 6 (Continued)
GrouP VII. MIixED NUMBERS MULTIPLIED BY PROPER FRACTIONS

Per | Rank
Cent OF
T¥rE ExAMpPLR DrscRIPTION oF | DiFrFI-
ERROR | COLTY
26 3% x 2 = %9 Mixed number multiplied by proper| 21.3 19
O fraction. No cancellation. Product,-
is proper fraction. No reduction.
27 133 X 3=1% Mixed number multiplied by unit frac-| 28.9| 30
tion. Cancellation. Product s}~
proper fraction. No reduction.
714 X2=3 Mixed number multiplied by proper| 17.7 12.5
fraction. Cancellation. Product isl.
whole number.
29 6% X % = 2%% Mixed number multiplied by proper| 42.0{ 37
fraction. No cancellation. Product
is mixed number. No reduction. 1
30 22 X i=1% Mixed number multiplied by unit| 31.5| 32
fraction. No cancellation. Product,
is proper fraction. No reduction.

GrouP VIII. MixEp NUMBERS MULTIPLIED BY MIXED NUMBERS

31 25 X 2z =5

ozjen

Mixed number multiplied by mixed| 28.3| 28.5
number. No cancellation. Produet)”
~ is mixed number.

32 |61 X 62 = 40 Mixed number multiplied by mixed| 22.3| 20
number. Cancellation. Produet isf®
whole number.

Mixed number multiplied by mixed| 33.7| 34
number. Cancellation. Produect is}-
mixed number. No reduction.

34 |32 X 3% = 124; |Mixed number multiplied by mixed| 45.7| 38
pum_ber. No cancellation. Productp e
is mixed number. No reduction.

<,

33 |33 X3} =12

B

GroUP IX. SELECTED COMBINATION TYPES INVOLVING MULTIPLICA-
TION OF WHOLE NUMBERS, MIXED NUMBERS, AND FRACTIONS

85 |§ X % X z = ¢ [|Multiplication of three proper frac-| 24.5| 22.5
tions. Cancellation.

86 |3 X 3 X 43

Il

2% {Multiplication of two proper fractions| 53.4| 89
and a mixed number. Cancellation.




190 DIAGNOSTIC TEACHING
TABLE 6, GROUP IX (Continued)

Prr | RanNk
CenT OF
Tyee Examrrp DEescrrrTION or Dirrr-

ERrROR | cULTY

37 |3 X 10 X 2 = 3 |Multiplication of two proper fractions| 24.5| 22.5
and a whole number. Complete
cancellation.

38 |§ X 6 X 23

Il

5% |Multiplication of a proper fraction, a} 38.1| 36
whole number, and a mixed number.

Cancellation.
39 |4 X3 XT7T= Multiplication of two whole numbers| 56.5| 43
1004 and a mixed number. No cancella-
tion.

40 |43 X 28X1% = |Multiplication of three mixed numbers.| 55.2| 41
221 Cancellation.

GrouP X. COMBINATION OF DIFFICULT TYPES OF MULTIPLICATION'
INVOLVING LARGE NUMBERS

41 24 Whole number multiplied by mixed| 36.5| 35
3% number. Whole number multiplied
3 by unit fraction. Product is whole
"Q number. Carrying whole number.
5 Final product is whole number.
42 363 Mixed number multiplied by whole| 54.6| 40
12 number. Proper fraction multiplied
10 by whole number. Product is whole
"Q number. Carrying whole number.
36 Final product is whole number.
442
43 18 Whole number multiplied by mixed| 60.0| 45
15% number. Whole number multiplied
133 by proper fraction. Product is mixed
90 number. Carrying mixed number.
18 Final product is mixed number.
283%
44 251 Mixed number multiplied by whole| 56.1| 42
27 number. Unit fraction multiplied by
131 whole number. Product is mixed
175 number. Carrying mixed number.
50 Final prgduct is mixed number.
6381
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TABLE 6, GROUP X (Continued)

Per | Ranx
CenT OF
Tyen ExaMrLe DanscrirTION or | Drrrr-

Error | cuLty

45 23 Whole number multiplied by mixed| 59.7| 44
18¢ number. Whole number multiplied
131 by proper fraction. Product is mixed
184" number. Carrying mixed number.
23 Final product is mixed number.
42734

D. DIVISION (40 Types)

GrouP I. WHOLE NUMBERS DIVIDED BY PROPER FRACTIONS

1156+32=10 Whole number divided by unit frae-| 16.1| 7
tion. Quotient is whole number.
215+%3="17% Whole number divided by proper frac-| 14.6| ~ 4

tion. No cancellation.

3(12+3=16 Whole number divided by proper frac-| 21.3| 14
tion. Cancellation. Quotient is
whole number.

4 |14 =~ =173 Whole number divided by proper frac-| 25.9| 22
tion. Cancellation. Quotient is
mixed number.

5(2+34=2% Whole number divided by proper frac-| 19.5| 9
tion. Cancellation. Quotient is
mixed number.

GrouP II. FRACTION DIVIDED BY FRACTION

6y +-5=4% Unit fraction divided by unit fraction.| 9.4 1
No cancellation. Quotient is proper
fraction.

7TIE+5=13 Unit fraction divided by unit fraction.| 14.3| 3
Cancellation. Quotient is unit frac-
tion.

8li+-i=¢ Unit fraction divided by unit fraction.| 15.1| 5

Cancellation. Quotient is whole num-
ber more than 1.

Proper {raction qvided by proper| 13.4| ¢
fraction. Cancellation. Quotientis 1.

©o
oofed
o
[ TP
Il
p—t
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TABLE 68, GROUP II (Continued)
Per | Rang
Tyrr ExavrLe DescrrrTioN Cﬁ?’“ DS:;;.
Error | cuLTY
10 43 =3 =13} Proper fraction divided by unit frac-| 23.9{ 16
tion. No cancellation. Quotient is
mixed number. No reduction.
11 [§ = %5 = 2¢ Proper fraction divided by proper frac-| 41.8| 38.5
tion. Cancellation. Quotient is
mixed number. No reduction.

Group III.

MI1xEp NUMBER DIVIDED BY A PROPER FRACTION

A

12

13

14

o
[
|

caj

=3

Blw

o
[
I
(S

Mixed number divided by unit frac-
tion. No cancellation. Quotient is
mixed numbel. No reduction.

Mixed number divided by unit frac-
tion. Cancellation. Quotient is
whole number.

Mixed number divided by proper frac-
tion.  Cancellation.  Quotient is
mixed number.

19.4

15.8

36.8

8

37

ProrER FRACTION DIVIDED BY WHOLE NUMBER

15

16

17

18

t+6=1

Unit fraction divided by whole num-
ber. Quotient is unit fraction.

Proper fraction divided by whole num-
ber. No cancellation. Quotient is
proper fraction.

Proper fraction divided by whole num-
ber. Cancellation. Product is unit
fraction.

Proper fraction divided by whole num-
ber. Cancellation. Product is proper
fraction.

42 .2

20.5

21.2

29.2

40

11.5

13

28

GrouP V. Mixep NUMBER DIVIDED BY WHOLE NUMBER

19

20

1 4
1375=T'§

Mixed number divided by whole num-
ber. No cancellation. Quotient is
proper fraction.

Mixed number divided by whole num-
ber.  Cancellation. Quotient is
proper fraction.

21.4

29.3

15

29
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TABLE 6, GROUP V (Continued)
Per | Rank
Cent OF
TreE Exasrre DEescripTION oF | DiFri-
Error | coLTY
21 |52 =5 = 1% Mixed number divided by whole num-| 26.7| 25.5
ber. No cancellation. Quotient is
mixed number.
22 |58 + 2 = 2% Mixed number divided by whole num-| 31.4] 31
ber. Cancellation.  Quotient 1is
mixed number.
GroUP VI. PrROPER FRACTION DI1viDED BY MIXED NUMBER
23 1 =15 =2 Unit {raction divided by mixed num-| 82.7| 85.5
ber. No cancellation. Quotient is
proper fraction.
4 1212 =5 Proper fraction divided by mixed num-| 25.8/ 20
ber. No cancellation. Quotient is
proper fraction.
25 |5 + 18 =% Proper fraction divided by mixed num-| 32.3} 34
ber. Cancellation. Quotient is
proper fraction.
26 [t =13 =14 Unit fraction divided by mixed num-| 27.6| 27
ber. Cancellation. Quotient is unit
fraction.
Group VII. WHOLE NUMBER DIVIDED BY MIXED NUMBER
27 2+ 23 =% Whole number divided by mixed num-| 24.7( 17
ber. No cancellation. Quotient is
proper fraction.
28 |13 41 =2 Whole number divided by mixed num-| 24.8| 18
ber. Cancellation. Quotient is
proper fraction.
29 |5 =+ 2% = 14% Whole number divided by mixed num-| 32.7| 35.5
ber. No cancellation. Quotient is
mixed number.
3052 =2¢ Whole number divided by mixed num-| 26.6| 24
ber. Cancellation. Quotient is
whole number.
81 |12 + 6% = 17% [Whole number divided by mixed num-| 25.8] 20
ber. Cancellation. Quotient is
mixed number.
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Group VIII. MIixEp NUMBER DIVIDED BY MIXED NUMBER
Per | Rank
Cenr oF
TYrE ExaMpPLE DescrrpTION of | Drrr1-
ERROR | cULTY
32 1} +~ 3} = 3% Mixed number divided by mixed num-| 26.7| 25.5
ber. No cancellation. Quotient is
proper fraction.
33 (11 -8y =12 Mixed number divided by mixed num-| 31.7} 32
ber. Cancellation. Quotient is
proper fraction.
34 123 + 23 =1 Mixed number divided by mixed num-|{ 20.5 11.5
ber. Cancellation. Quotient is 1.
35 |31 = 12 = 132 |Mixed number divided by mixed num-| 41.8| 38.5
ber. No cancellation. Quotient is
mixed number.
36 (33 + 11 = 27; |Mixed number divided by mixed num-| 30.7| 30
ber.  Cancellation. Quotient is
mixed number.
37 4 -2t =2 Mixed number divided by mixed num-| 32.1| 33
ber. Cancellation. Quotient is
whole number more than 1.
Grour IX. WHOLE NUMBER DIVIDED BY WHOLE NUMBER
38 19 +8=1% ‘Whole number divided by whole num-| 19.9| 10
ber. No cancellation. Quotient is
mixed number.
39 (10 +~ 6 = 12 Whole number divided by whole num-| 25.8| 20
ber. Cancellation. Quotient is
mixed number.
40 2+-14=1 Whole number divided by whole num-| 26.3| 23
ber. Cancellation. Quotient is
proper fraction.
E. SUMMARY
Proceas Ranagn MEDIAN Musx
Addition.............. 5.0-55.0 18.0 20.2
Subtraction........... 2.3-40.2 26.8 25.6
Multiplication. ........ 6.7-60.0 25.3 28.2
Division....... 9.4-42.2 25.3 25.8
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There was a large variation in the per cents of error
on the examples in each of the four processes in fractions.
This shows that there is a wide range in the difficulty of
the various types of examples in each process. Accord-
ing to Part E of Table 6 the range of difficulty is greatest
in multiplication and least in division. There is not
much difference in the median and mean per cents of
error.

The means vary from 20.2 per cent for addition to
28.2 per cent for multiplication.

The medians vary from 18.0 per cent for addition to
26.8 per cent for subtraction.

There is every reason to believe that efficient practice
in fractions must be characterized by a careful distribu-
tion of practice and instruction on the various types of
examples in each process. The above lists of types
should not be considered as final or complete. The data
do not show what the per cents of error might be on
other examples similar in type to those given in the table.
No data are available to show what the difficulty of these
types would be if the instructional material had been
efficiently organized. It seems reasonable to assume
that the high per cents of error on certain apparently
simple types involving special difficulties, such as zeros
in subtraction, may be due to the fact that such examples
have not occurred in the practice provided by current
instructional materials. Careful consideration must be
given by the teacher to the development of the skills and
abilities for each process listed on the preceding pages.

No data are available for measuring the amount of
transfer from simple types to more complex types.
Undoubtedly there is considerable. However, until such
data are available, teachers must make certain that
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pupils receive well distributed practice on all important
types of examples, rather than on only a few selected at
random. The assumption that the transfer from type
to type is complete is unsafe.

3. A SPECIAL STUDY OF FAULTS IN WORK IN FRACTIONS.

The diagnostic tests in fractions which have just been
described were given to two hundred pupils in each of
Grades bA, 6B, and 6A in six elementary schools in Min-
neapolis. A careful study was next made of the examples
they worked incorrectly to discover, if possible, the causes
of errors. Table 7 shows the total number of errors that
were analyzed.!

TABLE 7

NUMBER OF ERRORS ANALYZED IN EXAMPLES IN ADDITICON,
SUBTRACTION, MULTIPLICATION, AND DIVISION OF FRACTIONS

GRADE ADDITION SU,E%I;AC' Mgfﬁgﬁé‘b Drvision ToTAL

5A . ... 2,695 3,613 ce . e 6,308

6B.... 1,477 1,978 1,237 2,348 7,040

6A...... 2,030 1,920 1,240 2,527 7,717

Total. 6,202 7,611 2,477 4,875 21,065
The total number of errors analyzed was 21,065.2 The

largest number of errors in a single process was in sub-
traction; then follow in order addition, division, and
multiplication. The pupils in grade 5A were not tested
in multiplication and division because they had not had
enough work in these processes. It is interesting to note

! The tables that follow have previously appeared in an article by
the author, “An Analysis of Errors in Fractions,” Elementary School
Journal, Vol. 28, pp. 760-70. a

* Abbie Chestek, graduate student.at the University of Minnesota,
assisted in this investigation,
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that the errors in subtraction decrease grade by grade,
while the total for addition -is much larger in grade 6A
than in grade 6B, although somewhat smaller in grade
6A than in grade 5A. The results of tests given in
grades 7 and 8 show that the pupils in these grades make
many errors and clearly need additional practice in solv-
ing fractions.

The detailed analysis of the errors made in working
24 000 examples in the addition of fractions, 27,000 ex-
amples in subtraction, 18,000 examples in multiplication,
and 14,800 examples in division is the basis of the data in
the tables on errors in fractions. The total number of
trials of each type of example in addition was 600; in sub-
traction, 600; in multiplication, 400; and in division, 400.
The total number of examples analyzed was 83,800.

Morton! reports a similar analysis of 1029 errors in the
four processes in proper fractions, not including mixed
numbers, by only 36 eighth-grade pupils. While his
study supplies valuable data, it gives no information on
many of the important difficulties in working with mixed
numbers and it does not reveal the major causes or types
of difficulty in grades where these processes are first being
taught. His classification of errors is also quite general.

4. How 170 DETERMINE THE TYPES OF ERRORS IN FRAC-
TIONS.

The technique that was used to determine the nature
of the difficulty which caused the pupil to work a given
example incorrectly was to examine his written work
carefully and by analysis to locate the cause of error.
This method can be readily explained by means of the

1 R. L. Morton, “An Analysis of Pupils’ Errors in Fractions,” Journal
of Educational Research, Vol. 9 pp. 117-25.
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following examples, which illustrate some of the most
common types of errors in each of the processes:

TYPES OF ADDITION ERRORS

@ $+8=3%
Here the pupil added the numerators (2 and 3) and added
the denominators (3 and 6) to find the terms 5 and 9,
respectively, in the answer.

G 3+3%=4%
Here the pupil added the numerators without changing the
form of the first fraction and used the common denomina-
tor (6) as the denominator of the answer.

() 53+ 7% = 134
All of the work was correct except for the failure to reduce
the fraction in the sum.

d) 7%+ 33 =102 ‘
Here*the pupil failed to reduce the mixed number in the
sum to the simplest form.

TYPICAL SUBTRACTION ERRORS

| @ §—3—%-1
The pupil used the wrong process.
(b) 101 — 32 =173
The pupil disregarded having borrowed from 10.
() 8% —§=2% —¢ =2
The pupil prefixed the number borrowed to the 1 in the
fraction, changing 33 to 2%4t.
(d) 8 —1% =22
The pupil subtracted the two integers, and placed the
same fraction in the answer.

TypricAL MULTIPLICATION ERRORS

@5 F _1
83 6
3 2

Here there is an error in division of 6 by 3.
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(b) 3‘)(14—*-—92 .
Here there is an error in multiplication.
() 6 X2 =6X2=3"=23

Here the pupil inverted the multiplicand, evidently con-
fusing multiplication with division.

d) 383X =1
Failure to cancel or reduce to lowest terms.

TypPicAL DivISION ERRORS

(0) 13 + 1§ = %X § = #f = 2%
Used the wrong process.

®) 13+31=§ Xi=$ =20
Inverted the dividend instead of the divisor.

(¢) 13 + 13 =4 %=%=133
Divided denominator of fraction by the numerator.

4
%4
6

Difficulty in reducing mixed number to improper fraction.

| D2
(=

d) 3%+1g=3‘3-g>< _2

g = 1s

=t

The tables in this chapter contain many other typical
errors in fractions, which can be discovered by an analysis
of the work on the pupil’s paper. In many cases there
are peculiar errors, the reasons for which cannot be deter-
mined by this method. For instance, the cause of the
error in the example, which was worked 2% + 2% = 6%,
is not apparent. It can be determined, however, by
asking the pupil to give the steps in the golution orally,
the same technique that has been described for whole
numbers. As can be seen from the tables that follow, the
proportion of errors for which the causes cannot be
located by an examination of the work on the paper is

relatively small for subtraction, multiplication, and divi-
14
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sion. The proportion for addition is quite substantial,
namely, 20.4 per cent of all errors. Clearly a diagnosis
of the causes of difficulty in addition of fractions must
embody the results of an analysis of the work on the paper
and also the checking up by the oral method on many
of the less obvious difficulties.

5. THE Most COMMON FAULTS IN FRACTIONS.

A knowledge of the most common faults in fractions
serves a number of purposes. The teacher can con-
sciously try to prevent the occurrence of these typical
errors by a more careful teaching of the particular ele-
ments which appear to cause the most difficulty in each
process. Drill materials can be prepared which provide
special types of drill and practice in the difficult steps.
Sometimes, in spite of careful teaching and the use of
well organized practice exercises, there are pupils who
have difficulty. A knowledge of the khown chief sources
of error in each process will facilitate diagnosis of the
cause of the difficulty and aid in the assignment of the
proper remedial exercises.

(a) Addition of fractions. The most common faults
or sources of error in addition of fractions in grades 5
and 6 are given in Table 8 together with illustrations of
each kind of error.

TABLE 8

ANALYSIS OF ERRORS IN THE ADDITION OF FRACTIONS

Grapp | Grape | GRADE | . ™ Per
VA | VIB | VIA | Toran| Cgnr

1. Lack of comprehension of process

involved....... .| 298] 375 581[1,254| 20.2
(a) Added denommators and num-
erators: 3 + § = §. 64| 131| 281| 476

(b) Added numerators and multl-
plied denominators: ¢ + 2 = &% 26 69 B3| 148
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TABLE 8 (Continued)
Gr® | TR | R | Tomae | G
(¢) Added numerators without
changing fractions to common
denominator; used one of the
two denominators for denom-
inator in sum: 3 4+ & = §. 40192 167] 221 6580
(d) Added numerators for denom-
inator and added denomina-
tors for numerator: % + % =
18 =22 . Ce 0 0 15| 15
(e) t Multiplied numerator and de-
nominator for numerator: 2 +
2 =12 412 =28 = g 3 2 6 11
() Multlphed numerators and add-
ed denominators: 3 + % = §.. . 13 6 5 24
. Difficulty in reducing fractions to
lowest terms. C e e 658, 200, 230/1,088( 17.5
(a) Did not reduce fraction: 5% 4+
76 = 131¢ .| 593 150[ 169 912
(b) D1V1ded denommator by numer-
ator: 3 +2=8¢=13%... 42 14] 39 95
(¢) Divided denominator and numer-
ator by different numbers: }§ = 2| 23| 36| 22 81 ....
. Difficulty with improper fractions 489 250| 322|1,061| 17.1
(a) Did not change improper frac- g
tion to mixed number: 7% -
33 = 105%. e 313| 152| 243| 708
) Changed lmproper fraction :
but did not add to whole num-
ber: 23 4+ 7% = 9% . 176] 98] 79 353) .. .
. Computatlon errors......... 302| 265 288 855; 13.8
(a) Addition: 3% 4+ 8 = 13% .. 68 81| 131 280
) Subtractlon £ 4+ 3 = %)+
W =23=14. ....... 38 22 9 69
(¢) Division: 2 + 5 = ¢ = 1%... 33 4/ 13| 50
(d) Unknown: & + 1% = 11%, 163| 158 135 456} .. .
. Omitted example (no attempt)...... 83| 26 58| 167 2.7
. Used wrong process........ .... 82 54 20| 156} 2.5
(a) Subtraction: § + 1 =4 =1, 52 19 12 83
(b) Multiplication: 3 +32 =% =% 12 1 2 15
(¢) Subtracted fractions and added
whole numbers: 3% + 2% =
58 =b% ......... . .. ... 3| 31 1 35
d) Added fractions and multlphed
whole numbers: 3% + 2% =
634 =7.. .. .. ... 4 3 3 10
(e) Added fractions and subtracted
whole numbers: 6% + 42 =
2-}.—% = 3'1-3; ............ Ye e e e 11 0 2 13
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TABLE 8 (Continued)

G Grape | GRADE PER
VA | VIB | via | TO™AL | Cenr

7. Partial operation.... . . .. : 54| 85 47| 136} 2.2
(a) Added fractions but disre-
garded whole numbers: 1% +

34=§ = 40 35| 44| 119

(b) Added Whole numbers but dis-
regarded fractions: 32 4+21=5 . 14 0 3 17

8. Difficulty in changing fractlons to

common denominator. . .. 28 19 47 94| 1.5

(a) Changed to wrong denomina-
tOI‘ 6+ = £ +T7_T§T . 0 11 10 21

() Did not rnultlply numerator in
reduction: 2 +3 =2+4+3 =% 2 2 6 10

(c) D1d not express denominator: 0 ) 6
5

(d) Added common denominator to

numerator of fraction changed:

;=3 +3%=1%1 . 21 6 30 57( ...

9. Difficulty in borrowing...... . 15 23 33 71 1.1

(a) In adding whole number and

mixed number, borrowed from

whole number, added fractions,

and left improper fraction in

sum: 22 +4 =22 + 3% = 5% 15 18 33 66

(b) In adding whole number and

mixed number, borrowed from

whole number, subtracted frac-

tions, and added whole num-

bers: 4 + 12 = 32 + 1% = 4} 0 5 0 5
10. Difficulty with proper fractlons
ttE=4=13...... . 11 6| 21 38/ 0.6
11. Errors in copying: 7 —i—% ’7% 4 6 4 14} 0.2
12. Difficulty unknown: 2% + % =
24 + 2% = 6%, 671] 218 379|1,268] 20.4
Total......................12,695]1,477|2,030| 6,202} 99.8

The faults in Table 8 are grouped under twelve head-
ings. The largest group of errors, 20.2 per cent of the
total, is due to lack of comprehension of the process
involved. 'The most common fault in thls group, 580
errors in all is found in such solutions as, 2 + ¢ = &, in
which the pupil neglected to change the form of the
fraction, 2, added the numerators, 2 and 8, and wrote
the common denominator as the denominator of the sum.
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There were almost as many errors, 476 in all, of the type,
2 4+ 2 =3, in which the pupil added both numerators
and denominators to get the answer. Both of these errors
were common to all three of the grades that were studied.

Difficulty in reduction of fractions constituted the next
largest source of error in addition. Failure to reduce
proper fractions in mixed numbers, such as 131%, or
improper fractions in answers, such as 103, were the chief
faults. There is also considerable difficulty in changing
such numbers as 9% to 10, the most common fault being
that % is changed to 1, and the answer is written 93 = 1.
While many of these errors may be due to carelessness,
nevertheless, the results suggest the advisability of con-
siderable practice in reduction.

Many errors in addition—13.8 per cent of the total—
are directly due to faulty computations. Others are due
to incomplete work, difficulty in changing fractions to a
common denominator, use of the wrong process in whole
or in part, and peculiar errors found less frequently. It
is probable that reducing fractions to a common denomi-
nator may be a greater source of difficulty than is apparent
from the results of this study, since the denominators in the
examples in the diagnostic test are simple, and in almost
all of the examples only two fractions were involved.

(b) Subtraction of fractions. The most common faults
in subtraction of fractions are given in Table 9.

TABLE 9
ANALYSIS OF ERRORS IN THE SUBTRACTION OF FRACTIONS

Gnape | Grape | GRADE Per
VA | VIB | VIA | Total | Cenr

1. Difficulty in borrowing..... .. 769 414| 645[1,828| 24.3
(a) Disregarded -having borrowed
from whole number: 10 — 3%

=73 -

333 195 239 767
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TABLE 9 (Continued)

GRADE | GRADE | GRADE PEr
VA | VIB | VIA | TOTAL | Ggur

1. Difficulty in borrowing (Continued)
(b) Prefixed number borrowed to

numerator: 33 — § = 24+ —
§=25. ..., ... . 116] 97 260, 473

(c) Added number borrowed to
numerator without changing it

to a fraction: 93 — 8% = 8% —
g=0.... ... ... 177 5 9] 191j-....

(d) Borrowed unnecessarlly and left

improper fraction in remainder:

43— 3=83 —3=3%..... . 53 58| 47, 158
(¢) Borrowed but disregarded frac—

tion in minuend: 7} — § =

6f — 3 =63...... . 52| 28 63| 133

(H Borrowed but did not change
fraction in mlnuend to same
denominator: 31 =2} —
$§=2%.. ..... ..... . 12 10 17| 39

(9) Considered 1 "borrowed where
no borrowmg was involved:

2 — 3 =21 . 16| 21 2| 39

(h) Borrowed as much as was
needed to make numerator in
minuend larger than numerator

in subtrahend: 7% — 1 = 53 —
2 = 51, . 10 0 18 28 .. .
2. Used wrong process .......... | 774 414| 333|1,521f 20.3
(@) Addition: § — 3 =§ =2, .| 503 267 224/ ‘994
(b) Multiplication: 1— —2 =53 =1 . 21 ... 2
(¢) Subtracted whole numbers and
added fractions: 103 — 32 = 73| 153 87 46, 286
(d) Subtracted fractions and added

wlr)lole numbers: 74 — 145

8% = 8% | 106] 48 55| 209

(e) Added fractlons and dlsregarded
whole numbers: 9§ — 8% =

=12, . 6 5 4 156

H Added whole numbers and dis-
regarded fractions: 33 —1.2,=4 6 5 4 16

3. Difficulty in reducing f1act10ns to

lowest terms. . | .| 625] 311 158
(a) Did not reduce fraction: 7 ! 1094 14.6
3% = 3%}. | 981l 248 118/ 947

(b) Dlwded numerator and denom-
inator by different numbers:

3¢y — % =38 =32, .. : 28] 44
(¢) Divided denommatdr by num- 1 83

erator; 3 —§ =% =4.,,... .. 16 19 29 64
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TABLE 9 (Continued)

GraApE | GrapE | GRADR Per
VA | VIB | VIA | TOTAL| Canp

4. Lack of comprehension of process
involved..... ..| 497 330 267,1,094| 14.6

(a) Subtracted numerators gnd
B

muItlphed denominators:
= .. 25| 43 31 99

b) Added nuiirolerators and sub—
tracted denominators: 4 — 3 =

4 =i13.. ... . 2 4 3 9
() Subtracted numerators and
added denominators: & — 2 = 10 12 6 28

(d) Multiplied numerators and sub-
tracted denominators: ¢ — % =

..... .. 4 . 4
(e) i/[ultlphed numerators and
added denominators: § — } =
=% .. .. .. 28 5 11| 44
(f) Subtracted numerators and
denominators: $ — 1 = 1. ) 30 7 37

(g) Called common denommator
answer where remainder was
zero: ¥ — 3 =4.... ..... .. 2 2 2 6

(k) In subtracting two equal frac-
tions, expressed remainder by
same fraction: 4% — 4§ = 44 —
4 =4f =42, . 16 8 12 36

() In subtractlng two equal frac-
tions, called the remainder 1:
i—31=%-%= 12 15 14 41

(7) In subtracting mixed numbers
with equal fractions, placed
common denominator under
difference between whole num-
bers: 74 — 42 =3...... .. 6 5 11

(k) Subtracted fraction in minuend
from fraction in subtrahend:
2% — 3 =2L. 62 29 23| 114

(3] Added the two numerators and
from that sum subtracted num-
erator in subtrahend; 7§ — & =
T¢ — 5 ="T%.... 5 5 26| 36

(m) Added denommators and num-
erators and used the sum as
numerator in minuend: 101
32—10-—32=;{=1... 8 . 2 10

(n) In subtracting mixed number
from whole number, subtracted
whole numbers and placed same
fractioninresult: 3 — 1% = 22| 270| 164| 115/ 549
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TABLE 9 (Continued)

Grapu | Grapp | GrADE Per
VA | VIB | VIA | TOTAL | Cpyp

4. Lack of comprehension of process
involved—Continued

(6) When numerator in minuend

was smaller than numerator in

subtrahend, called remainder

zero: 94 — 8% =18..... e 56 1 8 65
(p) Did not express denominator:
s =5 =4...... ... . 1 2 2 5
6. Difficulty in changing fractions to
common denominator.. . 288/ 147; 191, 626/ 8.3

(a) Subtracted without changing
fractions to common denomi-
nator and used one of the given
denominators for denominator

. inresult: 4¢ — 1 = 4%, . .| 229{ 110} 160 499

(b) Changed fractions to wrong de-
.nominator: 3§ — 2% = 313 —
2% =14 =11, ... Ce 33| 27! 8 68

(c) Disregarded numerator being
more than1: 71— 33 = 78 —
3'555 = 4 . . e “ .. ..

(d) Changed fraction in minuend
only to common denominator:
F—t=—-3=1 =1 13 7 6| 26

13 3/ 177 33

6. Comrputation errors. . ... . ... .| 230 216/ 168 614] 8.2
(a) Unknown: 4§ — 1% = 425 —
138 =38%.. .. .. ... .| 129] 100/ 53| 282
(b) Subtraction: 63 — 5% = 65, —
Oty = 1¢5.... .. ) 87, 102 105 294
(c) Addition: 9§ — 8¢ = 87 —
8¢=¢.. ... . . 14| 14] 10/ 38| ...
7. Omitted example (no attempt).. ... 291 81 47| 419; 5.6
8. Partjal operation..... .. .. . .| 138 53| 110} 301] 4.0
(a) Subtracted fractions but disre-
gardid whole numbers: 4§ —
T=4F=4% ... .. . .o o6 46| 47| 1
(b) 4S_ubtracte2d whole numbers but b
disregarded fractions: 3§ —
t=2.. . ... e 82
9. Errors in copying: 3% — 14 = 7 65 182
318 — 1% = 2/ = 23 : 112 1| 14| 0.2
Total........ ...13,618]1,978| 1,920 7,511(100. 1

' There are nine groups of faults in subtraction of frac-
tions, which contain a much greater variety of errors
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than was found in addition of fractions. The total
number of errors is also somewhat greater than for addi-
tion. The faults are common to all grades tested.

The group containing the largest number of errors is
that concerned with difficulty in borrowing, 24.3 per
cent of the total. In this group the three chief faults
are illustrated by the following examples:

(@) 10 — 3% =72
The pupil disregarded having borrowed.

(b) 8% —§ = 2% —§ = 2%

The pupil prefixed the borrowed number to the numer-
ator of the fraction.

(€) 92 — 84 =84 — 8¢ =0

The pupil added the borrowed number (1) to the 3, making
the numerator 4. This is a variation of type (b).

An examination of the data concerning the errors in
this group shows other important types of faults. Clearly,
special attention must be given to the steps involved in
examples in fractions in which there is borrowing. A
special set of exercises such as the following will help to
locate the specific nature of the difficulty and the step
in the development where it becomes evident.

SPECIAL EXERCISE IN BORROWING

Write the missing numerators in sets (a) to (f).

(Gl;) 1= 3 1=+ 1=x 1=§
b 2=13 3 =2z 4 = 33 5 =4x
) 1t =< 13 =5 13 =5 15 =4
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@) 2% =1z 33 =23 73 = 63 9% = 8z
(e) 13 =< 12 = % 13 =5 132=T6
() 68 = 5z 7% = 63 43 = 315 53 = drg
(¢) Which of the following are incorrect?
1. 13 =% 5.2 = 1% 9. 82 = 712
2.4 =33 6. 53 = 4% 10. 8% = 73
3.7 =53 7. 6% = 5% 11. 12 = &2
4. 13 = 3 8. 7% = 6% 12. 62 = 518
(h) Work these examples:
1. 1 3. 3 5. 81
il —13 —13
2. 2 4. 13 6. T4
— 1 _ 3 _2:_3_
4 r v

The next largest group of faults in subtraction of frac-
tions was due to using the wrong process in whole or in
part. In this group there are errors such as § — 1 =
¢ = 4. The errors are probably due to lapses in atten-
tion. On the other hand there are faulty procedures
which clearly indicate lack of control over the subtrac-
tion process. This is probably due to interference of
some sort with work in the other processes. Confusion
seems to be most marked due to interference of skills
previously learned in addition.

Another large group of faults consists of procedures
which clearly indicate complete lack of comprehension
of the ‘subtraction process. In this group the most
common faults are illustrated by the following types:
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(@) 3 — 1% = 23
The pupil subtracted the integers and merely wrote the
fraction in the subtrahend in the answer, thereby showing
inability to borrow.

) 23 — § = 2}

The pupil subtracted the smaller fraction in the minuend
from the larger fraction in the subtrahend, inste_ad of bor-
rowing; a fault similar to one frequently found in subtrac-

tion of whole numbers.
) § —3% =11 =15
Subtracted numerators and multiplied denominators.
@) 9% — 88 = 1¢
When the numerator in the minuend was smaller than in

the subtrahend, the pupil called the difference 0, and did not
borrow.

Numerous other miscellaneous procedures showing lack
of comprehension of the process involved are included in
the table. As can be seen from the above illustrations,
one of the chief sources of difficulty in this group is inabil-
ity to work examples in which borrowing is involved.
When this source is added to the faulty procedures in-
cluded in the first group, the necessity for special stress
on the borrowing process involved in subtraction of frac-
tions is obvious.

A special study was made to determine the relative
difficulty of the various types of examples in subtraction
of fractions. The per cents of error by a group of 167
sixth-grade pupils on some of the important types in-
cluded in the test are given in Table 10. This table
contains data on the sixteen most difficult and the sixteen
easlest types of examples for this group of pupils.
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TABLE 10

RELATIVE DIFFICULTY OF IMPORTANT TYPES OF EXAMPLES IN
SUBTRACTION OF FRACTIONS

THE SIXTEEN MOoST DIFFICULT TYPES

No. TyYrE EFE REgﬁgg No. Tyrp (P;FE‘} %gﬁgg
1 {8 —2%..... 40 9 (8L — 23 33
2 |41 — 3., 38 10 |48 — 12. 32
8 |41 — 1% 34 11 | 63 — 5%, 32
4 |73 — 28 34 12 |" + — 2. 32
5 |8 — 2. 34 13 | 8% — 1% 31
6 |17 — 3. 34 14 |14 — % 31
7175 — 3. 34 15 | 98 — 84 31
8 | 99 — 8% 33 16 | 63 — 2 31
THE SIXTEEN LEAST DirricuLT TYPES
No. TYPE EFE.] Rchigg; No. Tyen E}? F}igﬁg;
1[12-3%... ) 7 9 |42 — 21 14
2 [&—3 . ........ ) 7 10|19 — 3% 16
3 |8 -3, 7 11 | 2§ — 2%, . 16
4 |53 —3 8 12 |3 —1.. ) 17
513 —%.. . 10 |13 |83 — 12 17
6 |15 — 11, ) 10 14 |3 -1 17
7 1103 — 10. ) 13 15 | 7F — 21 17
8 |3 — 3. | 14 |16 |43 — 3. 17

An analysis of the data in Table 10 shows that 15 of
the 16 most difficult types of examples involve borrowing.
The only exception is the difficult type, 43 —12. Only one
of the 16 easiest types of examples involves any borrow-
ing difficulty. These data substantiate the results of the
diagnostic study given in Table 9, which show that
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borrowing presents one of the major difficulties in sub-
traction of fractions.

-... As was the case in addition of fractions, it was found

tﬁ'ét\weakness in reduction of fractions and in changing
many errors in-~subtraction of fractions. There were
fewer errors due h{aulty computation in subtraction
than in addition. .

(c) Multiplication of fractions. The chief faults in
multiplication of fractions are given in Table 11.

TABLE 11
ANALYSIS OF ERRORS IN THE MULTIPLICATION OF FRACTIONS

GEADE | GRADE | Tgray, | PER

VIB | VIA CenT

1. Computation errors.. .. .| 409 303| 712| 28.7
/ (@) Division: /B,XH— .| 196| 118] 314
)] Multlphcatlon % X 14 = =92, 172| 154] 326
(¢) Unknown. . 41 31 72

-

/3. leﬁculty in reducmg fractions to lowest

2. Lack of comprehensmn of process involved.| 165/ 264| 429| 17.3
(a¢) Inverted multiplicand: 6 X 2} =6 X

§ =18 =24 . ...... ... 53 83| 136
(b) inverted multlpher >< 8 = >< 8 =32 4 171 21
(¢) Inverted product: 8 >< 3= % =8 =3 2 9 11
(d) Did not express denominator in.product:
5 5. L/
33 X3} =2 X ="25 . 24, 21| 45
2
() Added numerators and multiplied de-
nominators: 1 X § = % 26 21 AT
(f) Multiplied numerators and added de-
nominators: 3 X 21 =1 X § = . 16 53 69

{9) In multiplying Whole number by frac-
tion, multiplied whole number by de-
nommator and added numerator to prod-
uct: 3 X 8 =% = 8;. 40 60| 100

terms.... . .. ... ........ | 219 2% 428| 17.3
(@) Did not reduce fraction: 3 X =330 142] 1 282

(b) Divided denomlnator by numerator: ,
}'/)‘.Ta/ 375): 4'2 ......... - 58 49 107

(c) Divided numerator and denommator by
different numbers.,gfxigi =& =12 19| 20| 39
3
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TABLE 11 (Continued)

GrADE | GRADE Per
VIB | VIA | TOT™AL | Cgnp

4. Omitted example (no attempt).. . .| 151 129 280| 11.3
5. Failure to change improper fractions to
mixed numbers: 4 X # = £. 99| 119| 218 8.8

6. Errors in copying: § X 6¢ =,a, ><

=2 . ..... ... 39| 48| 87| 3.5
/ 7. D1fﬁcu1ty in changmg mixed numbers to 1m—

proper fractions: 6 X 23 =6 X § =

18 =6, C . 39 31 700 2.8
JS. Difficulty in cancellation——canc:—gled within

]

numerators 3 X 3 = X =

e .. 171 22} 39/ 1.6

9. D1fﬁculty unknown I X & =46, . 99| 115 214| 8.6

=

Total. . 11,237 1,240( 2,477} 99.9

The largest source of error in multiplication of frac-
tions—28.7 per cent of the total—was faulty computa-
tion. This occurred chiefly in multiplication or division
of the terms of the fractions. Many errors were due to
lack of comprehension of the process involved, often
because of confusion with the division procedure, which
resulted in the inversion of one of the factors; for
example,

6 X2 =6X3%="%4=2%
Sometimes the multiplier was inverted; as,
1 X8=4x8=232
Other sources of error due to this fault were the combina-
tion in some way of addition and multiplication.

Difficulty in reduction of proper and improper fractions
to lowest terms and reducing mixed numbers to improper
fractions caused many errors. Little difficulty in cancel-
lation was discovered.

Relatively speaking, the process of multiplication pre-
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sents fewer serious difficulties than any of the other
processes, the three chief faults being inaccuracy in
computation, confusion with the division procedure, and
reduction of fractions and mixed numbers.

(d) Division of fractions. The work in division of
fractions resulted in a larger number of errors by sixth-
grade pupils than were found for any of the other proc-
esses. The number was practically double the total in
multiplication. This may be due to the fact that division
is the last of the processes in fractions that is taught and
that, therefore, the amount of practice had been less than
on the other processes. The analysis of errors in division
is given in Table 12.

TABLE 12
ANALYSIS OF ERRORS IN THE DIVISION OF FRACTIONS

GRADE | GRADE | Porsyr, | PER

VIB | VIA Conr
1. Used wrong process—multiplication: 13 =
12 =31 X &8 = 58 = 2.5 | 7231 795[1,518| 31.1
2. Computation errors. . ... ...| 365 809| 674 13.8
(a) Division: 33 + 13 —fgz Xf = 27 = 18| 255 223| 478
2
(b) Multiplication: 1} + 3% = §{ X 2 =
12 =2z . ., .. Cee 98| 78| 176
(¢) Unknown 31 + 1% = —%Q X —‘7‘, = 337.. 12 8 20

3. Lack of comprehenswn of process involved.| 219 371| 590 121
(a) Inverted dividend: 1} + 83 = 3§ X

F=3 =2, ..., . ... 43| 201 244
() Inverted both d1v1dend and divisor:

13 + 12 = X§=4%8. .. ... 50| 38/ 88
(e) Added denommators and multlphed

numerators: 1§ + 13 = 3 X § =

33 = 27 43 52 95
(d) Added numerators and multlphed de-

nominators: 13 + 33 = § X % = 27 18| 45
(e) Disregarded denomlnator in quot1ent

3%.1-1—=€’FF><-5—5 .............. 471 45 92

N Dis.regarded2 numerator in quotient:
3+ i=kX%¥=3 . 9 17 26
a3
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TABLE 12 (Continued)

Grep® | SR | Tomes | G
4. Difficulty in reducing fractions to lowest
terms. . . .. .. .| 2B9| 17% 436] 8.9
(a) D1d not reduce ‘fraction: 11 =+ 3% =
X = 223( 150 373
(b) Dlwded cim nominator by numerator:
13 =12 = 3 X ¢ =38 = 15, - 36 27 63
5. leﬁculty in changmg mixed numbers to
improper fractlons. 1 +13 =X
jgr=%=11 . .1 220{ 201 421] 8.6
6. Omitted example (no attempt). .. 192 214 406/ 8.3
7. Failure to change improper fractlons to
mixed numbers: 3§ + 1} —%xx— 51 223 126| 349) 7.2
8. Errors in copying: 1} = 5 =§ X} =
e =T i 61y 52| 113 2.3
9. Difficulty in cancellation. . . .. . 11 63 74 1.5
(a) Canceled w1th1n denominators: 5+
4 _;gxx_,f '(‘{ ...... . 2 9 11
b) Canceled within numerators: 1% =+
3% = '“’ XE= ..., b| 14 19
() In complete cancellation called quo—
_ tient zero: 43 +4; =EXF=0.. . 41 40 44| .. ..
10. Difficulty unknown: 14 =33 =1%. . 75 219| 294 6.0
Total.... ....|2,348|2,5627| 4,875 99.8

Almost one-third of the errors in division of fractions,
31.1 per cent of the total, were due to the use of the mul-
tiplication instead of the division procedure; for example,

1§+ 13 =% X §=§ = 2%

The pupils failed to invert the divisor. Faulty com-
putations caused 13.8 per cent of the errors. Almost
as many errors were due to lack of knowledge of basic
processes involved in division. Some pupils inverted the
dividend; others inverted both dividend and divisor,
although this fault was found less frequently than the
inversion of the dividend., Other types of errors com-
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bined addition of the terms or multiplication of terms
in faulty ways.

As was found in the other processes, failure to reduce
proper and improper fractions in answers to lowest terms
constituted a major source of error. Likewise, many
errors were due to difficulty in changing mixed numbers
to improper fractions. A small amount of error was
found due to difficulty in cancellation. Sometimes pupils
canceled within the numerators; sometimes within the
denominators. For the type of example involving com-
plete cancellation,

4141 =FZXE=1,

the answer was often given as zero.

(e) Summary of the investigation of faults in fractions.
1. An error in computation is one of the major difficulties
in work with fractions. The percentage of errors due to
computation being 13.8 in addition, 8.2 in subtraction,
28.7 in multiplication, and 13.8 in division.

2. The major causes of errors in each process are as
follows:

Addition: Per CeNT
(a) Lack of comprehension of process involved 20.2
(b) Difficulty in reducing fractions to lowest terms 17.5
(¢) Difficulty with improper fractions. 17.1
(d) Computation errors.. 13.8

Total. 68 .61
Subtraction:
() Difficulty in borrowing. 24.3
(b) Used wrong process. . 20.3
(¢) Difficulty in reducing fractions to lowest terms. 14.6
(d) Lack of comprehension of process involved . 14.6

1 Percentage of difficulties unknown, 20.4.
16
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Per Cent

(¢) Difficulty in changing fractions to common de-
nominator 8.3
(f) Computation errors. 8.2
Total. 90.3
Multiplication: _
(a) Computation errors. : : 28 .7
(b) Lack of comprehension of process involved 17.3

(¢) Difficulty in reducing fractions to lowest terms. 17.3
(d) Omitted example (probably lack of compre-

hension). .. 11.3

(¢) Failure to change improper fractions to mixed
numbers. .. . 8.8

(f) Difficulty in changing mixed numbers to im-
proper fractions. 2.8
Total. 86.2

Division:

(a) Used wrong process. 31.1
(b) Computation errors. . : 13.8
(¢) Lack of comprehension of process involved. 12.1

(d) Difficulty in reducing fractions to lowest terms. 8.9
(e) Difficulty in changing mixed numbers to im-

proper fractions. . . : : . 8.6

(f) Omitted example (lack of comprehension of
process) . : 8.3

(9) Failure to change improper fractions to mixed
numbers. 7.2
Total. 90.0

3. The major difficulties in all processes are (a) lack
of comprehension of process involved, (b) difficulty in
reducing fractions to lowest terms, and (¢) difficulty in
changing improper fractions to whole or mixed numbers.

4. Difficulty in changing fractions to a common de-
nominator is a cause of relatively few errors in addition
of fractions but a significant cause of errors in subtraction.
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5. Changing mixed numbers to improper fractions is
a major cause of difficulty in both multiplication and
division of fractions.

6. There is clear evidence that the kinds of errors that
have been analyzed exist in each of the grades studied.
Supplementary investigations show that they are also
found in large numbers in the upper grades.

7. The analysis of errors here reported is based on a
detailed study of the written work of pupils. It-should
be supplemented by an individual study of the work of
pupils who have special difficulties. Such a study should
be similar to the studies of Buswell and John, and the
writer, in analyzing the work of pupils in the fundamental
processes. The many peculiar types of errors listed in
the tables clearly show the need of special attention to
individual difficulties. This is especially true in the addi-
tion of fractions. It was not possible to analyze the causes
of the errors in 20.4 per cent of the cases by an examina-
tion of the written work alone.

PROBLEMS FOR STUDY, REPORTS, AND DISCUSSION

1. Make an analysis of the unit skills in the examples in
one of the diagnostic tests in fractions included in this
chapter.

2. Prepare a set of examples that duplicates one of the
diagnostic tests included in this chapter.

3. Arrange the types of examples in one of the diagnostic
tests in the order of their difficulty. Use the facts presented
in the tables in this chapter.

4. How should the facts regarding difficulty of types of
examples help the teacher?

5. What are the five most common types of faults in
addition of fractions? in subtraction? in multiplication? in
division?

6. Give a diagnostic test in a process in fractions to a
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sixth-grade class. Analyze the work to discover how fre-
quently each type of example was worked incorrectly and
determine the causes of each error.

7. What types of difficulties could be overcome by means
of specific learning units designed to eliminate or to prevent
them? Examine textbooks to see if special provision is made
for such learning units.

8. How do you account for the extreme difficulty of
types, involving zero difficulties in subtraction of fractions?

9. Explain the cause of difficulty in solving this multi-
plication example: 1 X 4 = £,

10. Would you teach pupils to manipulate such fractions
as sevenths, elevenths, and thirty-firsts? Why?

11. What are the arguments against the teaching of can-
cellation?

12. Which are being used more widely at the present time,
common or decimal fractions? Which do you think is likely
to be used more extensively in the future?

13. Apply Dr. Osburn’s technique in the analysis of the
steps involved.in solving the example: 7% + 8.

14. Why would it be desirable to individualize instruction
in fractions?

15. Prepare a list of ten problems illustrating the use of
fractions in every day life.
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CHAPTER VI

DIAGNOSIS OF DIFFICULTIES IN DECIMALS
AND PER CENT

This chapter contains the results of a study of the
errors made by pupils in Grades VI, VII, and VIII in
analytical diagnostic tests! on the four processes in deci-
mals. The basis of the analysis was a study of the writ-
ten work of more than three hundred pupils in these
grades in four different schools in Minneapolis. The
investigation sought to ascertain the types of examples
in each process in decimals found most difficult, and to
discover the causes of the errors made.

1. DIAGNOSTIC TESTS IN DECIMALS.

The tests used were as follows: Part 1 consists of
examples in reading, writing, and converting decimals,
and in comprehending the value of decimals. Part 2
consists of diagnostic tests in each of the four processes.
Each test contains a wide variety of types of examples
involving different skills, or presenting special kinds of
difficulties. The results of these tests made it possible
to sample the entire series of skills in each process in
decimals. This is a much more satisfactory procedure
than to use tests consisting of only a few types. Such

1 Similar diagnostic tests in decimals may be found in L. J. Brueckner,
C. J. Anderson, G. O. Banting, and E. Merton, Diagnostic Tests and

Practice Exercises, Grades 3, 4, 5, 6, 7, and 8 (Philadelphia: The John C.
Winston Company,1929) and in The T'riangle Arithmetics, also published by

The John C. Winston Company.
(219)
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examples may contain only a small number of the specific
elements and consequently may omit the very types that
are the sources of the largest numbers of errors. Pupils
were given as much time as they needed to work the

examples in the tests.
BRUECKNER DIAGNOSTIC TEST IN DECIMALS!

I. Below are numbers written as words. Write each in decimal

form.
a. Five tenths. ... . e

. Forty six thousandths...___._. .
. One hundred seven thousandths.. ... ... )
. Forty nine and eighty four hundredths........cc.ccveeevmrmees

b

c.

d. Three thousandths. ...
e

f

g

ITI. Write the numbers below as words.

a
b
c.
d. A6 e
e.
f.

III. Arrange the following numbers in order of their size.
Write the number of greatest value first.
Write here

a 23.3 1
b. 2.33 2.
c. 233.0 3.
d 2.303 4.
e. 200.33 5
IV. Express as decimals: (a) & ... (b) 1%

(€) £3g e @ 75
1 Published by‘Educational Test Bureau, Minneapolis, Minnesota.
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V. Express as common fractions: (a) .5 ) .75 ...
(¢) .09 ....... (d) 149 ...
ADDITION
Can you find the following sums correctly?
1. 4 2. .3 3. .16 4, .28 5. .02
1 .5 25 43 .03
3 8 K 95 04
6. .05 7. 1.06 8. 175 9. 2.75
.09 2.08 2.125 4,
.08 3.04 3.8 16.375
Work No. Work No.
10 here 11 here
10. Find the sum of 9.65 + 8.375 4 6.4
11. Find the sum of .8 4 3 4 .125
12. 1 4+ .26 =
SUBTRACTION
Can you do these subtraction examples correctly?
1. .8 2. .5 3. .16 4, .38 5. .43
3 5 .04 15 41
6. .375 7. 7 8 .9 9. 4 10. .6
.269 35 275 375 .004
11. 9.6 1% 18.5 13. 27.08 14. 9.3 15. 18.2
3.4 4.6 15.17 6.2 1.625
Work No. Work No.
16 here 17 here

16. Subtract 3.825 from 20
17. Subtract .5 from .75
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MULTIPLICATION
Can you do these multiplication examples correctly?

1.4 X .2= 2. 4 X .02 = 3. 4X.002= ...
4. 5 X 3 = 5. 6 X .04 = 6. 7X.008 = ...
7. 8 X .b = 8. 6 X .06 = 9. 4 X .0056 =
10. 2.6 11. 8.5 12. 8.28 18. 4.647
4 8 4 5
14. 85 15. 20 16. 32 17. 2.5
4 6 1.4 48
18. 4 X 2= _____ 19. .5 X .08 = ____. 20. .8 X .25 =
21. 7.8 22. 6.5 23. 184 24. 8.04
94__ 4.8 .26 .03
25. 10 X 8.5 = 26. 10 X .96 = 27. 100 X .14 =
28. 100 X 8.5 = 29. 100 X 8.65 = 30. 200 X 9.4 =
31. 2 of 6.4 = 32. .08 X 25 X % =
DIVISION -
Can you work all these division examples?
1. 4i 8.4 2. 8) 7.47 8) 16.896
L
4. 2) .8 5. 4),.76 6. 6) .972
7. 4) .12 8. 65 .042 9, 245 1.2
10. 8) 4 11. 8) 6 12. 25) 2
13. 25) 64 14. 33) 87 15, 25) 8.725
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16. .3) 3.6 17. .8) 18.63 18. A 1.2
19. .3) 6 20. .2) 10 21. .4) 3
22, ) 4 23. .11y 1.21 24, .11)1.342
25. .11) 3.3 26. .12) 6 27. 12) 9

28. 1.25) 6.75 29. 6.48) 7.128 30. .834) 91.74

To illustrate the differences between the examples in
addition note the following typical points:

(1) 4 Inexamplel the sum is less than 10. The decimal
1 point in the sum is placed directly below the
-3 decimal points in the addends.
8
2) .3 In example 2 the sum of the addends is greater
.5 than 10. The chief element of difficulty involved
_.8 Is placing the decimal point properly.
1.6

(6) .02 In example 5 the sum of the hundredths column
.03  isless than 10. The element that causes difficulty
04  here is the handling of the zeros and the placing
.09  of the decimal point.

(11) Find the sum of .8 4+ 3 + .125. In this example the
pupil must copy the numbers, place them correctly,
know how to add decimals involving blank spaces, and
to place the decimal point gorrectly.

A similar analysis can be made for the examples in the
test in subtraction.

The major problem'in the construction of a diagnostic
test in multiplication of decimals is to make certain that
the pupil encounters the types of situations which may
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present difficulty in the placement of the decimal point
in the product. Note the following types of examples
taken from the test in multiplication:
1) 4x.2=.8
The product is less than 10 and the pupil must place
the decimal point before the 8.
4) 5X3=15
The product is greater than 10 and the pupil must point
off only one place.
(19) .5 X .03 =.015

The difficulty introduced here is the necessity of prefixing
a zero to fill in the empty place.

(29) 100 X 8.65 = 865

The difficulty involved is the shifting of the decimal point
to the right the proper number of places.

The analysis of the elements involved in these four
examples in multiplication can be extended to the other
examples in the test. In all there are 32 types of multi-
plication examples in the test.

As has been pointed out by Monroe,! the question of
determining the major difficulties in division of decimals
is largely a matter of testing the ability of the pupil to
work the many different possible types of examples in
that process. Each example should contain a particular
combination of the elements which cause difficulty.
These elements are those involving the placement of the
decimal point in the quotient, the procedure to follow
when there are remainders, and the method of working
examples when decimals are included in both the divi-
dend and the divisor. The diagnostic test in division

' W. S. Monroe, “The Ability to Place the Decimal Point in ‘Division,”
Elementary School Journal, Vol. 18, pp. 287-93.
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contained 30 different types of examples, each of which
involves a different element or combination of skills.
The following will illustrate the method of determining
the differences between the examples:

) 2.1 This is a simple example. There are no
4)8.4 difficulties, other than the placing of the
decimal point in the quotient.

4) 4 The division is simple. The quotient
2).8 Is a decimal.
&) .007 The new element here is the insertion of
6).042 zeros to fill in empty places in the
quotient.
(19) 6 +~ .3= Here it is necessary to annex a zero to

20 the dividend because the divisor is a
3)6.0  decimal, tenths, and the dividend is a
whole number, 6.

(29) 1.1 This example involves the division of a
6.48 )7.12 8 decimal containing thousandths by a
decimal containing hundredths, resulting
in a special difficulty in placing the deci-

mal point in the quotient.

2. RELATIVE DIFFICULTY OF EXAMPLES IN DECIMALS.

The diagnostic tests in decimals were given to pupils
in grades 6, 7, and 8 in order to secure a measure of the
difficulty of the various types of examples in the tests.
Table 13 contains the per cents of error made by a group
of 168 Minneapolis seventh-grade students on the ex-
amples contained in each of the four processes in the
diagnostic tests on pages 220 to 222. The numbers of
the examples in the table correspond to the numbers of
the examples in the tests.
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TABLE 13
Per CENTS OF ERROR BY 168 SEVENTH-GRADE PUPILS
A. ADDITION

Per CeNT Per CENT

ExaumrLn or ERROR EXAMPLE oF ERroR
) 2 7.. 8
2 50 8.. 4
3... 4 9. 10
4.... 26 10. 8
5.... 2 11. 17
R . 4 12, 49

B. SUBTRACTION

1.. 1 9. 17
2.. 1 10. 17
3.. 2 11. 1
4., 1 12. 5
.. 1 13. 4
6.. 4 14. .. 7
7 7 15. .. 18
. 15 16. 21

17, . 0o v v ., 2D

C. MULTIPLICATION

1.. 2 17 9
2.. 4 18. 14
3.. 4 19 20
4.. 17 20. 12
5. 8 21. 11
6. 9 22, 12
7.. 17 23. 15
8. 9 24 . 8
9. 12 25, 13
10. 8 26. 20
11. 12 27 10
12. 16 28. 17
13. 18 29. 15
14. 15 30. 21
15. 8 31. 48
16. . 15 32......, ' 56
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D. DIVISION

Per CEnT Per CeENT
ExamMprLR or Error ExaMPLB or ERROR

1.. 3 16.. 32
2.. 15 17 30

3. 5 18. 28

4, 2 19. 55

5. 7 20. 59

6. 11 21.. 59

7. 16 22.. 71

8. 12 23. 33

9. 25 24 . 36
10. 29 25. 37
11. 35 26. 50
12. 34 27 55
13. 48 28. 51
14. 59 29. 34
15. 28 30... 39

E. SumMmARrY

Process RaNGE MEeDIAN
Addition. 2-49 8.0
Subtraction. 1-25 5.0
Multiplieation. 2-56 14.5
Division........ 2-T1 34.0

The data in Table 13 show that there is a large varia-
tion in the difficulty of the various types of examples in
each process. This is shown by the per cents of all pupils
who made errors on the examples. Part E of Table 13
shows that the variation in per cents of error on the addi-
tion test was from 2 to 49 per cent, on the subtraction
test, from 1 to 25 per cent, on the multiplication test,
from 2 to 56 per cent, and on the division test, from 2 to
71 per cent. This variation is practically as great as
was found for types of examples in fractions. It should
be pointed out that the computations involved in the
examples on the tests are very simple. The cause of diffi-
culty in solving the examples is therefore chiefly that of
manipulating the decimal points.
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The data that have been described show that systematic
practice must be given on a wide variety of types of
examples in each process in decimals. An analysis of
the facts in Table 138 will aid the teacher to discover the
most difficult types in each process. Similar tests should
be given to every class working on the decimal processes,
to discover the types of examples that are causing diffi-
culty. Carefully constructed practice exercises can be
prepared in the light of the known facts regarding diffi-
culty of types. Special practice should of course be given
on the difficult types.

3. ANALYSIS OF FAULTS IN DECIMALS.

After the tests had been given to the pupils, the first
step was to check the examples that were incorrect and
to determine the causes of the errors by an examination
of the written work of the pupils. In most cases this
was a relatively easy matter. It should be pointed out
that the computations in the tests were kept as simple
as possible so that errors due to faulty handling of decimals
would be revealed rather than errors due to difficult com-
putation, The reasons for the errors were then classified
according to type.

The total number of different kinds of errors isolated
was 114, the largest variety occurring in grade VIII.
The kinds of errors were more numerous in multiplica-
tion and division than in addition and subtraction. They
were distributed as follows: general difficulties in reading,
writing, and conversion, 33; difficulties in addition, 15;
difficulties in subtraction, 14; difficulties in multiplica-
tion, 26; and difficulties in division, 26.

There was no evidence that errors are at all typical by
grades. Therefore, in the tables, the errors for all grades
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are combined. The tables contain the classification of a
total of 8,785 errors. The analysis of the errors is obvious
from the statements of the errors given in the tables.!

(a) Difficulties in Reading, Writing, and Converting
Decimals. What seemed to the investigator to be an
astonishingly large number of difficulties was revealed by
Part 1 of the test. Table 14 contains the summary of
errors in this part of the test.

TABLE 14
DIFFICULTIES IN READING, WRITING, AND CONVERTING
DEcCIMALS
FrREQUENCY
1. Lack of comprehension of numerical values of decimals 519
2. Difficulties in expressing decimal numbers in words:
(a) Errors in spelling. . 451
(b) Omission of essential words. 15
(¢) Inablhty to write decimal fractlons in words. 15
3. Difficulties in reading and writing decimals:
(a) Inability to write fractions as decimals. 95
(b) Misplacing of decimal point. . 88
(¢) Inability to express mixed numbers in demmals 55
(d) Zero difficulties:
(1) Placing of extra zero in answer 26
(2) Misplacing of zero. 22
(¢) Writing decimals as part common fractlons and
part decimal fractions. 38
4. Difficulties in writing decimals as common fractlons
(a) Inability to reduce fractions to lowest terms. 58
(b) Inability to write decimals as common fractions 44
5. Lack of fundamental knowledge. . 261
6. Other difficulties:
(a) Mathematical..... 0
(b) Non-mathematical:
(1) No attempt........ 128
(2) Carelessness in reading.... 120

1The data in the following tables have previously appeared in the
article by the author, ‘“ Analysis of Difficulties in Decimals,” Elementary
School Journal, Vol. 29, pp. 32-44,
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FREQUENCY
(8) Failure to write out completely.... 77
(4) Failure to follow directions. 64
(6) Work incomplete. 22
7. Miscellaneous. .. 77
Total. 2,175

The largest number of errors, 519 in all, was made in
example 3 on the test in which the pupils were asked to
arrange the numbers in the order of their value. The
many errors suggest that the pupils did not have a clear
notion of the value of place in the decimal system. It
may be that we assume that the pupil learns the value of
place from work in the four processes in decimals. The
results of this study show that considerably more stress
needs to be given to this phase of work with decimals
before we can be certain that pupils understand the place
value of numbers in the decimal system.

Many errors were due to misspelling when pupils were
asked to express decimals in words, the chief errors being
the use of hundreds for hundredihs, and thousands for
thousandths. Considerable difficulty was found in reduc-
ing fractions to decimals, or decimals to fractions. In
many cases these examples on the test were not even
attempted, showing probably complete lack of knowledge
of how to proceed. Evidently the reduction of fractions
to decimals and vice versa had not been sufficiently
stressed in these classes.

(b) Difficulties in Addition and Subtraction of Deci-
mals. As can be seen from the data in Table 15, the two
chief sources of error in addition of decimals are errors in
addition and incorrect placement of the decimal point in
the sum. The latter type of error occurred especially
in examples 2, 4, 5, and 6 in the test. In 34 cases the
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numbers were not placed correctly in examples 11 or 12.
In only a few cases was the decimal point omitted.

TABLE 15
DIFFICULTIES IN THE ADDITION OF DECIMALS
FrREQUENCY
1. Difliculties basic to any addition:
(a) Errors in number combinations. 128
(b) Difficulties in carrying. 31 159
2. Difficulties peculiar to decimal situations:
(a) Misplacing of decimal point. . 275
(b) Difficulties in adding common fractions and
decimals:
(1) Inability to add. .. . 23
(2) Fractions added to demmals (.4 —I— 1 =.41%) 20
(¢) Misplacing of whole number 34
(d) Omission of decimal point. 3 355
8. Other difficulties:
(a) Mathematical (miscellaneous). . 5
(b) Non-mathematical:
(1) No attempt. . . 36
(2) Failure to follow directions. 14
(3) Work incomplete. 7
(4) Carelessness. 4 66
Total.......... 580
TABLE 16
DIFFICULTIES IN THE SUBTRACTION OF DECIMALS
FrEqQUENCY
1. Difficulties basic to any subtraction:
(a) Difficulties in borrowing. 221
(b) Errors in subtraction. 50
(¢) Subtraction confused with addition. 45
(d) Zero difficulties. . 15
(e) Subtrahend and minuend reversed. 12 343

—_—

2. Difficulties peculiar to decimal situations:
(a) Misplacing of decimal number in subtrahend 74
(b) Omission of decimal point. 17
(¢) Misplacing of decimal point. 8 99

16
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TABLE 16 (Coniinued)

3. Other difficulties: Frequancy
(a) Mathematical (miscellaneous) )
() Non-mathematical:
(1) No attempt. 11
(2) Work incomplete. 4
(83) Carelessness. 3 23
Total. 465

In subtraction the chief source of error was lack of
control over the procedure to use when borrowing was
needed, especially in examples 7, 8, 9, 10, 14, and 15.
In these examples blank places appeared in the minuend.
Almost half of all errors on the subtraction test were due
to this difficulty. A considerable number of errors was
due to errors in subtraction and to confusion of the sub-
traction and addition processes. The incorrect place-
ment of the subtrahend in such examples as:

Subtract .5 from .75,

also was a major source of error due to the same diffi-
culty listed for addition, namely, probable lack of under-
standing of the place value of the decimal system. In a
few cases the decimal point was omitted or misplaced.

(c) Difficulties in Multiplication of Decimals. The
results of the analysis of difficulties in the multiplication
of decimals are given in Table 17:

TABLE 17
DIFFICULTIES IN THE MULTIPLICATION OF DECIMALS
1. Difficulties basic to any multiplication: FrEQUENCY
(a) Errors in multlphcatmn 365
(b) Difficulties in carrying. .. 38
(¢) Errors in addition of partial products 34

(d) Multiplier or multiplicand copied as answer. 17
(e) Imability to multiply by zero............ 11 465



DIFFICULTIES IN DECIMALS 233
TABLE 17 (Continued)
FrequENCY
2. Difficulties peculiar to decimal situations:
(a) Placement of decimal point:
(1) Misplacing of decimal point. 631
(2) Omission of decimal point. 119
(b) Zero difficulties:
(1) Failure to prefix zero. 87
(2) Prefixing of unnecessary zero. 38
(3) Annexing of unnecessary zero. 19
(4) Failure to annex zero. 10
(c) Inability to express common {ractions as
decimals:
(1) Inability to multiply decimals and frac-
tions . . 62
(2) Answers written in fraction form.... . 52
(d) Multiplied whole numbers and added deci-
mals . . CoL. 13
(e) Multiplied whole numbers and decimals sep-
arately 2 1,033
3. Other difficulties:
(a) Mathematical:
(1) Misplacing of zero. 10
(2) Miscellaneous. cee 20
(8) Added instead of multiplied. 36 66
(6) Non-mathematical: -
(1) No attempt. 168
(2) Unknown. 52
(3) Work incomplete........... 24
(4) Carelessness. 6 250
Total. 1,814

The data show that there were three chief sources of

error in multiplication of decimals, namely:

1. Difficulties basic to any multiplication, such as errors

in combinations or in carrying.
2. The placing of the decimal point in products.
+3. The omission of the decimal point.

The use of zeros caused many errors, either through
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failure to prefix or annex zeros when necessary, or through
the prefixing or annexing of unnecessary zeros. The
following illustrate typical errors:

(@) 4 X .02 = .8 Omission of a necessary zero. -/
(b) 5 X .08 = .015 Insertion of an unnecessary zero.
() 6 X .36 = 216 Omission of decimal point.‘L

(d) 5 Xx.8 =.15 Misplacement of decimal point/

Many pupils failed in the example, £ of 6.4, or omitted
it entirely, again displaying weakness in converting frac-
tions to decimals, or being unable to work examples of
this type because the type never had been presented in
the development.

(d) Difficulties in Division of Decimals. More errors
were found in division of decimals than in any of the
other processes.

TABLE 18
DIFFICULTIES IN THE DIVISION ‘OF DECIMALS
TFreqUENCY
1. Difficulties basic to any division:
(a) Errors in division. . . 376
(b) Difficulties with trial d.lVlSOI‘ 99
(¢) Misplacing of remainder 83
(d) Errors in multiplication 47
(e) Errors in subtraction. 11 616
2. Difficulties peculiar to decimal situations:
(a) Placement of decimal point:
(1) Misplacing of decimal point. 1,436
(2) Omission of decimal point. 356
(3) Decimal point used when unnecessary 83
(b) Zero difficulties:
(1) Failure to prefix zero in quotient . 163
(2) Failure to annex zero to dividend. 143
(3) Failure to annex zero to quotient. 106

(4) Placing of extra zeros in quotient. . 85
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TABLE 18 (Continued)

FrequeNncy
(5) Prefixing of unnecessary zeros with re-
sulting wrong placement of decimal point 34
(6) Misplacing of zero in quotient. ..... 19
(¢) Failure to reduce remainder to decimal. ..., 172 2,597

3. Other difficulties:
(a) Mathematical:

(1) Failure to know correct procedure. ... 89
(2) Miscellaneous. 39
(b) Non-mathematical:
(1). Work incomplete. 202
(2) No attempt. 198
(3) Carelessness...... 10 538
Total, .. .o i e 3,751

As was expected, a considerable proportion of the total
number of errors was due to faulty combinations in the
division process, approximately one-sixth of the total.

The largest single cause of errors was due to misplace-
ment of the decimal point or its omission. This difficulty
arose chiefly in examples in which the divisor was a
decimal and the dividend a whole number, such as

437, 129 210, and N4

The use of zeros also was a source of considerable diffi-
culty. The most common errors in this group were:

(a) failure to prefix necessary zeros in .6
the quotient; as 6).036
3
(b) failure to annex zero to dividend; as 26
3
(¢) failure to annex zero to quotient; as 2)6.0
.03

(d) placing of extra zeros in quotient; as H1.2
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Many pupils neglected to reduce the remainder to a
decimal in such examples as, 33587.

Whether this was due to lack of knowledge of how to
proceed or because the directions™ere not definite enough
is not known. This point shows the desirability of in-
terviewing pupils whose work contains certain types of
errors or shortcomings, to determine the specific causes.
This procedure might have cleared up the reasons why in
many cases the work was incomplete or the example not
attempted. A very worth-while study of this type could
be made by someone interested in making a study for
decimals similar to that made by Buswell and John for
the fundamental processes.

(e) Summary of the Investigation. 1. Many pupils do
not have adequate concepts of the numerical values of
decimals. This can be seen in Table 14 from the 519
errors due to this difficulty. Only two other types of
errors occurred as frequently, namely, misplacing the
decimal point in division, and misplacing the decimal
point in multiplication.

2. Many errors were due to the misspelling of the deci-
mal written in word form; for example, “hundreds’ for
“hundredths.”

3. Failure to place the decimal point correctly was the
greatest cause of errors in addition, .3 + .5 + .8 = .16
being the most common type.

4. The number of errors in addition due to inaccuracy
was about half as great as the number of errors due to
the misplacement of the decimal point.

5. The greatest difficulties in subtraction were in bor-
rowing and in the placement of the decimal number in
the subtrahend. There were few errors due to inaccuracy.
\ 6. The major difficulty in multiplication of decimals
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was the misplacing of the decimal point or its complete
omission.

7. There were many errors due to inaccuracy in mul-
tiplication.

8. The major causes of errors in division were the mis-
placing of the decimal point, faulty placement of zeros,
omission of the decimal point, and inaccuracy.

9. The types of examples in each of the four processes
in decimals worked incorrectly most frequently are as
follows:

ADDITION
1. 2.75 2. Find the sum of .8 + 3 + .125
4
16.375
3. .28 4. 25 +1 = 5.3
43 5
95 8
SUBTRACTION
1. 18.2 2. 4 3. .6
1.625 .375 004
4. Subtract 3.825 from 20
5. Subtract .5 from .75
MULTIPLICATION
1. 4.647 2. .5 X .03 = 3. 200 X 94 =

4. 3of 6.4 = 5. .08 X 25 X } =
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Division
1. 33)87 2. H3 3. .12)9
4. 3)6 5. .2)10 6. .4

4. DIAGNOSIS OF DIFFICULTIES IN PER CENT.

Percentage is an application of decimals used com-
monly in business transactions and elsewhere. This
process is commonly taught in grades 6, 7, and 8.

(a) The skills involved in per cent. The chief skills
involved in working with per cents are the following:

1. Changing decimals to hundredths and to per cents

. Changing per cents to decimals

Changing fractions to decimals

Changing fractions to per cent

Finding a per cent of a number (Case 1)

Finding what per cent one number is of another (Case 2)
Finding a number with a per cent of it given (Case 3)

N o o 00 1

In each of the above skills there is included a large
variety of applications involving the ability to manipu--
late decimals of different forms. For example, the
changing of -decimals to hundredths may be involved in
such forms as changing .3, .125, or .12 to hundredths,
each form presenting a special application of decimals
which must be taught specifically. Finding a per cent
of a number involves the multiplication of decimals.
Finding what per cent one number is of another involves
a knowledge of ratio and the method of reducing a ratio
to a decimal. Finding a number when a per cent of it is
given involves the division of decimals. Deficiencies in
each of these processes may be discovered by means of
the diagnostic tests in decimals previously described.

(b) Types of examples in per cents. The diagnostic
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test! oen this page makes it possible for the teacher to
determine the ability of the pupils to manipulate a large
variety of types of examples in percentage. The test is
divided into seven parts corresponding to the list of skills
above.

BRUECKNER DIAGNOSTIC TEST IN PERCENTAGE

NAME. SCHOOL. e GRADE.. ...........
1. Express the following as per cent:
a. .05 d. 1.875 g. 1.2 . 7. .125
b. 1.16 e. .2 h. 1.33% j. 3
e. .25 fo .12%
2. Express the following as decimals:
a. 69, ... d. 1169, g. 1209, ... 1. 8719,
b. 16.59, ... e. 409, ... h. 16639, ... J. 2009,
c. 159, f. 118.59%, )
3. Express the following as per cent:
a. % d. 1 g. 1 j 3 m. &
b. 2 e. Z h. 1 k. £ n. %
c % fo% i & L & 0. 1
4. Express the following as hundredths and as per cent:
b. 7= = e /A d. 13 = = e A

5. Find the answers to the following:
a. 69%of 8 = d. 209 of 65 = g. 1309, of 800 =
b. 7% of 1714 = e 289, 0f 712 = h. 1369, of 854 =
e. 1229, 0of 80 = f. 13339, 0f 60 = 4. 87.59, of 720 =

6. Find the missing per cents:

a. 8= ___ . 9, of 32 fo 40 = 9% of 40
b. 3 = 9 of 10 g 30 = .. 9 of 90
c. 4= ... 9 of 100 h. 120 = 9 of 96
d. 156 = .. % of 75 1. 144 = . 9 of 48
e. 2= ... % of 40

1 Similar diagnostic tests and keyed remedial exercises may be found
in Diagnostic Tests and Practice Exercises, Grades 6, 7, and 8, published
by The John C. Winston Company of Philadelphia.
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7. Find the missing numbers:

a. 7=209 of d. 60 = 1009, of
b. 12 = 59, of e. 180 = 1209, of
c. 20 =209 of ........ f. 255 = 1259, of

Part 1 is a test of the ability of the pupil to express
a variety of types of decimals as per cents. Each example
presents a special type of difficulty. The difficulty is
obvious in each case. In Table 19 are given the per
cents of error on each example made by a group of 405
7A pupils in Minneapolis schools who were given the
diagnostic test at the end of the semester. In part 1
of the test, example a was worked incorrectly by 8.4 per
cent of 405 pupils. These pupils had completed the work
in per cent.

An examination of the table will reveal a large variation
in the difficulty of the different examples in each part of
the test. In part 1 the most difficult types involved the
changing of such numbers as 1.2, .125, and 3 to per cents.
The introduction of decimals of per cents in part 2 was
the cause of many errors in the changing of per cents to
decimals; more than half of the pupils made errors in
changing 16.59, and 118.59, to decimals. Relatively
few errors were made in expressing simple fractions as
per cents.

The difficulties present in parts 1 to 3 undoubtedly
caused much difficulty in certain types of examples in
parts 5, 6, and 7. The per cents of error on each example
ranged smaller in exercises involving finding a per cent
of a number than in the other two cases. The per cents
of error on the whole were greatest in exercises in finding
a number when a per cent of it was given, as many as
96.5%, of the pupils failing on the example, 255 = 1259,
of The per cents of error in the other examples
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in this part of the test were all very large. It is obvious
that practice exercises in. percentage must be constructed
on the basis of the known difficulty of various types of
examples in each of the basic skills involved in per cent.

A preliminary examination of some of the drill mate-
rials found in practice exercises and textbooks shows that
little consideration has been given to the careful analysis of
the types of difficulties that a pupil may encounter in
working with per cents. Obviously remedial work, to
overcome difficulties revealed by such a diagnostic test
as the one on page 239, cannot be adequate unless the
teacher has exercises which give practice on the varied
types contained in the test and weight the practice accord-
ing to the difficulty of the processes involved.

TABLE 19

RELATIVE DIFrFIcULTY OF TYPES OF EXAMPLES IN PER CENT
(Based on Results of 405 7A Pupils)

1. Expressing Decimals as Per Cents:

Per CENT Per CENT
ExaMrLE oF ERRoOR ExaMrLE orF ERROR
(a) .05. 8.4 (f) 1.33%. 59.1
(b) .25. 8.8 (g9) 1.375. 61.6
() .12%. 20.5 (k) .125. 63.8
(d) 1.16. 29.0 () 1.2. 64.2
(e) .2... 57.5 (4) 3. 65.9
2. Expressing Per Cents as Decimals:
(a) 159. 4.2 (f) 1169,.. 25.7
(b) 409. 5.0 (g) 1209. 25.7
(c) 69,. 12.9 (h) 16629,. 28.4
(d) 8739,. 15.0 (z) 16.59,. 63.8
(e) 2009,. 25.7 (7) 118.59,. 65.7
3. Expressing Fractions as Per Cents:
(a) % 4.2 (d) % 7.4
(b) 2. 5.7 (e) 3. 7.9
(¢) %. 6.4 (f) .. 8.9



242 DIAGNOSTIC TEACHING
TABLE 19 (Continued)

(9) £ 9.2 I 3% 14.1
(k) 15 9.2 (m) % 14.5
(Z) 5 9.4 (n) 4 16.5
(3) % 9.6 (0) 2. 24.4
(k) 4. 9.8

4. Expressing Fractions as Hundredths:

(@) +5.. 30.9 (¢) &%- 48.1
0) %. 36.0 (d) 1%.. 51.1
5. Finding Per Cents of Numbers:

(a) 1219, of 80 25.4 (f) 183319, of 60. 47.8
(b) 209, of 65. 26.2 (9) 1309 of 800. 49.2
(c) 69, of 80 28.2 (h) 1869, of 854. 57.5
(d) 79, of 174. 30.8 (1) 87.59 of 720. 73.6
(e) 289, of 72. 34.1

6. Finding the Per Cent One Number is of Another:

(a) 8 =..9%of32. 612 (fY 2= 9,0f40 171.8
() 30 = _..% of 90.  62.5 (@) 4= _.%of 100 72.8
(c) 40 = .9, of 40. 64.3 (h) 144 = ____9, of 48. 80.7
(dy 16 = .9 of 75.  65.7 (7) 120 = .9 of 96. 82.2
() 3 =_..9%0of10. 68.9

7. Finding a Number with a Per Cent Given:

(@) 20 = 209, of ... 78.3 (d) 60 = 1009 of .... 89.5
b = 209, of 78.5 (e) 180 = 1209, of .... 95.3
(c) 12 & 59, of 84.7 (f) 255 = 125%, of .... 96.5

(é) The most common difficulties in per cent. In
order to determine the most common difficulties in per
cent, the test paperst of the 405 7-A pupils were studied
and the causes of the errors on each of the examples
were determined. The errors were classified as (1)
those involving percentage as such, and (2) all others,
such as errors in computation, miscopying figures, and
similar mistakes. The total number of errors analyzed

! Amanda Ladenberg and Margaret Harrington, graduate students
at the University of Minnesota, assisted in this investigation.
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was 11,7315. The number of errors in each part of the
diagnostic test was as follows:

PART

I.
IL.
IIT1.
IV
v
VI.
VII.

PERCENTAGH
Errors Avy, OtEERS
1,770 100
1,034 111
441 266
798 478
340 1,550
2,049 684
1,061 1,053
Total. 7,493 4,242

In Table 20 all of the difficulties in each part of the
test are analyzed and illustrated, and the number of
times each difficulty was found is indieated. The items
under each type of difficulty are grouped and have been
arranged in the order of their frequency.

TABLE 20
SUMMARY OF DIFFICULTIES IN PER CENT

I. DirrIcULTIES IN CHANGING DEcCIMALS TO PER CENT

1.

2.

DESCRIPTION F"I;?ri_hl?:
Drops decimal point and adds 9}, symbol:
2 = 29 or .125 = 1259. » 650
Copies numbers and writes per cent after it: *‘J
3 =39.. 528

. Changes the decimal number to its equivalent

fraction and adds per cent symbol:
b5 =19; 128 =19, 184
Omits integers in a mixed decimal and
(a) Changes only the decimal:

1.33% = 333%,. .. 108
(b) Moves decimal point one place to right:

1.2 =29,..... 5
Multiplies the whole number by 10:

3 =30%.... 46

. Merely copies numbers:

3 = 3. 46
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TABLE 20 (Continued)

TmER
DEescRIPTION Founp
7. Moves decimal point to left:

(a) One place: .121 = 01219,.............. 28
(6) Two places: .12% = .001259. . 34
(¢) Three places: .12% = .000125%. 3

8. Moves decimal point to right:
(a) One place: .125 = 1.259%,...... 41
(b) Three places: .2 = 2009,. 23

9. Changes to equivalent fraction and uses denom-
inator as 9:

05 = 209,. 14
10. Divides the whole number:
(a¢) by 10: 3 = 39%... J1
(b) by 100: 3 = .039%. 13
11. Inserts zero and retains decimal point:
1.2 = 1.029,.. 12
12. Changes part of the decimal to a fraction:
1.375 = 1.3719,. 11
13. Inserts zero and omits decimal point:
1.2 = 1029,. "

14, Writes a mixed decimal as a common fraction,
using the whole number as the numerator and
the decimal as the denominator:

1.16 = %%, 5
15. Changes to nearest per cent:
137.5 = 1389,. 1
16. Number of all others including computation errors
and omissions. 100
Total ..................... 1,870

IT. DrrricuLTIES IN CHANGING PER CENT TO DECIMALS

1. Merely drops 9} sign in answer without changing
to hundredths:

16.59, = 16.5. 320
2. Moves decimal point to the left:
(a) one place: 16.59, = 1.65. 139

(b) three places: 1169, = .116. 296
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TABLE 20 (Continued)

TmMES
DEsCRIPTION Founp

(c) three places and contracts to a two-place
decimal: 1663% = .163 10
Inserts zeros: 16.5 = 16.05%,; 16.5 = 16.0059%,.. 108

. Drops the 9 sign and annexes a zero:

16.5% = 16.50. 63

Drops the whole number, inserts a zero, and writes
as per cent: -

1669, = .06%. ... 28
6. Changes per cent to fractional equivalents:
871% = %.. 11
7. Changes number to nearest hundredths:
8739, = .88.. 10
8. Copies number and changes fraction to decimal:
8719, = 87.5.. 8
9. Moves decimal point to the right:
(a) one place: 118.59, = 1185. .. 7
(b) two places: 118.59%, = 11850. 8
10. Copies number and changes decimal to a fraction:
118.59, = 1183%.. 7
11. Retains 9, symbol after changing to a decimal:
69% = 06%....... 6
12. Drops fraction when per cent contains a mixed
number:
8T3% = 8T ... ... 4
13. Disregards the whole number in the answer:
16629, = .66%... 3
14. Changes answer to nearest hundredths:
16629, = 1.67... 3
15. Drops the whole number and changes fractions:
(a) to its fraction equivalent and used denomina-
tor as per cent: 16629, = 39. 2
(b) retains decimal; 16.59, = .59%,.... 1
16. Number of all other errors including computation

and omissions. 111
Total 1,145
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TABLE 20 (Continued)

III. DiIFFICULTIES IN CHANGING COMMON FRACTIONS TO
PEr CENT

DxEBsCRIPTION
1. Lacks knowledge of fraction equivalents. .

2. Adds the symbol 9, to fraction:
=%
3. Divides numerator by denominator but carries it
out only one decimal place:

4 =89..

4. Multiplies numerator by denominator:
2=10%.......cciiill,

5. Copies the denominator of the given fraction:
o0 =20%.............. s

6. Copies numerator of fraction:
3 ="7%.

7. Expresses the correct answer as the denominator
of a unit fraction:

do=1%....
8. Multiplies denominator of fraction by 10 and ex-
presses answer as per cent:

5 =100%. ... ... ...l

9. Number of all other errors including computation
and omissions.......

IV. DiIrFricULTIES IN CHANGING FRACTIONS TOo HUN-
DREDTHS AND PER CENT

A. Changing fractions to hundredths:
1. Copies numerator and:

b |
(a) moves decimal point two places to left:
o= = .07
(b) moves decimal point one place to left:
< =.9....

(¢} moves decimal point three places to left:
g =007 . .

TIMES
Founp

240

73

50
35

32

266
707

104
20

19
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TABLE 20 (Continued)
TmMEs

DESCRIPTION Younp
2. Copies entire fraction or mixed number and:
(a) moves decimal point two places to left:

&5 = 002 56
(b) moves dec1mal pomt one place to Teft:
11 = .15%.. 6

(¢) moves dec1mal po1nt one place to left and
changes fraction to decimal:
11 = .183%. .. 10
8. Multiplies numerator by denominator and:
(a) pomts off two places:

A2, . 45
) pomts off three places
175. 1
(c) places product over 100 as answer:
75 = Ht 5

4, Writes numerator as a whole number and the
denominator as a decimal:
% = 9.10. 34

b. Copies denominator and:
(a) moves decimal point one place to left:

= 2.5 1
() moves decimal pomt two places to left
== .25..... 15

6. Multiplies numerator by 100 and:
(a) retains denominator:

8 = 5 X 100 = 550 2
(b) omits denominator:
= 9 X 100 = 900... 18
1. Chandges mixed number to improper fraction
and:
(a) divides denominator by numerator:
13=4=4038 =.75.. 11
(b) copies numerator
13 =4 =4.. 10

8. Divides numerator by denominator but fails
to carry out answer two places:
75 = 23§
o5 = .9 12
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

DIAGNOSTIC TEACHING
TABLE 20 (Continued)
TouEs

DESCRIPTION Founp
Drops whole number and changes only frac-
tion to a decimal:

13 = .33%. 10
Multiplies both terms of fraction by 10:

3 = 75 9
Multiplies numerator by denominator:

3 =12. 7
Divides denominator by numerator:

o5 = .355. 6
Changes denominator to hundredths:

5 = 100 7
Multiplies denominator by 10 and:
(a) retains numerator: & = 135 4
(b) drops numerator: % = 250. 4
Places denominator over 100:

25 = 4

Simply changes mixed number to improper
fraction:

13 =4.... 3
Simply copies numerator:
% =9..... 2
Copies denominator and expresses it as a unit
fraction:
8= 1 1
10 10
Inaccuracy in equivalents:
11 = 1.662. 1
All other errors including computation and
omissions..... 212
Total—A. . 639

B. Changing fractions to hundredths and to per cent:

1.

2.

Error due to first step of process being wrong
—error in changing fraction to decimal:
10 = .09 = 9%. 268
Copies original fraction:
g6 = 35 % 48
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TABLE 20 (Continued)

TIMER
DEscrIprioN Founp
3. Copies numerator of first answer:
o= = Toos = 1759 24
4. Copies denominator of original fraction:
=5 = 50%. 10
5. Adds numerator and denominator:
%5 = 2% = 910 9
6. Changes orlglnal fraction to decimal:
13 = 1.33% = 1.3319%. 8
7. First multiplies numerator and denominator
of original fraction; expresses result. as
hundredths and multiplies by original nu-
merator:
zz = LT75 =T X 1.76 = 12.25. 3
8. Multiplies hundredths (decimal or fracticn)
by numerator of original fraction:
w5 = .28 = .28 X 7= 1.96 or
75 = Too X | = Too 1
9. All other errors including computation and
omissions. 266
Total—B. . 637
Grand Total of A and B 1,276

V. DIFFICULTIES IN FINDING A PER CENT OF A NUMBER
1. Adds per cent symbol to answer:
209 of 65 = Solution: 209 of 65 =
139. 126
2. Divides the numbers:
(a) Base by the rate:

69, 0of 80 = ...
162
Solution: 6)80 . 74
(b) The rate by the base:
69, of 80 =
75
Solution: 856 00 ......................... 30
40

40
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10.

11.

12.

DIAGNOSTIC TEACHING
TABLE 20 (Continued)
TosEs

DESCRIPTION Founp
Simply expresses per cent as an equivalent frac-
tion:

37.5% of 720 = ...

Solution: 87.59%, of 720 = §. 55
Uses only fractional part of per cent:

13319, of 60 =

Solution: % X 60 = 20. 19
Lacks knowledge of equivalents:

37.5% of 720 = . ___.

Solution: 87.6% = %

0
X720 = 630........ 21

Subtracts correct answer from the original
number:

69, of 80 = ...
Solution: 69, of 80 = 4.80
80 — 4.80 = 75.20. 6
Drops decimal point in answer:
69% of 80 = _________
Solution: 69, of 80 =
.06 X 80 = 48. . 3

. Merely changes fraction to a decimal:

13339 of 60 = ...
Solution: 13339, of 60 = 133.33%. 2
Multiplies only by decimal fraction:
37.59, of 720 = ...
Solution: .5 X 720 = 36.00. 2
Copies number and points off two places, disre-
garding per cent entirely:
1309, of 800 = ... !
Solution: 1309, of 800 = 8.00. 1
Divides each number by same divisor and then
multiplies:
69 of 80 = ...
Solution: 69, = 2 = 39
80 + 2 = 40
3 X 40 = 120. .. 1
All other errors including decimal and computa-
tion difficulties and omissions. 1,550

Total 1,890
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TABLE 20 (Continued)

{I. DIFrFICULTIES IN FINDING WHAT PER CENT ONE
NUMBER IS OF ANOTHER

DESCRIPTION Founp

1. Divides base by percentage:

Solution: 32 + 8 =4
8=49%0of32.................. 1,341
2.- Fails to express quotient as per cent:
(@ 3= oo 9% of 10
Solution: 8 =+ 10 = .3
3 =389% of 10 162
() 8 = ... 9, of 32
Solution: 8 +- 32 = .25 22
3. Multiplies base and percentage:
= . % of 32
Solution: 8 X 32 '= 256
8 = 2569, 0f32......... 112

4, Divides percentage by base but fails to carry
work out to hundredths when quotient is a
whole number:

144 = .. o of 48
Solution: 144 =+ 48 = 8
144 = 39, of 48. 75
5. Divides base by percentage and:
(a) multiplies by 10: 8 = ________. 9 of 32
Solution: 32 +~ 8 =4
4 X 10 = 40
8 =409%0of82. ... ........ 41
(b) multiplies by 100: 8 = _______. 9, of 32
Solution: 32 ~ 8 =4
4 X 100 = 400
8 = 4009, of 32. 29
(¢) and states result as a fraction:
= 9 of 32
Solution: 32 +~ 8 =4
8 = 19, of 82. 26

6. Divides base by percentage and then:

(a) divides quotient by 10: 8 = __________ o of 32
Solution: 32 - 8 =4
4+-10=4............0 ..., . 1
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10.

11.

12.

13.
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TABLE 20 (Continued)

DEscrIiPTION
(b) Divides quotient by 100: 8 = ... 9 of 32
Solution: 32 +~ 8 =4
4 + 100 = .04. ce
(¢) Points off 4 places: 8 = ..........% of 32
Solution: 32 =+ 8 = .0004.

Expresses percentage as a unit fraction and
changes to a fraction equivalent:
= e o, of 40
Solution: 2 = & = 509%.

Copies percentage and expresses it as a unit

fraction:
= s o, of 32
Solution: 8 = {9, of 32.

Attempts to change percentage to a fractional

equivalent:
16 = . % of 75
Solution: 159, = .

Divides percentage by 10:

4 = . 9, of 100
Solution: 4 = 10 = .4
4 = 49, of 100...

Changes percentage to a unit fraction and then
to its equivalent fraction and subtracts from
100:

= . % of 100
Solution: 4 = %
t = 25%

1009, — 259, = 759,
4 ="759, of 100.

Changes percentage to equivalent per cent and
multiplies base:
120 = ... % of 96
Solution: 1209, = 1%
11 X 96 = 115.2,
Multiplies percentage:
(@) by 10: 8 = % of 32
Solution: 8 X 10 = 80
8=280%0f32................

39

32

31

23

17
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TABLE 20 (Continued)

Tmms
DEBCRIPTION Founp
(b) by 100: 8 = ... % of 32
Solution: 8 X 100 = 800
8 = 8009 of 32. 26
14. Subtracts percentage from base and multiplies
result by 10:
= e o, of 10
Solution: 10 — 3 =17
TX10 =170
3 = 709 of 10. 6
15. All other errors including computation errors
and omissions. ... 684
Total 2,733

VII. DIFFICULTIES IN FINDING NUMBERS WHEN THE
PeEr CENT IS GIVEN

1. Multiplies numbers disregarding decimal form:
7 = 209, of
Solution: 7 X 20 = 140. 462
2. Divides the numbers disregarding decimal forms:
(a) Rate by percentage: 7 = 209 of
23
Solution: 7)20 .o 192
(b) Percentage by rate: 20 = 209 of
Solution: 20 + 20 =1
20 = 209, of 1. 35
3. Multiplies numbers and points off:
(a) one place: 7 = 209, of

Solution: 7 X 20 = 14.0. 39
(b) two places: 7 = 209, of

Solution: 7 X 20 = 1.40. 154
(¢) three places: 7 = 209, of

Solution: 7 X 20 = .140. 13

4. Copies percentage and:
(a) divides by 100: 7 = 209, of

Solution: 7 + 100 = .07 45
(b) multiplies by 10: 7 = 209, of
7X 10 =170.. 22

5. Subtracts numbers: 7 = 209, of
Solution; 20 — 7 = 13.... 37
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10.

11.

12
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TABLE 20 (Continued)

DESCRIPTION

Changes per cent to an equivalent and uses de-

nominator as answer:

12 = 59 of _______.
Solution: 5% = %
12 = 59, of 20.

Expresses per cent as:
(a) an equivalent fraction, but does not complete
example: 7 = 209, of
Solution: 209, =1 .
(b) an equivalent and multlphes by percentage:
7T=20%of ...
Solution: 209, = 1
1 X T7=12.
Divides correct answer by 100:
7T = 209, of
35
Solution: .20)7.00
85 + 100 = .35,

Doubled per cent, added sum to percentage, and
then divided by 10:

12 = 59, of ...
Solution: 2 X 5%, = 109,
10 4 12 = 22
22+10=22,......0.00viiu..
Adds numbers:
T7=209 of ...
Solution: 20 + 7 = 27
T = 209, of 27
Adas per cent symbol to answer:
7=20%of ... .

Solution: 7 = 209, of 85Y%,.

Divides correctly and then multiplies by 100:
7 = 209, of
385
Solution: .20)7.00
100 X 35 = 8500
7T=209% 0of3500............. -

TIMER
Founp

14
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TABLE 20 (Continued)
Tmdes

DESCRIPTION Founp
13. Divides rate by percentage and multiplies.quo-
tient by 100:

7 = 209 of
Solution: 7)20 Quotient 2&
100 X 29 = 2855. 3
14. Adds numbers and divides by 10:
7=209%of .
Solution: 7 + 20 = 27
27 + 10 = 2.7 2

15. Copies per cent and changes it to mixed number:
180 = 1209, of ...

Solution: 180 = 1209, of 15%. 2

16. All other errors including computations and also
omissions 1,053
Total ....... 2,114

The preceding tables contain a detailed analysis of the
various kinds of errors that were found in a careful study
of the work of seventh-grade pupils. Some of the errors
occurred infrequently and are not typical of the kinds of
difficulties the teacher can seek to prevent in the teaching
of the several processes. Certain errors occur so com-
monly that the teacher should be thoroughly conscious
of them and provide the proper kinds of exercises to reduce
such errors to a minimum. Many errors were due to
complete lack of comprehension of the processes involved.

The most common errors for each part of the test
other than in computation are as follows:

1. In changing decimals to per cents:
(@) Drops the decimal point and annexes the 9 symbol

(b) Copies number and annexes 9, symbol

(¢c) Changes decimal to equivalent fraction and annexes
9, symbol

(d) Omits integers in mixed decimal and changes decimal
Z0 per cent
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2. In changing per cents to decimals: _
(@) Merely drops 9, symbol in answer without changing
to hundredths
(b) Moves the decimal point to the left incorrectly
(¢) Inserts unnecessary zeros
(d) Drops 9, symbol and annexes zeros

3. Changing common fractions to per cent:
(@) Lacks knowledge of per cent equivalents
(b) Adds 9, symbol to fraction without changing its form
(¢) Divides numerator of fraction by denominator but
fails to carry work to hundredths

4. Changing fractions to hundredths and to per cents:
(¢) Merely copies numerator and writes as a two-place
decimal
(b) Copies entire fraction and writes as hundredths
(¢) Multiplies numerator by denominator
(d) Errors in changing fraction to hundredths

5. In finding a per cent of a number:
(@) Adds 9, symbol to answer
(b) Divides the numbers
(¢) Errors in changing per cents to decimals

6. In finding what per cent one number is of another:
(a) Divides base by percentage
(b) Fails to express quotient as per cent
(¢) Multiplies base and percentage
(d) Errors due to faulty manipulation of decimals

7. In finding a number with a per cent given:

(@) Multiplies numbers representing rate and percentage
(b) Divides rate by percentage

(¢) Divides percentage by rate, disregarding decimal form
(d) Errors in manipulation of division of decimals

(¢) Subtracts numbers representing rate and percentage
(f) Inability to manipulate fractions after changing rate

to equivalent fraction

An analysis of errors listed above shows that the two

chief causes of the difficulties in the processes in per-
centage are inability to manipulate decimals properly
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and a lack of understanding of the process involved. The
latter difficulty is clearly evident in the errors listed under
finding what per cent one number is of another and finding
a number with a per cént given. Many absurd errors
would be eliminated if pupils were taught to check the
answer to each example. For instance, a solution for
the example,

3= 9% of 10, such as 3 = 39, of 10

would not be accepted by a pupil who-checked his result
by finding 39, of 10, thus showing that his answer must
be incorrect.

PROBLEMS FOR STUDY, REPORTS, AND DISCUSSION

1. What are the chief arithmetic skills, other than com-
putation, involved in addition of decimals? in subtraction?
in multiplication? in division?

2. List the examples in one of the diagnostic tests in
decimals in the order of their difficulty.

3. Analyze the skills involved in the five most difficult
examples in each type.

4. Prepare a set of examples that duplicate the types
found in one of the diagnostic tests.

5 Analyze a textbook to discover the methods used to
teach the pupils to place decimal points in quotients and in
products.

6. Give a diagnostic test in one of the processes to pupils
in a sixth- or seventh-grade class and analyze the work of
the pupils to discover the types most frequently missed and
the causes of the difficulties.

7. Select a set of remedial exercises to be used to over-
come a specific type of difficulty in decimals.

8. Which do you think are more complicated, processes
in common or in decimal fractions?

9. Some authorities believe that the teaching of decimal
fractions should precede the teaching of common fractions.
What is your opinion on this point?
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10. Prepare a set of examples that duplicates those in one
of the parts of the diagnostic test in per cents.

11. What are the ten most difficult types of examples in
per cent? What skills are involved in each?

12, What are the ten most common faults in per cents?
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CuaarTER VII

DIAGNOSIS IN PROBLEM SOLVING

1. THE MAJOR OBJIECTIVES OF PROBLEM WORK IN
ARITHMETIC.

The major function of the work in arithmetie is to
give the individual the power to apply numbers to the
situations in daily life in which the need for numbers
arises. Arithmetic was developed by man as a means of
giving “order, precision, and arrangement’” to those
quantitative aspects of environment which otherwise
would be chaotic and unorganized. Whatever one reads
contains references of a quantitative kind which must be
understood before the material being read can be com-
prehended. Literature abounds with references to vari-
ous forms and systems of measurement, the meaning of
which should be a part of the intellectual equipment of
every individual. As a result of the work in arithmetic
and in other school subjects, the pupil should acquire a
broad background of quantitative information concerning
economic, social, industrial, civie, and vocational matters.

Making certain that the pupils acquire an adequate
background of quantitative information and that they have
practice in quantitative thinking necessary to make this
information function effectively, is one of the main objec-
tives of arithmetic. It is obvious that in many situations
in life there are occasions when computations of various
kinds must be performed. Therefore, the teaching of
arithmetic must take into account both the informational
as well as the computational applications of number.

(269)
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In the affairs of life, the need for computation usually
arises in connection with some situation or activity. A
person determining the amount of change to receive after
a purchase has been made, the cost of a number of pounds
of a certain kind of food, the cost of gasoline a mile, the
score at a ball game, or the profit from the sale of 500
chickens which he has raised, must in each case make one
or more computations, depending on the complexity of
the situation involved. Usually the data used in the
computation must be assembled from various sources,
possibly from detailed records of costs, expenses, amounts
used, and similar data. Two important elements in
arriving at a correct solution of the problem at hand are
the care with which the records have been kept, and the
ability of the individual to perform the various steps
and computations in the process of arriving at a conclu-
sion. Some of the computations can be easily performed
while others may be quite complicated and present many
opportunities for error.

According to present practice in arithmetic the text-
book and certain supplementary drill materials form the
basis of the work in the classroom. Textbooks contain
the exercises which form the content of the lessons in-
volved in the development of the processes. In addition
to these practice exercises, “problems” are given which
are Intended to give the pupil the opportunity to apply
the new processes and those that have been previously
presented, in situations approximating those in life. Some-
times these problems are grouped according to the new
process being presented. In such cases the pupils often
merely manipulate the numbers and pay no attention to
the statements in the problem. As one intelligent second-
grade pupil said when confronted with such a set of
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problems, “These are easy. All that you do is to add
the numbers,” and then he proceeded to do as he said,
disregarding the verbal statements entirely.

Sometimes the problems are grouped under a topic,
such as farm problems, problems about chickens, auto-
mobiles, making change, and the like. In the newer
textbooks, problems relating to a particular situation,
such as finding the cost of an automobile trip, the profits
from a small garden, or the expenses of the owner of a
house, are given. These groups of problems relating to
a single situation approximate more nearly life situations
than problems grouped by process or by topic. The
difference between these groups of problems and actual
life situations is that in the problems the complete data
are given in an organized way, whereas in real life situa-
tions the data would first need to be assembled and
organized before a solution could be reached.

2. APPLICATION OF PROCESSES IN LIFE SITUATIONS.

Since the applications of arithmetic as found in real
life activities, and as given in most problems in textbooks,
present entirely different situations, both types of work
should be given in order that the pupil may learn effec-
tively to use his knowledge of how to compute. The
teacher must use the opportunities to apply arithmetic
in the numerous situations that arise naturally in®the
every-day activities in the classroom, so that the pupils
can see how arithmetic functions in their lives. The
work in arithmetic is thereby vitalized and the needed
practice on processes motivated and made purposeful.
Some of the fruitful sources of occasions for applying
arithmetic computations are:

1. Games, counting, keeping score, ete.



262 DIAGNOSTIC TEACHING

2. Measurement and comparison of objects, materials,
size, ete.
Comparing height and weight with standards.

School bank.
Paper sales, hobby shows, etc.
School lunch, milk supply.
Construction, drawing, design.
Trips to banks and other places of business.
Arithmetic needed in the home, the store, the farm.
10. Problems arising out of geography work, reading, his-
tory, and other subjects.
11. Budgets and accounts.
12. How to invest money.
18. How savings banks help us.
14. What it costs to own a home.
15. Illustrations of how we use geometry.

Some of the new textbooks in arithmetic contain many
suggested ways in which local applications can be made
of the processes or topics that are being presented. While
these suggestions are very helpful, they are at best meager
and must be supplemented by the skilful teacher as the
occasion arises.

Undoubtedly, the best way to teach the pupil how to
apply arithmetic is to give him the opportunity to apply
arithmetic in real life situations. But under present
conditions a large part of the training that pupils are
given in that aspect of the subject is by means of the
verbal problems found in our textbooks. Practically all
of the investigations that have been made of the ability
of pupils to apply arithmetic and of the difficulties they
have in making such applications have been based on
the ability of the pupil to work the types of verbal prob-
lems found in. textbooks, not upon the ability of the
pupil to apply numbers in real life situations.

PN
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Problem scales consisting of isolated, verbal problems,
often of an inferior quality and arranged in the order of
their difficulty, are used to measure the ability of the
pupils to solve arithmetic problems. Not a single stand-
ard test is available which measures the ability of the
pupil to find solutions to situations in which he is not
given all of the essential data in an organized way but
he must put the needed facts in order himself, as he would
in any life situations.

3. STANDARDS FOR EVALUATING PROBLEMS.

The following standards suggest the factors that must
be considered in the preparation of problems for the sev-
eral grades:

STANDARDS FOR THE EVALUATION OF PROBLEMS

1. Problems should arise, as far as possible, from the felt
needs of pupils, since “felt needs” are the basis of real
problematic situations.

2. The situations on which problems are based should be
within the experiences of pupils, especially in the lower
grades. In the upper grades some of the important applica-
tions must necessarily be on the adult level, although the
situations presented must be within the comprehension of
the pupils. The processes which the pupils have been
taught will naturally affect, and in large measure, deter-
mine the contents of the problems he can be given to solve.

3. The vocabulary of the problem should be that to which
the pupils are accustomed. The vocabulary of problems
can easily be checked by the use of Thorndike’s word list.

4. Problems in the lower grades should for the most part
include small numbers, since large numbers tend to cause
much confusion.

5. Problems for a given grade should be within the com-
prehension of pupils of that grade. The difficulty of prob-
lems wili probably have to be determined by experimentation.

6. Problems should be cumulative, that is, the problems
18
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in a group should contain application of both old and new
processes and should not be limited to the new process being
presented.

7. Problems should do more to the child than merely give
practice in computation; where possible they should give
the child something to think about, some valuable informa-
tion, or should illustrate some important application of
arithmetie,

8. Problems should be socially significant, that is, accord-
ing to Thorndike, they:

(@) Should not involve misleading facts and procedures.

(b) Should not involve trivialities and absurdities.

(¢) Should not involve useless methods.

(d) Should not involve questions, the answers to which
would normally be known. ‘

(e) Should not involve ambiguities and falsities.

(f) Should not involve fantastic situations.

4. UNDESIRABLE TYPES OF PROBLEMS.!

There are so many real problems that can be used in
the class work that these undesirable types can easily
be eliminated. Teachers should aim to state their prob-
lems in arithmetic so that the mental reactions and
activities of the pupil will be similar to those used in life
itself. It is a questionable practice to give a child fan-
tastic problems to work merely because they will give
him practice in some process that can best be given in
the regular drill period. Problems should be simple,
direct, and real. The following illustrate various types
of undesirable problems:

Type I. Problems Involving Misleading Facts and Unusual
Procedures:
(@) A box held 1}/ dozen oranges. How many oranges

were in the box? The usual box of oranges does
not hold 144 dozen.

1 The classification of types of problems is similar to that presented
by Thorndike in ‘‘Psychology of Arithmetic,” pp. 91-95.
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(b) If you know how much a bushel of potatoes costs,
how will you find out how much a peck costs?
The answer to this problem would be found by
asking the grocer rather than by making an arith-
metical calculation, because potatoes bought in
large quantities are usually cheaper per bushel
than when bought in small quantities.

Type II. Problems Involving Trivialities and Absurdities.
(@) The Smith family took a trip of 203 miles. They
were gone a week. What was their average speed
per day? The question asked is absurd; the
conditiors stated are also absurd.
(b) If a boy works 16 examples a day, how long will it
take him to work 112 examples?
The conditions of this problem are also absurd.

Type III. Problems Involving Useless Methods and Oper-
ations.
(@) A newsboy earns $2 on one day, and $ on an-
other day. How much did he earn in all?
This problem involves a use of fractions which never
occurs in real life.

Type IV. Problems Whose Answers Would, in Real Life,
Already be Known.

() Bertha bought a pair of shoes for $6.00. This was
just 1 of what she had in her purse. How much
had she before she paid for the shoes?

Before one can state that $6.00 was 1 of the whole,
the whole amount must be known. ‘

() Jack paid $4.00 for a pair of skates. This was
Z of all that he had earned. How much had he
earned?

Type V. Problems Involving Ambiguities and Falsities.

(@) If the price of 1 pint of cream is 25 cents, how do
you find the cost of one gallon?

The answer would not be found by using any of the
fundamental operations. Cream would be rather
expensive per gallon at the same rate we pay per
1 pint.
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Type VI. Problems Involving Fantastic Situations.

(@) A dairyman owned 84 cows. He placed an equal
number in each of 7 pastures. How many in
each pasture?

The answer would not only be known, but it would
very rarely, if ever, occur that a dairyman would
have 7 pastures and have just the right number
of cattle to put an equal number in each pasture,
if he ever would wish to do so.

() In a certain building there were 400 windows.
If there are 4 windows per room, how many rooms
are there in the building?

In this problem no allowance is made for halls, or
differences in the sizes of rooms.

5. THE GENERAL NATURE OF PUPIL "DIFFICULTIES IN
PROBLEM SOLVING.

The steps in the process of solving arithmetic problems,
according to Monroe,! are: (1) reading the statement of
the problem with understanding, (2) recalling of prin-
ciples applicable to the problem, (3) formulating of a
plan of procedure concerning the operations to be per-
formed, this being based upon the elements of meaning
and the recalled principles, (4) verifying of the procedure
which generally does not constitute an explicit step,
(5) ‘performing of the operation which is also, strictly
speaking, not a step in the reasoning process.

The first step is a complex process involving eye-
movement, perception, association of meaning with sym-
bols, and combining the several elements of meaning
into an understanding of the problem. From this first
step “should come a definition of the problem which is
the first step in reflective thinking.”

*W. S. Monroe, “Derivation of Reasoning T ; . .
School and Society, Vol. 8, pp. 295-99. g Tests in Arithmetic,”
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Monroe explains that there are two kinds of words in
the statement of a problem. There are words which
describe the setting of the problem and words which
define quantitative relationships or, as Monroe calls them,
““technical words.”

In the problem, “What is the value of sugar obtained
at a Vermont sugar camp, if it is worth ten cents per
pound and six pounds are obtained on the average from
each of 1,275 maple trees?” the words ‘‘Vermont,”
“sugar,” “maple,” and “camp’’ describe the setting and
have nothing to do with the solution of the problem.
The technical words such as “value,” “per pound,” “are
obtained,” and “each” define quantitative relationships
and are cues for formulating the plan of solution. Monroe
points out that unless the meaning associated with these
words is exact, difficulties will arise.

Monroe illustrates the second step in solving arith-
metic problems with the example:

“A man invests $893 in some property. He sells the
property for $1,050. What is the rate of profit?”

In this problem it is necessary to recall the principle
that the rate of profit is generally calculated upon the
amount invested and not upon the selling price.

Monroe’s analysis assumes that problems are solved
by “reflective thinking.” He points out that the diffi-
culty is that pupils do not always reflect. If the problem
is familiar, he automatically indentifies it as requiring
certain operations. Monroe terms this as a “short-
circuiting” of reflective thinking. He also points out
another weakness of pupils in arithmetical reasoning when
he states, “When the problem is unfamiliar he may try
random guessing as the plan of solution.”
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Stevenson! used the interview technique to discover
the methods used in problem solving. The following
conversation illustrates procedures he discovered:

Problem: When John was 13 years old he received $60
in equal monthly payments for spending money. How
much did he receive each month?

Pupil: “I am going to subtract.”” He put down $60 and
said, “No, I have that down the wrong way.”

Observer: ‘“Why is it wrong?”

Pupil: “Because I have no number but 13 to put under it.”

Observer: “Why can’t you subtract 13 from 60?”

Pupil: “It’s too little. You can’t do it. We never have
had that.” (This boy never subtracted unless the numbers
contained three or more digits.)

Stevenson reports other random, useless procedures
used by pupils to solve problems. He describes difficul-
ties of various types and suggests remedial exercises.

Thorndike? recognized real need for a diagnosis of
pupil difficulties in arithmetic when he wrote:

“In order to block wrong paths most effectively we
need to know why the pupil inclines to take them. In
order to help him when he is blundering or at a loss what
to do, we need to know why he is misled, perplexed, and
confused. That is, we need to diagnose his difficulty.”

6. VOCABULARY AS A FACTOR IN PROBLEM SOLVING.

The necessity of a careful checking of the vocabulary
of arithmetic textbooks is made clear by recent investi-
gations in which the Thorndike,® Pressey,* and other
standard lists were used as the basis for the analysis.

1 P, R. Stevenson, “Difficulties in Problem Solving,” Journal of Edu-
cational Research, Vol. 11, pp. 95-103.
19222}%. L. Thorndike, Psychology of Arithmeiic (New York: Macmillan,

3 E. L. Thorndike, Teachers Word Book (New York: Bureau of Publi-
cations, Columbia University).

4+ L. C. Pressey, The Technical Vocabulary of School Subjects (Bloom-
ington, Illinois: Public School Publishing Company, 1924).
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An excellent example of the results of such a study is
reported by Buswell.! It is based on the analysis of
the vocabularies of six third-grade arithmetic textbooks.

The following quotation gives a summary of the facts
discovered:

1. The total vocabulary of six third-grade arithmetic
textbooks examined is 2,993 different words.

2. The average vocabulary of the six textbooks is 1,262
different words.

3. The common vocabulary of the six arithmetics is
small, there being only 300 words, or 11.7 per cent of the
total vocabulary, that occurs in all six textbooks.

4. There are 1,345 words, or 44.9 per cent of the total
vocabulary, that are used in only one textbook.

5. The percentage of words which is used in only one
textbook ranges in the six textbooks from 11.2 per cent to
21.03 per cent.

6. An average of 32.3 per cent of the words occur only
once in the textbooks in which they are used.

7. Of the 1,345 words used in only one textbook, 1,214
are used less than four times in the book in which they
occur.

8. Of the total vocabulary of 2,993 words, 328 rank in
the first 1,000 for importance in the Teacher’s Word Book.

9. There are 2,467 words, or 82.4 per cent of the vocab-
ulary, that rank in the first 5,000 for importance; 284, or
9.5 per cent, that rank in the second 5,000; and 242, or 8.1
per cent, that are not found in the list.

10. The technical vocabulary of the six arithmetic text-
books consists of 306 words, or 10.2 per cent of the total
arithmetic vocabulary.

11. Only 34 of the words of the technical vocabulary are
used in all of the textbooks, and 75 are used in only one book.

12. Of the 306 words of the technical vocabulary of the
arithmetics, 261 rank in the first 5,000 for importance in
the Teacher’s Word Book.

1 G. T. Buswell, “Curriculum Problems in Arithmetic,” Second Year-
book of the National Council of Teqchers of Mathematics, 1927), pp. 73-93.
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13. There are 514 words, or 17.2 per cent of the arith-
metic vocabulary, that are found in the common vocabulary
of ten third-grade readers.

14. There are 980 words, or 32.7 per cent of the arithmetic
vocabulary, which do not oceur in any of the ten readers.

15. There are 1,043 words, or 34.9 per cent of the arith-
metic vocabulary, which are used in half or less than half
of the readers.

16. There are 616 words, or 20.6 per cent of the arith-
metic vocabulary, which occur in only one of the arithmetic
textbooks and are not found in any of the readers.

17. Of the 616 words occurring in only one arithmetic
and in none of the readers, 292 rank in the first 5,000 for
importance in the Teacher’s Word Book, 139 rank in the
second 5,000, and 185 are not in the list.

18. Of the 616 words mentioned above, 393 occur only
once in the textbook, and only 57 occur more than three
times.

19. Of the 306 technical words, 164 do not occur in any
of the readers, and only 12 occur in all ten of the readers
(Chapter V).

Buswell comments on these data as follows:

The facts presented in the preceding summary indicate
that an arithmetic textbook would present econsiderable
difficulty to children if the only requirement were that it
be read and if the sole criterion of difficulty’were the number
of new words encountered.

A third of the words of the six textbooks occur only once,
no provision being made for sufficient repetition to make
them familiar to the child.

A third of the words in the arithmeties do not occur in
any of the ten readers. The teacher of arithmetic, therefore
be.comes-responsible for teaching these new words in thé
arithmetic class. Even in respect to the technical vocab-
ulary used by textbooks in arithmetic, there has been little

common practice, only 34 of the 306 technical i
common to all of the six books. words being
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The situation disclosed in the preceding summary is still
more striking when one observes the variation in practice
for single sets of textbooks. Authors have simply drawn
upon their own private vocabulary without regard for the
difficulties which the limitations of their vocabulary may
cause children. One of the first problems which must be
solved before the reading difficulties encountered in arith-
metic are removed is a standardization of the vocabularies
used in the different books and a correlation, grade by grade,
between the vocabularies used in arithmetics and the vocab-
ularies encountered in general reading in the elementary
school.

7. CAUSES OF DIFFICULTIES IN PROBLEM SOLVING.

Stone! states that “all arithmetical ideas, to exist, must
have a background of mental images which are out-
growths of experience. Hence, the school must provide
broad, concrete, meaningful experiences, either in or out
of school, in which quantitative thinking is a major
element. Failure to provide these clear mental images,
which the statement of a problem should call up in the
child’s mind, is perhaps the chief source of failure to
solve a problem.”

In other words, the problem is not concrete to the child
unless he is able to form a clear mental picture of the
situation described. It may be that he has not read the
problem carefully or that he may have read it carefully
and yet, through lack of experience in the situation
described, he may not be able to form a picture of the
situation.

Stone reports a problem in which a girl found ““the cost
of two pencils if one cost five cents,”” but could not find
the cost of two meters of silk if one meter cost five francs.

1J. C. Stone, The Teaching of Arithmetic (Chicago: Sanhorn, 1922),
pp. 170-89,
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Upon being questioned the child said, “I don’t know
what a meter is and I don’t know what francs are, so of
course, I can’t solve it.”

Stone believes that other principal sources of failure
in problem solving are:

1. Problems are not concrete. _
2. There is inaccuracy in computation. .
3. Approximations were made before the computation was

completed.
4. There is lack of understanding of the fundamental

processes.
5. There is an assumption, by the author, of facts not

known to the pupils.

6. Difficulty of problem, that is, the relations existing
between data are too complex and as a result the pupils
lack the mental power to reason out what process to use.

“The failure on the part of pupils to solve arithmetic
problems is due to poor reading and consequent inability
to understand the problems” was reported by Estaline
Wilsont in 1922.

Teachers have not called upon pupils to master the
meaning of arithmetic problems, and as a result, pupils
feel no responsibility for remembering any of the “reading
facts of the problems.” This has come about because of
the fact that most problems are stripped of details which
make reading vivid. Miss Wilson points out that the
color, style, and material of a dress are quite as important
to the purchaser as the price but the authors of arith-
metic textbooks do not take such associated ideas into
consideration in the preparation of problems.

Another view of the problem is given by Hunkins and

! Estaline Wilson, “Improving the_Ability to Solve P »
Elementary School Journal, Vol. 22, pp. 380-8 6.Y ve Problems,
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Breed.! They feel that the ability to solve problems
depends upon something more than reasoning ability if
the vocabulary employed is difficult or if the computa-
tional processes are technical. They suggest that if
vocabulary, understanding of problems (comprehension
of sentences and paragraphs) and ability to use technical
processes (computational skill) were measured by sepa-
rate tests, the exact difficulty of a pupil could be found.

The most comprehensive study of this problem was
made by Superintendent Banting® in/the Waukesha
Public Schools in 1922-23. The study which was carried
on in the grades below the Junior High School was begun
by giving Monroe’s and Buckingham’s Reasoning Tests.
The results of these tests were carefully weighed, the
daily work of the pupils was observed, and each pupil
was questioned as to his difficulties. In fact, Banting’s
report regarding the difficulties in arithmetical reasoning
seems wholly inclusive, but, as he states, further in-
vestigations will extend and substantiate the evidence of
causes of failure. Banting’s technique is quite similar to
that employed by Buswell and John. This study seems
so vitally important that a brief summary of the causes
of failure will be reported. They are as follows:

I. Failure to comprehend the problem in whole or in
part which might be due to lack of ability in silent reading,
inability to read the language of arithmetic, carelessness in
reading, or lack of the necessary experience to reproduce
mentally the concrete situation of the problem.

II. Lack of ability to perform accurately and readily the
fundamental operations.

1 R. V. Hunkins and F. S. Breed, ‘“The Validity of Arithmetic Reason-
ing Tests,” Elementary School Journal, Vol. 23, pp. 453-66.

2 (3. O. Banting, ‘““The Elimination of Difficulties in Reasoning,”

Second Yearbook of the Depariment of Elementary School Principals,
{Weshington, D, C,, 1923), pp. 411-21.
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III. Lack of knowledge of facts essential to the solution
of a problem.

IV. Lack of ability to identify the proper process or
processes with the situations indicated in the problem.

V. Lack of sufficient interest in the problem to inspire
the required mental effort.

VI. Failure to form the habit of verifying the results.

VII. The habit of focusing the attention upon numbers
and being guided by them instead of by the condition of the
problem.

VIII. Pupils are sometimes completely nonplussed by
large numbers.

IX. The habit of being guided by some verbal sign
instead of by making an analysis of the problem.

X. Lack of ability or care to properly arrange the written
work in orderly, logical form.

XI. The failure to recognize the mathematical similarity
to type problems which the pupils understand, because of
some unusual situation in the problem in question. For
example, the pupil who readily solved problems dealing
with the purchase and sale of familiar things, failed when
given a problem dealing with the purchase and sale of a
farm.

XII. Lack of ability to understand quantitative rela-
tions such as: (a) cost, loss or gain, selling price, (b) income,
expenditures, amount saved, etc.

XIII. The pupil may fail because the problem requires
"exertion beyond his span of attention.

XIV. The pupil may fail because of absolute inability
to do reflective thinking.

Osburn! reports a study made in 1922 to discover the
weak spots in arithmetical reasoning. The Buckingham
Problem Test was given to 6,000 children in eighteen
counties and one large city and the 30,000 errors made
were classified as follows:

1W. F. Osburn, Corrective Arithmetic, Vol. 1 (Boston: Houghton
Mifflin Company, 1924), p. 38.
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Per CEnT
1. Total failure to comprehend the problem. 30
2. Procedure partly correct but with the omis-

sion of one or two essential elements. 20
3. Failure to respond to fundamental quan-
titative relations. E 60
4. Errors in fundamental processes. . . 20
5. Miscellaneous errors. ... .. .2
6. Errors whose causes could not be discovered 18 40
Grand Total. 100

Osburn’s discussion regarding the weaknesses children
have in arithmetic is very absorbing. He states, “Indus-
trial concerns find it profitable to study the situations in
which their output falls short of ‘the expected amount.
Few salesmen talk about the weak points of what they
sell, but it is safe to assume that all good salesmen have
a pretty definite knowledge of what these weak points
are. Teachers, however, are almost always destitute of
such information.”

That Osburn believes much scientific information of
genuine value can be gleaned from individual investiga-
tions of pupil difficulties can be inferred from the fol-
lowing: ‘“Now, a study of the errors made by a thousand
or more children can be carried on only with the coSpera-
tion of many people. On the other hand, a study of the
errors of fifty or a hundred children can easily be made
by one person. The fact that such a study reveals
typical errors gives much significance to the work of
individual investigators who are dealing with small
groups. Progress, therefore, should be easy in the future.”

Osburn states that there are two types of educational
disabilities—one that must be outgrown if it is ever
removed and the other that may be removed very easily
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if its nature and causes can be discovered. The former
is due to the lack of mental ability on the part of the
child for which the teacher is not to blame. The latter
is due to poor teaching, poor health, etc., part of the
responsibility for which can be laid at the door of the
teacher and her predecessors.

According to Osburn, the most frequent trouble that
a child has in problem-solving is his inability to identify
the proper process to use. ‘““He looks at his teacher and
asks artlessly, ‘Do you subtract?’

“On examination or test day the teacher, of course,
does not answer. . . . There are four fundamental proc-
esses, and the child has one chance in four in one-step
problems of getting the correct answer by mere guess. He
will guess wrong, however, about three times out of four.

“Thus, in the problem, ‘ We learn to spell two new words
a day in our school. How many new words do we learn
in eight days?’ We find by far the largest number of
wrong answers to be ten, six, and four. These represent
wrong answers. The children add, subtract, or divide
because they are unlucky. It follows, of course, that
some of the children who get the right answer have
guessed luckily. In problems of two or three steps the
same thing occurs, but it is not so easily detected.”

Osburn believes that another large source of error
arises from the misreading or misunderstanding of a
portion of the problem by the child. In the problem,
“A coat cost ten times as much as a hat. Both together
cost $66.00. How much did the coat cost?” the pupil
obtained an answer of $6.60. He left the coat entirely
out of consideration and attempted to find the cost of
the hat. This is an excellent example of the above men-
tioned source of error.
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A third type of error arises from an ignorance of funda-
mental relations such as those of income and outgo,
profit and loss, ete. Osburn’s advice regarding the loca-
tion of types of errors in a particular problem is pointed
and specific.

“It is recommended that the teacher attempt first to
account for failure on the part of the child by the inspec-
tion of his wrong answers. If doubt still remains, be
sure to have him do the work aloud. Having thus gotten
a correct notion of the true nature of the child’s difficulty,
it is usually easy to remove it.”

8. SPECIFIC DIAGNOSTIC PROCEDURES IN PROBLEM
SOLVING.

The diagnostic procedures which have been discussed
for locating difficulties in computation can also be ap-
plied to problem solving. These procedures are:

1. Analysis of the pupil’s written work.

2. Observation of the pupil’s work when the steps are
given aloud.

3. Exercises for the location of specific types of defi-
ciencies. The third procedure is as yet undeveloped.

(a) Analysis of the pupil’s written work. In many
cases it is possible to determine from an analysis of the
pupil’s written work the cause of difficulty in a particular
problem. Mistakes in computation or failure to com-
plete the whole problem are easily detected. Osburn sug-
gests that it is easy to determine whether the pupil
comprehends the problem by an analysis of the answer.
If in working the problem, “I have 8 cents. How many
apples can I buy at 2 cents each?”” the pupil gives 10, 16,
or 6 as the answer. In each case the wrong process was
used to get the answer to the problem, clearly indicating
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inability to select the correct process. Answers such as
2 or 3 indicate probable errors in computation. . Two-
step problems are often not completed, resulting ir
an incorrect answer; for example, the answer given
in the two-step problem, “I buy 2 apples at 4 cents
apiece. What change should I receive from a quarter?”
may be given as 8 cents, which is found by multiplying
2 X 4,.and failure to subtract the product from 25 cents.

A typieal analysis! of the work of a 6A class of 87 pupils
in the Buckingham Problem Scale is contained in Table 21.

TABLE 21

DISTRIBUTION OF DIFFICULTIES FOR EACH PROBLEM ON THE
BUCKINGHAM PROBLEM SCALE BY A MINNEAPOLIS 6A CLASS

GRADE
Corrscr | Wrong | METHOD | MBETROD | Mermop
. %}‘IETHOD; gmmon; i‘m_' EEC(’T:_' Wrona; 02'1%?;11!&
ProprEM NUMBER Cr;g‘]?;‘: FHE'“;?;‘AI_N F%T:f Correcr | ERROR IN EF?,?I?AEN ATTEMPT-
MENTALS | MENTALS | FONDA- | FONDA- |y 70| NG
MENTALS | MBNTALS

1 32 3 2 37
2 e 35 1 1 37
. 34 .. 3 37
4. e 27 4 6 37
6. 15 17 b 37
6. 29 7 1 37
e i i 29 3 .. b 37
< 9 .. 28 37
9 32 2 .. 1 35
10 ... 16 12 2 .. 7 37
11, ..., 20 8 2 1 6 37
12, i, 29 | .. 2 i 6 | 37
3 22 1 4 10 37
4. ... ...l 10 7 4 13 34
16, .. i 13 1 9 12 35
Total............. 352 43 EZ .';.5 _0 % E4TS
Per Centof Attempts| 64 8 10 13 100

Per Cent of Errors..| .. 22 28 14 .. 36

! Reported in J. C. Brown and L. D. Coff . ——
(Chicago: Row Peterson, 1924), p. 53. offman, The Teaching of Arithmetic
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There are 15 problems in the test. Problem 1 was
worked correctly by 32 of the 37 pupils; 3 pupils used the
incorrect method of ‘solution but made no errors in their
computations; 1 pupil used an incorrect method and also
made errors in the solution. There were 43 cases, 8 per
cent of the attempts, in which the pupil used the correct
method in solving one of the problems but made an
error in computation; 54 cases, 10 per cent of the total,
in which the wrong method was used but the computa-
tions were correct; in 29 cases, or 5 per cent of the total,
the method was incomplete, but the computation was
correct as far as the work had proceeded; in 70 cases,
13 per cent of the total, the method used was wrong and
there were also errors in computation.

An analysis such as this points out the fact that errors
of certain kinds were made but gives no evidence as to
why they were made in most cases. In 58 per cent of all
problems worked incorrectly there was an error in com-
putation; in 14 per cent of the cases, the method was
incomplete; in 64 per cent of the cases the wrong method
was used. The reasons for the errors must be deter-
mined when not obvious by an individual examination.

(b) An observation of the pupil’s work when the steps
in the solution are given aloud and the difficulties are
revealed by an interview. Almost all of the studies of
pupil difficulties in problem solving have been based on
an analysis of the written work of the pupil. The de-
ficiency of this method was pointed out on page 277.

The studies of Banting and Stevenson, previously dis-
cussed, were based directly on the results of a careful
observation of the pupil’s work, and interviews to deter-
mine special difficulties not otherwise diagnosed. Neither
of these studies gave any information as to the relative
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frequency of each kind of error or difficulty, although
their procedures have been used as the basis of subse-
quent studies, one of the most significant of which is that
of Martin.!

Martin made an analysis of the problems in the Buck-
ingham Scale for Problems in Arithmetic and Stanford
Reasoning Tests ‘worked incorrectly by a group of 56
pupils markedly deficient in problem solving. This
analysis revealed their common types of difficulties.
These difficulties were classified as they were discovered.
The diagnostic process used by Martin consisted of mak-
ing an analysis of the pupil’s work in a problem to dis-
cover the cause of error, if possible, and verifying the
findings by having the pupil rework the problem and
asking him questions concerning it. In all, 1,014 mis-
takes in these two tests were analyzed in this manner.
The difficulties which the pupils encountered are listed
in Table 22.

TABLE 22

A TABULATED SUMMARY OF THE DIFFICULTIES IN THE BuUCK-
INGHAM AND STANFORD REASONING TESTS FOR THE
FirTy-siIx PUPILS IN MARTIN’S STUDY

Errors

4t GrRaDR 5rE GRADE 6ra GRADE ToTALs
Cavse or DrFricunTy

Num-| Per |Num-| Per |Numu-| Per | Nom- | PEr
BER | Cont | mErR | Cent | BER | CENT | PER CenT

1. Failure to compre-
hend in whole or in

part...... .. ...| 83} 30.3] 62| 30.1| 107 20.0| 252| 24 .8
2. Carelessness in read-
ng.........oevuun. 260 9.5; 3b| 17.0| 109( 20.4| 170| 16.8

! C. R. Martin, “An Analysis of the Difficulties in Arithmetical Rea-
soning of Fourth, Fifth, and Sixth Grade Pupils,” Master's Thests,
Unpublished (Minneapolis, Minnesota: University of Minnesota, 1927).
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TABLE 22 (Continued)

Errors

4tr GrADD 5t GraDR 61H GRADE Torars
Cause oF DiFFICULTY

Nom-| Pemn |Nom-{ Per |[Nuow-| Par | Num- | Per
ser | Cenr | sEr | Cenr | BER | Cenr | BER | CENT

3. Inability in the use of
fundamentals. .| 386/ 13.2| 81| 15.1] 98| 18.3| 165/ 16.3
4. Confusion of processes| 67| 24.4| 25| 12.1| 63| 11.8] 155 15.3
5. Lack of knowledge of
facts essential to the
solution of the prob-

lem.... . .. . 111 4.0 5| 2.4 81| b.8 47 4.6

6. Inability in the use of
decimals. . . ) 0l 0.0 6] 2.9 39 7.3 45| 4.4

7. Carelessness in ar-
ranging problems.. . 2| 0.7] 14| 6.8 15 2.8 31 3.1

8. Lack of sufficient in-
terest.. . .. .. 31 1.1 4] 1.9 24| 4.5 31| 3.1

9. Inability in the use of
fractions..... 9] 3.7 9| 4.4 12{ 2.2 30 2.9

10. Ignorance of quanti-
tative relations. . 0 0.0 71 3.4 18/ 3.4 25! 2.5
11. Could not analyze, .| 86| 13.1f 8 3.9{ 19| 3.5/ 63| 6.2
Totals........ .| 273(100.0| 206/100.0| 535(100.0|1,014]100.0

Of the total of 1,014 errors which were found in these
two tests, 273 were made by the fourth-grade pupils,
206 by the fifth-grade pupils, and the remainder, or 535,
by sixth-grade pupils. The percentages indicate that the
fourth- and fifth-grade pupils did not comprehend as
readily as the pupils in the sixth grade. The pupils of
the two upper grades read less carefully than those in
the fourth grade.

Inaccuracy in fundamentals increased the totals in the
sixth grade, making the largest percentage of errors.
The fourth-grade pupils confused their processes in solv-
ing far more than the other pupils, 24.4 per cent of their
errors being made in this way. An illustration of this
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confusion is a selection of multiplication, addition, or
subtraction to solve a problem when the correct process
is division.

The sixth-grade pupils showed lack of interest in
problems a far greater proportion of times than the
other pupils.

Difficulties in thirty-six of the fourth-grade problems
could not be analyzed. Twenty-five of these were incor-
rectly worked by two pupils, seventeen by one, and eight
by the other.

Perhaps the fourth-grade percentage would not have
been so big if it had not been for this rather singular cir-
cumstance. There was not a large enough frequency in
the other causes of error to make conclusions sufficiently
valid to be of definite value.

9. DESCRIPTION AND SYMPTOMS OF FAULTS.

A discussion of the several causes of difficulty as deseribed
by Martin and the types of responses that indicate each
follows:

(a) Failure to comprehend in whole or wn part. The
most frequent cause of difficulty was failure on the part
of the pupil to comprehend the problem in whole or in
part. This might be due to a general inability in silent
reading or to insufficient experience on the part of the
pupil, either actual or otherwise, to be able to reproduce
the situation of the problem in his own mind. Also, the
pupil might comprehend the greater part of the problem
but fail because he did not understand or have in his
working vocabulary some of the arithmetical terms used
in the problem proper.

~ In the problem, “If you can get 3 ginger-bread dogs
for 5 cents, how many can you get for 10 cents?’’ one lad
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divided the 10 by 5 and stated that 2 could be secured
for 10 cents. "When asked why he did this he stated
that the ginger-bread dogs were 5 cents apiece and there-
fore 10 + 5 equaled 2. The writer thought, perhaps,
he had read the problem carelessly a second time and
called to his attention the words, “3 ginger-bread dogs
for 5 cents.” The boy stated that couldn’t be and that
he hadn’t had any problems like that. He either did not
comprehend or could not visualize the problem because
the situation was new to him.

In the problem, “Henry gathered 5 quarts of nuts.
He sold then at 8 cents a quart and spent the money for
oranges at 4 cents apiece. How many did he buy?”
one boy added the 5, 8, and 4 and gave 17 as the result.
When asked why he did that he said he did not know
what else to do, indicating that he did not comprehend
what was wanted nor how to go about securing it.

One of the problems of the Stanford Reasoning Test
reads as follows: “If a train goes 60 miles in 3 hours, how
far does it go in one hour?” One girl added the 60 and
the 1 to get 61 for an answer. She could not explain
why she did it that way and further questioning revealed
that she did not understand the problem; she added two
convenient numbers and let it go at that.

Many pupils use this hit-or-miss method of securing
an answer when they do not know what to do. They
seem to think that an answer of some kind, no matter
how incorrect it is, will help to shield them from further
consequences.

In the problem, ‘“Henry was marked 87 in geography
the first month, 91 the second, and 93 the third month.
What was his average grade?” one girl added the 87,
91 and 93 but did not know how to proceed from that
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point: She did not understand the significance of the
words ‘““average grade.” In other words, she did not
understand one of the technical words of arithmetic.
Lack of an adequate arithmetic vocabulary and vague
quantitati“re concept are two of the chief causes of lack
of comprehension.

(b) Carelessness in reading. The next most frequent
cause of difficulty was caused by carelessness in reading.
A child may be able to read and solve a problem and yet
through careless reading solve the problem incorrectly.
One pupil in working the problem, “A boy owned three
kites, each of them having 150 feet of string. How many
feet of string had he?”’ read the 150 as 1.5 and multiplied
it by 3. Had she read the problem carefully, she would
have been able to solve it correctly.

Another problem reads, “Find the total of two one-
dollar bills, three five-cent pieces, two dimes, and three
quarters.” A girl added these units correctly with the
exception of the dollar-bill item. In reading, she had
skipped over the “two” or omitted it in some way and
added one dollar rather than two dollars to secure the
sum. Her result was, of course, too small by one dollar.

One other illustration of this all too prevalent difficulty.
In the problem, “ A man pays the street-car fare for him-
self and two friends. If the fare is 7 cents, how much
should he receive from a half dollar?’”’ one child sub-
tracted the 7 from 50, to obtain a result of 43 cents.
When her attention was called to the words “and two
friends” she said she had not noticed these words.

Under this heading might also be classified the failure
to recognize the arithmetical similarity to other problems
because of some new element in the problem. For
example, one boy was able to work the problem, “ How
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many eggs are there in 7 nests if each nest has 8 eggs?”’
but said he did not understand a problem of similar type
reading, “How many cents will 8 oranges cost at 3 cents
each?”’

(¢) Inability in the use of fundamenials. Inability to
use the fundamental processes correctly proved the neme-
sis of many. One hundred sixty-five errors were made
in either addition, subtraction, multiplication, or division.
The tables in the preceding chapter indicated that most
pupils needed drill in one or more of the four fundamental
processes, and it is only natural that this lack of ability
would hamper these pupils in the solution of problems
where the combinations they do not know are present.

In the problem of the kites which has been quoted
before, one. child multiplied 150 by 3 and obtained 490, a
clear case of inability in multiplication.

One of the problems in the Buckingham Test reads,
“If an electric car runs 9 miles an hour, how many hours
will it take to travel from one city to another 117 miles
away?’’

One girl selected the correct process, division, but
when she divided 11 by 9 she obtained a remainder of 3
rather than 2. Her problem was worked in this fashion:

1 45

9117

her result was 14§. This incorrect result was caused,
perhaps, by carelessness in division rather than inability.
Another one of Buckingham'’s problems reads, ““23 chil-
dren belong to our class, but only 19 are present. How
many children are absent?”’
One 4B girl subtracted 19 from 23 and obtained 3, a
clear case of correct process but inability in subtraction.
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The three preceding problems have illustrated mistakes
in multiplication, division, and subtraction.

The following problem will illustrate difficulty with
addition. This problem, one of those in the Stanford
Reasoning Test, reads, “David earned $3.50 in June,
$2.25 in July, and $1.50 in August. How much did he
earn in all?”

A boy in grade 5B added the three items to obtain
$8.25 rather than $7.25, a clear case of correct process
but incorrect addition.

These difficulties in the fundamental processes can be
largely eliminated by thorough remedial instruction and
drill.

(d) Confusion of processes. Confusion of processes
caused many pupils to arrive at incorrect results. That
is, while a pupil may understand the different processes,
he may not know which process to use for a given problem,
whether to add or subtract, or multiply or divide.

One boy in grade 4B worked ten problems incorrectly
because he did not know what process to use in the solution
of his problems. He seemed to guess at the process to
be used. If he guessed correctly, all was well and good;
otherwise, the problem was wrong. It might be well to
state a few of the problems this boy worked in this fashion.

The third problem of the Stanford Reasoning .Test
reads like this, ‘“A hen had 9 chicks and 8 of them died.
How many were left?”

The boy, instead of subtracting, added to get a result
of 12,

Another, “How many eggs are there in 7 nests if each
nest has 3 eggs?”’

The proper process necessary to the solution of this
problem is, of course, multiplication. This boy added
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and secured ten. A correct use of the process but incor-
rect selection of process. He worked the eighth prob-
lem involving the finding of the cost of 8 oranges at 3
cents each in exactly the same way; he added instead of
multiplying. In the eleventh problem, in which he was
to find the cost to each of five girls of a present purchased
by all for 25 cents, he multiplied instead of dividing,
securing $1.25 rather than the correct result, 5 cents.

In the Buckingham Reasoning: Test the same boy did
precisely the same thing in four problems, adding in the
first problem where he should have multiplied, adding in
the second where he should have subtracted, adding in
the fifth instead of multiplying, and multiplying in the
sixth instead of dividing. This boy was normal in the
Stanford Fundamentals Test and slightly below normal
in the Woody-MecCall Scale. Apparently, he had never
learned to adapt himself to a given problem or situation
or to select the proper process for solution.

(e) Lack of knowledge of facts. Several pupils were
unable to work problems where it was necessary to be
familiar with certain tables, arithmetical facts, ete., to
be able to arrive at a solution.

For example, in the problem, “How many dimes are
there in a dollar?” One pupil stated that she did not
divide, but actually thought there were 9 dimes in a
dollar.

In another problem reading, “If a fence rail is 10
feet long, how many rails will it take to reach a mile?”
her result was 120. She did not know the number of
feet in a mile.

In another problem of the same test reading, “If the
butcher’s scales read one ounce too much on each weigh-
ing, how much is a customer overcharged.on a pound of
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steak at 48 cents a pound?” several sixth-grade students
could not find the correct solution because they did not
know the number of ounces in a pound.

A 5B-grade pupil in Buckingham’s problem, “ An auto-
mobile was run 30 miles every day for a week. How
many miles did it go?”’ did not know the number of days
in a week. He multiplied by 5 rather than by 7, the
number of days in a week.

More illustrations of this nature could be given had the
tests contained more problems where a knowledge of
tables was required for solution. The remedy here evi-
dently lies in more thorough drilling on the essentials
and important relationships. Frequently, a textbook con-
tains a table of measures with several problems following
it and bearing on the contents of the table. From then
on the facts in the table may not be reviewed by the
author throughout the remainder of the book, or at best
mentioned only rarely. This type of textbook should
be purposely avoided if we are to eliminate the errors
caused by this neglect.

(f) Inability in the use of decimals. Inability in han-
dling decimals correctly caused 45 errors, or 4.4 per cent
of the total. The tenth problem in the Buckingham
Test involves the addition of several addends, the items
being expressed in dollars and cents. Many of the sixth
grade pupils, and of course, some in the lower grades
who could not be expected to be proficient in the use of
decimals, confused the dollars and cents columns in the
addition and naturally secured a variety of results. For
the same reason a large number of students made the
same type.of error in the sixth problem of the Buckingham
Test which has already been stated. This is also a prob-
lem in the addition of a column involving cents and dol-
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lars and many had not learned how to keep the decimal
points, the cents and the dollars, lined up with each
other.

In the problem, “If 0.78 of the weight of potatoes is
water, how many pounds of water are there in a bushel of
potatoes, if a bushel of potatoes weighs 60 pounds?”
many of the pupils multiplied properly but either pointed
off incorrectly or did not point off at all. This type of
difficulty can be eliminated in most cases by thorough,
efficient instruction in the use of the decimal point.

(g) Inability in the use of fractions. Lack of knowledge
of how to handle fractions correctly proved the downfall
of many pupils. In the problem, “James has 28 mar-
bles. He gives half of them to Charles. How many has
he left?” many pupils gave 16 as the answer, indicating
that they did not know how to take one-half of 28.

Several pupils missed one of the Buckingham problems
in which the pupil was given the weight of two tubs of
maple sugar as 42 pounds and asked to find the weight
of one of the tubs if the other weighed 181 pounds.
The error occurred when the pupil attempted to subtract
181 from 42. One pupil did not know what to do with
the 1, so he dropped it and subtracted 18 from 42.

Buckingham’s twelfth problem reads, “How many
weeks will it take Joseph to save 21 dollars for a bicycle
if he saves 11 dollars a week?”

One boy explained that he did not know how to divide
21 by 11 so he divided 21 by 1. Ignorance is usually re-
sponsible for freakish solutions.

In the problem, “A boy had 210 marbles. He lost
one-third of them. How many were left?” Some pu-
pils got rather inexplicable results when they multiplied
210 by one-third. One pupil got 51, another 133%, and
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when asked how they secured these results, these
pupils did not seem able to explain how they were
obtained. They simply did not understand the use of
fractions.

Results of this kind do not seem to be the fault of the
children; they are rather, I should say, in many instances
the results of inefficient instruction, and poorly written
textbooks.

(h) Carelessness in arranging problems. A lack of neat-
ness and orderly arrangement of figures caused some
pupils to fail. A few insisted upon splashing figures all
over the page and while, in some cases, they seemed to
know what process to use and how to use it, they were
confused, apparently, by the disorderly arrangement
before them and often used the wrong figures after the
correct result had been secured.

(v) Ignorance of quamtitative relations. Ignorance or
lack of ability in quantitative relationships such as cost,
gain, selling price, ete., caused some errors. Only two of
the problems given, the tenth and eleventh in the Buck-
ingham Test, involved relationships such as those des-
cribed above.

The tenth problem reads, “A store takes in the follow-
ing sums: $1250, $300, $175, $16.25, $120.50, $32.75,
$68.50. It pays out $600, $360, $166.67, $33.33, $240.
How much remains after payments are made?”

A few of those who attempted this problem did not
know what to do after adding the two columns. Some
added the entire set of figures as one column; others found
the two sums and added them together instead of sub-
tracting the one from the other. They evidently did not
understand the relationship between selling price, cost,
and profit, of which this is a type problem.
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The eleventh problem is as follows: “A man bought a
house for $7,250. After spending $321.50 for repairs, he
sold it for $9,125. How much did he gain?”’

A few pupils added the $7,250 and $321.50 as they
should have done and then tried to subtract $9,125 from
this sum. One pupil added $9,125, the selling price, and
the cost. Still another subtracted the cost from the sell-
ing price without considering the expense for repairs.
Another subtracted the expense incurred from the cost
and then attempted to subtract the selling price from
this result. These illustrations show that the pupils
did not understand the quantitative relationships
involved.

The pupils who made the mistakes mentioned were 6A
pupils and should have received instruction along these
lines. They may have received it and not absorbed it.

(7) Lack of interest. There were thirty-one cases of
lack of interest which were detected. Dawdling, lack of
effort, and inattention were the chief symptoms. This
proportion is a very large one for the small group con-
cerned. TUndoubtedly in a large, unselected group the
lack of interest would not be such a prevalent char-
acteristic.

(k) Errors which could not be analyzed. Several of the
mistakes could not be analyzed even with the help of the
pupils. They did not seem to know how or why they
secured the results they did and did not work the prob-
lems the same the second time.

One 4B pupil secured 2 as a result for the problem,
“How many are 3 eggs and 2 eggs?”’

Another problem, “Mary is 7 years old. How old will
she be in 3 years?” the same girl secured 8 for a result.

To the problem, “If you can buy a pencil for 4 cents
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and pay for it with a dime, how much change should
you get?” her written response was “21 each.” She
could not explain it afterwards. She stated that there
were 18 dimes in a dollar, and in answer to the eleventh
Standard Reasoning Test Problem, “Five girls buy a
present costing 25 cents. How many cents does each
pay?” she gave 10 as a result.

In the Stanford Fundamentals Test she seemed to be
able to add in most cases, but when asked to subtract
she usually added or secured the incorrect answer.

When she subtracted 25 from 96 she secured 61 rather
than 71; when she multiplied 2 by 3 she secured 5 as a
result. She divided 6 by 2 correctly but when asked to
divide 8 by 4 her result was 3. Her scores in the addition,
subtraction, multiplication, and division sections of the
Woody-McCall Scale were 18, 13; 8, and 1, respectively,
as compared with medians of 17.8, 15.7, 11.0, and 10.5.

She seemed to be able to do any of the processes
excepting division, if she could work a number of suec-
cessive problems in one process without switching to
another, but if processes were switched rapidly her
results were usually erratic.

This girl had an 1.Q. of 88. She was 4 months above
standard in the Stanford Reading Test, and 46 and 14
months, respectively, above standard in the rate and
comprehension scores of the Monroe Silent Reading Test.
The evidence would point to insufficient training in the
fundamentals and inability to adapt herself to swift
changes from one process to another.

In the other cases where the results could not be
analyzed, with the exception of one which will not be
recorded until later, it appeared that the pupils felt they
had to give some response and guessed at the results.
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There was utterly no connection between the correct
results and those obtained, and later quizzing of the
pupils revealed that they did not understand the problems
and did not get the same results a second time.

10. MISCELLANEOUS FAcTORS CAUSING DIFFICULTIES IN
PROBLEM SOLVING.

As the result of a recent study of methods used by
pupils in solving problems, Monroe! comes to the follow-
ing conclusion:

A large per cent of seventh-grade pupils do not reason in
attempting to solve arithmetic problems. Relatively few
pupils follow the plan described on page 7 (in the report).
Instead, many of them appear to perform almost random
calculations upon the numbers given. When they do solve
a problem correctly, the response seems to be determined
largely by habit. If the problem is stated in the terminology
with which they are familiar and if there are no irrelevant
data, their response is likely to be correct. On the other
hand, if the problem is expressed in unfamiliar terminology,
or if it is a “new” one,—relatively few pupils appear to
attempt to reason. They either do not attempt to solve
it or else give an incorrect solution,

Bemis has shown that pupils solve problems stated in
topical form, that is, grouped about some topic, such as
earning money, etc., as accurately as they solve the same
problems when stated in isolated form with other unre-
lated problems. The per cent of accuracy in solving
topical problems was only .19 higher than for isolated
problems. (Unpublished report.)

Baumgarten and Brueckner have shown that problems

! Monroe, W. 8., “‘How Pupils Solve Problems” in Arithmetic, Bulletin
Noi 944, Bureau of Educational Research (Urbana, Ill., Univ. of IIL., 1928),
p- 19.
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which contain much related material to “enrich’” them
which is unessential in solving the problem are solved
with much less accuracy than problems which are stated
concisely and clearly. Apparently the reading difficul-
ties introduced by the greater length of the problem
offset any gain there may be in comprehension of the
problem because of the greater richness in detail.  (Un-
published report). Wheat! found very little if any differ-
ence in the difficulty of simple and enriched two-step
problems.

PROBLEMS FOR STUDY, REPORTS, AND DISCUSSIONS

1. Select standard reading tests that would aid in the
diagnosis of causes of difficulty in problem solving.

2. What are the functions of arithmetic as presented in
this chapter?

3. Why might it be said that a typical verbal problem
as stated in a textbook is in fact not a- “problem” in the
striect psychological sense?

4. In what way may practice in problem solving aid the
pupil in the application of processes in life activities?

5. How could you find out if your pupils were inferior
in arithmetic vocabulary?

6. Describe techniques that may be used to diagnose
pupil difficulties in problem solving.

7. What per cent of failure to solve problems correctly
is due to faulty computations?

8. What reasons can you give for the absurd answers
pupils often give in solving problems?

9. Suggest local school situations in which problematic
situations arise requiring the use of number processes.

10. Why is a rich background of number concepts essen-
tial to the development of ability to “think while reading’’?
11. Test your class with a standard problem scale, graph
1H. W. Wheat, “The Relative Merits of Conventional and Imagina-

tive Types of Problems,” Teachers College Coniributions to Fducation,
No. 369 (New York: Columbia University, 1929).
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the test scores, and analyze the work to determine the causes
of the failure to solve the problems. Suggest a series of
remedial exercises to overcome the deficiencies.

12. Make a careful case study of some pupil who is con-
siderably below the standard in problem solving.

13. What faulty types of problems are described in this
chapter?

14. Examine problems in some new textbook to discover
the extent to which the problems are pitched to the level
of the pupils’ experiences and are likely to appeal to them
as worth while. '

15. Do you think that the discussion of such topics as the
evolution of money has a place in the arithmetic curriculum?
Why?

16. Do you think that teachers are able to prepare
good original problems? To what extent should the
problems used in the arithmetic period be taken from a basal
textbook?
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CHAPTER VIII

THE IMPROVEMENT OF ABILITY TO SOLVE
PROBLEMS

1. EXPERIMENTAL EVIDENCE AS TO THE EFFECTIVENESS
or REMEDIAL WORK IN PROBLEM SOLVING.

Several important investigations have been made to
determine the effectiveness of remedial instruction in
problem solving. Lutes' showed that a marked increase
in scores on problem scales resulted from practice on
examples involving computations similar to those found
in the problems on the scales. The reason for this in-
crease in scores was probably increased accuracy and
efficiency in computation.

Miss Wilson? reports an experiment in which the Buck-
ingham Secale for Problems in Arithmetic was given to a
group of pupils in grades 4 to 8. For a period of weeks,
the teacher devoted ten minutes each day, three times a
week, to the teaching of problems. The following types
of exercises were used:

1. Estimating answers and judging absurdities. One
exercise asked pupils to judge whether answers were reason-
able or absurd. These problems were all selected from the
Buckingham scale and the absurd answers were actually
given by pupils taking the test.

10. S. Lutes, “An Evaluation of Three Techniques for Improving
Ability to Solve Problems,” University Monographs in Education, No. 6
(Iowa City, Iowa, 1926).

2 E. Wilson, “Improving the Ability to Solve Arithmetic Problems,”
Elementary School Journal, Vol. 22, pp. 380-86.

(297)
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2. Another exercise asked pupils to restate sentences using
other words then those which were underlined. For example,
in the following statement, “I can buy pencils at the rate of
two for five cents” the pupils were asked to substitute words
for the three words “at the rate.”” This was done in order
to find out how much of the difficulty is due to such arith-
metical phrases as “at the rate of;,”” “total,” and “average.”
An attempt was made also to discover how many of the diffi-
culties were due to incomplete comprehension or to the
skipping of words which are crucial to the solution of the
problem correctly.

3. A third exercise asked pupils to read the problem and
to indicate the processes necessary to its solution.

At the end of theperiod, the results of another form of
the Buckingham Test showed a decided improvement in
ability to solve problems and indicated that the special
work had raised the average of the classes, which used
the exercises, considerably more than the increase made
by a control group which. had no remedial work. This
would indicate that there is a real need for vital problems
that will present vivid pictures to the children and leave
little doubt as to the meaning of the problem and what is
wanted. Miss Wilson’s experiment also shows the value
of a systematic teaching program as a means of increasing
the ability to solve problems.

Newcomb! made an investigation of the value of teach-
ing pupils effective methods of attack in problem solving.
He states that psychological investigations have shown
that many difficulties in problem solving are due to. the
use of faulty methods of attack. He describes the fol-
lowing method as one that may be used effectively in the
solution of problems:

! R. 8. Newcomb, ““Teaching Pupils How to Solve Probl . -
metic,” Hlementary School Journal, %701. 23, po. 1% ?:rfsg.rob ems In Arith
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1. Reading the problem over carefully and thought-
fully before attempting a solution.

2. Look up the meaning of any unfamiliar word.

3. Analyze and arrange-in an orderly manner the data
given and determine the precise data required.

4. Select in the proper order the various processes nec-
essary to effect a solution, deciding beforehand a reason-
able result to expect.

5. Carefully check or evaluate the final result secured.

In an experiment very similar to the one reported by
Miss Wilson, Newcomb found that when pupils were
taught to use these methods, the results of Stone’s Reason-
ing Test given before the method was applied and after a
twenty days’ training program showed that great improve-
ment had been made. This would indicate very clearly
that if a pupil attacks a problem in a random manner or
uses faulty procedures, the difficulty, misunderstandings,
lack of interest, and wrong solutions which are the inevi-
table result can be obviated to a considerable extent by
teaching the pupils a definite method of attack.

P. R. Stevenson' conducted a study to determine the
difficulties which pupils had in solving problems.and to
devise remedial instruction suited to individual cases.
Tests were given to the pupils at the beginning of the
experiment to find the individual disabilities and again
at the conclusion of the experiment to find what was
gained from the twelve weeks of remedial instruction.
The test used was the “Buckingham Scale for Problems
in Arithmetic” already referred to in this chapter. The
remedial instruction covered twelve weeks and was repre-

1P, R. Stevenson, Report of a Nation-Wide Testing Survey in Problem

Solving (Bloomington, Illinois: Public School Publishing Company,
1926). '
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sented by three periods of fifteen minutes each week.
The pupils were taught to read and analyze problems,
and to state clearly what facts were given. They were
taught to write what questions were asked and to think
what process or processes would be used and what the
approximate answer would be. They were given prac-
tice in solving problems without numbers such as, “If
you knew the amount of cloth needed to make a dress how
could you find the amount necessary for three dresses?”’

The pupils were also given a large variety of problems
from actual life situations and were given special exer-
cises in the meaning of difficult words in the problems.
The test given at the end of the experimental period
showed a growth of two years in some cases. Another
important conclusion was that the dull pupils and normal
pupils showed greater improvement than the bright pupils
(those whose intelligence quotient was above 110) and
that of the three groups, the dull pupils made the greatest
gain.

Two studies of vocabulary difficulties have been re-
ported, one by Monmouth! and others, and the other by
Turner.2 The results of the first study show that ““vocab-
ulary difficulties are real and not imaginary. Language
of arithmetic books and problems should be clear, simple,
and attractive. Terms and phrases too difficult and
technical for pupils who are expected to solve them
should not be used.”

Turner’s study resulted in some interesting conclusions
regarding word difficulties. It indicates that authors
use some words in lower grades but drop them in higher

! R. Monmouth, et al., in Educational Research Bulletin, Vol. 3, No.
13 (Columbus, Oth Ohlo State University, 1924), pp. 479 81

?J. M. Turner, in Educational Research Bulletin, Vol, 3, No. 13
(Columbus, Ohio: Ohio State University, 1924), pp. 482-85.
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grades; that when a new word appeared it was repeated
many times on a few pages and then never used again;
that many new words were added with each book, etc.
This would tend to show that many of the difficulties
that pupils have in problem solving are due to causes for
which textbook writers and authors are responsible.

An experiment dealing with methods to be used in
problem solving has been reported by Washburne and
Osborne.! After a period of preliminary investigation,
the experimental work centered about a comparison of
three methods of teaching problem solving:

1. Simply giving the child many practical problems to
solve.

2. Training the child to analyze each problem accord-
ing to a definite technique which was prescribed.

3. Training the child to see the analogy between the
more difficult written problems and simple oral problems
of the same type.

A detailed description of the three methods is given in
the report. While the work of the committee which
codperated in this experiment extended over a period of
two years, the three methods of teaching were compared
on the basis of a training period of only six weeks in length.
The outstanding conclusion and the recommendations
are stated as follows:

Training in the seeing of analogies appears to be equal or
slightly superior to training in formal analysis for the supe-
rior half of the children; analysis appears to be decidedly
superior to analogy for the lower half; but merely giving
many problems, without any special technique of analysis,

or the seeing of analogies, appears to be decidedly the most
effective method of all.

1 C. W. Washburne and R. Osborne, “Solving Arithmetic Problems,”
Elementary School Journal, Vol, 25, pp. 219-26, 296-305.
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“The general recommendations growing out of the inves-
tigation are as follows: Probléms should be so constructed
as to present real situations familiar to the child. Chil-
dren should be given many such problems to solve with-
out special training in any generalized, formal technique
of analyzing problems. Concentration on practice in solv-
ing practical problems will yield gratifying results.

A second experiment reported by Washburne! was
concerned with the comparison of the efficiency of two
methods of teaching pupils to apply the mechanics of
arithmetic to the solution of problems. Each of two
groups of children of approximately equal ability was
taught by a_different method, described by Washburne
as follows:

Group 1 was to be taught a nhumber process through the
use of verbal problems and with constant application to
problems.

Group 2 was to be taught the same number process with-
out regard to problems or concrete situations until the
mechanics were fairly well mastered, and then it was to
concentrate on problem-solving. Both groups were to be

taught by the same teacher. When one group was receiving
oral instruction, the other group was to be out of the room.

Washburne’s description of the method used in teaching
Group 1 the “problem method’ will make this method
clear:

The problem method as used in the experiment is based
on the theory that pupils will learn a mathematical process
more efficiently if they are faced with a problem which
requires the use of the process. To have a stimulating
effect on the pupils, a problem must be real, involving a
situation that is familiar and demanding a solution which

1C. W. Washburne, ‘“Comparison of Two Methods of Teaching

Pupils to Apply the Mechanics of Arithmetic to the Solution of
Problems,” Elementary School Journal, Vol. 27, pp. 768-67.
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has value in itself—in other words, a problem which the
pupils will want to learn hovsft to solve. The theory further
postulates that the pupil desiring to solve such a problem
not only will learn the process more easily but will be more
willing to practice on other problems and drill materials in
order to perfect himself in the solutlon of problems of this
practical and appealing sort.

The method employed in the case of Group 2 (Method 2)
consisted in simply plunging into the new process without
assigning any reason and without giving any verbal problems.
The mechanics of the process (or the facts) were taught
independently. When, at the end of four weeks these me-
chanics were fairly well mastered, there was a two-week
drive on problems, the same problems being used as were
used by Group 1.

At the end of the six-week period both groups were given
a problem-solving test in the newly learned process and a
test in the mechanics of the process.

The results of the experiment and the significant con-
clusions of the committee were summarized in the follow-
ing statement, quoted directly from the report submitted
by the committee:

The Committee of Seven concludes, therefore, that teach-
ing the mechanics of arithmetic—facts and processes—by
themselves first, and then applying them to the solution of
practical problems, does not lead to difficulty in making
practical dpplication of the mechanics to the solution of
problems. A combination of thorough training in the
mechanics of arithmetic and thorough training in the use
of these mechanics in solving practical problems produces
good results. This is true regardless of whether or not the
mechanics are introduced through problems and constantly
used in practical problems while they are being learned.
The mechanics of arithmetic may be taught thoroughly and
then applied to practical problems or the two types of teach-
ing may be intimately related throughout the teaching
process with equal efficacy.
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2. SUGGESTED REMEDIAL PROGRAM IN PROBLEM SOLV-
ING. &

The experiments of Lutes, Wilson, Newcomb, Steven-
son, Washburne, and others that have been briefly sum-
marized show the value of a systematic teaching procedure
as a means of increasing the ability of pupils to solve
verbal problems. One of the important steps in improv-
ing the ability to solve verbal problems is to work for
increased skill and accuracy in computation. To this
end it is essential that well organized practice exercises

in the various processes be used. Diagnostic tests and

remedial exercises should be used to discover and remove
specific sources of difficulty. Special stress should be
placed on exercises in accurate reading in all subjects to
eliminate another potent source of error, namely, inaccu-
rate reading.

The essential elements of a training program for in-
creasing ability in solving problems are well presented in
the following quotation from a report of a special study
by Stevenson,! which describes a procedure that has been
successfully used after tests in problem solving have
been given. Many of the types of exercises he suggests
are described in Chapter 9 and were used in the experi-
ments on improving problem solving that have been
reported.

All sane testing programs should involve the following
procedure: (1) give tests, (2) locate individual difficulties,
(3) apply remedial instruction, (4) give tests again to see
if remedial instruction was effective. The following project

has been tried out several times and has proved successful
in increasing pupils’ ability to solve problems.
1 P, R. Stevenson, Report of a Nation-Wide Testing Survey in Problem

i?g:lavg;zg (Bloomington, Illinois: Public School Publishing Company,
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The remedial instruction is planned to cover a period of
twelve weeks. All the worl¥is to be done in the recitation
period. Three fifteen-minute periods each week are to be
devoted to special remedial work. This makes a total of
nine hours.

First, second, and third weeks.—During these three weeks
the pupils should be taught to read and analyze problems.
The pupils should be directed to open their books to a page
containing a list of problems. Before solving a problem,
drill should be given in finding what facts are given in the
problem, what is asked, the process or different processes
which should be used in solving the problem, and the answer
in round numbers. (Some of the problems should be worked
to see if the estimated answers are approximately correct.)

A list of problems should also be written on the board
and pupils instructed to answer the above types of questions
either orally or in writing. The teacher should study the
results of the analysis test, and see that each pupil gets
practice in the exercises upon which he failed. Pupils
having the same difficulties may be given instruction in
groups.

Fourth, fifth, and sixth weeks.—The pupils should work a
large variety of problems during these three weeks. These
problems should contain data from actual life situations.

The teacher should ask the pupils to submit lists of prob-
lems in addition, subtraction, multiplication, and division.
These problems should be similar to those which the pupils
and their parents have occasion to solve.

The teacher should try to arouse pupils’ interest in solving
different types of problems.

Seventh, eighth, and minth weeks—During this time have
pupils solve problems without the use of numbers. These
problems will, of necessity, have to be made up -by the
teacher and should be adapted to each grade. The follow-
ing examples will furnish suggestions:

1. If you knew the amount of cloth needed to make a

dress, how could you find the amount necessary
for three dresses?
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2. If you knew the cost of one dozen oranges, how would
you find the cost of six oranges?

3. If you knew the height of each pupil in your class,
how could you find the average height?

4. If you knew the amount paid for a house and the
rate of commission, how could you find the com-
mission?

5. If you knew the present population of your town and
the population five years ago, how could you find
the. amount of gain? The per cent of gain?

Tenth, eleventh, and twelfth weeks.—During these weeks
teach pupils to read problems and have them study their
vocabulary. Devices which will be of assistance here are:

1. Have pupils state problems in their own words.
Have each problem stated in as many different
ways as possible.

2. In various problems, study words which might cause
difficulty. Have the children explain the mean-
ings of or define such words. Some words with
which children have difficulty are: area, average,
dealer, retail, commission, salary, rent, broker,
wages, merchant, debt, expenses, acre, income,
profit, loss, and insurance. @Whenever possible,
concrete explanations should be made by the
teacher or the pupils.

PROBLEMS FOR STUDY, REPORTS, AND DISCUSSIONS

1._ S_u'mmarize the results of experiments to determine the
possibility of improving the ability of pupils to solve
problems.

2. What types of exercises in problem solving were used
in these experiments?

3. O_ut!ine a teaching procedure that you think would
result in Improvement in problem solving.

4. Examine textbooks to discover the problem solving
helps they include.

5. Do you think that enough experimental work has been
done to determine the relative merits of different methods
of improving problem solving?
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6. What questions do the facts presented in this chapter
raise in your mind?

7. How will your teaching of problem solving be affected
by the data here presented?

8. Does the chapter contain data as to the value of original
problems prepared by pupils? What is the value of such
problems?
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CHAPTER IX

DIAGNOSTIC AND REMEDIAL EXERCISES IN
PROBLEM SOLVING

The chief causes of difficulty in problem solving re-
vealed by the discussions of investigations summarized
in the preceding chapter are:

1. Lack of ability to perform the necessary computa-
tions accurately or to select the operation needed.

2. Lack of systematic method of attack in solving a
problem.

3. Careless reading or lack of vocabulary.

4. Lack of knowledge of essential facts, data, or prin-
ciples involved.

5. Failure to complete the problem.

6. Failure to comprehend the problem in whole or in
part.

1. NECESSITY OF IMPROVING ACCURACY IN COMPUTA-
TION.

Investigations have shown that from 20 to 40 per cent
of all errors in problem solving are due to errors in com-
putation. Lutes' has shown that systematic preliminary
practice on examples involving computations similar to
those used in the examples in the problem test results
in a marked increase in the scores made by pupils.
“Improvement in computational ability does increase
ability to solve verbal problems; whether it increases

———

1 O. 8. Lutes, op. cil.

(308)
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ability to do arithmetic reasoning cannot be stated from
the results of this study; it does improve ability to earn
scores on tests of ability to solve verbal problems, which
is the school’s definition of arithmetic reasoning.”

Lutes found that practice in computation was more
effective than two methods he labeled “the method of
choosing operations” and “the method of choosing
solutions.”

Winch,' on the other hand, reports an experiment in
which it was found that there was no transfer from gen-
eral practice in computation to ability to solve reasoning
problems. Evidently problems and examples used during
practice periods ought to deal at least in part with similar
processes so as to reduce the amount of inaccuracy in
problem solving because of difficulty in computation, or
inability to perform the necessary operation.

It is known that large numbers in problems tend to
confuse pupils. When simpler numbers are introduced
in the problem it is often easily solved by pupils. Large
numbers are often entirely beyond the comprehension of
pupils. The possibility of error is also greater in compu-
tations with large numbers. The use of smaller numbers
in problems will therefore tend to increase the ease of
comprehension of problems and to decrease the amount
of inaccuracy in computation.

2. INFORMAL TYPES OF EXERCISES IN PROBLEM SOLVING.

Special types of informal exercises may be used to
locate pupil difficulties in solving verbal problems and to
develop essential skills.

These exercises are similar in structure to the various
kinds of objective devices that are being widely employed

1W. H. Winch, “Further Work on Numerical Accuracy in School
Children,” Journal of Educational Psychology, Vol. 2, pp. 262-T1.
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to improve the written examination. Illustrations of
the most important of these are as follows:

1.

Multiple choice:
(@) In one foot there are 2, 8, 12, 16, inches.
(0) Draw a line around the number below which is most
likely to be the correct product of 18 X 27:
250, 366, 486, 495

. Completion:
(@) The answer of an example is called the sum.
(b) 2 and i are called ....... fractions.
True false:

Mark the sentences that are true (¢). Mark those that
are false (x).

() In a yard there are 3 feet.

(b) The formula for finding the area of a circle is 2 =r.

(c) Interest is the same as amount.

(d) Six per cent is equal to .06.

. Simple recall:

(¢) How many square rods are there in an acre? .. __.

(b) What is the formula for finding the area of a rec-
tangle? ...

(¢) The answer in a multiplication example is called
the

Recognition:

What process would you use in solving each of these
problems? Write (a) for addition, (s) for subtrac-
tion, (m) for multiplication, and (d) for division.

(1) What is the cost of two apples at 5 cents each? ...

(2) What is the cost of butter a pound if 6 pounds cost
$3.247

. Yes—No:

Underscore the answer you believe to be correct.
(¢) Is a mile equal to 160 rods? Yes—No.

(b) Is an ounce less than a pound? Yes—No.

(¢) Is the formula for interest, 7 = prt? Yes—Nc.
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7. Matching exercises:
Before each item at the left write the number of the cor-
rect formula from the list at the right.

Area of a square 1. P =4s
Volume of a rectangular solid 2. V = lwh
________ Perimeter of a square 3. A =8

8. Selection exercises:
Draw a line around the numbers of the statements below
the problem which are not true.
(¢) Jack bought 7 apples at 3 cents apiece. How much
change should he receive from a quarter?
1. Jack bought 7 apples.
2. Jack paid 5 cents apiece for the apples.
3. He gave the clerk 15 cents.
4. He received no change.
5. Jack sold 7 apples.

Exercises based on the principles involved in the con-
struction of the new type of objective examination can
be prepared to give practice on such important elements
in problem solving as the following:

1. Ability to name processes in solving problems.
2. Ability to select the essential facts.
3. Ability to estimate answers to problems.
4. Ability to check answers.
5. Ability to select: processes in solving problems con-
taining two or more steps.
6. Knowledge of vocabulary needed in problem solving.
7. Knowledge of essential concepts and facts.
8. Ability to check true and false statements in review
exercises.
9. Ability to assemble essential data.
10. Ability to read carefully and exactly.
11. Ability to attack the solution of a problem systemat-
ically.
12. Ability to apply processes in local situations.
13. Map reading exercises involving quantitative concepts.
14. Interpretation of tables and graphs.
21
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15. Uses of index, reference books, ete.
16. Making analogies.
17. Formulating problems involving given facts or

processes.
18. Formulating problems involving easier numbers.
19. Answers in specific questions about problems.

Excellent descriptions of the new types of examina-
tions and discussions of their construction, reliability,
and utility are given in G. M. Ruch’s Improvement of the
Written Examination, by Scott Foresman and Company,
and in D. G. Paterson’s Constructing New Type Examina-
tions, by the World Book Company. Modern arithmetic
textbooks contain illustrations of how these new types
of exercises can be applied to developing the specific
abilities involved in problem solving.

3. IMPROVING COMPREHENSION OF MEANING OF PROB-
LEMS.

Failure to comprehend the problem in whole or in part
is evidenced by failure to work it at all, or by the use of
faulty processes in solving it. The reasons for the diffi-
culty, if it is a general characteristic of the work, may
be lack of native capacity or lack of background. The
problem may be outside the range of the experiences of
the pupil or the vocabulary may present unusual diffi-
culties. The pupil may be unable to select the essential
elements in a problem. He may be unable to determine
the outcome of the problem or he may be unable to select
the correct process or processes to use in solving the
problem; the relationships involved may be too difficult.
It is, therefore, important that the problems that are
given to the pupils to solve must be within the range of
their experiences. Systematic work must be done to
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develop the arithmetic vocabulary of pupils. Much
depends on the type of work done during the arithmetic
period in the primary grades. Important basic concepts
should be established in these grades by means of con-
crete illustrations. Meaningful applications of number
in a wide variety of situations should be stressed. Directed
practice in careful reading, such as following directions,
selecting important ideas, restating the meaning of a sen-
tence in the words of the pupils, and similar exercises,
should form a part of the training in arithmetic. The
ability of the pupil to solve verbal problems depends
largely on his ability to read them intelligently.

4. VOCABULARY LEXERCISES.

The lack of an adequate vocabulary has been shown
by Chase! who undertook an investigation to show what
certain words frequently found in arithmetic texts mean
to children. Her test exercise included 47 words, pre-
ceded by the following instructions:

1. Put w beside each word that tells what a man’s work is.

2. Put m beside each word about money.

3. Put [ beside each word that might be used about land.

4. Put 7 beside each word that is the name of something
to put things in.

The list of words with the per cent of pupils in the
fourth and fifth grades who did not indicate the correct
meaning follows:

GraDE GRADE GRADE GRADE
IV \% v v
acre..... 56 32 basin. 26 20
area. 91 36 basket. 13 8
attend. 4 4 bin. 43 20
barrel. 30 32 broker 56 45

1 Sara K. Chase, “Waste in Arithmetic,” Teachers College Record, Vol.
18, pp. 360-70.
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G?{}Dm Grg.“;.nn Gl};{’nm Gn{rnm

bucket. . 30 16 lot... . 9 12
building lot . 65 32 machinist. .85 28
carpenter 26 8 mason. 78 36
cashier 52 20 merchant. 45 24
cistern. 100 88 miller 26 12
cons. 26 16 nickel. 13 16
collect. 17 8 owe. 91 60
commission. 100 68 pasture. 52 32
customer. 35 44 poultry 40 36
dealer. 35 28 profit. 78 45
debts. 91 32 real estate. 100 68
earn. 60 36 rent. 56 28
excavate. 4 4 retail. 30 16
‘expenses. . 65 20 salary 40 20
fares. 65 60 schedule. 17 4
field. 9 8 tailor 13 4
gardener. . . 17 8 tank. 65 36
income. . 96 41 teamster 88 40
insurance. 91 42 wages. 70 28
jars. 40 16

In commenting on this table, Morton! says:

Unfortunately, no data are given for the third grade. We
can infer, however, that the per cents for the third grade
would not be higher than those given for grade four. It
will be noted that the word, dealer, which we found in a
problem, and which Thorndike lists in the fourth thousand
according to frequency of occurrence, was unknown to 35
per cent of the pupils of the fourth grade.

Similar vocabulary exercises should be used to insure
the development of the arithmetic vocabulary. Another
typical vocabulary exercise follows:

AN ARITHMETIC VOCABULARY TEST?
In the fifth grade you learned many words frequently

Morton, R. L., Teaching Arithmetic in the Prim :
Sﬂ;r%thqﬁde’%t and Company, 1927), p. 201. i Grodes (N. X.:
The illustrative types of reading exercises found in this ch
typical of the many kinds of problem-solving helps found ina%)’:sén?rlﬁ
Arithmetics, Grades 3 to 8, and in Diagnostic Tests and Practice Exercises
Grades 3 to 8, published by The John C. Winston Company. ’
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used in arithmetic. This test will help you to find how
many of the words you remember.

1. The answer in an addition example is called the ........ .
2. The answer in a multiplication example is called the
3. The answer 1n a division example is called the
4. }iscalleda ... fraction.
5. ZTiscalledan ... fraction.
6. 32isa ... number.
7. + and 2 are a pair of ... fractions.
8. 2 and % are a pair of ______ fractions.
9. In the fraction £, 4 is the
10. In the fraction Z, 8 is the
11. 15isa ... denominator of % and 1.
12. 2 is the ........ form of 4.
13. Changing % to £ is called ...
14. Changing & to 2 is called
15. The numbers 2 and 3 in 2 are called the of the
fraction.
16. A square inch is a unit of _.____..
17. The figure at the right is

2 oy
18. In the number, 7.5, the (.) is

called the ... 1.25
19. The number, .5, is a fraction.
20. A cubic inch is a unit of measure of ..

21. The distance around a flat surface is its

5. EXERCISES IN CAREFUL READING.

The following exercises can be used to determine the
ability of the pupil to grasp the meaning of the problem
and to comprehend the facts included in it. They also
give the pupil practice in careful reading.

(A) READING EXERCISE IN PROBLEM SOLVING

Under each of the following problems there are state-
ments. Tell which of them are true and which are false.
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1. Eggs cost 48 cents a dozen. Mary buys 2 dozen. How
much change should she recetve from a dollar?
a. Mary buys 3 dozen eggs.
b. The eggs cost 48 cents a dozen.
c. Divide to find the cost of the eggs.
d. Mary spent less than a dollar for the eggs.
e. You are to find what Mary spent for the eggs.

2. Arthur spends 20 cents a day for lunch and 16 cents a
day for street-car fare. How much does he spend for car fare
and lunches in five days?

a. Each day Arthur spends 86 cents for car fare and
lunch.

b. Arthur spends 16 cents for car fare in five days.

c. Arthur spends 20 cents a day for lunch.

d. In five days Arthur spends $5.00 for lunches and
car fare.

e. Arthur spends more for street car fare than for lunch.

3. Mary’s mother bought 6 yards of cloth at 45 cents a yard
Jor two dresses for Mary. Find the cost of the cloth for one
dress.

Mary’s mother bought 45 yards of cloth.

She made two dresses with the cloth.

The cloth cost 45 cents a yard.

She needed three yards of cloth for one dress.

. I am to find the cost of the cloth for the two dresses.

4, What 18 the area of o field that 1s T maile long and 2 mile
wide?
a. Area means surface.
b. Area is the same as perimeter.
¢. The field is longer than it is wide.
d. ¥ X % will give the area.

RS

(B) ProBLEMS WITH Facts MISSING

In. each of the following problems there is some fact
missing which must be known before the problem can be
solved. What fact is missing in each of the problems?

1. Mary bought bread at 12 cents a loaf.  She gave the
clerk 50 cents. What change should she receive?



PROBLEM SOLVING 317

2. Harry sold papers at 8 cents each, for which he paid
2 cents apiece. How much was his gain on all of the papers
that he sold?

8. Jack had 5 cents more than Harry. How much did
Harry have?

4. Alice sold flowers for 10 cents a bunch. How much
did she receive for all of the flowers she sold?

5. Mary received $2.40 for taking care of Mrs. Jackson’s
baby. How much was she paid an hour?

6. Harry and Robert bought some marbles. Harry took
20 of them and Robert took the rest. How many did
Robert take?

7. Helen had a garden, 40 feet long. What would it
cost to build a fence around the garden if wire fencing cost
15 cents a foot?

8. In the fourth-grade room there were six rows of seats.
How many seats were there in the room?

9. Harry paid 30 cents for some pencils. How much
did he pay for each pencil?

10. Helen had read 60 pages in her new book. How
many more pages does she still have left to read?

11. Alice had a savings bank with some money in it.
She put in 50 cents more on Monday and 15 cents on Wed-
nesday. How much did she then have in the bank?

(C) ProBLEMS WITHOUT NUMBERS

1. If you know the number of miles anautomobile is going
an hour, how would you find the number of miles it will
travel in 8 hours at this rate?

2. If you know the price of sugar a pound, how will
you find the number of pounds you can buy for a dollar?

3. If you know the amount a man pays for the rent of
his house for one month, how will you find how much rent
he pays for a year?

4, If you know how many miles an automobile can travel

in one hour, how will you find the number of hours it will
take it to travel 2,000 miles?
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6. EXERCISES TO DETERMINE KNOWLEDGE OF HSSEN-
TIAL DATA AND PRINCIPLES.

Suitable exercises to detéermine the pupil’'s knowledge
of essential data and principles are as follows:

oD

PRS-

Al A

A. TEST IN VALUES OF UNITS OF MEASURE
Write the number that should be in each blank below.

1ft. = in. 17. 1 T. = ... 1b.
1qt. = pt. 18. 1 mi. = rd.
1 bu. = pk. 19. 1 dime = cents.
11b. = 0Z. 20. 1 gal. = qt.
lhr. = . min 21. 1yd. = ft.
31 = dimes. 22. 1yr. = mo.
1 cwt. = Ib. 23. 1 8q. ft. = sq. in.
1 mi. = yd. 24. 1 cu. ft. = cu. in.
1 bu. = qt. 25. 18q.yd. = sq. ft.
1A = sq. rd. 26. 1 min, = sec.
1 mi. = ft. 27. 1 doz. = things.
1rd. = yd. 28. 1 quarter = nickels.
24" = 29. 1 ordinary yr. = da.
1wk = da. 30. 1 leap yr. = da.
1 pk. = qt. 31. 1rd. = ft.
31 = 32. 1 cu.yd. = cu. ft.
B. TesT IN CHANGING THE ForRM oF UNITS
OF MEASURE
18in. = ft. in. 7. 2,600 Ib. = T. lb.
5ft. = yd. ft. 8. 10 pk. = __bu. pk.
270z. = 1b. oz 9. Tpk. =  bu.
45 min. =  hr. 10. 27 sq. ft. =  sq. yd.
18in. =  yd. 11. 1,728 cu. in. = .. cu. ft.
18 qt. = gal. qt. 12. 880 yd. = mi.
C. WRITING TABLES OF MEASURE

. Write the table of square measure; of cubic measure.

. Write the table of dry measure. o

. Write the table of liquid measure.
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D. UsiNng LETTERS FOR WORDS

You have learned to express rules in arithrht_atic with
Ietters Explain the meaning.of each of the following:

A=1lw 5. V = lwh 9. C = nd
2A=%b 6. A = mr? 10. V = bh
3. A =ab 7. d=2r 111A=a(b+b’)

2
4, P=2(014+w) 8 C=2mr 12. A = ¢*

Explain the following statements about costs:

¢ _c
13. ¢ =mnp 14.%—5 15.p_n

16. Net profit = Selling price — gross cost

Explain each of the following formulas about commissions:
17. C = r X Total sales

Commission

Total sales

18. Rate of commission =

The necessity of looking up the meaning of important
words in problems, the use of reference books, the index
of the textbook and the appendix, to secure necessary
information are stressed by exercises such as the following:

A. LookiNng Upr Facts

In each of the following problems there is some important
fact not stated which you must know before you can solve
the problem If you do not know the m1ssmg fact, look
it up in your arithmetic, in the dictionary, in the news-

paper, or wherever you thlnk you can find it. After you
have done this, solve the problem.

1. In the Olympic games a man vaulted 3.9 meters. How.
many feet and inches was this?

2. What is the value of 2,460 pounds of oats at $.851 a
hushel?

3. In a game of football, the Carroll team made 3 touch-
downs, and kicked the goal once; the Ripon team made 2
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touchdowns, kicked the goal both times, and made 2 field
goals. Which team won the game?

B. ProBLEMS WITH NUMBERS MISSING
In the problems below some facts are missing. Supply
the facts and then solve the problems. Be sure that the
numbers you supply are reasonable.

1. A garden is ........ feet long and feet wide. What
is the distance around the garden?
2. The arithmetic class in the fifth grade begins at

o’clock and ends at o’clock. How long is the class
period?
3. Harry’s father sold ... bushels of apples at a

peck. How much did he receive for the apples?

4. Alice’s mother bought a bushel of potatoes. When
she reached home she weighed them on her scales and found
that they weighed only _._._... pounds. How much less than
a bushel did they weigh? (A bushel of potatoes weighs
60 pounds.)

5. Mary bought yards of cloth for a dress. The
cloth cost ... What was the price of the cloth a yard?

6. Harry picked ... quarts of strawberries on Monday,
quarts on Tuesday, ... quarts on Wednesday, and
quarts on Thursday. He was paid ... cents a quart

for picking them. How much did he earn in all?

7. Alice and John belonged to a pig club. When their
pigs were weighed at the fair in the fall, Alice’s pig weighed

pounds and John’s pig weighed ... pounds. How
much more than John’s pig did Alice’s weigh?

8. The distance around the block in which Harry lives
is yards. How much less than a mile is this?

9. Julia went to the store and bought ....... quarts of
milk at cents a quart and ... pounds of butter at

cents a pound. How much did she pay the clerk?

7. EXERCISES FOR GIVING THE PUPIL A SYSTEMATIC
APPROACH TO PROBLEM SOLVING.

The following exercises can be used to give the pupils
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the steps in a systematic approach to the solution of
problems and to determine weakness in any of the steps
involved:

A. A STUuDY EXERCISE ON PROBLEM SOLVING
1. If John sold 50 morning papers and 20 evening papers,
how many papers did he sell that day?

a. What is the question you are to answer?

b. In order to find this, what must you know?

¢. Does the problem tell you this?

d. How can you find the answer to the question the
problem asks?

Study the following problem carefully:

2. If John delivers 50 papers in the morning and 20 papers
in the evening, how many papers does he deliver in 3 days?

a. What is the question you are to answer?

b. Before you can find the number of papers a boy deliv-
ers in three days, what must you know?

¢. Does the problem tell you the number of papers
John delivers in one day?

d. You can see that this problem has one step that
problem 1 did not have. How can you find the number of
papers John delivers in one day?

e. When you know the number of papers John delivers
in one day, how can you find the number he delivers in
three days?

3. Mary bought 3 oranges at 5¢ apiece. She gave the
clerk $.25. How much change should she receive?

a. What is the question you are to answer?

b. Before you can find the amount of change Mary
should receive, what must you know?

¢. Does the problem tell you how much Mary spent?

d. How can you find how much Mary spent?

e. When you know how much Mary spent, how can
you find the amount of change Mary should receive?

B. LEARNING TO SOLVE PROBLEMS
Read each problem carefully. Be sure that you under
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stand all the words. Ask yourself questions @, b, and ¢
about each problem. Then solve it and check your work.
a. What am I asked to find in the problem?
b. What things are told in the problem that will help
me to find the answer?
c. What must I do to solve the problem?

1. Jack wishes a pair of skates. The price of the skates
is $4.80. Jack can save $.80 a week. In how many weeks
will he save enough money to buy the skates?

2. Fred took a trip with his father. When they started,
the speedometer on the car read 8,569 miles. When they
got home, it read 10,433 miles. How many miles did they
travel on their trip?

3. Jennie spent $8.25 for cloth for a dress. She bought
3 yards. How much did the cloth cost a yard?

C. A READING EXERCISE

I. The fifth- and sixth-grade children were to have a sleigh
ride party. There were 46 fifth-grade pupils and 58 sixth-
grade pupils. How many pupils were there in the party if
they all went?

1. Which of the following facts are you asked to find?
a. The number of pupils in the fifth grade.
b. The number of pupils in the party if they all went.
¢. The number of pupils who did not go.
d. The number of pupils who could ride in one sleigh.
2. Which of the following facts is given in the problem?
. The number of pupils who could not pay.
b. The number of sleighs that would be needed.
¢. The number of pupils who could not go.
d. The number of pupils in the two grades.
3. In which of the following ways would you work this
problem?
a. Add 58 and 46. ¢. Multiply 58 by 46.
b. S_ubtract 46 from 58. d. Divide 58 by 46.
4. Which of the following answers is nearest to the
correct answer?

@. 94 pupils. b. 82 pupils. ¢. 106 pupils, d, 12 pupils.
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D. ProBrLEMS WITH TwO QUESTIONS

In the problems below, you must find the answer to the
first question before you can answer the second question.

1. Harry bought a tablet for 5¢ and a pencil for 5¢.
a. How much did the pencil and the tablet cost?
b. How much change would he receive from a quarter?

2. Mary practiced on her piano 30 minutes each morning
except Sunday.
a. How many minutes did she practice in a week?
b. How many hours was this?

3. A milkman had two large cans of milk. One con-
tained 18 quarts and the other 14 quarts.
a. How many quarts of milk were there in the two cans?
b. How many gallons were there?

4. John picked 15 quarts of blueberries on Monday and
18 quarts on Tuesday.
a. How many quarts did he pick in the two days?
b. If he sold them at 18¢ a quart, how much did he
receive for the berries?

E. SoLviNg Two-STEP PROBLEMS

1. The children in grades 3 and 4 used 25 half-pint bottles
of milk each morning. The children in grades 1 and 2 used
43 half-pint bottles. What was the cost of the milk at 3¢
a bottle?

a. What am I to find?
The cost of the milk.

b. What facts are given?
Grades 3 and 4 used 25 half-pint bottles.
Grades 1 and 2 used 43 half-pint bottles.
The cost a bottle is 3¢.

¢. How can I find the answer?
The number of bottles used times the price of one
bottle equals the cost of the milk.
How many bottles were used? The fact is not given
in the problem and must be found.



324 DIAGNOSTIC TEACHING

Furst Step: Second Step:
25 bottles in grades 3 and 4 Finding the answer:
43 bottles in grades 1 and 2 68 X $.03 = $2.04

68 bottles used

d. Is the answer reasonable?

Answer questions a, b, ¢, and d about these two problems:

2. The children in a school wish to raise money to buy
swings for the playground at a cost of $85. They sold
258 tickets for a school fair at 10¢ apiece. How much
must they still earn before they can pay for the swings?

3. One day Alice picked 15 bunches of flowers. She gave
three of the bunches to her mother and sold the rest at 15
cents a bunch. How much did she receive for the flowers
she sold?

8. EXERCISES TO TEACH THE PuUPIL TO SELECT THE
CORRECT PROCESS OR PROCESSES.

Inability of the pupil to solve a problem is often due to
his not being able to select the process or processes to be
used in solving it. The following exercises can be used
to determine the ability of the pupil to select processes
to be used in solving one-step and two-step problems:

A. NAMING PROCESSES USED TO SOLVE PROBLEMS

What process would you use to solve each of the following
problems?. Write a for add, s for subtract, m for multiply,
and d for divide.

Example: How do you find the cost of 25 pounds of meat
at 34 cents a pound?

1. How do you find the price of a pound of coffee if 5%
pounds cost $2.75?

2. How do you find the cost of 7% pounds of sugar at 8¢
a pound?
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3. Mrs. Johnson needed 5 pounds of flour for bread. If
she had only 32 pounds of flour, how many pounds more
does she need?

4. Mr. Smith, a dairy farmer, sold 45 pounds of butter
on Monday, 36 pounds on Tuesday, and 29 pounds on
Wednesday. How many pounds of butter did he sell? ...

5. Mary bought 5 pounds of butter for $2.45. How do
you find the price a pound?

6. In the Calhoun School there are 240 boys and 238
girls. How do you find the total number of children in
the school?

7. Mr. Johnson sold 30 chickens that weighed in all 105

pounds. How do you find the average weight of the
chickens?

8. A farmer sold 196 bushels of apples at $2.25 a bushel.
How do you find how much he received for the apples?....._...

9. How do you find the total weight of three boys, one
weighing 841 pounds, one weighing 672 pounds, and one
weighing 862 pounds?

B. STATING PROCESSES TO USE IN SOLVING TwO-STEP
PROBLEMS

On the line after each problem state the processes you
would use to solve the problem.

1. Mr. and Mrs. Anderson with their three children took
a ride on a street car. The fare for each was 7¢. Mr.
Anderson gave the conductor a dollar bill. How much
change did he receive?
A.........and

2. Mr. Jones took 492 eggs to market. He sold them at
35¢ a dozen. How much did he receive for the eggs?
A and

3. There are 8 rows of trees in an orchard and 17 trees
in a row. Sixteen of the trees are cherry trees. The rest
are apple trees. How many apple trees are there?

A and



326 DIAGNOSTIC TEACHING

4. A truck loaded with coal weighs 6,840 pounds. The
truck when empty weighs 2,840 pounds. How many tons
of coal are in the load? (2000 pounds to a ton.) ;

teeecenes @1

C. PROBLEM STUDY: FINISHING PROBLEMS
In the fourth grade the pupils play a game. One pupil
writes two facts on the board and then puts a sign +, —,
X, or + after them. This means that the pupils must
make up a problem with those two facts. The question
must be answered using the process the sign tells.

John wrote these facts: The price of butter is 47¢ a pound.
18 pounds. He made this sign: X.

Alice wrote the problem this way: The price of butter
is 47¢ a pound. Find the cost of 18 pounds of butter.

Make up a problem for each of the following pairs of
facts, using the process the sign tells:

1. The price of coffee is 48¢ a pound. 4 pounds. X
2. John has 28 marbles. Will has 24 marbles. +
3. Oranges cost 60¢ a dozen. One orange. =
4. A boy bought a cap for $1.50, He gave the clerk
a five-dollar bill. —

9. BAsAL TYPES OF VERBAL PROBLEMS IN ARITHMETIC.

The inability of the pupil to select the correct process
by which to solve a problem may be due to one or more of
the following reasons: the fact that he has not learned
to recognize solution patterns involved in the problem;
to lack of basic facts not given in the problem; to lack of
knowledge of certain principles involved, and to other
similar factors.

Ability to analyze situations, and then to select the
correct method of solution depends to some extent on
the provisions that have been made in the instructional
material. Provision should be made to give the pupil
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experience in solving problems involving the important
basal types of solutions, found in arithmetic. An analysis
of arithmetic situations shows that these basal types of
solutions can be classified as eleven different kinds of
patterns. Each type may occur in isolation in one-step
problems, or in combination with others in two- or three-
step problems. The eleven types and examples of each
are as follows:

1. The addition problem. (One type.)

Example. Jack has 4 cents, Mary has 5 cents, and Alice
has 7 cents. How many cents do they have in all?

2. Subtraction problem. (Three types.)
(@) Type 1. Taking away.
Example. Jack had 10 cents. He spent 5 cents. How
much did he have left?

(b) Type 2. Comparing.
Example. Harry has 15 cents. Jane has 10 cents. How
much more has Harry than Jane?

(¢) Type 3. Increasing.
Example. Jack has 5 cents. How much more must he
have before he can buy a 15-cent top?

3. Multiplication. (Two types.)
(@) Type 1. Told about one; asked about many.
Example. An apple costs 5 cents. How much do 5 apples
cost?

(b) Type 2. Finding a part of a number.
Example 1. Find the cost of § pound of butter at 40 cents

a pound.
Example 2. How much is 159, of $400?

4. Division. (Five types.)

(¢) Type 1. Told about many; asked about one.
Example. If 5 apples cost 15 cents, how much does one

apple cost?
22
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(b) Type 2. Finding a number of equal groups.
Example. How many apples at 5 cents each can I buy
for 50 cents?

(¢) Type 8. Finding what part one number is of
another.

Example 1. What part of 50 is 257

Example 2. At a sale I bought a $4.50 pair of skates for
$1.50 less than the regular price. What was the per cent
of savings?

(d) Type 4. Finding the whole with a part given.
Example 1. If & pound of butter costs 30 cents how
much does one pound cost?

Ezxample 2. Frank received $3.00 interest at the end of
the year on money deposited in his savings account. The
bank pays 39, interest a year. How much money did
Frank have on deposit in the bank?

(¢) Type 5. Finding a missing factor.
Example. Find the width of a field containing 4,000
square rods if its length is 80 rods.

Experimental work at Waukesha, Wisconsin, by Bant-
ing and Merton has shown that marked growth, in ability
to solve verbal problems, results from the use of reading
exercises in problem solving. In these exercises the
pupils are taught to recognize the various types of situa-
tions and solutions outlined above. The exercises of this'
type that follow, are typical of the types of problem-
solving exercises that have been developed during the
experimental work.

(@) The following exercise! suggests how pupils may
be taught to draw pictures to represent situations which
will help them to solve the problem:

1 The three exercises given are taken from Triangle Arithmetics
Book I, Part I.
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Helen’s teacher gave her the following problem. Helen
drew a picture of the multiplication problem in order to
understand it better:

Grace has a flower garden.
She planted 5 tulips in each row.
How many tulips did she plant in
3 rows?

This is how Helen drew the picture
on her paper:

She drew 5 tulips in a row.
She drew 3 rows of tulips.

&@@@%@
La e ~=e

~<=E <=8 =<6
<EE a8 =G

§
128
b

/She saw that Grace has planted 3 times 5 tulips
5 tulips, so she multiplied to find 3 X 5 %3
tulips. She then wrote on her paper 15 tuli
what you see at the right. WIDS

PROBLEMS FOR WHICH YoU MaYy DRAW PICTURES
Draw pictures on your paper to show these problems:

1. There are 12 eggs in one dozen. How many eggs are
there in 2 dozen?

2. Donald planted 8 tomato plants in each row. How
many plants did he put in 3 rows?

3. The children were taken to the woods in 3 automobiles.
*Six children rode in each automobile. How many children
went to the picnic in automobiles?

4. Each of three girls has 4 dolls. How many dolls have
they in all?

5. Otto had 2 nickels changed into pennies. How many
pennies did he receive?

(b) Pupils may be taught to recognize certain verbal
cues which indicate the solution to use. The following

exercises suggest the method of approach:
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SoME HELPS TO REMEMBER

Here are some ways in which you are sometimes asked to
compare by subtraction:

How much more than one is the other?
How much less than one is the other?
How much older than one is the other?
How much younger than one is the other?
How much longer than one is the other?
How much shorter than one is the other?
How much farther than one is the other?
What is the difference between the two?
How many more are needed?

When a problem tells you how many are in one group,
and asks you to find how many are in more than one of
these groups, you may add or multiply. Why is it better
to multiply than to add?

For example: There are 11 players on one football team.
How many players are there on 2 teams?

When a problem tells you the price of one article and
asks you to find the cost of more than one of these articles,
you may add or multiply. Why is it better to multiply
than to add?

For example: At the picnic ham sandwiches sold far 6
cents each. Roger bought 3 sandwiches. How much did
he pay for them?

PROBLEMS TO STUDY

Study the following multiplication problems. Give
reasons why you know they are multiplication problems.
Then work each problem on your paper.

1. A ride on the merry-go-round costs 5 cents. Harry
had 3 rides. How much did he pay for the 3 rides?

2. There are 12 oranges in a dozen. Ann’s mother bought
3 dozen. How many oranges did she buy?

(¢) The following exercise may be used to give pupils
practice in telling why a certain process is used in solving
a problem.
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LooKING FOR HELPS IN PROBLEM SOLVING

In these three problems, how can you tell that you must add?

1. Mary had 4 black chicks, 3 white chicks, and 4 brown
chicks. How many chicks did she have in all?

‘2. Jack had 5 marbles and Harry had 10 marbles. How
many marbles did both boys have?

3. From one nest Mary gathered 5 eggs, from another
nest 8 eggs, and from another nest 9 eggs. How many
eggs did Mary gather in all?

In these three problems, how can you tell that you wmust
subtract?

1. Jack had 10 cents and Mary had 7 cents. How much
less money did Mary have than Jack?

2. Jack is 56 inches tall and Mary is 61 inches tall. How
much taller than Jack is Mary?

3. Mary wishes to buy a game that costs 25 cents. She
has 20 cents. How much more does she need?

In these two problems, how can you tell that you must mul-
tiply?

1. Find the cost of 4 apples at 5 cents apiece.

2. Helen sold 6 bouquets of flowers at 19 cents each.
How much did she receive for the flowers?

In these three problems, how can you tell that you must divide?

1. How many 4’s are there in 247

2. In a classroom there are 36 seats. There are 6 rows
of seats. How many seats are there in each row?

3. Mary had an 18-inch ribbon. She cut it into 3 equal
parts. How long was each part?

10. EXERCISES DESIGNED TO DETERMINE THE ABILITY
OF THE PUPIL TO ESTIMATE ANSWERS TO PROBLEMS.

Exercises specially designed to determine the ability
of the pupil to estimate answers to problems and examples
are as follows:
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A. ESTIMATING ANSWERS

After each of the following examples, three numbers are
written. First select the number which you think is about
the correct answer; second, work the example; third, com-
pare your estimate with the correct answer. How many
of your estimates were correct?

75 4 86 + 97 = 300, 200, 250.
$37.96 — $28.97 = $10, 39, 38.

25 % 48 = 800, 1,200, 1,600.
$56.25 =+ 25 = $3.20, $8.15, $2.20.
3% + 21 + 73 = 124, 134, 141
374% ~— 3561 =30, 40, 50.

5% % 36 = 150, 200, 300.

31 X 6% = 18, 23, 36.

9 -+ 2 =10, 14, 22.

21 =+ 5 = 2, %, 3L,

=

oSN

—
S

B. PRACTICE IN ESTIMATING ANSWERS

Accurate arithmetic workers estimate the answer to a
problem before doing the work. They check their answer
by comparing it with their estimate. This prevents many
foolish errors. Under each of the following problems are
three estimates. First read each problem and estimate the
answer. Then work the problems. In how many problems
were your estimates the same as the correct answers?

1. The winner of a 500-mile automobile race traveled
this distance in 5% hours. What was his average speed an
hour?

a. 75 miles b. 90 miles ¢. 110 miles

2. In the Calhoun School there were 28 classrooms.
There were 43 desks in each room on the average. How
many desks were there in the school?

a. 500 b. 1,000 ¢. 2,000
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3. The sixth-grade class deposited $29.48 in the school
bank in September, $48.36 in October, and $38.49 in
November. How much did the class deposit during the
three months?

a. $115 b. $85 c. $220

4. Mr. Ford grew 8,168 bushels of corn and Mr. Curtis
grew 5,976 bushels of corn. How much more corn did
Mr. Curtis grow than Mr. Ford?

a. 3,000 bu. b. 2,500 bu. ¢. 2,000 bu.

5. Helen bought 5 pounds of butter at 49¢ a pound, 2
loaves of bread at 12¢ a loaf, and 10 pounds of sugar at T3¢ a
pound. How much did she spend for all of these groceries?

a. $1.75 b. $3.50 c. $6.15

11. SiLENT READING EXERCISE IN ARITHMETIC TO
DEVELOP COMPREHENSION.

(Prepared by Agnes Raddatz, Fulton School, Minne-
apolis.)
JIMMY RAYMOND’S FINANCES

It was Saturday, July tenth, and Jimmy’s fourteenth
birthday. Though his mother had given him a party and
had invited his five best pals, still Jimmy was bitterly disap-
pointed. For weeks he had been admiring the Ranger
Coaster bicycle in Warner’s window and had’ given broad
hints to his father—but, the bicycle cost $48.00 and it was
still in the window. Yet, even as Jimmy kicked his heels
against the steps a plan was taking shape in his young mind.
He received an allowance of $2.00 weekly. If he could only
get the position advertised at the drug store for an errand
boy, he might in a few weeks save enough to buy the Ranger
himself. With an air of a very busy business man, Jimmy
betook himself to the drug store, and, to make a long story
short, secured the place. He agreed to work from four to
six on school days, and from nine to five on Saturdays,
with an hour at noon for lunch, for the princely sum of
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$4.00 per week. Already Jimmy had visions of coasting up
hill and down dale.

‘With his heart set on securing the Ranger, Jimmy became
very saving, but having a very healthy appetite he couldn’t
resist spending a quarter for candy, and again as much for
a movie, on the Sunday following his birthday. This, of
course, diminished his allowance for that week and as he
hadn’t saved anything before he felt he had spent quite
enough; so he surprised his family by staying home that
evening.

Monday after school, as Jimmy was hurrying away, Tom
shouted to him, “Oh Jimmy, wait for me,” but was amazed
to hear the answer, “Can’t, I'm going to work.”

1. If Jimmy saved his full allowance how many weeks
would it take him to buy the bicycle?

2. If, instead, he saved all the money he earned, how
many weeks would it take?

3. If he saved both his allowance and his salary, how
long would it take?

4. For how many hours a week did Jimmy agree to work?

5. If he continued to spend the same amount each
Sunday for a month, how much had he spent? (Month of
four weeks.)

6. Then how much had he left from his total income for
that month?

7. How mucn did Jimmy receive per hour for his work?

8. At that rate how much were his services worth on
Saturday alone?

9. If the druggist gave him double pay for work on Sun-
day, how much would he earn in five hours on Sunday?
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Service, University of Iowa, Iowa City, Ia.

Courtis Standard Research Tests, Series B. Grades IV
to VIII. 8. A. Courtis, 1807 E. Grand Blvd., Detroit,
Mich.

Knight-McClure Arithmetic Neatness Scale. Scott,
Foresman and Co., Chicago, IIl.

Los Angeles Diagnostic Arithmetic Tests. Grades II to
VIII. Research Service Co., 4259 South Van Buren
Place, Los Angeles, Cal.
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12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

DIAGNOSTIC TEACHING

Lunceford Diagnostic Tests in Addition. Primary
Grades. Bureau of Educational Measurements and
Standards, Kansas State Normal School, Emporia,
Kans.

Monroe Diagnostic Tests in Arithmetic. Grades IV to
VIII. Public School Publishing Co., Bloomington, Ill.

Monroe General Survey Scales in Arithmetic. Grades
III to VIII. Public School Publishing Co., Bloom-
ington, Ill.

Monroe Standardized Reasoning Tests in Arithmetic.
Grades IV and VIII. Public School Publishing Co.,
Bloomington, IlI.

Otis Reasoning Test in Arithmetic. Grades IV to IX.
World Book Company, Yonkers-on-Hudson, New
York, and Chicago, Il

Peet-Dearborn Progress Tests in Arithmetic. Inter-
mediate Series, Grades IV and V; Upper-Grade Series,
Grades VI, VII, and VIII. Houghton Mifflin Com-
pany, Chicago, Ill.

Reavis and Breslich Diagnostic Tests in the Fundamental
Operations of Arithmetic and in Problem Solving.
Grades VII to IX. University of Chicago Press,
Chicago, Ill.

Spencer Diagnostic Test in Arithmetic. Grades IIT to
VIII. Bureau of Educational Research, University
of Oregon, Eugene, Ore.

Stanford Achievement Test. World Book Company,
Yonkers-on-Hudson, New York, and Chicago, Ill.

Stevenson Problem Analysis Test. Grades IV to IX.
Public School Publishing Co., Bloomington, Ill.

Stone Reasoning Test (Revised). Grades V to VIII.
Bureau of Publications, Teachers College, Columbia
University, New York City.

Woody-McCall Mixed Fundamentals. Grades II to
VIII. Bureau of Publications, Teachers College,
Columbia University, New York City.

. Wisconsin Inventory Tests. Houghton Mifflin Com-

pany, Chicago, Ill.
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ARITHMETIC DRILL AND REMEDIAL MATERIALS

Arithmetic Work Books, Ruch, G. M., Knight, F. B.,
Studebaker, J. W. Grades III to VIII. Secott,
Foresman and Co., Chicago, 1ll.

Brueckner, L. J., Anderson, C. J., Banting, G. O., Merton,
Elda. Diagnostic Tests and Remedial Exercises.
A series of exercises, one for each grade from 3 to 8§,
containing survey tests, diagnostic tests, and remedial
exercises in all processes. The John C. Winston Com-
pany, Philadelphia.

. Courtis Standard Practice Exercises in Arithmetic. A

series of 48 lessons on cards, covering the operations
with whole numbers in grades 4 to 8. World Book
Company, Yonkers-on-Hudson, N. Y.

. Economy Remedial Exercises in Whole Numbers (Reme-

dial). Forty-one specially designed exercises on-cards
permitting continuous and repeated use. Standard-
ized for use in grades 4 to 8. Scott, Foresman and
Co., Chicago, Ill.

Economy Exercises in Problem-Solving in Arithmetic
(Remedial). Standardized for use in grades 5 to 8.
Scott, Foresman and Co., Chicago, Ill.

. Fowlkes-Goff Practice Exercises in Arithmetic. De-

signed for use in grades 7to0 9. The Macmillan Com-
pany, New York.

Lennes’ Work, Drill, and Test Sheets. Laidlaw Brothers,
Chiecago, Ill.

. Studebaker’s Practice Exercises in Arithmetic. Scott,

Foresman and Company, Chicago, Ill.

. Osburn’s Corrective Exercises in the Fundamentals of

Arithmetic (Remedial). Houghton Mifflin Company,
Boston, Mass.

Thorndike Practice Books in Arithmetic. Rand, Me-
Nally and Co., Chicago, Ill.






INDEX

Accuracy, 14

Addition, difficulties in, of deci-
mals, 230; fractions, 161, 177,
200; whole numbers, 72, 120

Addition, skills in, of decimals, 223;
of fractions, 161; of whole num-
bers, 110

Addition, types of examples in, of
decimals, 221; fractions, 164;
whole numbers, 117

Altitude, 14

Analytical diagnosis, 64

Analysis of skills, in decimals, 223;
in fractions, 52, 161, 163, 165,
167; in per cent, 238; in whole
numbers, 110, 125

Analyzing written work, 196, 277

Area, 14, 20

Attention span, 123

Banting, G. O., on difficulties in
problem solving, 273
Basal types of problems, 326
" Basis of arithmetic instruction, 6
Baumgarten, B., on solving prob-
lems, 293
Bemis, C., on problem solving, 293
Bridging the tens, 113
Btéc%cgingham, B. R., problem secale,
Buswell, G. T., on diagnosis of
difficulties in arithmetic, 119,
%gg, 143, 156; on vocabulary,

Case studies, on difficulties in prob-
lem solving, 97, 101; in processes,
88, 92, 95

Ch3als§, S., on waste in arithmetie,

Column addition, skills in, 113

Combinations, basie, in addition,
112; division, 148, 150; multi-
plication, 136; subtraction, 127

Compass Diagnostic Tests in Arith-
metic, 4749

Courtis, S. A., on attention span,
123; on effect of rate of writing

on test scores, 15! Standard
Practice Tests in Arithmetie, 15,
27; Standard Research Tests in
Arithmetie, Series B, 23
Curriculum Tests, 32-36

Decimals, diagnostic tests in, 220;
difficulty of types of examples in,
226; faultsin, 229; skills in, 223;
types of examples in, 220

Diagnosis, analytical, 64; general,
62, 277; psychological, 66

Diagnostic exercises, general, 37;
in fractions, 44, 207; in whole
numbers, 115, 116, 139, 150, 153,
155

Diagnostic tests, in decimals, 220;
in fractions, 164; in per cent,
239; in problem solving, 313ff;
in whole numbers, 118

Difficulties, in decimals, 230-235;
in fractions, 196; in per cent,
243; in problem solving, 271;
in whole numbers, 72, 120

Difficulty of types of examples, in
decimals, 225; in frcations, 176;
in per cent, 241

Division, long, 152, 154

Division, difficulties in decimals,
234; in fractions, 170, 213; in
whole numbers, 84, 153, 156

Division, skills in long, 147; short,
145; in decimals, 225; in frac-
tions, 171

Division, types of examples in, of
decimals, 223; fractions, 173;
whole numbers, 151

Exercises, in diagnosis of fractions,
44; of whole numbers, 115, 139,
150, 153, 155

Exercises in problem solving, 310,
311, 316-24, 325-35; in careful
reading, 315, 322; in determin-
ing knowledge of essential data
and principles, 318; in estimat-
ing answers, 332; in helps in
problems, 330, 331; in looking
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up facts, 319; in naming pro-
cesses in problem solving, 324;
in problems with two questions,
323; in silent reading, 333; in
solving two-step problems, 323;
in visualizing solutions, 329; in
vocabulary, 313; objective test,
41, 310; to develop systematic
approach to problem solving, 321

Faults, in decimals, 229; in frac-
tions, 177, 196, 200; in per cent,
243; in problem solving, 266,
273; in whole numbers, 72, 120,
132, 143, 1566

Fractions, difficulties in, 196; re-
duction of, 175; skills in, 161;
types of examples in, 176

General diagnosis, 62

Higher decade, addition, 115; sub-
traction, 128
Hunkins, R. V., vocabulary, 272

Individual differences, 5-6
Intelligence tests, 18

Knight, F. B., analysis of skills in
fractions, 3; Compass Diagnostic
tests, 47-49 ,

Kuhlmann, F., intelligence test, 18

Life situations, applying arithmetic
in, 261

Long division, difficulties in, 154;
naming quotients in, 152; skills
in, 147; types of examples in,
164, 155

Lutes, O. S., on problem solving,
297, 308

Martin, C., on diagnosis in prob-
lem solving, 97, 101, 280

Methods of work, 14, 21

Merton, E., on analysis of skills in
whole numbers, 110

Monmouth, R., on vocabulary dif-
ficulties, 300

Monroe, W. S., on ability to place
decimal point, 52, 224; diagnos-
tic testing, 38, 293; derivation of
reasoning tests, 266

INDEX

Morton, R. L., on difficulties in
fractions, 197; on arithmetic
vocabulary, 314 o .

Multiplication, difficulties in deci-
mals, 232; in fractions, 211; in
whole numbers, 79, 143

Multiplication, skill in, of decimals,
224; of fractions, 167; of whole
numbers, 135

Multiplication, types of examples
in, of decimals, 222; {fractions,
170; whole numbers, 140, 142

Newcomb, R. S., on experiment in
problem solving, 298

Objectives of problem work, 259

Objective test exercizses, see exer=
cises

Osburn, W. S., on analysis of skills
in fractions, 175; on diagnosis
in problem solving, 274

Per cent, difficulties in, 243; diffi-
culty of types of examples in,
241; skills in, 238; types of ex-
amples in, 239

Pressy, L. C., on vocabulary, 268

Problems, diagnosis in solving, 273,
274, 277; experimental studies:
in solving, 297ff; faults in solv-
ing, 266, 273, 280, 282; objec-
tives of, 259; standards for
evaluating, 263; undesirable
types of, 264

Probst, E., on summary of faults
in arithmetic, 70

Progress chart, 35

Psychological diagnosis, 66

Quotients, naming, 152

Rate, 14

Rate tests, 22

Reading exercises, see exercises

Record blanks, 34, 35, 56

Reduction of fractions, 174

reliability, 58

Remedial program, general, 12; in
Pproblem solving, 305

Rice, J. M., on individual differ-
ences, 2

Ruch, G. M., in Compass Diagnos-
tic Tests, 312; on reliability of



INDEX

test scores, 59; on objective type
of examination, 69

Scale, problem, 22; process, 22

Skills, in decimals, 223; in frac-
tions, 52; in per cent, 238; in
problem solving, 266, ff; in
whole numbers, 110

Souba, A., on diagnosis of difficul-
ties in processes, 88, 92, 96

Stzzmdards for evaluating problems,

63

Stevenson, P. R., on difficulties in
problem solving, 268; on reme-
dial program in problem solving,
299, 304

Stone, C. W., on arithmetic abil-
‘ities, 2

Stone, J. C., on difficulties in prob-
lem solving, 271

Studebaker Economy Practice Ex-
ercises, 15, 27

Subtraction, difficulties in, of
decimal, 230; of fractions, 203;
of whole numbers, 75, 131

Subtraction, skills in, of decimals,
230; of fractions, 165; of whole
numbers, 125, 129, 130

. Suhtraction, types of examples in,
of decimals, 221; of fractions,
167; of whole numbers, 131

Summary sheet, for curriculum
test, 34; for fraction test, 56;
for results of diagnostic study,
105, 106, 107

Thorndike, E. L., analysis of skills
in arithmetic, 3; aspects of
intellect, 14; effect of rate of
writing on scores, 15; problem
scale based on C-A-V-D, 18;
Teachers Word Book, 263; un-
desirable types of problems, 264

Teacher’s Word Book, 268, 269

Techniques of individual diagnosis,
in decimals, 228; in fractions,

341

163, 175; in problem solving,
273, 280; in whole numbers, 68

Tests, comprehensive diagnostic,
b2-66, 117, 131, 142; curriculum,
22, 32-36; diagnostic, 37, 40;
inventory, 25; list of tests, 335;
rate, 22; sampling, 39; scale, 22,
27; survey, 22, 27; see Appendix

Turner, J. M., on vocabulary dif-
ficulties, 300

Types of examples, in decimals,
220; in fractions, 177; in per
cent, 239; in whole numbers, 23,
26, 28

Types of problems, desirable, 263;
undesirable, 264

Uhl, W. L., on diagnosis of diffi-
culties in whole numbers, 68, 121

Validity, 58

Viggglizing golution of problems,

Vocabulary, content of, 267, 268;
exercises on, 313; of current
textbooks, 269

Washburne, C. W., on problem
solving, 301, 302; on Winnetka
Plan, 2

Wheat, H. W., on merit of prob-
lems, 294

Wilson, E., on causes of difficulties
in problem solving, 272; on
remedial work in problem solv-
ing, 297

Winch, W. H., on difficulties in
subtraction, 134; on improving
problem solving, 309

Winnetka plan, 2

Woody, C., scale in arithmetic
processes, 28

Zero combinations, 136



