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CHAPTER 1.

INTRODUCTORY.

THE purpose of this book is to set forth a course in
arithmetic or “number” beginning at the age of six
and extending over four or five years. It is assumed
that formal ‘“number lessons’’—that is, lessons in
which the investigation of number is treated as the
predominant interest—will not be begun before the age
of six. The choice of six as the age at which the
course shofld begin is supported by the opinion of
competent teachers and other students of child nature.
There appears to be a growing body of evidence to
show that formal number-work done before that age is,
to a large extent, a waste of time; that is to say, that
the work can be done better, more quickly, and with
less risk of strain to the child if it is postponed until he
is at least six years old.

It must not, however, be supposed that at the age
of six the normal child is absolutely ignorant of number.
By the time he has reached that age he will have ac-
cumulated by the way or incidentally a small but im-
portant store of number-knowledge. (Games, stories,
various occupations, at home or at school, will by degrees
lead him to attend more and more to number as con-
nected with them, and under careful guidance his
interest in it will grow until he is ready for lessons in
.which number takes the predominant place. Some
important points connected with this early incidental
number-work are briefly suggested in the early part of
Chapter II, and an indication is given of the amount

1



2 ~THE GROUNDWORK OF ARITHMETIC

and scope of the number-knowledge that is here assumed
as the foundation of the formal number-work.

The book is divided into five sections, each of which
may, in general, be taken as corresponding to a year’s
work. It is not, of course, intended that this distribu-
tion of the work should be rigidly adhered to. Some
teachers may prefer to transfer certain portions of the
work from one section to another,! or to take more or
less time than is here indicated for the work of a given
section. In favourable circumstances the work of three
sections may be done in two years, or even that of two
sections in one year; on the other hand, under certain
conditions, it may prove necessary to spend more than
a year on the work of a section. Such modifications are
not here indicated in detail, but are left to the dis-
cretion of individual teachers.

The ground to be covered at each stage is shown in
the headings of the chapters in the sectiofl correspond-
ing to that stage. In developing in detail the work to
be done, the plan adopted has been to indicate the
method of treatment in a series of teaching examples.
These examples, while they naturally make no attempt
to explain in detail the procedure in every lesson to be
given, suggest the methods to be employed in dealing
with the most important and typical parts of the matter
under consideration. It is to be noted that the Hx-
amples do not always, or even often, correspond to
lessons, one Example often {urnishing material for
several lessons, Sometimes the details of treatment of
a topic, or part of a topic, are given in the form in
which they may be presented to the class; more often
only the general lines of treatment are indicated, the
details being left to the teacher to fill in. Moreover,
the type of topic under consideration in any given case

!For example, in some cases it may be found possible and
desirable to introduce simple fractions (%, 4, 3) in connexion with
measuring into the work of Section IT instead of postponing them to
Section I1J,



INTRODUCTORY 3

is not necessarily to be treated always by the method
shown in one Example. For instance, the methods of
Examples IT and IV—although one is obviously appro-
priate in general to a rather later stage than the other—
may often, with advantage, be mingled or alternated in
treating the same number. In fact, as every teacher of
young children knows, the methods of teaching should
throughout be varied and should be combined and re-
combined in every way that ingenuity can suggest.

It must be borne in mind that throughout the course
two aspects or applications of number have to be
treated. Number is to be considered, on the one hand,
in 1ts application to the separate objects of a group or
groups (e.g. five nuts, seven cows), and on the other
hand, in its application to continuous quantity (e.g. a
length of five inches, a weight of seven pounds).
Though it is obviously impossible to make a sharp
separation Between these two aspects of number, it is
convenient to treat them to some extent separately, and
the work may, from this point of view, be looked upon
as consisting of two parallel courses. In both courses
the same general method is adopted. Whenever a new
“rule” or process, that is, a new way of manipulating
number, is to be taught, the need and purpose of it will
be presented to the children by means of a simple in-
stance or ‘“problem”. The process is then ‘ dis-
covered”’ by the child with the aid of the teacher, is
practised until it is in some degree familiar, and is
finally used in fresh applications or problems (see
Chapter XI).

The course in which number is applied to separate
units in a group or groups begins with quite small
numbers (not greater than twelve), and proceeds to
larger numbers and more complex applications by means
of “rules” or processes developed in the decimal system
of counting and notation. The other course begins by
comparing lengths and weights, first in a very general

and indefinite way, afterwards more definitely with the
1 »



4 THE GROUNDWORK OF ARITHMETIC

aid of number, and develops into measuring and weigh-
ing and the use and application of ‘‘weights and
measures’’ generally. The scheme at the beginning
of the book is intended to make clear at a glance the
parallel development of these two colrses or lines of
work. This scheme, in which the two courses are
distinguished by the letters A and B respectively, in-
cludes references to all the chapters from Chapter II
onwards with the exception of Chapters IV, VII, and
XI. These are omitted because their contents have
reference not to any special portion of the work but to
long stretches of it, indeed in a certain sense to the
whole of it.

A word should be added with reference to one of the
terms used. The word “ apparatus” is to be under-
stood in its widest sense as indicating the material aids
of any sort that are to be used in the lesson, either by
the children themselves or by the teacher it demonstra-
tion before the children. Its commonest application,
therefore, will be to the counters, sticks, beads, nuts,
etc., which the children are constantly handling in the
course of their early number-work.



SECTION 1.

Tr1S section deals with the early number-work, and is
consequently confined to small numbers, only those up
to twelve being taken. ‘Number’ is approached (see:
Chapters 11 and IIT) from two different though closelyl
connected points of view : on the one hand, the children
are led to number and to compare groups of discrete,
or separate objects, on the other, they are led to use
number to measure ‘ continuous’’ quantity, namely,
length and eight.

A chapter on the use of material aids to thinking is
included for convenience in this section, though it ap-
plies in greater or less degree to the work of all five
sections,

CHAPTER II.

Number-work before formal lessons begin. First formal number-
lessons ; numbers up to twelve ; simple exercises involving
money ; recognition of the number in a group by breaking
it mentally into smaller groups. The symbols for the numbers
studied ; thesigns +, —, =. Simple applications or problems.

I. EarLY INForMAL NUMBER KNOWLEDGE.

UNDER normal, healthy conditions a child’s first
acquaintance with number is made at a time when
his interest is chiefly engaged with quite other matters.
He is from an early age attracted to and stimulated by
the various objects, animate and inanimate, that sur-
round him ; he is interested in their movements, their
colours, their shapes, and above all in what he can do
6



6 THE GROUNDWORK OF ARITHMETIC

with them, how he can affect them—alter their con-
dition, make them move, bring them into fresh rela-
tions with one another. But, under the guidance of
parent, nurse, or teacher, or through_the teaching of
his unaided experience, he soon learns to attend to
number as part of the means to the small ends he
desires or as part of the nature of the things which
rouse his interest. He grows to understand what is
meant by saying that he himself, most other human
beings, and birds have two legs; he learns how to sepa-
rate three, four, etc., marbles or beads from a larger
number, and so on. In these early stages he will
usually show a certain unwillingness or incapacity to
attend to number as number—that is to say, without
direct reference to some other interest or need—and
much harm will be done by forcing him prematurely
to do any formal number-work or to perform exercises
in the manipulation of numbers as such. In other
*. words, his learning of number must at first be purely
incidental.

This must not be taken to mean that the whole
matter may be left to chance. It is true that, whether
a child spends the first six years of his life at home or
part of it at school, 1t will be difficult for him to avoid
“picking up " a certain amount of number-knowledge ;
but a much more satisfactory result will be attained
and a much better foundation laid for future work if
the teacher—always without over-straining the natural
possibilities of the immediate object of interest to the
child—watches for and profits by opportunities of
teaching facts about number, and takes care to make
them—even though over a small range—as systematic
as 1s possible in the circumstances. Almost every-
thing that the child does at school at this stage offers
such opportunities, his games, his “occupations,” his
conversations with the teacher about all sorts of inter-
esting topics. The results will, however, vary widely
according to the different conditions both of home and
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school life, and it is almost impossible to make any
definite statement as to what should be expected of a
child who has been learning number in this incidertal
way up to, say, the age of six. For the purposes of
the present book it is assumed that such a child will
not only be able to tell correctly, after counting them,
how many objects there are in any group up to and
including twelve,) but will also know some of the
simpler combinations of numbers, e.g. four and one
are five, three and two are five, nine and cone are ten,
and will be able to recognize, without counting them,
the numbers two, three, and four. This last point
deserves special attention. The children are to be
trained later on to recognize the number of objects in
a group without needing to count those objects one
by one; they will mentally break up the group into
smaller ones of what may be called manageable size,
The results of systema.tlc observation and experiment
go to show that, in the case of the average person, the .
largest group of objects the number of which can be
grasped without analysis is not generally greater than
four. The apprebension, then, of the number of
objects in a group containing more than four, is most
economically effected by breaking it up mentally into
groups consisting of one, two, three, or four (see
Example V, p. 22, also Chapter IV). It is, for this
reason, of great 1mporta.nce that children should be
encouraged as early as possible to distinguish groups
containing two, three, or four objects at a glance—that
is, without counting them.,

II. Tee FirstT ForMAL NUMBER-LESSONS.

As has already been implied, formal number-lessons
should not, as a rule, be introduced before the age of
six. This demsmn is based on the apparent emergence
in the average child of that age of an interest in num-

! He will probably also be able to do this for some numbers
larger than twelve, the range varying according to circumstances.
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ber *“ for its own sake”. This does not mean that the
child is to be expected to attend to ¢ abstract number ”
in any of the usually accepted senses of that difficult
term. His number-ideas will still be closely associated
with things and the ideas of things. But he will now
begin to take an interest in the number-aspect of
things, much as he has for a long time taken an in-
terest in the things themselves. He will take a pleasure
in combining numbers, in breaking them up—in mani-
pulating them in various ways. At this stage, then,
lessons definitely dealing with number will be gradu-
ally introduced, while at the same time the child will
continue to acquire number-ideas incidentally in con-
nexion with his other work and play.!

The aims of the early formal number-lesssons must
be :—

(1) To complete afid systematize the knowledge ac-
quired during the incidental learning of number referred
to above. To this end the child will be led to attend
to the relations between the various combinations of
numbers (e.g. the connexion between the twe facts,
four and three make seven, and four and four make
eight) in order to assist in the fulfilment of the second
alm.

(ii) To fix in the child’s memory the number-com-
binations over the range in question (that is, up to
twelve,’ inclusive): he must be able, for example, with-
out need of counting or calculation, to state unhesi-
tatingly that the result of adding four to seven is
eleven.

(i) To practise the child in applying this number-
knowledge to fresh cases—that is, to fresh things.

! For valuable suggestions as to the use of games in this con-
nexion, see Miss Wark’s chapter on * Early Work in Number " in
gE«.’;ucation by Life,” edited by Miss Brown-Smith (G. Philip &

on).

*Twelve is chosen for this purpose as the limit, rather than ten,
owing to its importance in connexion with our money system.
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(iv) To teach him (a) the symbols for the numbers
in question and (b) the symbols +, — and =, and, a
little later on, the symbol x.

In the earliest of the formal lessons the teacher will
aim at ascertaining how many of the simpler number-
combinations the children have learnt from the previous
“incidental ” number-work (see above) at giving them

. practice in applying this knowledge, and at helping in-
dividual children who may be more backward than the
majority to repair the gaps in their knowledge. In
these first lessons the symbols 1, 2, 3, % may also be
taught. Example I will serve as an illustration of the
teaching at this point.!

ExaMPLE L—PRACTICE IN APPLYING SIMPLE NUM-
BER-COMBINATIONS. TEE SyMBOLS 1 AND 2

Apparatws.—Each child should have a small box of
counters and a small qu of sticks.

A. Simple Number-Combinations.

(@) The teacher will begin by asking the children
to tell the number of objects in various groups in the
room. E.g. How many books are there on the table ?
How many pictures on this wall? How many flowers
in this vase? etc. The numbers chosen should be at
first not greater than four, and the children should be
urged to try to say at once what the number is, without
stopping to count. .

() Then larger numbers should be introduced, the
children being now allowed to count, while they are at
the same time encouraged to ascertain the number in a
group by means of analysis. E.g. the number of books
on the table may be recognized as five, because there
are three in one pile and two in another. The children
should be told that presently, when they have had more

1 For explanation of the purpose and scope of the * Examples'
see Chapter I.
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practice, they will always be able to tell numbers of
things in that way, without needing to count them one
by one (cf. Example VI).

This exercise will be useful as enabling the teacher
to find out which combinations of numbers the children
know.

In some cases the children may be asked to set out
on their desks the same number of counters or sticks
that there are in a given group.

(¢) The teacher may now ask simple questions in-
volving number-combinations which have reference to
things not in the room but only thought of. E.g.
Johnny had four nuts and his brother gave him two
more. How many had he then? I have nine marbles
in my bag and one in my pocket. How many have
I altogether? If any example presents difficulty, the
children should set out counters or sticks to represent
the things in question and so ascertain thé' answer.

B. The Symbols 1 and 2.

The teacher asks such a question as: I picked seven
daisies and I dropped five of them. How many had I
left ? and suggests that the answer should be found
by using counters to stand for the daisies. When the
children are ready to give the answer, she suggests that
it would be a very good thing if they could all write the
-answer down, instead of saying it, so that all could give
the answer instead of gnly one. This might be done by
writing the word ‘‘ two,” but people generally write 1t
more quickly and easily than that: they write 2. The
teacher puts the symbol on the board, each child copies
and practises it. The children are now told that when
we want to write one we merely make a stroke, thus: 1.

The children are now pra,ctxsed in the appllcatlon of
these two symbols.

The symbols 3 and 4 should be taught in subsequent
similar lessons on miscellaneous simple number-com-
binations.
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Lessons on Separate Numbers.

It will be found that as the child’s knowledge of
number-combinations increases he will be helped by a
systematic grouping of them. This may conveniently
be done by devoting a certain proportion of the lessons
each to a particular number; though lessons such as
those indicated in Example I should still be continued.

Various ways of conducting these lessons on particular
numbers are suggested in Kxamples II and IV, Ex-
ample IIT being devoted to the method of introducing
the signs + and =. The introduction of the sign
~ 1s included in Example IV.

ExaMpLE II.—TEE NUMBER five.

A. Simple Ezxercises and Problems Involving the
Number five.

Apparatus.—Each child should have five or more
eounters—those coloured white on one side and red on
the other are very convenient for the purpose—five or
more small sticks and five or more cardboard discs to
represent pennies.

(a) Every child will first set out in rows on his desk
five counters (white side uppermost), five sticks, and five
“ pennies " respectively. The children will then be
asked to point out or name any other groups they can
consisting of five objects: their five fingers (or, more
correctly, four fingers and a thumb), the five buttons
on Millie’s dress or Tommy’s coat, the five books on
the teacher’s desk, etc. Groups of five children may
also be formed in front of the class, one of the children
calling them out one by one until there are five.

The symbol 8§ is now taught, if it has not already
been introduced in connexion with the more general
lessons of Example L .

(b) The teacher now reverts to the idea of a group
of five children, and suggests that the class should find
out in how many ways a group of five may be made up
of boys or girls or both together. Individual children
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should form. the different groups by calling out their
companions by name. They will then find that to have
five children we may have five boys, or four boys and
one girl, or three boys and two girls, or two boys and
three girls, or one boy and four girls, or five girls.

Also the result of taking a smaller number from five
may be illustrated by the children themselves, e.g.
there are five boys in front of the class, two of them
go back to their seats, how many are left ?

(¢) Now suppose we are asked a question about some
things which are not here in the room. Suppose we
are told that Willie had five nuts given to him, and
when he cracked them he found two of them bad.
How many good ones had he? We could find out by
pretending that boys, or girls, or our fingers, or sticks,
or counters were the nuts. Tt us pretend that our five
counters are the five nuts, and let us turn {wo of them
over with the red sides uppermost to stand for the bad
nuts. Then the white counters will be the good nuts.
How many are there? (Three.)

If the children can all answer the question quite cor-
rectly without the help of the counters, it will of course
be waste of time to use them. A slightly more diffi-
cult problem may then be substituted: e.g. Willie had
five nuts, cracked them, found three bad and threw these
away; some one gave him two more and then he lost
one. How many had he left ?

If on the other hand the children are at the stage at
which they need it, the teacher will have real nuts at
hand to show them, in order to help out the playing or
pretending that the counters are nuts.

Other simple problems involving the number five
and its parts may be worked in this way, either the
counters or the sticks being made to stand for the
objects in question, dogs, ¢hairs, books, toys, etc.

(d) Then a simple money problem may be taken:
e.g. Johnny had five pennies given him; he spent
one on sweets and two on a ball. How ma,ny had he
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left? In this and in similar problems the children’s
interest will be quickened if they are allowed to drama-
tize the events suggested. One child should be the
shopman and Johnny should actually go and buy the
sweets and the ball, pay for them and show how many
pennies he has left.

(¢) Now let us put the pennies, sticks and counters
away and see what we can do without them. A boy
has five little puppies; let us fancy they are here on
the table and that we can actually see them. (The
teacher will help this ‘‘ visualizing " by going through
the motions of pointing to the imaginary puppies.)
He sells two of the puppies to another boy. Fancy
you can see the other boy coming in and taking the
two puppies away. How many are there left ?

B. Vaggous Ways of Arranging five Things.

- Apparatus.—Counters as before, each child having
enough to form several sets of five.

Every child is to put out sets of five counters on his
desk arranged in as many different ways (or patterns)
as he can, using some white and some red counters
according to his taste or fancy. The teacher will do
well to show the children one or two arrangements fo
begin with. and then leave them to invent others for
themselves. E.g.:—

e O O O o
®
o @ L e ®
o
o ) o
ere o
o e & 0 O
o L O o o
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Individual children may then be asked to come out
and show the rest of the class with the teacher's large
counters what arrangements they have made with,
say, four white counters and one red one, three red
and two white ones, ete.

They may also be asked to show how one arrange-
ment or pattern can most easily be changed into
another: e.g. to indicate the two movements of
counters which would change the first of the following
arrangements into the second,

© o 0
o O

or the three movements by which from the arrange-
ment

o ® 6 e O

© @ O o o

the arrangement

may be produced.

Some of these arrangements may be repeated, sub-
stituting children for the counters, say, boys for red
counters, girls for white ones. The children will then
themselves make the movements by which one arrange-
ment is changed into another. Take, for example, the
last pair of arrangements given above, and suppose
boys to be in the places of the red counters and a girl
in the place of the white one. To produce the second
arrangement from the first, the boy at each end of the
row must step in front of the boy beside him; the girl
must then take one short step forward to bring herself
into ‘“ the middle ” of the four boys.!

! This use of the children as a kind of living counters can, of
course, be repeated in many of the subsequent examples. ’
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Exampre III,—THE SIGNS + AND =.

Each child is to be supplied with red and white
counters, paper and pencil.

The teacher begins by asking a simple question, such
as: Polly had three sweets and her mother gave her
two more. How many had she then? Write down
the answer (§).

How do you know she would have five? (Because
three and two make five.) Now we will learn how to
write that down. We might write out the words
‘“ three and two make five,”’ but there is an easier and
shorter way. We write the numbers in the way we
know already, instead of ‘“and ” we put a little cross,
+,

8+2
and instead of ‘ make’ we put two little lines, =,
. . 8+2=38

The children must now have practice in connecting
combinations of numbers with this form of expression.
In some cases they may make (with or without the
teacher’s guidance) arrangements of counters, and then

record the combination of numbers by means of sym-
bols. E.g.:—

® O o 3+2=20
e @ o 3+1=4%
o

In other cases the teacher may write the combina-
tion of symbols on the blackboard, the children setting
out an arrangement of counters to correspond to it.

Again very simple questions of the kind used at the
beginning of this example may be asked by the teacher
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and the answers written down in full by means of
symbols. E.g. John had three marbles and won one
more. How many had he then? @+1=4%)

ExavrLe IV.—THE NUMBER Seven.

Note.—If the children have not learned, in one of
the lessons continuing those indicated in Example I,
the symbol 7, it should be taught in one of the lessons
on the number seven.

The children are to be supplied with red and white
counters as before.

A. The Different Pairs of Numbers which Added
Together make seven,

Each child sets out seven counters in a row on-the
desk with the white sides uppermost. He is provided
with paper and pencil. .

The children are then told to turn over one of the
counters (at the end of the row). What have you now ?
(Six white counters and one red one.) How many
altogether? (Seven.) How can we write that down ?
(6+1=1T, that is *“ six and one make seven ”.)

Now turn over another counter and write down what
you have then. (8+2=1)

. The children will proceed in this way until they
ave :—

6+1=17
5+2="17
41+3="1
8+4=1
29+8="T
14+6="1T

They should then be led to compare the first line
and the last, the second and the last but one, and so
on, and other illustrations should be given of the facts
revealed (e.g. % boys and 8 girls make as many children
as 3 boys and 4 girls : namely 7). Attention should alsgq



THE GROUNDWORK OF ARITHMETIC 17

be called to the sequence of numbers in the two columns:
6,51%43,21,and1,23,4%35,6.

B. The Results of Taking from seven the Numbers
one to six Inclusive.

The counters will now again be set out in a row
Take one counter away and put it on the other side of
your desk. How many are left? (Six.) One taken
away from seven leaves six. 'We can write that down
shortly in this way :—

7-1=86,
the “ - ” meaning * take away,”! so that we say
‘““seven ; take away one, and we have left six ”.

Unless the childrem themselves raise the question,
no notice need at this stage be taken of the fact that
the words used to express the sign = are different in
the two statements, 6+1=T and T-1=6. Later on
—or at this point if the children themselves comment
on it—it may be pointed out that in each case the =
means ‘‘ what you have in the end is— ”.

The children will now take away successively one
counter after another, writing down the corresponding
statement each time, until they have the following :—

1
N e CO DD e

a3 =3 =3 =3 =3 =3
|

T T |

= b0 fxln o

and, as before, the different statements will be com-
pared.

These exercises should be followed by various applica-
tions (oral) of the different ways of combining numbers

1With reference to the question whether * taking away ™' should
be the first meaning.to be connected with the sign *‘-"' (as here),
or whether that sign should first be introduced in connexiom with
* complementary addition,” see Chapter V, Example XTI (d) and (e)
and footnote (pp. 65 and 56). o
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to make seven, and of the results of taking away dif-
ferent numbers from seven. E.g. A boy had % pennies
and his father gave him 3 more. How many had he
then ? A girl had seven beads and gave away 2. How
many had she left ?

C. Different Arrangements of seven Things.

(@) Each child is again given seven of the red-and-
white counters and is told to make as many patterns
with them as he can, using some red and some white
counters. As each pattern is made he will copy it on
paper and write beside it the combination of the
number of red and the number of white counters used.
Thus, for example i—

o 0 ©
° 1+6="1
o o o ¢
®
0 o)
° ® 8+4=T
o) o
O o
e o o 2+8=1
o) Q
© L) © 2+3+2=1T
o ® o or3+4=17

etc., ete.

(b) Apparatus.—Smallesticks.
Each child is given seven of the sticks and told to
arrange them in as many ways as possible, and, as
before, to write beside the representation of each ar-
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rangement a statement of the numbers combined. For
example .—

/\

- 3+ 5=1
|
/|\
N/

5+2=1
|

X A X 2+38+2=17
/\ I Zl 8+1+8=1

etc., etc.

It is to be understood that in Examples II and IV
the numbers five and seven have been chosen merely
for purposes of illustration. It is not intended to sug-
gest that it is appropriate to treat them in any special
or peculiar way. It is probably wise to treat all the
numbers from five to twelve! inclusive in this or in
similar ways. In doing so0, two important questions
will arise, first, that of the order in which the numbers
ghould be taken ; second, that o} the symbols to be used
for the numbers ten, eleven, and twelve.

! The numbers greater than twelve should be treated with refer-
ence to the decimal numeration and notation (see Chapter IV),
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(1) The Order in which the Numbers shall be Studied.

The regular—i.e. the numerical order—is not the best
for this purpose; the arrangement should be determined
partly by the associations between certain numbers and
the child’s everyday experiences, partly by the relations
between the numbers themselves. Five, from its con-
nexion with the fingers of the hand, has a special inter-
est; for a similar reason ten may be taken early in the
series, being approached in the first instance as the re-
sult of putting together two fives, and so consisting of
two threes and two twos, etc. Beven, being the num-
ber of the days of the week, has an interest of its own
and claims an early place. Twelve is specially interest-
ing from the fact that twelve pennies “ make "’ one shil-
ling; some of its properties may be worked out with
the aid of sixpenny and threepenny pieces. This num-~
ber also lends itself to a large number of symmetrical
arrangements; it has an interesting connexion with the
months of the year and the number of figures on a
clock-face, and it has, moreover, in certain fairy-tales a
mystic importance second only to that of the numbers
three and seven. For all these reasons twelve may be
taken early in the series of numbers. Six very conveni-
ently follows it, the remainder of the numbers between
five and twelve being taken in such order as the teacher
judges to be easiest and most interesting. There should
be no need, if the previous incidental work has been
well done, to treat separately the numbers less than
five, and the amount of time to be devoted to any one
of the other numbers must, of course, be determined
with due referenice to the knowledge of number which
the children already possess. Nothing but confusion
and consequent unsoundness of work later on can re-
sult from hurrying the cliild through this work at a rate
beyond his powers; on the other hand, a most wearying
and deadening effect is produced by a mistaken ideal
of “thoroughness” which displays itself in laboured,
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lessons on simple number-facts already well known to
the children and in impossible attempts at ““ complete
mastery "’ of one number before proceeding to another.

(2) The Symbols for the Numbers ten, eleven, twelve.

This difficulty may be met either—

(a) By postponing the introduction of any symbols
for these numbers until after the children have learnt
to count in tenms and to express the results of their
counting in the decimal notation; or

(b) By teaching the children that 10 stands for ten,
11 for eleven, and 12 for twelve (just as 9 does for nine)
without at first analysing the symbols or explaining
their connexion with counting in tens.

The first alternative (a) has obvious drawbacks. It
will seem to the children arbitrary and vexatious to

,be obliged, at a time when they are dealing with the
numbers up t§ twelve, to stop short at the number nine,
as far as expression of them in symbols is concerned.
Some way of expressing the numbers ten, eleven, and
twelye, is highly desirable, even if it is not absolutely
imperative.

For this reason the second alternative—that of
teaching the symbols 10, 11, 12, without at first explain-
ing the method of their formation—is the course re-
commended here. If, as is suggested below (Chapter V,
p- 45), counting in tens is begun fairly early, and is
followed in due course by the use of the decimal nota-
tion, the explanation of the way in which the three
symbols in question have been formed, will not be very
long postponed. When it is reached, it will gain
added interest from the fact that the symbols them-
selves are already quite familiar.

A further type of early number-lesson will be found
useful, namely, that dealing with a given group of

! Moreover, some of the children will probably know from other
« Bources how people usually write these three numbers.
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numbers. Suggestions for such lessons are given in
the following Example.

ExauMpLE V.—THE GroUP oF NUMBERS one TO flve
INCLUSIVE.

Apparatus.— Counters as before.

Each child sets out on his desk counters to repre-
sent the numbers from one to five. They should be
arranged in rows and, for convenience in distinguishing
them, the alternate numbers may be represented by
red counters. Thus:—

o

o o

O 0 0

o o 0 0 C &

O 0 O 0O

The teacher will then question as to the differences
between the numbers. How much larger is 5 than 2 ?
% than 1? etc. Which is the largest number? Which
the smallest? Which the middle one? How much
smaller is the smallest than the largest? How much
smaller is the middle one than the largest? ete.

Various re-arrangements are now suggested.

(@) Let us take the middle number away for a few
minutes. Put the smallest and the largest together.
How many will that make ? (8ix.) And the other two ?
(Six.) Let us write these down :—

®e o000 2+4=6
O 00000 1+5=6

Now put the rows back as before, and this time take
the smallest one away. Again put the smallest and the
largest (now 2 and 5) together, and the others (8 and 4)
together. We have;—
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e 8 0 OO 0 O 2+8=7
00 O © @ © @ 3+4="1

As before, they come to the same number, but this
time it is 7, not 6.

Again put the rows back; this time take away the
largest (8) and do the same as before. Now we
have :—

O e o o o 1+4=5§
® ® O ©0 © 2+3=5

Again they make the same number, this time 8.
(b) Put the rows back as at the beginning, and now
let us arrange each row as far as we can in twos:—

O
® ¢
..
0 0 o]
© 9 9o @
O O o 0 O

1 is less than 2. How many less? We cannot, then,
arrange it in twos. 31is 1 two and one over. %is 2
twos. 5 1s 2 twos and one over.

Similarly the rows may be arranged as far as pos-
sible in threes,

ExamMprLE VI.—THE REcoG@NITION OF NUMBERS BY
ANATYSIS INSTEAD oF COUNTING.

It is assumed that in the early incidental number-
work the children have been given opportunities to
practise recognizing at a glance (that is, without stop-
ping to count) the number in a group of not more than
four objects (see p. 7). They are now to be taught to
break up mentally groups of thore than four objects into
groups of 1, 2, 8, or 4 objects, and so to recognize the
number in the group without counting the objects one
by one.



24 THE GROUNDWORK OF ARITHMETIC

Apparatus.—The children will have red and white
counters as before. The teacher should provide herself
with a number of representations of different arrange-
ments of counters—large enough for the whole class to
see. This is conveniently done by pasting on sheets of
stiff paper or thin cardboard circular dises of coloured
paper (in two colours) in the required arrangements—
each arrangement on a separate sheet. Or if preferred,
the counters may be represented with coloured chalk or
crayons instead of coloured paper. The first groupings
of counters shown to the children should beof 2, 8, or4
counters, in order to test whether each child can actually
recognize these numbers of objects at sight.

After telling the children that she is going to show
them for a very short time a picture of some counters,
and that she wishes every child to write down on his
paper how many there are, the teacher then holds up
in succession some of, say, the following groupings.
Each of them must be exposed just long enough for
the children to see it and not long enough for them to
count the number of objects represented. The proper
length of exposure for the purpose can be found without
much difficulty after one or two trials :—

O o © 0O O O
o O o
o a )
(0] 0O OO0 (o)
o o) 0
o]
O o (o)

Now we will try some larger numbers. (The next
representation should be in two colours). How many
are there here ?
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C o ]

How did you know there were five, when you had
not time to count them? There were three and two,
three blue and two red.

Try to arrange five of your own counters in the same
way, putting white ones instead of the blue ones.

The copying or reproduction by the children of group-
ings presented to them by the teacher will be found to
be a very important aid to this exercise besides giving
the children valuable practice in space-perception.

A number of similar exercises will follow, the children
sometimes reproducing with their own counters the
grouping shown, sometimes merely writing down the
total number of counters, sometimes writing down the
result in full in such a way as to show the analysis
which has béen performed; e.g.—

O
o L ]
°

fe) ®
0

in which case the children write ¥+8=17.

Some examples of groupings suitable for this purpose
are given below. Others have already been given in
other connexions (see ExamplesII, B,and IV, C, above).

® e Y T o ©
.

000® e ¢ * o

0o (o) 00

° e ® 5 o *

00 o0- ©Oo

o) O ° [ )
ee o .
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0O O 0000 .0 e ® o
o o e o ®
. o o *
PY O 0
® 0.0 (@]
o}
0 0O O O 0O ® @ o
(o) o)
e o 0 o O O
(o}
o‘o. ¢
..

In the earlier exercises the analysis is aided by both
colour and spacing, in others by colour alone, in others
again by spacing alone, and finally both of these aids
are discontinued.

The children should be given practice in applying
this method of analysis to groups of objects of various
sorts, sometimes the actual objects being presented to
them, sometimes pictures.

Although every lesson will furnish opportunities of
fresh applications of the facts of number, it will often
be desirable to make special provision for them in
lessons devoted entirely to this purpose. It will be
seen that these lessons are in effect a direct continu-
ation of the early incidental learning of number, the.
child’s interest in number facts being in them sub-
ordinate to his interest im the particular incidents of
life and experience to which they are applied.

HExample VII gives illustrations of some exercises of
this kind.
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Examrre VIIL—SoME APPLICATIONS OF NUMBER-
: Facrs.

The Arrangement of a Dinner-Table.

Each child will be provided with a piece of paper
(or some building bricks) to represent the dinner-table,
a number of sticks (preferably of two different lengths),
and a number of counters of two different colours (or
two different sizes). The children will then prepare
the table for, say, a father, mother and four children.
The various points for consideration will be :—

(@) The different ways in which they may sit at
table: father and mother one at each end, and two
children on each side, three on each side, etfc.

(6) The total number of knives and forks needed for
the party.

(¢) The tqtal number of plates if each person is to
have meat, pudding and cheese, or if, on the other
hand, only the ‘‘grown-ups” are to have cheese. If
each has his three plates in a pile in front of him, then
six threes will be needed ; if the plates are given round
before or during each course, then three sixes will be
needed. In either case the total number eighteen need
not necessarily be named.

Other examples that may be treated in a similar way
are :i—

The setting out of the proper number of castors for
the furniture of a room, there being one or more of the
same or of different kinds (e.g. chairs, three-legged
stools, six-legged tables, ete.).

The different arrangements of single and double
desks (which may be represented by sticks) in a class-
room, and the placing of chilren (boys or girls, or both
—represented by counters of different colours) in them,
one or two in a desk, certain desks being sometimes
empty.
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Various cases of distribution of fruits, sweets, marbles,
etc., among given numbers of children, etc.

Money.—Very simple questions involving money
should also be set. These should be worked by means
of discs representing the coins, the different denomina-
tions being gradually introduced in the order: penny,
halfpenny, farthing ; sixpenny piece and shilling.

The following are illustrations of the kinds of exer-
cises that are suitable : —

Johnny's father gave him threepence, his mother
gave him twopence and his aunt gave him a penny.
How much had he then?

Bessie had ninepence and she bought a doll which
cost fourpence. How much had she left ?

A boy had sevenpence in his pocket. He bought
five little balls costing a halfpenny each. « How much
had he left ?

How many farthing cakes can I buy for twopence
halfpenny ?

I have two sixpenny pieces. If I buy five farthing
cakes, two twopenny dolls and a threepenny top, how
much money shall T have left ?

A boy has in his money-box a sixpenny piece, two
pennies, five halfpennies and three farthings. How
much more must be put into the box to make a shilling ?

CHAPTER III

Comparison of wholes of different Jengths and weights. Introduc-
tion of Tillich’s bricks.

Up to the present the only aspect of number that has
been considered is that in which it appears in measure-
ment and comparison of groups of separate objects.
The child’s attention must, however, also be engaged
with the use of number in measurement and comparison
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of wholes of different magnitudes. The most important
example of this use of number is furnished by the com-
parison and measurement of lengths, but weights may
also be included, even at a comparatively early stage.
This work should be begun while that described in
Chapter II is proceeding (see Chapter I and General
Scheme of Work).

As in Chapter I, examples of important and typical
parts of the teaching will be given.

ExampLE VIII.—CoMPARISON OF LLENGTHS AND
WEIGHTS—MEASURING AND WEIGHING.

A. Comparison Without the Use of Number.

(a) Direct comparison.

Lengths.—The teacher holds up, say, two pieces of
paper of different lengths, one in each hand, and asks
which is th& longer. It may be possible in this case
for the children to answer the question without placing
the pieces of paper side by side ; if not, they must be put
together so that the difference between them is seen.

Other examples will follow, the correctness of the
answer in each case being tested by placing the lengths
in question side by side, e.g.—

Which is taller, John or Willie ?

‘Which is higher, this book placed on its end or the
teacher’s platform ?

‘Which is wider, this picture or the blackboard ?

‘Which is longer, this pointer or the blackboard
easel ? etc,

Weights.—Exercises should then be given in com-
paring the weights of different objects-—books, pencil-
boxes, ete.

The weights of two objects should first be compared
by holding them successively in the hand, or by hold-
ing one in each hand, or by both methods. When in
any given case certain of the children express different
opinions a8 to which of two given objects is the heavier,
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recourse must be had to a pair of scales to test the
correctness of the estimates made. An ordinary pair of
kitchen or grocer’s scales is the most suitable at this
stage. It is only when small weights, such as } oz,
1 oz., are to be used that a more sensitive balance is
needed.! )

The children should now be given practice in forming
such judgments as: This book is not so wide nor so
long as that one, but it is thicker and heavier. This
book is longer and wider than either of these other
two, and is heavier than both of them put together,
ete.

(d) Comparison of two quantities by means of a third.

Lengths.—The teacher now asks the children to
compare the lengths of two objects that cannot be
placed side by side, e.g. Which is wider, thg window or
the cupboard ?

The children themselves will probably be ready to
suggest that something else—a piece of string or the
pointer or a piece of paper—should be used to find out
the answer to the question. The string is held across
the window, the length of the window marked off on
it and then it is carried across to the cupboard and the
comparison made.

As many exercises as possible of this kind should be

1 Tt is assumed that here and in the nexf stages all the work
will be done with such a balance as that suggested. Even in
cases where it proves possible to supply each child or pair of
children with a simple ‘‘ home-made ™ balance, such balances are
usually too sensitive and certain parts of them are too easily dis-
placed for small fingers to be able to handle them with effect.
Moreover, they are as a rule quite unsuitable for weighing any but
small objects or quantities of material, and would be useless for
weighing out a pound, or even half a pound of tea, sugar, sand, etec.
It is undoubtedly & drawback that if only one balance is used, as is
here suggested, only one, or at most two children can take part in
any given act of weighing; but this drawback is to some extent
counterbalanced by the fact that small people find weighing an
exceedingly interesting operation to watch. -
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done by the children themselves. In most classrooms
one or two examples can be found which every child
can answer for himself by means of measurement, e.g.
‘Which of the two edges of your desk is longer ?

B. The Use of Number in Comparing Lengths
. and Weights.

(@) Comparison of pairs of lengths and of weights, one
of which is twice, three times, etc., as long as the
other.

Lengths.—The teacher holds up two books—say, a
blue one and a red one. Which of them is longer?
(The blue one.) How can we find out how much longer
it is than the red one? (By placing the two together
as before.) One child does so and marks off with his
finger on the edge of the blue book the length of the
red one. It is now seen how much longer the blue one
%s than the red one. It looks, too, as if the red ome
reaches just to the middle of the blue ope. In order
to test this it is moved along and it is then found that
the blue book is just twice as long as the red one.

Other examples should be worked out in a similar.
way.

Weights.—With the help of a pair of ordinary scales
and a few cardboard boxes of various sizes, some exer-
cises in comparing objects of different weights may be
given to the class. The boxes may be such as are
used to hold stationery, paper-clips, pens, crayons, etc.,
and may be adjusted to convenient weights either by
means of varying the amount of their usual contents or
by filling them, or partly filling them with sand.

The teacher first holds up before the class two boxes
(preferably of different sizes) which she knows to be of
the same weight, and invites one of the children to come
and hold them and say which ig heavier. Their weights
are eventually judged to be equal and the fact 1s con-
firmed by means of the scales.

One of these boxes is now compared with a third,
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which is judged to be heavier. To confirm this opinion
‘the two are placed one on each scale-pan. It is then
suggested that we should try to find out how much is
needed to make the scales balance. After a few trials-
it is found that the first two boxes together just balance
the third, or heaviest box. We may say then that the
heaviest box is twice as heavy as each of the others;
or that each of the lighter boxes is half as heavy as the
heaviest one.

Similarly boxzes may be tested which are three or
four times as heavy as some other box.

Note.—It is desirable to arrange that the sizes and
weights do not as a rule correspond: that boxes of
equal size should often be of different weights, and vice
versa.

(b) Comparison of lengths® by means of agunit length— o
Tellich’'s bricks.

The idea of comparison by means of a unit is best
presented to the child through a series of lengths, such
that each of the succeeding lengths is a multiple of the
first. A series of wooden rectangular bricks, such as
those usually described as Tillich’s bricks, is most con-
venient for the purpose. These bricks are all of the
same breadth and thickness, and vary in length in
the way already described.? They are usually marked
(as shown in the drawing) in such a way as to indicate
how many times each brick is as long as the smallest
one. If this is done, the marking should be confined
“to one face of each brick; when the children first use
them this face should be turned down upon the desk,

! The comparison of weights by means of a unit weight is post-
poned until the notion of megsuring lengths by means of a un_b
has become to some extent familiar (see Chapter VIII).

*If there is any difficulty in obtaining wooden bricks, strips of
cardboard of the same relative lengths form a convenient substi-
tute.
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The bricks are generally made in sets of ten, but there
would be advantages in increasing the number to
twelve.

Each child, then, has a small set of these bricks, and
after being allowed to handle and play with them freely,
in order to become familiar with them, he is asked to
arrange them in certain definite ways in relation to
their size. He may, for instance, build a flight of stairs
with them, and so arrange them in order of length; he
may pick out the largest brick and arrange from the
others as many pairs as he can such that the two to-
gether malke a brick as long as the largest one ; he may
put the largest and the smallest together, the next to
the largest and the next to the smallest together, and
so on, making a number of pairs all of equal length,
ete.

After the exercises he has already had in comparing,
lengths, he will now have no difficulty in picking out,
as the teacher suggests them, different pairs of bricks,
such that, in each case, one brick is twice as long as
the other; or pairs such that one of each pair is three
times as long as the other; and so on.

The children may now note that, if we pick out the
smallest brick and lay it in succession against the
others, we find that each of them is some number of
times as big as the little one. They may be called,
then, from this fact the one-brick, the two-brick, the
three-brick, and so on. '

_Ezxercises should now be given in making combina-
_tions of the different bricks, by placing them end to
end, corresponding to the combinations of numbers the
children have already been learning in connexion with
groups of separate objects. The one-brick and the
three-brick, - if joined together would make a four-
brick ; the five-brick and the two-brick would make g
sc_even-brick; if we could cut off a three-brick from the
eight-brick we should have a five-brick left, and so
on.

-
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C. The Application of the Preceding Ideas to the
Measurement of Objects vn the Classroom.

The children will first be reminded that when they
wanted to know which was wider, the window or the
cupboard, they stretched a piece of string across the
window, marked on it how wide the window was and
then carried the string across to the cupboard to see
whether it was wider or narrower than the length
marked on the string.

Now suppose they wanted to know whether their
desks were wider or not so wide as the door, or the same
width as the door. No string being immediately at
hand, what could be used instead? The thing used
need not be so long as the string they had the other
day, something shorter would do. It is suggested that
they might use a small strip of paper, or a pencil-box,
or a pencil, o better still, the little sticks they often use
to count with, for they have plenty of them. It is, of
course, assumed that the sticks are all of the same
length.

Each child will then lay a row of sticks across his
desk. The rows must be straight, but no explanation
of this should be attempted at this stage. One of the
children will come out and lay a row of sticks across
the doorway. They can now, by counting their sticks,
find out what they wanted to know. The desks are,
say, eight sticks wide, and the door is, say, fourteen
sticks wide. If, although this is unlikely, the children
are quite ignorant of the numbers beyond twelve, eight
of the sticks in the doorway can first be noted as cor-*
responding to the width of a desk, and ther the remain-
ing sticks—six—counted. They find then that the
door 1s six sticks wider than the desk.

Other objects in the roony may be measured and
compared in the same way. Vertical lengths will pre-
sent rather more difficulty than horizontal ones, since
it will not be possible to lay axow of sticks along them.

3*
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Either one or two sticks must be used and laid in sue-
cession along the length to be measured. This method
may afterwards be applied to lengths in a horizontal or
any other position, so that the children learn to measure
any length by means of one stick only.

Further interesting exercises of the same sort may
be introduced by supposing on certain occasions that
neither sticks, string, nor any such means of measuring
isavailable. Forinstance, boys may be playing marbles
out of doors and may want to know whether this
marble or that one is further from the ring. What
couldtheydo? They might measure with their feet by
stepping along the line to be measured, placing one foot
immediately in front of the other and just touching it.
This may actually be done in the classroom by placing
marbles on the floor, and, to guard against error from
their rolling, marking their positions with chalk. The
attention of the children must be called to the fact that
it is necessary that either the same child makes both
measurements, or, if two children make them, their feet
must be of the same length. In cases where a piece is
“ left over ” too small to be measured by-the foot, the
top joint of the thumb or the width of a finger may be
used. Thus one length may be found to be five of
Tommy's feet and two of his thumb-joints long, while
another is five of his feet and three of his thumb-
‘joints.!

Or the stretched hand—the *span,” the distance
from the tip of the thumb to the tip of the little finger—
may be used as a means of measurement, or, in certain
" cases, the outstretched arms. With a view to future
understanding of the standard units it is important to
call attention to the possible source of error already men-
tioned above, namely, the variation of these lengths in
the case of different indivduals.

! Only very easy examples involving two units of me
should be taken af this stage. b asurement

-
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CHAPTER IV,

The use and function of material aids to thinking ; growth of
power to dispense with them.

1. Tae “ArPPARATUS"” TO BE USED IN NUMBER-
LEssoNs. NEED OF VARIETY IN THE KARLY
STAGES.

THE constant use in the foregoing teaching Examples
of one or two forms of material aids to the children's
thought (e.g. counters or sticks) raises the important
question of the nature of the material that should be
used for this purpose, and the degree of variety that
should be aimed at.
It is highly desirable to associate children’s number-
,ideas from the beginning with as wide and varied a
range of experiences as possible, /Not only does this
variety form a valuable stimulus to the child’s interest ;
without it, there is some danger that he may be lacking
in real grasp of the number-relations presented to him
and may fail to develop fully his power of applying them
effectively to the varied problems of life. The necessary
variety of experiences must be sought, not solely—nor
even chiefly—in the number-lessons, but in all those
parts of his ““ work ” and of his play 1n which numbering
helps him to carry out the purpose he has at the
moment in view. In school such occasions will arise in
a very large proportion of the occupations in which the
child is engaged, not only in the early.stages before
formal number-lessons are begun, but throughout the -
whole school course. In the Kindergarten and Infants’
School the various employments, such as building, bead-
threading, drawing, the songs and games,! will all
furnish opportunities for the yse of number. Later on
handwork, drawing, geography, science will all, in

1 Cf. Miss Wark’s articla, .See footnote, p. 8.
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greater or less degree, continue these opportunities in
modified and more complex forms.

Meantime in the early number-lessons themselves as
great a variety of material as possible should be intro-
duced, not merely that the children may have many
different sorts of things to count, but in order that
they may be reminded as vividly as possible of some of
the many ways in which number serves the ordinary
purposes of life. Wijth this object in view the teachex
will press into her service the desks, chairs, books,
pencils in the classroom, the children themselves, nuts,
fruit, beans, beads, blocks of wood, counters, sticks, and
anything else that can be procured and can be easily
handled, and will use them as a means of enabling
the children to make continually fresh applications of
number to the everyday events of life.

2 IMPORTANCE OF DIRECT SENSE-EAPERIENCE.

'It i1s important that the child’s early number-ideas
(ahd to a certain limited extent some of his later ones
also) should be based upon a foundation of direct sense-
experience. He should see, touch, and handle as many
as possible of the objects whose number-relations he is
considering.! He is at first unable to consider the num-
ber-relations of objects which are not actually present,
and any attempt to induce him to do so can only result
mn eliciting from him a mere meaningless repetition
of words. He may, for example, learn to enunciate in
parrot fa,shion such a statement as ‘three and four
make seven,” but he will show, by his inability to apply
- the fact to fresh groups of objects, that he has no effec-

tive grasp of its meaning. -
3. VISUALIZATION,

On the other hand, ¢he child's progress may be
seriously hampered if his number-work is confined for
too long a time to the objects which he actually sees
and bandles. He must be encouraged as time goes on
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to substitute for the objects themselves more or less de-
finite mental images of them. These images, owing to
their comparative dimness and vagueness, will always
help him less than the presence of the actual objects,
but they give him, nevertheless, assistance of the same
kind. Thus, when a child has learned to associate the
adding of two numbers with the actual putting together
of two groups of objects either by himself or by his
teacher, his power of visualizing even dimly the events
suggested in the problem, ‘‘ John had eight marbles;
he bought four more. How many had he then ? " will
almost certainly aid him in recognizing that this too is
a case for addition. _

The child, then, learns by degrees to apply his num-
ber—knowledge to objects not actually present, and it
becomes possible in consequence to increase greatly the
number and variety of the applications of number-facts
which he is ®alled upon to make.

The teacher’s aim, then, must be twofold :—

(1) She must prov1de as great a variety as possible of
things for the child to handle and use in various ways
which involve numbering. It is by means of these ex-
periences that number-relations will be learned.

(2) She must encourage, as the child’s growing power
makes 1t possible, the appllcatlon of these number-rela-
tions to events and experiences involving objects which
are either no longer present in the schoolroom or have
never been there.

4, TEE PrLAaY-MoOTIVE. SUBSTITUTION OF ONE
P OBJECT TOR ANOTHER.

v The fulfilment of the second of these aims will be
greatly facilitated by making use of the children’s play-
tendency—of their delight in pretending that the ob-
jects around them are things quite other than they
seem.! Under the transforming influence of a child’s

1 CE. R. L. Stevenson’s Lssay, ““ Child's Play .
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fancy the familiar counters and sticks may become in
succession things so different from the original material
and from one another, as horses, nuts, children, trees, or
houses. Inthis way they may be used as an aid in the
solution of little problems dealing with any sort of ob-
ject that the teacher suggesti} In order to help the
less imaginative children in < pretending” that the
sticks or counters are something other than they are,
the teacher should sometimes have the actual objects
(e.g. apples, cakes, marbles) on her own table or desk,
or, in the larger number of cases when this is not pos-
s1ble should make frequent use of pictures. In this
way the ever-present and easily available counters or
sticks may become a valuable aid to a wide extension
of the applications of the child's number-ideas (cf.
Chapter II, Examples I, II, VII).

It may be noted in passing that the practice of sub-
stituting sticks, counters, etc., for oth&r objects is
specially useful when the child is learning to perform
arithmetical operations in connexion with the decimal
notation (see Chapters V and VI). For example in
adding together 23, 15, and 9 he may conveniently
represent the ‘“tens’ by bundles of sticks and the
“units "’ or ‘““ones’ by separate sticks, whether the
three numbers in question refer to cows, desks,
children, or apples.

5. YVARIOUS STAGES IN THE GROWTH OF INDEPEN-
DENCE OF THESE AIDS To THINKING.

“ ‘While recognizing the value of such aids to thinking
as those described above, it 1s important also to recog-
nize the fact that, from one point of view, the progress
of the child consists in the growth of his power to dis-
pense with such assistance. It is the teacher's business
to provide the material for such help in thinking as
long as it proves necessary, watching carefully at the
same time for signs of ability to do without it and
encouraging such independence in every possible Wa,g:/
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The various steps in the growth of independence of
these supports to thinking may be roughly indicated as
follows. The child may depend for assistance, accord-
ing to the stage of progress reached—

(1) on the presence of the actual objects in question ;

(2) on some other objects (e.g. sticks or counters)
which stand for the things in question;

(3) on a drawing or similar representation either of
the objects themselves or of others which stand for
them ;

(4) on mental images of the objects or of others
which stand for them.

It will be found that children differ considerably as
regards the speed with which they pass from one of the
above stages to another, as also in their power to omit
one or more of them. Fortunately there is no need
Jfor the various individuals in one class to be at the
same stage ir® this respect. While all may be finding
the answer to the same question, each of the different
means indicated may be in use by some members of
the class. For example, supposing the question to be,
¢“ John had eleven nuts, he lost seven, and then
‘Willie gave him three more. How many had he then ?”
the majority of the children may be, say, at the
stage when it is necessary for them to make rough
drawings representing the nuts, beginning with eleven,
crossing off seven and then adding three more. Some
children may need to handle, say, counters, which
stand for nuts, before they can ‘““work” the sum,
and a few specially backward ones may even (though
this would be exceptional) be unable to obtain the
answer without the aid of actual nuts. On the other
hand, a few members of the class may be able to
answer the question with the help of visualization
alone without the aid either of the actual objects or of
any representation of them. Each child should be en-
couraged to pass on from one of the above stages to
another as soon as he is able to do so, only having
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recourse to the earlier forms of support to his thinking
when the aid given by the later ones proves insufficient
for him.!

With reference to the last stage (that of visualiza-
tion), it is interesting to note that, as the child pro-
gresses and deals with larger numbers, the visualization
becomes, from the point of view of number, less and
less definite. For example, a child at an early stage
may have a fairly clear mental image of three nuts, of
one being removed, and of the remaining two. But if,
later on, he i1s told that a boy had 1& rabbits and sold
6 of them, and he is asked how many rabbits the boy
then had, it i1s unlikely that he will succeed in visualiz-
ing anything more definite than a vague group of
rabbits, and the removal of an equally vague and inde-
terminate group from it. As we have already seen,
these images will only make it easier for him to recog-
nize the problem as one concerned ith ‘¢ taking
away'’; he will then need to draw upon his previous
knowledge of number-relations in order to give the
answer 8,

6. THE FINAL STAGE.

A well-taught child will eventually reach, in relation
to each number-fact that he learns, a state of almost
complete independence of all the four aids to thinking
mentioned above. For instance, if at a comparatively
early stage he is asked what three nuts and two nuts
make, or if at a later stage he is asked what nine and
eight make, he gives the correct answer in each case
at once, “ without stopping to think”. He is in fact

1Tt may be objected that, if this freedom is given, the time
taken by different children to solve the same problem will be
widely ditlerent. This is a difficulty common to all stages of
mathematics teaching from the earliest number-lessons onwards,
It can only be partially obviated by classification, even in the best
organized schools, and is to be met here as elsewhere, not by
forcing the quicker children to adopt the pace of the slower ones,
but by giving them a larger number of exercises to do.
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perfectly familiar with the relation in question in ea.ch
case, and with its expression in words or symbols. .,._JL
is pOQSIble that, even when this stage has been reached,
gome faint form of visualization is usually present.
Whether this be so or not is a question of interest to
the psychologist, but the answer to it can hardly affect
the practice of the teacher. ‘He must in any case see
that his pupils have full opportunity of becoming—first
with much and afterwards with little support to their
thinking—so familiar with all the simpler number-
relations as to be able to apply them in any given
instance with certainty and ease. .

7. WRITTEN SYMBOLS 48 AIDs To THOUGHT.

It is important that the teacher should bear in mind
the fact that it is only at a comparatively late stage
»that written symbols act as aids to thought. While
the simpler number-relations — those on which the
later and more complex ones are to be based—are being
learned such symbols give little or no help. Thus, if
a child does not know what five and three make, neither
of the arrangements of symbols

5+8=

or 5
3

will help him, He must either count his fingers (or
some other objects), or he must draw strokes and
count them, or he must use some fact that he does
know (e.g. that five and twe are seven) to enable him
to obtain the answer eight.

But when, later on, he needs to ascertain the
result of, say, adding together 347 and 258—that is,
when he has to handle a complex combination by means
of breaking it up into simpler ones—then written
symbols will give him valuable aid. He will first write
down—
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317
+ 258

and will then record each part of the ‘““answer’ as he
finds it: The function of the symbols here is evidently
to enable him to attend in succession to each part of
his “ sum ”’ without needing to burden his memory with,
and so divert his attention to, the other parts.

Symbols, then, while forming later on an indispens-
able aid to progress, are to be regarded in the early
stages as mere records of results reached.



SECTION II.

THIS section deals with the extension of the work to
the numbers up to one hundred, Counting in groups
is taughtleading up to decimal numeration and notation,
and the children are practised in number-combinations
of allsorts, including their application to simple problems
(Chapters V, VI, VII). The Number Chart is intro-
duced as an aid to a ready and accurate manipulation
of numbers up to one hundred (Chapter VII). No
formal ¢ saums " are introduced at this stage ; the children
swill merely uge such statements as

33+T7+9=259
39 -17=32
21 x2=42

to record their work.

The use of number to measure continuous quantity,
which was introduced in Chapter 1I, is continued in
this section in Chapter VIII; the simpler units of
length and weight are introduced, and the children are
given practice in using them.

CHAPTER V.

The numbers up to one hundred ; preliminary investigation by *‘ one-
one correlation ”’ ; counting by analysis into equal groups.
Decimal counting and notation ; decimal addition and subtraction
(no carrying in subtraciion) by means of sticks, counters, eto.

Simple problems ; money.

SoME teachers may prefer to let their little pupils be-

gin their acquaintance with numbers larger than twelve

at an earlier stage than the present one, and there is
45
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no reason why some of the exercises of the present
chapter (e.g. those described in Example IX) should
not be taken while the work of the previous section is
still in progress. On the whole, however, it will be
found wisest to employ the time a,t the earlier stage in
a great variety of exercises in the numbers up to twelve,
leaving the larger numbers almost entirely until the
present stage is reached.

The method of treatment of all the larger numbers
should be determined by the fact that for all ordinary
purposes they are regarded as being composed of certain
smaller numbers, all arithmetical operations being per-
formed upon them by breaking them up into these
smaller numbers. Thus, unless they are being applied to
money, the addition of, say, the two numbers fifty-seven
and thirty-nine is performed by combining respectively
the tens and units of which the numbers consist. If.
the reference is to pence the numbers will, of course,
consist of twelves and units instead of tens and units.

For this reason what may be called the ‘' intensive ”’
study of individual numbers, such as is described in
Chapter II, should be discontinued when the numbers
beyond twelve ! are being treated. All manipulations
of these larger numbers should from the first be looked
upon by the child as opportunities of applying his
detailed knowledge of the numbers less than twelve,
and ample practice in applying this knowledge to them
should take the place of study and analysis of separate
numbers (see Chapter VI).

The child’s first dealings, then, with the numbers
from twelve to one hundred should consist of :—

1. Comparison of two or more numbers, so chosen
that their difference comes within the range of the
numbers already known to the child (see Example IX,

p. 47). .

! For the reason for choosing twelve as the limit here, see foot-
note, p. 8 (Chapter 1I).
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2. Description and handling of numbers regarded
as combinations of smaller numbers (see Example X,
p. 48).

3. Special practice in describing and manipulating
numbers regarded as groups of tens, or tens and ones,
as the case may be (see Examples X, XI, XIT, XIII,
pp. 48 to 58).

In the case of children who are quite ignorant not
only of the numbers but even of the number-words
beyond twelve, there is much to be said in favour of
teaching the names of the numbers from twenty to one
hundred before those of the numbers between twelve
and twenty,! But since most children will be already
partially familiar with the names of the numbers fol-
lowing twelve, the more usual plan of treating the
‘“teens” next after the numbers from one to twelve
is adopted here.

ExaMpPLE IX.—* ONE-ONE CORRELATION."”

[ One-one correlation”’ is the comparison of two
numbers by telling off in succession one unit of one
pumber against one of the other.]

This idea should be introduced by proposing to the
class the problem of discovering which of two groups is
larger, and also how many more things there are in one
than in the other. Tor example, how can we find out
whether there are more girls or more boys in the class ?
‘We might count the girls and count the boys and then
we should be able to say which number was larger.
But there is another way of finding this out and 1t is
often easier than counting, especially if the numbers
are large. We might arrange the children in pairs, a
boy and a girl together in each case.

This should actually be done in the case of the

! The chief advantages of this orddr of procedure would be that
the number-names whose formation is exceptional (namely, those
from thirteen to nineteen) would be taken after those which follow
the general rule,
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children in the class.. Let us suppose that there are
then fifteen pairs and that three girls are left over. It
is now clear that there are three more girls than boys
in the class.

The same test may be applied to dolls’ cups and
saucers, to toy soldiers and horses, to books and pencils,
chairs (say, in the school hall) and children, and to any
other available groups of objects.

The children may also be given handfuls of sticks
and counters and may apply the same test to them ; and
by ¢ pretending ”’ that, say, the sticks are candles and
the counters candlesticks, or that the sticks are horses
and the counters carriages, the same idea may be applied
to an almost unlimited range of objects.

In certain of the examples given the smaller number
should be one of those already known (e.g. nine, ten,
eleven, twelve). In these instances the Jarger number:
may finally be described as five more than nine, eight
more than eleven, six more than twelve, etc. '

ExAMPLE X.—SPEOIFICATION OF NUMBER BY BREAK-
ING UP A GROUP INTO SMALLER EQUAL GROUPS.

I. Counting in twos, threes, fours, etc.

The children are first given two groups (say a group
of 25 sticks and another of 382 counters) to compare b
means of one-one correlation. They find that there
are T more counters than sticks.

Tt is then suggested to them that we might want to
tell some one how many counters and how many sticks
we have.

How could we do this? We might count the num-
ber in each heap if we could count so far. Or, if we
could not count so many as that, we could tell how
many fives or how many fours (or any other conven-
lent number) there are in each heap.

The children will then arrange their sticks and their
counters in, say, fives, They find that there are five
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fives in the heap of sticks, and six fives and two
counters over in the heap of counters. They note
again that there are in the heap of counters one group
of five and two—that is, seven—more than in the heap
of sticks.

The same sticks and counters may now be grouped
in fours, in sixes, in threes, in tens, etc., as alternative
ways of comparing and describing the numbers in the
two heaps,

The children, having replaced the counters and sticks
into their original piles, may now add, say, eight sticks
to the pile of sticks and put back into the box two of
the counters. The exercises may then be repeated
with the new numbers of sticks and counters (33 and
30).

)Ample practice should be given in the use of this
Juethod of compa.uncr and describing numbers, the
number ten bemg, of course, included with others as a
basis for grouping.

II. Counting in tens. The Decimal Numeration.
A. The numbers between twelve and twenty.

The children should first be reminded of the method
of describing a number, which is too large for them to
count, by breaking up the group of objects in question
into smaller groups. For example, they may be given
a number of counters which can be described either as

eleven threes and two, or
five sevens, or

seven fives, or

eight fours and three, or
three tens and five, etc.

They are then told that people find it convenient
always to break up numbers into groups or heapsin the
same way ; that, instead of saying sometimes how many
fives there are in a group, sometimes how many eights,
and so on, they generally say how many tens there are.

The connexion between ten and the number of our
4
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fingers (or toes) should be pointed out, and it should
be made clear that any other number would have done
as well—twelve for instance, or nine. The children
will themselves probably be able to tell that when we
are counting pence, we do say how many twelves, or
shillings instead of how many tens, we have, since
every pile of twelve pennies is worth the same as a
shilling.

The children should now set out on their desks and
describe the numbers between ten and twenty. A row
of ten counters (or sticks) is first set out, next to it a
row of eleven counters; that number is one more than
ten, or ten and one. The next number, twelve, 1s two
more than ten, or ten and two, the next three more
than ten, or ten and three, and so on.

The usual names for the numbers thirteen to nine-
teen should now be taught, thirteen being treated as a
short way of saying * three more than te1,” and so on.

Simple exercises and problems should follow in order
to familiarize the children with the new numbers and
names. E.g.:—

Polly had ten dolls. Her mother gave her three
more. How many had she then ?

Harry had fourteen marbles. He gave away two.
How many had he left ?

Set out on your desk fifteen counters. Now put out
two more. How many are there now on your desk ?

Set out eighteen sticks on your desk. Put back four
of them. How many are left? Etc. ete.

B. The numbers twenty fo one hundred.

The children are told to set out ten counters (or sticks)
on their desks, and then to set out nine more beside
them. How many counters are there now on your desk ?
(Nineteen, or nine more than ten.) Now put out one
more. How many are there? (Two tens) (cf. Example
z{I). This number is called twenty—which means two

ens.

Some simple problems and exercises should be given
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to familiarize the children with this new word; e.g.
groups whose number is less than thirty may be
arranged in tens and described. Twenty-one, twenty-
two, etc., may first be described either as one (or two)
more than twenty, or as twenty and one, twenty and
two, as the children themselves suggest. But after
two or three examples the usual way of naming these
numbers, twenty-one, twenty-two, etc., should be given.

No thorough or intensive study of the numbers be-
tween twanty and thirty should be attempted here.
The meaning of the decimal counting will be much
better grasped if the numbers thirty, forty, etc., up to
ninety inclusive are introduced as soon as posmble
Only sufficient examples, then, should be taken to secure
a reasonable familiarity with the new word twenty be-
fore the children pass on to thirty and the other multi-

sples of ten. These will be introduced in a similar way.

Care must of course, be taken to watch for and re-
move any confusion that may arise between thirteen
and thirty, fourteen and forty, etc.

The children should then be given practice in count-
ing any number up to and including one hundred, the
name one hundred being taught merely as an alternative
for ‘“ tenty " or ten tens. KExercises should be given in
counting not only sticks and counters but any other
convenient material (e.g. beans, nuts, etc.) that may be
available. Ivery ten of the sticks should be fastened
into a bundle by means of a small elastic band, every
ten of the counters placed in a vertical pile. It will
save trouble when the notation is being taught if the
children are from the first led to form the habit of plac-
ing the tens on the left side of their desks and the
separate sticks on the right.

The children should also have practice in setting out
on their desks given numbers of counters, sticks, ete.,
arranging them in such a way as to show the grouping
into tems, e.g. three bundles of sticks and four loose

sticks for thirty-four.
4 *
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Finally, they should be given heaps of sticks, counters,
beans, etc., to *“ count ” in the usual sense of the word,
that is, one by one, without actually arranging them in
groups of ten. ‘ .

Before the introduction of the notation sufficient time
should be spent on the exercises described above (on
the numbers up to one hundred) for the children to
become quite accustomed to this way of counting and
describing numbers. Applications to very simple prob-
lems may also be taken, the sticks or counters or
beans standing for the objects in question (see Example
XIII).

ExamMpLE XI.—THE DEcCiIMAL NOTATION.

As soon as a reasonable familiarity with the num-
bers up to one hundred has been obtained, it will be
suggested to the children that it would be convenient
to be able to write down these numbefs as they did
smaller ones in earlier lessons.

Suppose they wanted to write down the number
thirty-seven ; they might write the words * thirty-
seven,” but there is a simpler way. If they set out
thirty-seven sticks they will have three bundles and
seven loose sticks. They may then write 3 to show
how many bundles they have, and write a b above
the 3 to show that that is the number of bundles.
Similarly, 7 with an s above 1t will stand for seven
sticks. Thirty-seven, then, will be written

b. s.

3 7
the two symbols being placed side by side just as the
bundles and sticks are placed side by side on the desk.
(For the substitution of the more usual t. and u. for
b. and s., see Example XIII,)

The numbers twenty, thirty, forty, etc., may at first.
be written merely

b. b. b,
2, 3, 4§
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etc. But assoon as the new notation is beginning to be
familiar, it should be suggested to the children (with a
view to future work) that if we merely write, say, 3 b.
people may think that there were perhaps some loose
sticks as well, and that we forgot to write down the
number of them. When, therefore, there are no loose
sticks we write this figure, 0 (note the empty space
within it), which means that there are no loose sticks.
Thirty, forty, etc., then, are written

b. s. b s
3 0 4 0 etct

The children’s attention should now be called to the
fact that the symbols 10, 11, 12 (already learnt as
standing for ten, eleven, twelve) really mean one bundle
and no loose sticks, one bundle and one loose stick, one
sbundle and two loose sticks, and that we had better now
write them

b. 5. b. 5. b. s
10 11, 1 2

Exercises will now be given in decimal counting and
notation ; e.g:—

(@) The teacher mentions a number of sticks (or
counters, or beans), e.g. forty-five, and asks the children
first to set out that number of sticks and then to write
the symbol ? for it, namely,

b. s
5 §

(b) The teacher writes a symbol on the blackboard, e.g.

b. s.
8§ 8
! The notation 100 for one hundred should be postponed to a later
stage (see Chapter X, Example XXV).
?If it is thought necessary the letter ‘“ p** (for ** pile ") may be
substituted for “b"” when counters or beans are in question.

There seems, however, little objection to using the word ** bundle ”
for all groups of ten.
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asks one of the children to say in words what number
it represents, and then lets them all set out the corre-
sponding number of sticks on their desks. These exer-
cises may also be set by the children for one another.

ExaMPLE XIL—FIRST EXERCISES IN ADDITION AND
SUBTRACTION IN THE DECIMAL SYSTEM OF
COUNTING.

At this stage these exercises will all be performed
by means of the actual sticks or counters, the notation
being used merely to record the result that has been
obtained and the combination that has produced it.
The examples will be of the following types :—

(@) The children find, by setting out the sticks, how
many they would have altogether, if they put out first
thirty-two sticks and then forty-three. They find that
they have seven bundles and five loose gticks. They:r
express this either by the single symbol,

b. s

7 8
or by the statement;:— ,
b.s. b.s b s
3 2+% 3=17128

(b) Combination as in (a) of numbers of sticks such
as eight and nine, the result being expressed in symbols
as before. 'When the sticks are laid out on the desks,
the children find that the nine together with one from
the eight make enough for a bundle; the bundle is
accordingly fastened up, seven loose sticks are seen to
remain, and the result i1s expressed in the statement :—

8. 8. b. s
9 +8=-1 17

(¢) Combinations, as in (@) and (4), of numbers such
as thirty-seven and fory-six. Here again the loose
sticks will provide a bundle ; the seven together with
three from the six make ten—a bundle—and three loose
sticks remain. Altogether then there are eight bundles
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(four and three and one) and three loose sticks. This
will be expressed thus :—

. b.s. b.s. b.s
3T7T+46=28 3

(d) Exercises of the following type : If there are fifty-
seven sticks on your desk and you take away twenty-
three of them, how many will be left ?

. The fifty-seven sticks having been set out, first twenty
(two bundles) and then three (loose sticks) are taken
away ; it is then seen that there are left three bundles
and four loose sticks. This is expressed by the state-
ment :—

b.s. b.os b s

5§ 7T-2 3=8 4

o Fifty-seven sticks ; take away twenty-three and there
are left thirty*four sticks.”)

(e) Exercises of the following type: If you have
twenty-three sticks on your desk, how many more must
you set out so that there may be fifty-seven altogether ?

The two bundles and three sticks having been put
out on the desk, the child proceeds to put out three
more bundles (to make five in all) and four more loose
sticks ; he has therefore added thirty-four sticks in
order to make up the fifty-seven required.

‘With reference to exercises of the types (d) and (e),
it is important for the teacher to realize that they are
alternative, and, from the purely arithmetical point of
view, equally valid interpretations of the statement
57 - 23 = 34 This fact must sooner or later be real-
ized by the child also. At this stage it is probably
wiser to allow the children to work the two problems
independently, and to be content with pointing out that
the answers to the two are the same without as yet
directly associating the sign “ - " with the second
question (cf. Chapter VI, Example X VI, B).

Later on the sign *“ — " must be associated with both
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operations, namely, that of * taking away” or sub-
traction, and that of complementary addition.'

Exercises of the types (d) and (¢) involving ¢ carrying”
—or as it is often called ‘“ borrowing ”"—should not yet
be introduced (see Chapter VI, Example XV, B (2)).

(f) Simple problems to be solved by letting the sticks
or counters stand for the objects named in the problem
(see Example XIII).

ExampPLE XIII.—S1iMPLE PROBLEMS INVOLVING THE
DEeciMAL SYSTEM OF COUNTING AND NOTATION.

As has been already indicated these * problems ™ are
at first all to be solved with the aid of sticks or counters.
The questions are to be proposed orally by the teacher,
the chief numbers in them being sometimes written on
the blackboard to help the children’s memory. This
must, of course, not be done until the* children are’
sufficiently familiar with the decimal notation for the
written number to be a help to them. In stating the
problem to the class the teacher should be careful to aid
1n every possible way (by description, drawing, questions,
encouraging visualization, etc.) the understanding by
the children of the conditions of the problem (cf.
Chapter IV). Each child will then set out the numbers
of sticks or counters in question, and will find the

! Some teachers prefer to introduce the sign ‘¢ — " first in con-
nexion with complementary addition, basing all subsequent work
upon it instead of upon subtraction. The opposite plan is followed
here for two reasons : (1) the writer believes that the close resem-
blance of complementary addition to ordinary addition, so far from
being a help to the child, causes in his mind a certain degree of
confusion ; (2) the operation of ‘‘taking away ' seems to appeal
to the child as more simple and direct, and therefore as more satis-
factory, than ‘‘ making up ” one number to another.

In either case, whichever meaning of the sign *‘ — " is chosen as
the first and fundamental onegthe other will he introduced later
in connexion with problems which can be solved by the same means,
Thus if I want to know how many sticks must be added to 23 to
mske 57, I can find the answer by taking 23 from 57, and wice
versa (see Chapter VIIT).
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* answer " to the problem by means of them. Asan
illustration we may take the following :—

A farmer had twenty-five sheep. He bought twenty
more. How many had he then?

The teacher will begin by describing the flock of
twenty-five sheep in, say, a meadow; then a fresh
(smaller) flock of sheep is driven in, so that the field is
now very full of sheep. To find how many there are
in all, the children first set out on their désks two
bundles of ten sticks and five loose sticks. Although
the sheep could not very well be tied up in bundles, the
sticks can be fastened up in that way without serious
interference with their power of masquerading as sheep !
The two bundles and five sticks stand for the first flock.
Now we need sticks for the second flock—twenty, or
two more bundles. There are now in all four bundles
wend five loosq sticks; so the farmer must have had in
the end forty-five sheep.

Plenty of practice should be given in solving easy
problems in this way, the arithmetical operations
involved being of the same kind and of the same degree
of difficulty as those indicated in Example XII.

After a few of such problems have been worked the
teacher will call the children’s attention to a matter
which has already needed consideration in passing,
pamely, the difficulty of thinking of sheep, or horses,
or children, or houses as being tied up in bundles. The
word “tens” is suggested as a substitute, and the
children are told that the separate omes left over
when the things we have to do with have been arranged
in tens are generally called units. Instead, then,
of writing b and 8 over our numbers, we will in future
put t and u, so that, say, thirty-seven will be written

t. w
317°
‘When the children have become thoroughly familiar
with the use of sticks and counters to solve problems,
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a beginning may be made in leading them by the help
of visualization to deal mentally with simple combina-
tions of numbers of sticks. For example:—

Suppose you laid out twenty-three sticks on your
desks, how many bundles would there be? How many
loose sticks? Try to faney you can see them lying on
your desk—two bundles and three sticks; show with
your finger where they would be, first the two bundles,
then the three sticks.

Now suppose you put out twelve more sticks. How
many bundles would that be? How many loose sticks ?
Show as before with your finger where they would be.
Now how many bundles would there be altogether ?
(Three.) How many loose sticks? (Five.) How many
altogether? (Thirty-five.) So that twenty-three and
twelve make thirty-five. Write this down in figures;

b.s. b.s. b.s. ¢ .
23+12=325

By beginning with examples still simpler than this,
and by allowing those children who need it to help
themselves at first by representing the bundles and
loose sticks on paper in this way :—

gy
3 g |

valuable practice in visualization will be given which
will prove of good service later on.

Similar exercises ynay be given in connexion with
easy numbers of any smal object (e.g. nuts) convenient
for visualization, heaps now taking the place of
bundles.

(23)
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" ExaMPLE XIV.—ExERCISES INVOLVING MONEY.

Special examples of grouping, namely, in twelves, in
sixes, in fours, in twos are furnished by exercises in
money. The following are illustrations. They should
be worked at first with cardboard discs representing
coins, afterwards with pencil representations of them
(or of sticks standing for them). Finally, a few very
simple examples may be done without either of these aids
(cf. Example XIII, p. 58).

(@) The children are asked to count out, say, forty
pennies and find how many shillings and pence they
are worth. In counting out the pennies at first, it is
well to get the children to put them in tens as they
count out forty, and then to change the groups into
twelves by adding, from one of the tens, twos to each
Of the others. Thus one of the tens will furnish enough
pennies to iflcrease each of the other three tems to
twelves and will leave six pennies over. After the
piles of twelve pennies have been exchanged for shillings
the children have 3s. 4d.! They will then write down
the result thus: 40d. =3s. 4d.

(b) Two numbers of pennies may be counted out by
the children (e.g. forty-six and thirty-seven) and added
together—

(i) by adding the pennies together first (that is, by
finding how many tens of pennies there are and how
many ones are over) and then finding (as in (a)) how
many shillings and pence they make ;

(ii) by finding how many shillings and pence each
number of pennies would make and then adding the
two sums of money together.

(¢) The children may be asked to find for how many
sixpences a given number of pennies could be exchanged.

(d) A number of farthings (or %halfpennies) may be

1The letters s. and d. are here placed after the numbers for con-
venience in printing. It will be easier for the children to place
them at first above the numbers,
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counted out by the children and then placed in fours
(or twos) so as to find how many pennies they are
worth. The notation for a farthing, three farthings,
and a halfpenny may either be introduced here or a
little later on (see Chapter VI, Example XV, C (b)).

Simple exercises in addition and subtraction of money
will follow immediately upon those suggested above
(see Chapter VI).

'CHAPTER VL
EXERCISES 1 AND 2.

Continuation of addition and subtraction of numbers up to one
hundred by means of statements such as :—

43+5+7=156
53 - 21 = 32
s.d. s.d. s.d. . ‘
12+17=29

*tCarrying ” in subtraction.

Simple cases of mulfiplication ; the sign x.

Further exercises in recognition of number by mental analysis into
smaller numbers.

Number and rhythm.

STrESS has already been laid (see Chapter V) upon the
fact that all manipulations of larger numbers consist
in applications to them of the number-relations of the
smaller numbers, and upon the consequent importance
of giving the children plenty of practice in applying to
the numbers up to one hundred the facts they have
learnt about the numbers up to twelve. The matter
is, however, of such moment that some of the further
details of this practice will be developed in this chapter,
opportunity being taken at the same time of consider-
ing the treatment of simple cases of subtraction, in
which the number & units to be subtracted is larger
than that in the larger number. The idea of multiplica-
tion and the multiplication sign will also be introduced.

As has already been seen, the child’s first manipula-
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tions of the numbers between twelve and one hundred
are to be performed by actually handling and counting
sticks (or similar material) and ‘* ten-bundles " of sficka.
The purpose of the exercises to be considered in this
chapter is to help the child to dispense gradually with
the use of the actual sticks, by developing in him facility
of application of the simple early number-facts to the
manipulations in question.

It is assumed (cf. Chapter VII) that the children
have become—or are rapidly becoming—familiar with
all the various combinations of numbers making totals
up to and including twelve; that is, that they can state
in words or ﬁgures immediately and without prelimin-
ary ‘‘counting” of any kind, relations such as the
following :—

3+2= 38§
. » 7+3=10
8+4&=12
T-4= 3
10 -6 = 1
12 -5= T
ete., ete.

and that they can also combine some of these simpler
relations into more complex ones, e.g.—

2+2+1= 35

2+3+1= 8

8+4-2=10
etc., ete.

ExaMPLE XV.—FURTHER KXERCISES IN ADDITION
AND SUBTRACTION.

4. Combinations of the Numbers up to twenty.

(a) Combinations of the typt 17+ 2 =19, With the
aid of sticks or counters the child will haveno difficulty
in seeing in such a case that when we know that seven
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and two make nine, we can say at once that seventeen
and two make nineteen. )

(@) Combinations of the type T + 6 =13. Again
with the aid of the sticks (cf. Chapter V, Exan_lple
XII (b)) the child readily sees that the seven sticks
together with three from the six sticks will make one
bundle of ten and that three loose sticks will be left.
The total number therefore is thirteen.

The child should also have practice in expressing the
combinations typified by the examples of (@) and (b)
in the forms corresponding to subtraction as well as
those corresponding to addition. Thus the statement
17 + 2 = 19 gives rise to the two statements 19 — 2 = 17
and 19 ~ 17 =2. So also T + 6 = 13 corresponds to the
statements 13 — 6 = T and 13 - T=6.

The combinations illustrated in (a) and (b) above are
of the utmost importance for later work.  Constang
practice should therefore be given in repeating them
and 1n applying them to simple * problems,” until the
children are perfectly familiar with them and can re-
produce them at need without any hesitation whatever
(see again Chapter VII).

B. Applications of the Combinations Contained in A to
Larger Numbers (up to one hundred),

These will be treated in the same way as the exercises
of A, The children will work first with the aid of
sticks or of drawings of them, afterwards with the aid
of visualization only.

(1) Ezamples of addition.

(@) Examples in which one of the two numbers to be
added consists of units only.

The children's memdries will be helped if at first
examples containing the same combination are grouped
together; e.g.—
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17+ 2 =19
37T+2=239
M+2=1T9
57T+ 2 =259
etc., ete.

17T+ 3 =20
47 + 3 = 50
87 + 3 =190
27T + 3 =30
etc., etc.

17 + 6 = 23
37T + 6 =43
67 + 6 =173
etc., etc.

(b} Easy examples involving more than two num-
bers ; e.g.—
37+4+8=19
. . 6+7+9+8=30

(¢) Examples of addition of two numbers each larger
than ten, only those cases being taken here in which the
sum of the units of the two numbers is less than
ten; ! e.g.—

() 27+20=47

27 + 30=57
ete.

(ii) 34 +25="59

In these examples the different parts of the numbers
are to be added in the order in which they occur in the
statement, that is, in the order in which they would
usually be read (see Chapter IX). Thus in the example

34 +25=59

the result would be reached in this way: thirty-four
and twenty are fifty-four, and five are fifty-nine.

1This form of exercise is continued and more advanced examples
-given in Chapter IX. Some of Lhe work of that Chapter may be
included in this section if it is thought desirable.
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(2) Ezamples of subtraction, including simple cases of
»]

“carrying .

(@) Cases in which the number to be taken away is
less than ten. _

These are of two types:—

(i) 4T - 5 = 42
(i) 43 - 5 =38

The first of these presents no difficulty. The type
indicated by (i1) should be treated as follows:—

Taking the example suggested, namely, 43 - 5, the
children set out forty-three sticks on their desks, in the
form of four bundles of ten and three separate sticks.
They are now to take five sticks from this number.
They first take away the three loose sticks, leaving the
four tens. It is now necessary to take away two more
sticks ; to do this one of the bundles must be untied
and the two sticks taken from it, leavhg eight loose
sticks, These, together with the three bundles still
intact, make a total remainder of 38. The children
therefore write—

) i3 - 5 = 38

(b) Examples in which both numbers are greater than
ten. '

At this stage only those cases of these larger numbers
will be taken in which no “carrying ” occurs,? that is
examples of the types—

(i) &7 - 20 = 27
and (i) 47 — 23'= 24

1 That is, cases in which the required number of units cannot be
subtracted without having recourse to the tens, The word “ bor-
rowing,” so often used to indicate this part of the process, is avoided
here altogether since it is only appropriate to a method of dealing
with subtracvion (namely, the method of ‘*equal additions "—sce
Appendix I} which is not advocated here. With reference to the
method of dealing with *‘canrying " adopted in this book, see foot-
note to Example XXIII, B (a), p. 95.

? Ezamples involving ‘‘ carrying " are treated in Chapters IX and
X, and as in the case of addilion, a part of that work may be in-
cluded in this section if it is found desirable.
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As in the case of addition, the parts of the numbers
should be taken in the order in which they occur in the
statement. Thus in (i) the result is reached as
follows :—

Forty-seven; take away twenty, there are left
twenty-seven ; take away three, there are left twenty-
four.

C. Similar Ezercises Involving Money.

As before, the exercises will be worked first with the
aid of discs representing coins, then with the help of
drawings standing for them, and finally with the aid of
visualization alone.

(@) Addition of Shillings and Pence.—Here the ad-
dition will be effected by building up twelves, or shil-
lings, instead of tens. Thus, to add 1s. 4d. and 9d., we
toke 8d. of the 9d. and put it with the 4d., making one
shilling, and leaving 1d. from the 9d. :—

s.d. d s d
14+9=21

(b) Addition of Pence, Halfpennies and Farthings.—
This is a suitable point at which to introduce the nota-
tion for a halfpenny and farthings, unless it has already
been thought convenient to teach it in connexion with
.the simpler exercises of Chapter V (see Example XIV
(d) in that chapter). The addition will be effected on
the same principle as before—here by making up pence.
Thus, to add together 23d. and %d., one farthing from
the halfpenny makes with the 22d., 3d., leaving still
another farthing :—

d 4 d
23 + 4 =3%

(¢) Subtraction.—The method is the same as in the
case of units and tens. A couple of examples will be
sufficient to illustrate it. -

s. d d
s -9
5
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We first take away &d.; we have now 8d. more to
take away. In order to do this we change one of the
shillings into pence and take the fivepence from it,
leaving 7d. This, together with the remaining two
shillings, leaves us in all 2s. 7d. So that

s. d. d. s. d.

3 %3-9=217
d. d.

(if) 3% - &

First take the farthing from the 33d. We now need
to take away another farthing. Change one of the
three pennies into farthings and take away this other
farthing, leaving in all 23d. Then

d 4. d
%-3=2

As the children gain familiarity with the exercises
suggested in this example, they may be asked to deal
with various combinations of them ; e.g—

84+T7-94+5=387
s, d d 4 s d
1 44+10 - 5=1 ¢

ExaMpLE XVI.—APPLICATIONS OF ADDITION AND
SUBTRACTION—PROBLEMS—MONEY.

A. General Problems.

Frequent applications of the above exercises in addi-
tion and subtraction should be made to simple prob-
lems; e.g.:—

1. A boy had 7 marbles; he won 6, then lost 8, then
won 8, and then % more, after that he lost 10. How
many had he in the end ?

The teacher should repeat the question slowly while
the children record by means of symbols the gains and
losses of the boy :(— .

u u. u u u tu
7+6-5+8+3%-10
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They then find the answer either (z) by actual mani-
pulation of sticks or counters, or (b) by representing the
marbles (or sticks or counters standing for them) on
paper, or (¢), when they are sufficiently advanced, by
means of their knowledge of the number-relations in-
volved. They will finally make the complete state-
ment :—

U u u u u tu tu
7T+6-5+8+4%—-10=10

2. In a classroom there are 8 benches. On the first
bench there are 3 children, on the next 7, on the next
6, on the next % on the next 8. ' How many children
are there altogether ?

3. A girl made a necklace of beads. She first
threaded 10 blue beads, then 8 red ones, then 6 white

es; then, finding she had made a mistake, she took
off T beads and’ afterwards threaded on 9 more. How
many beads were there on the necklace when she had
finished ?

4. A boy put his toy soldiers into a box. He firs$
packed in 387; then he took out 8, put in 9, then &,
then 8, then 10, then 8 ; after that he took out 11 and
put 7 others in their places. How many were there
in the box at the end?

5. On an apple-tree there were 58 apples. On
Monday 10 were gathered, on Tuesday 8, on Wednes-
day 3, on Thursday 9, on Friday 6. How many were
then left on the tree? How many altogether had
been gathered ? (It will be necessary to repeat the
question slowly to obtain the second answer.)

The correctness of the two answers may now be
tested by adding them together and seeing whether
they come to 88,

6. A girl had a money-box; one day she put in 3
pennies, on the next 8, on thé next %, on the next 6,
on the next 7. How many pennies did she put in
altogether ?

5'



68 THI: GROUNDWORK OF ARITHMETIC

B. Money Problems.

The following are examples, suitable to this stage,
of applications of addition and subtraction to money
problems :— _

1. A boy had 3d., his father gave him 6d., and his
mother gave him 84 How much had he then ?

2. A girl went on an errand for her mother with
2s. 8d. in her pocket, she spent 1s. 4d. on a pound of
tea. How much money did she bring home ?

3. A boy wanted to buy a toy motor-boat that cost
2s. 6d. He already bad 1s. 4d. How much more must
he save to be able to buy the boat ?

4. A boy had 1s. 7d. in his pocket; he spent 9d. on a
book. How much had heleft? The argument here is :—

When the boy hands the 1s. to the shopman to pay
for the book he will receive 3d change. He will there-
fore have leff in all 3d. and 7d. or 10d.%2 « So that,

. d d d
1 7-9=10.

5. A boy spent 3}d. on sweets, 24d. on a ball, and
1d. on a book. How much did he spend altogether ?

6. A girl had 10d. in her purse; she earned 6d. and
gave her mother 1s. How much had she then?

Exavmrre XVIL—MULTIPLICATION.?

Multiplication is to be introduced, not as a new
“rule” or new operation to be performed, but as a more

1 With reference to the connexion between this problem and
the following one, see Chapter V, Example XII (d) and (e), and
footnote, p. 65.

216 will be noted that this method differs slightly from the one
usually to be employed in subtracting (see Example XV, B, p. 64).
Such varieties of method, where the conditions of the case render
them suitable, should throughout be encouraged in the children.

?Some teachers may prefer to introduce multiplication at an
earlier stage. The writer Has postponed it to this point for the
reason that, until the child is acquainted with numbers beyond
twelve, it is difficult to give him sufficient practice in the new sign
x to be sure that it is not confused with the sign +.
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convenient way of expressing certain combinations of
numbers in addition. _ . _

Tt will therefore first be presented in connexion with
such combinations as

2+2+2+2=28

§8+3=26
the children being told that when the numbers added
together are the same, people use a shorter way of
writing them down. Instead of 2 + 2 + 2 + 2 (or four
twos) they write
2x %
which means *‘ two taken four times,’
exactly the same as
2+2+2+2

Similarly 8 + 8 may be written 8 x 2, or * three taken
twice”.
e Plentiful exgrcises should now be given in the use
of the new sign, of which the following will serve as
examples :(—

1. The teacher draws a number of strokes (or circles)
on the blackboard in groups, and asks the children to
put down on paper what she has done and how many
strokes she has made altogether. E.g. on the black-

T

when the children will write :—

u u' t wu
3)(4-:‘1 2

and is therefore

! There may ab first be some difficulty in the children’s mi
to describing the four as “ ones ” or “ units”. It is no: Iens;];gii&&?
that this should be insisted upon at the very beginning ; but, after
?‘Shgrt interval, it should be pointed out that if we did not p,ut the
1111 thpeo‘%)le13 mag];t vaonder “t:lllather the four meant tens, that is
whether it stood for forty, so that they would not ‘
take the three four times or forty timez. ot know whether to
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2. The children are told to lay out on the desks as
many fours of sticks as they have fingers on one hand,
to write down a statement corresponding to what they
have done, and then, by fastening up the sticks in tens,
to find out how many there are in all. They will fin-
ally have on their paper

u u tau
I x5 =20

3. The teacher writes on the blackboard a statement
such as:—
. u
8 x17
and requires the children first to set out the sticks in
the form of arrangement indicated, namely, seven threes,
then to group them in tens and find the total number -
of sticks. . ¢
4. The teacher writes a number on the blackboard,
e.g. —
t.u
36

the children set out this number of sticks on their desks
and arrange them in twos, threes, fours, sixes, etc.,
stating the number of groups in each case :—?

u tu tu

2 x 18 = 386

u. tu tu

3 x 12 = 36
ete., ete,

The same exercise may be taken with numbers which
cannot be analysed into a whole number of twos, threes,
etc. In these cases the results will be expressed by
means of the two signs + and x. E.g.—

[
! For the introduction of the sign -+, see Chapter XTIL. It
if preferred, be introduced here? but it is prgba.bly better ;;:;:fs’,
poned until there is a real need for it.
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u tu u tu
2 x 16 + 1 = 38
u tau t.a
3 x 11 = 33

u uwu u tu
4 x 8 +1=238
u u u tu
B x6 +3=2383
tu u uw tu
10 x 8 + 3 = 33

Special stress should be laid on the expression in this
way of the result of grouping objects in tens (as in the
last line above), it being alternative to and confirmatory
of the notation.

tou

33
» Some of thg exercises of the types 1, 2, 3, and 4 may
be set by the children for one another.

5. Given a certain grouping of sticks, such as that
corresponding to two taken six times, to arrange them

into, say, groups of 4 and state the result and the total
number of sticks. Thus:—

w u u u tu
2x6=4x3 =12
The sticks being first arranged in this way:—

| I I

m
1

and finally in this :—
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In connexion with this type of exercise the children
should be led to discover and to take special notice of
the important facts that 2x6=6x2, 3x 5=5x3, ete.

6. A problem such as: John has 8 marbles; Willie has
three times as many as John. How many has Willie?
The children will solve it by means of sticks or counters.

u. u tu
5x3=15

Applications to money should also be taken:—

7. Mary bought a doll for 8d.; Maggie said to her,
“ My doll cost four times as much as yours”. How
much did Maggie’s doll cost ? This and similar problems
should be solved sometimes with imitation money, some-
times with counters. The four little heaps of five
pennies are set out, as many changed into shillings as
possible, and the result then noted :—

d. d s d. ¢ ¢
5x4=18

ExavpLE XVIII.—FURTHER EXERCISES IN ASCER-
TAINING THE NUMBER IN ANY GROUP oF OBJECTS
BY BREAKING IT MENTALLY INTO SMALLER
GrouUPs.

These exercises are an extension of those described
in Example VI (Chapter II), and will form a valuable
application of the work included in the previous ex-
amples of the present chapter.

Groups of circles, strokes, or crosses will be presented
to the children of larger size than those mentioned in
Example VI, the children being required as before to
ascertain the number in the group in the shortest pos-
sible time, by analysis into smaller groups, not by count-
ing single units. In these later exercises little or no aid
should be needed in the form of difference of colouring.
The children should perform the analysis themselves,
one consequence being that in the majority of cases
several different forms of grouping may be used by differ-
ent children. It will help to increase the children’s skill
in performing these acts of analysis if individuals among
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them are allowed to show their companions by what
method of grouping they arrived at any particular resulf.

The groups presented to the children may be (@) regular,
() irregular. The following are a few illustrations :—

(@) Regular growps.
L [ ] o L
e
. e e e o
This is obviously two fours and one—nine.
O (o)

o o
o] o]

oo0o
This is three thress and one—ten.

This is either nine and four, or five and four twog
thirteen. B
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— —

| |

i
7 —

| | |

This is four twos, four and three; or three and six
twos; or three and three fours—fifteen.

[,
e

a——

\\\

This group may be analysed—

(i) by noting with the eye some special point in the -
circle as starting-point and from it counting round the
circle in twos, threes, or fours, or

(if) by imagining the circle to be halved, noting (as
in (1)) that there are eight strokes in the half circle and
therefore sixteen in the whole circle, or

(1i1) by noting that four of the strokes are at the ex-
tremities of a rectangular cross, that the four strokes
midway between these form another cross; finally,
that in the spaces between these eight there are eight
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more. So that there are first four and four, or eight,
and then another eight, making sixteen in all.

Still other groupings may be suggested.
(b) Irregular groups. For example:—

0 o

o

This would probably be grouped by most children
*either as fouw and three and two (though the groupings
might be different in different cases) or as three threes.
The following examples are taken from various con-
stellations ;—

*
&
* * %
* X * X
The Bull, Cassiopeia,
*
s
" *
x
*
L ]
* x * *

The Swén. The Dog.
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ol x *
* * *
%* "i*
* * * *
The Hare. The Little Bear.
*
*
W& * *
* %
3 *
¥*
* * *
Orion The Twins,
[ ]
* &
% *
*
¢
. w -* .
7 »*
*
» *

The Great Bear

Some of the later exercises described in this example
may be found somewhat too difficult at this stage; in
that case they should, of course, be postponed to g
later one, simpler exerdises being substituted here.
Throughout this work valuable and interesting practice
In recognizing numbers in the more regular groupings,
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as well as useful practice in addition, may be given by
allowing the children to play in pairs at dominoes.

Time-groups.

Practice in counting in groups in a different con-
nexion can be given, by allowing the children to use
rhythm to enable them to count the numb_er of notes
(or beats) in a simple melody. Thus if & simple pass-
age is played orsung in ** three-four ' time, the children
may ‘ beat time,” counting the bars as they go. Then
at the end of a certain number of bars they may be
asked how many beats there have been; e.g. four bars
with three beats in each bar will give twelve beats, and
50 on.

A little later the same exercise may be done without
the aid of music, the number of beats made, say, by
the teacher, being counted by breaking them up into

%equal groups end counting the groups.

CHAPTER VIL!

Exercises to promote facility in the manipulation of numbers ;
the number-chart.

THE previous chapters have been concerned with pre-
senting to the child in an interesting and intelligible
way the relations of numbers up to one hundred. Re-
ferences have incidentally been made to the importance
of giving him also such familiarity with the fundamen-
tal combirnations that, when required to do so, he can
reproduce them immediately (that is, without need of
any counting or calculation) and can apply them with-
out hes1ta,tiqn to any fresh- problem that may be pre-
sented to him (cf. Chapter IV, also introductory part
of Chapter VI, and Example XV (2)). -

1This chapter is placed here becguse the exerci i
it may profitably be l‘);-egun at this stage. The grie;t:;l %Jga?'it%i::

ever, of the *“ drill "’ here indicated wi ithi
succ:eeding il ed will fall within the work of the
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Systematic practice with a view to the acquirement
of such facility in handling numbers should be begun
while the work described in Chapter V is still in pro-
gress and should be continued parallel with the work
of Chapter VI and of subsequent chapters. In this
chapter it is proposed to consider the kinds of exercises
that will be suitable for this purpose and the means
that may be employed to aid the children in acquiring
the desired power.!

In the first place it must be noted that the carrying-
out of the aim in question consists of two parts :—

1. The acquirement of a sure and easily reproducible
knowledge of certain constantly needed number-facts ;
these consist of the relations existing between the num-
bers less than twenty, more especially of those connect-
ing the numbers less than twelve.

2. The acquirement of facility in the application of,
these number-facts to larger numbers, e.g’ the deducing
of the fact that 37 and 5 make 32 from the fact that 7
and 8 make 12, or from the facts that 7 and 8 make
10 and that 3 and 2 make 8.

These two ends should obviously not be pursued
separately, since the constant application of the num-
ber-facts in question to fresh cases will form a large
and important part of the means of fixing those facts
firmly in the child’s memory.

Care must be taken in this connexion to make a
proper use of the important instrument of repetition.
Mere parrot-like repetition of forms of words without
any real understanding of their meaning or any real
power of applying the ideas embodied in them to the
facts of life is, of course, valueless.? On the other hand,

! The wise teacher will keep this end in view from the very be-
ginning of the formal number-lessons; but she will seek to secure
1, not at that stage by formal exercises, but by presenting the same
number-facts to the children ir the greatest possible variety of in-
teresting ways (cf. Chapter II).

? The simultaneous saying (or, more correctly, chanting) of the
multiplication tables in school is in most instances a case in point.



hings with another group
learns that three and four .
:epetition of forms of words (e.g. v.

Pt .1es) has value and plays an important
s rning of the facts in question, provided
N otition is done intelligently and by the

n effort, not as the echo of words used by

— _s else.
The ground to be covered by the exercises now under
discussion has already been definitely indicated and the
‘method of treatment ilustrated (see Chapter V, Ex-
amples X-XIV; Chapter- VI, Examples XV-XVII).
The various combinations in question need not, there-
fore, be again considered in detail. What is needed is
to consider how to give the children mental “ drill ” of
an intelligent and interesting kind in reproducing and

applying them.

ExavprrLE XIX.—HEXERCISES FOR GIVING FACILITY IN
MANIPULATING NUMBER-COMBINATIONS.

This part of the work will consist of the following :—

1. A great variety of exercises in addition and sub-
traction (up to 100) of series of numbers.

These should be. done, as far as possible, without
either material aids (see below) or paper and pencil (ex-
cept for recording answers). The teacher should either
write the series on the blackboard, e.g.

3 +T7T+58 -4+ 6, ete.
or say it to the class, pausing long enough (but not too
long) after each number to allow the children to perform
the operation in question. Both accuracy and rapidity
must be aimed at.

2. Special exercises in addition and subtraction.

(i) Beginning with a certain number allow each



4SS In succe. ..

Begin with 2 and add 2.

Begin with 1 and add 2 ¢

Begin with 5 and add 5 ea

Begin with 10 and add 10 e.

Begin with 7 and add 10 each

etc., etc.,

the more difficult examples of the exercise be.
ally introduced as the children gain facility in
the easier ones. It is to be noted that the larger 5
numbers are not for this purpose necessarily the more
difficult, e.g. the addition of successive nines is com-
pa,ratlvely easy, so also of elevens; seven is difficuls ;

five is ea,sy—easwr even than three.
In these exercises care should be taken to see that

the children form the habit of adding by ‘“ making up
tens ”’ (cf. Chapter VI, Example XV (1) (6)). Thus in
adding eight to forty-seven, we take three of the eight
to make the forty-seven up to fifty, leaving five : fifty-
five in all.

In adding shillings and pence the children will make
up twelves instead of tens; see below.

(i1) Exercises similar to (1) but involving subtraction
instead of addition. These are more difficult than the
exercises in (i) above and should therefore be taken on
the whole at a rather later stage. The method em-
ployed should, again, depend on the formation (or rather
the breaking up) of tens (cf. Chapter VI, Example XV). =~
Thus to take seven from forty-three, we first imagine - .
three to be taken away, leaving forty ; then fror_nr’O"n‘: T
of the four tens of the forty we take the rema,mmg
four, leaving finally thirty-six.

3. Exercises in addition and subtraction 31m11a.r to
those just mentioned deal:ng with money 1nstea.d of tens
and units. |

In these exercises twelve (or four) forms the basisof — — —

i
’.
|
|
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