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PREFACE

This book has been prepared on modern lines sg as to
meet the requirements of those preparing for the High School
and Matriculation Examinations of the Indian Universities.

The treatment is thorough, and special care has been
taken to deal with the difficulties of students of average
ability. The processes of Algebra have throughout been
identified with those of Arithmetic. Kasy problems explain-
ing the use of the various notations have been set from the
very beginning. A large number of oral examples have been
given, specially at the introductory stage, to make the
students familiar with the elementary principles of Algebra.
The examples are mostly original, while some of them have
been taken from English and Indian Examination papers. In
framing new examples, the Indian conditions with which the
students are supposed to be familiar have been kept in view.
The examples are sufficiently numerous. A good number of
representative examples have been fully worked out.

The first part of the book is a mere translation of
my New Middle School Algebra originally written in Hindi
and Urdu.

My best thanks are due to Miss Lila Wati Jhanwar, M.A.
for her valuable suggestions and assistance in the preparation
of the book and to Principal A. D. Banerji, M.A., who
was kind enough to go through the manuseript. I also
acknowledge my indebtedness to Mrs. F. I. Badcock for
the careful reading of proofs. I am also under obligation
to the Hducational Boards of U. P., C. P. and Rajputana
& C. I., whose examination papers of recent years I have
given at the end of the book.

DeERA DUN, ) :
' ‘ ANAND SWARUP SINHA
August, 1936. J
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PART I

CHAPTER 1
ALGEBRA. SIGNS OF OPERATION

Algebra. Similarity to and Difference from Arith-

metic. Signs of Addition, etc. Coefficients. Expressions.
Terms.

1. Algebra is that branch of Mathematies which treats
of the relation of numbers. Both Arithmetic and Algebra
treat of numbers. In Arithmetic all the numbers nsed are
represented by the digzts 1, 2, 3,...9, while in Algebra the
numbers used are also represented by the lefiers of the
alphabet «, &, ¢,...xz, ¥, 2. In Arithmetic the digits have
fixed” values which do not wvary, while in Algebra each
letter may represent any value which we may assign to it
at any particular time or in any particular problem.

Thus, in Arithmetic, 1+ 2 is always equal to 3: whereas,
in Algebra a+ 5 shall be equal to 3 only when either a is

equal to 1, and b is equal to 2, or when ¢ is equal to 2, ande
b is equal to 1.

¢ It is thus eclear that Algebra is simply a generalized form
rof Arithmetic. They should not be regarded as separate
subjects. They are both parts of the Science of Numbers.

2. Signs of Operation. The students are already
familiar with the meanings and use of the signs of operation
4, = %, ' Y= ete., which have the same meanings
in Algebra as in Arithmetic.

(i) The sign '+’ is read plus and is called the sign
of addition. As in Arithmetic the sum of 4 and 3 is
represented by 4 + 3, similarly, in Algebra the sum of « and
I is represented by a+ 5. When this sign is placed between
two or more numbers, it signifies vhat the values of those
nunfbers have to be added. Thus, a+0 (read a plus b)
means that the value represented by « is to be added to that
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represented by b.* If a represents 4 and b represents 3,
then the value of a+& will be equal to 4+3 ie, 7.
Similarly, if ¢ represents 5, a+b+¢ will be equivalent to
4+3+5 e, 12.

When no sign appears before a number, the sign ‘4’ is understood
to be preceding it. Thus, @ may be taken as +a.

(ii) The sign ‘-’ is read minus, and is called the sign
of subtraction. As in Arithmetic the difference of 4 and 3
is indicated by 4 — 3, similarly, in Algebra the difference of
@ and b 1s indicated by a—b. When it is placed before a
number, 1t signifies that the number is to be subiracted.
-Thus, ¢ — b (read @ minus b) means that the value represented
by b is to be subtracted from that represented by a. If a
represents 4 and d represents 3, then «—b will be equal to
4-3 i.e.,1 ' ' '
(1ii) The sign * X' is read into and is called the sign
of multiplication. When it is placed between two num-
bers, it indicates that the two numbers are to be multiplied
together. Thus, a X b (read a into b) means that the value
represented by ¢ is to be multiplied by that represented by &.
If « represents 2 and & represents 3, then a X & will be equal
to 2% 3 z.e., 6. Similarly, if ¢ represents 4, a x b x ¢ will be
equivalent to 2 x 3 x4 z.e., 24.

As in Arithmetic, the produect of two numbers is also
expressed by placing a dot or a point between them, thus,
2.3 signifies 2 x 3 ; similarly, in Algebra the product of two
numbers can also be expressed by placing a point between
them. Thus, ¢.b means a X .

The sign of multiplication 1s sometimes omitted in
Algebra when numbers are not represented by figures or
digits. Thus, the product of ¢ and & 1s written as «d, and
the product of @, b and ¢ 1s written as abe. But this 1s not
the case in Arithimmetic where digits, when written side by
side, have got place values. Thus, 23 does not mean 2 X 3,
but is equivalent to 2 tens and 3 units, while in Algebra, ab
means « X b and not « tens and & units.

(iv) The sign '+’ is read divided by and is called
the sign of division.. When it is placed between“two
numbers, it indicates that the former is to be divided hy the



<
#

+ SIGNS OF OPERATION 3°*

latter. Thus, ¢+ b (read « divided by b) means that the
value represented by « is to be divided by that represented
by b. It @ represents 20 and b represents 4, then a-+0 will
be'equal to 20+ 4 z.e., 5.

. a
a-+b is also expressed as 5 or alb.

(v) The sign ‘=’ is read is equal to, and is called
the sign of equality. Thus, 2+ 3=25 indicates that the
values of the numbers on either side of the sign are equal.
Thus, a+0=c, if the sum of the values of a and b is equal
to the value of ¢, 7.e., if @ represents 2, D represents 3 and
¢ vepresents 5, then a +b=ec.

(vi) The sign ‘.. represents therefore, and °
represents because.

3. When two or more numbers are multiplied together,
then each number is called a factor of the produet, and each
factor is called a coefficient of the product of the other
factors. Thus, z, ¥ and z are the factors of the product zyz,
and 1in the product x7z, x 1s the coefficient of ¥z, 1 is the
.coefficient of zz, and z is coefficient of xv.

4, When one of the numbers represented by a letter =
be multiplied by another number represented by a digit 3,
then in the product 3z, 3 is called the nmumerical co-
efficient of x. Similarly, in the produect 5@, 5 is the’
numerical coefficient of ¢, and in 23xy, 23 1s the numerical
coefficient of xy.

The numerical coefficient is generally placed first. When
there is no numerical factor in a product, the numerical
coefficient may be supposed to be unity. Thus, in z and 2y,
the numerical coeflicients of & and 2y are in each case unity.

5. When numbers or lebters and figures are connected
by the signs “+’ and ‘-, they are said to form an expres-
sion, and each part of an expression is called its term.
Thus, the expression 3+ a—~ b 1s formed of the terms 3, a
and b, Similarly, the expression 2¢ + 3b¢ is formed of the
terms 2a and 3bc.

An expression 1s simple, when it consists of only one
term, such as 2a. An expression is compound, when it
consists of two or more terms, such as 2a + b, 2a + 3b — 5d.
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6. Terms confaining the same letters and differing only
in their numerical coefficients are called like terms. Thus,
6a, ¢ and 2a are like terms, and 3zy and 42y are also like
terms.

EXAMPLES. I

(Examples 28—82 may be taken orally)

Write down in signs

1. a'into b. 2. zinto . 3. 5 into a.
4, 1divided by b. 5. The sum of z, y and z.
6. The product of a, band c.
7. The sum of 8 and 7 is equal to 15.
8. The sum of @ and a is equal to 2a.
9, The difference of 9 and 7 is equal to 2.
10. The difference of 3z and 2 is equal to z.
11. The sum of 10 and 8 is equal to the sum of 13 and 5. .
12. The sum of a and b is equal to the sum of  and y.

13. The difference of 10 and 6 is equal to the difference of 8 and 4.
14. The difference of 2 and ¥ is equal to the difference of ¢ and 5.
Can the sign * X’ be omitted in the following ?

15, aXb. 16. 3xa. 17. 3xa. 18, axyx-z.
19. What is the difference between 32 and 3x2 ?
20. What is the difference between zy and xxy ?
21. What is the difference between 32 and 23 ?
22. What is the difference between ay and yx ?
23. If =10, find the valuec of

(i) z+5. (ii) x—5. (ili) 2 x5. (v) z<5.

(v) 2z+8. (vi) 52— 10. (vii) 8z x2. (viil) 4x 8.
24. If x=9 and =3, find the value of

(1) z+y. (i1) x—y. (iii) zxy. (iv) x+y.

(v) 4z+3y. (vi) 2x—-4y. (vii) bay. (viii) 52 +15.
25. TFind the value of a+ b&—c¢ when

(i) a=5, b=4, ¢=3, (ii) a=27, b=0, ¢=15,

(iii) =1, b=1, c=1.

26. TFind the value of 3ab+2cd when
(i) a=5, b=2, c=1, d=4. (i1) a=3, b=4, ¢=2, d=11,



27.

28.

29.

30.

31.

32.

33.

34.
35.
36.
37.

.SIGNS OF OPERATION 5

Find the value of xy— 3z when .

(i) v=4, y=2, z=1. (ii) @=8, y=17, 2=12.

Find the value of 4zy — 3wz when

(i) v=5, y=3, z=4¢, w=2. (ii) z=1, y=10, z=4, w=3.

Find the value of %+c ‘when

(i} a=6, b=3, ¢=1. (ii) a==14, b=7, c=10.
Find the value of %’-— ¢ when

(i} @a=6, b=3, c¢=1. (ii) e=18, b=38, c=4.
Find the value of '%+%- when

(i) a=5, b=10, ¢=4, d=8. (ii) a=38, b=6, ¢=16, d=4.

Find the value of %—-% when
G
(i) a=5, b=10, c=4, d=8. (i) a=10, b=5, ¢=38, d=8.

Express 24 algebraically when a=2 and b=4.

Solulion.
Since 24 is equal to 2 tens and 4 units,

S 24=10x2-}-4
=10xa+b
=10 a+b.

Express 35 algebraically when a=3 and b=5.
Express 27 algebraically whengr=2 and y==7.
Express 84 and 48 algebraically when #=4 and y=8.
Express 135 algebraically when v=1, y=3 and z=35.

—

Solution.
Since 135 is equal to 1 hundred, 3 tens and 5 units,

S 135=100+30+45
=100x14-10x3+5
=100 Xx+10Xy-+z
=100z + 10y + 2.

Express 234 algebraically when a=2, b=3 and c=4.
Express 514 and 415 algebraically when z=4, y=1 and z=5.

What is the difference between 5% and az—)— when a¢=>5, b=3 and
c

Write down the numerical coefficient of .
(i) 3a. (ii) a. (iii) 100a. {iv) 3a.
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42. Write down the coeflicient of z in

(i) 5a. (ii) az. (iii) aber. (iv) 1oper.
43. Write down the numerical coefficient of

(i) 6ax. (ii) aye. (iil) 20%m. (iv) fxy.
44. Which are like terms in the following expressions ?

(i) 6a+3x+5a+8x. (ii) dzy+4ab+iay+adb+2xy.
45. Express x rupees (i} in annas, (ii) in pies.

Solution.

(i) Since 5 rupees=16 X5 annas=80 annas.

Similarly o =16xx ,, =16x ,,
(ii) Since 8 rupees=192 % 3 pies =576 pies.
Similarly 2 o =192xXa ,, =192z pies.

46. Express z hours (1) in minutes, (ii) in seconds.

47. Express a miles (i) in yards, (ii) in feet, (iii) in inches.

48. KExpress ¥ metres (i) in decimetres, (i) in centimetres, -(iii) in
millimetres.

49. Express x square yards (i) in square fect, (ii) in square inches.

50. If a boy walks at the rate of 3 miles an hour, how far will he
walk in 4 hours ? '

51. 1If a boy walls ab the rate of 3 miles an hour, how far will he
walk in @ hours ?

52. If a boy walks at the rate of ¥ miles an hour, how far will he
walk in 4 hours ?

53. If a boy walks atb the rate of y miles an hour, how far will he
walk in 2 hours ?
*  54. 1If one dozen oranges cost Rs. 2, what will 2 oranges cost ?

55. The length and breadth of a rectangle arc I yards and b vards
vespectively, find its area.

56. The area of a rectangle is a square yards and its length is { feet,
find ibs breadth.

57. Rama has « pens, Krishna b pens and Gopal ¢ pens. How
mauy pens have thev altogethcr ?  What does the answer become when

a=35, b=38 and ¢=97?

58. A farmer took x goats to the market for sale and sold y goats.
How many goats did he bring back ? What does the answer become
when ¢ =50 and y=35"?

59. A man took a horses to the market for sale and returned with
b horses. How many horses did he sell ? Whaf does the answer
become when a=75 and b=40"7?

60. A man walks  miles on the first day, ¥ miles on the second,
2 miles on the third and w miles on the fourth. How many miles did
he walk in' the four days? What does the answer become when =35,
=0, z=4 and w="7T"? .



CHAPTER I1
EASY ADDITION AND SUBTRACTION
Addition of Like Terms

7. The process of addition in Algebra is the same as
that in Arithmetic with this difference that in Algebra
we make use of letters besides figures.

For example, 4 men and 5 men are together equal to
9 men,

7.e., 4 men + 5 men =9 men.

If for the word ‘men’, its first letter ‘m’ is written, the
above statement c¢an be written as

4m + 5m = 9m.
Thus, we see that it makes no difference whether we
write ‘men’ or ‘m’.
Similarly, we can have
4z + bx =9z,
Ta + Ba = 15a, ete.

We have learnt in Arithmetic that only things of the
same kind are added together. For example, 5 books and
6 books are together equal to 11 books ; and 2 rupees, 5 rupees
and 8 rupees are together equal to 15 rupees,

i.e., 5 books. + 6 books =11 books,
and 2 rupees + 5 rupees + 8 rupees = 15 rupees.
Writing ‘b’ for ‘books’ and ‘¢’ for ‘rupees’, the above can
be written algebraically thus
ob+6b=11b,
and 2r+ 5r+ 8r= 157
From the above we see that in Algebra also only like

terms can be added together., In Arithmetic 5 books
cannot be added to 3 pens nor a certain number of houses
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can be added to a cartain number of men, similarly in Algebra
5b cannot be added to 3p. Their sum is expressed as 50+ 3p,
for b cannot be added to p. Similarly, the sum of « and ¥
which are unlike terms is expressed as z+y. But if 2z and
5x which are like terms are to he added, their sum is equal
to Tz, obtained by adding their numerical coefficients.

Hence, we see that the sum of a number of like lerms s
@ single similar like term whose numerical coefficient is equal
to the sum of the nuwmerical coefficients of all the like terms.
EXAMPLE 1. Find the sum of 3x and 5x.

The sum of the numerical coefficients of the two terms is 3+ 5=8.
. 3rx+5x=28z.

EXAMPLE 2. Sumplify 3xy+xy+2xy.
The sum of the numerical coefficients of the three terms
=34+1+4+2=0,
O 3xy oy + 2y =06xy.
EXAMPLE 3. Find the sum of 5a, b, 6a, Tb and 2a.

Since 5a, 6a and 2a avre like ferins of one kind and & and 7b are like
terms of the second kind,

<. ba+6a+2a=13a,
and b+Tb=8b.
Hence the sum=5a+b+06a+Tb+2a
. =5a-+6a+2a+b+Tb
=13a 4 8b.

NOTE., 13a and 80 cannot be added together as they are not like
terms.

=}

EXAMPLES II

(Ezxamples 1—22 may be taken orally)
Add together

1. 2yardsand 7 yards. 2. 2yand Ty.
3. 4ax and 8z. 4. @ and 3a.
5. a,aanda. 6. 3z, bx and 8z.
7. xand ix. 8. ilzand iz
9. 1b, ib and 1b. 10. =z, i}z and 3z.
11. 4b, 5b, 8b and 105. 12. ¢, 10¢, 20¢ and 30c¢. ¢

13. =z, 10z, 100z and 1000z. 14. p, 3p, 5p. Tp, 9p and 11p.
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Simplify .
15. d43d+8d+10d. 16. z+2z2+3z+4x+45246z.
17. a+iac+tia+3a+ia. 18. ab+tadb+ab+ab.
19. ay+Tay+8zy. 20. ayz+2zyz+4dzys.
21. 2abe+labe+ Labe. 22. abed+3abcd+9abcd.

Simplify the following by combining like terms

23. 2a43z4+5a+9x. 24. a+3b+ia+4b+3a.

25. a+2b+T7c+3at4ec+Tb+c. 26. a+8b+2a+5c+4a+T7b+3c.
27, 2xy+yz+ay+dyz+4xy+3yz.

28. ab+2bc+3ca+4ab+5be+b6catTab-+8bc+9ca.

Find the sum of

29. randy. 30. @, bandec.

31. ab, bec and ca.

32. Rama has z oranges and Krishna y, how many oranges have
they together ?

33. Kailash travelled x miles on cycle, ¥ miles on foot and z miles
on horse, how many miles did he travel altogether ?

34. Shyama fravelled 2 miles in the morning, ¥ miles in the after-
pnoon and 5 miles in the evening, how many miles did he travel in the
whole day ?

35. Madho spent 82 hours in reading, 2x hours in writing and 5z
hours in playing, how many hours did he spend altogether ?

36. A man has four boxes, in each of which he has a rupees. Hoew
many rupees has he altogether ?

37. A purse has x rupees, 2 annas and 2 pies. KExpress, in pies,
the value of the contents of the purse.

38. Kailash has 1 rupee, Sagar 2 annas and Prem # pies. How
many pies have they altogether ?

39. Rama has = pounds, Krishna y shillings and Gopal z pence.
How many pence have they altogether ?

40. In a cricket match, a boy scores 22 runs in the first over, i runs
in the second, no runs in the third, 22 runs in the fourth and 3 runs in
the fifth. How many runs did he score in all the five overs ?

Addition of Compound Expressions

8. In Compound Addition in Arithmetic when rupees,
arnas and pies are added to rupees, annas and pies, the
amounts are so arranged in rows that rupees fall under
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rupees, annas under*annas and pies under pies in the same
vertical columus, and then the sum of pies is written down
under the column of pies, the sum of annas under the
column of annas, and the sum of rupees under the column of
rupees. Similaily, in Algebra, if expressions of two or more
terms are to e added together, they are arranged so thaf
like terms come in the same vertical columns, and each
column is then added separately (beginning with that on the
left) and its sum written below it. The only difference is
that in Arithmetie, if the sum of pies exceeds 12, pies are
converted into annas, and the remainder is placed under
pies’ column, and the number of annas so obtained is added
to annas in the annas’ columan. Similarly, if the sum of
annas exceeds 16, anpas are converted into rupees, and the
remainder is placed under the annas’ column, and the
number of rupees so obtained is added to rupees in the
rupees’ column. The sum of rupees is then placed under
rupees’ column. Whereas 1n Algebra the sums of like
terms are placed under their own columns and are not
taken to the next. '

For example

Rs. as. P

12 2 3 and 12 + 2a + 3p
« 6 1 2 6r + a + 2p

7 8 1 7 + Ba + »p

8 3 4 8 + 3a + 4p

33 14 10 33r +14a + 10p

EXAMPLE 1. Find the sum of 2x+38y 40z, 3x+2y 47z and 4x+y.

Here we write down the expressions so that like terms are in the
same vertical columns i.¢., & may come under @, ¥ under ¥ and z under
z, and then add up each column separately and write down the sum of
2's under the column of =, the sum of ¥'s under the colunn of % and
the sum of z's under the columun of z thus

2x+3y+62
3r+42y+T2
dr+ ¥

9r+6y+13z S
Hence the sum is 9246y +13z.
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EXAMPLE 2. Find the sum of 4yz+3xz.,5xy +3vz+2xz, 4xy+2yz
and yz-+xz.
dyz+ 3z

Szy+ 3yz+2xx
doy+ 2yz
Yz az

92y +10yz 461z
Hence the sum is 9ay+10yz+Gxz.

EXAMPLES III
Add together

1. a+2b, 2a+0b. 2. z+8y, 2z+5y.

3. 45, 3x+2. 4. a+b, 2a+3b, 4a+TD.

5. 8z+4+y, 43y, 2x+2y. 6. aty+z 2x+3y+4z.

7. 2x+3y+4z, x+5y+9z. 8. 2ab+3xy, Sab+4xy.

9. a-+be, 2a+3bc, 3a-+5be. 10. a+b,2a+3b,3a+5b,4a+Th.

11. a+2b+23¢, 3a+b+2¢, 2a4+3b+c.
- 2. 5d+6f+9, 3d+f+4, d+8f+1.
13. 5a+8b+1lc, da+7b+10¢, Sa+9b+1%c.
14. 5a+5b+9c, 4a+8b+Tc, 9a+4b+6¢. Sa+Tb+9c.
15. a+4b+7¢, 2a+5b, 3a+tec.
16. 21+ 3m+4n, 514-6m+Tn, Sur+ 9.
17. a+b, b+e, c+a. i
18. ab+be, be+ca, ca+ab.
19. 2a+3b, Yb+3c, 3c+}a.
20. a+idb+ie, iat+b+3c, Ja+ib+ec.
21. ab+e, Bab+5¢, Tab+2c, 4ab+Tc, 6ab+10c.
22. zytyztzx, zztxy, xytyz, yztza.
23. pq+2r+3rp, dpg+5qr, Gpg+Trp, 8qr+9rp.
24. a+b4c+1, 264+3c+4, S5at+c+3, b+4c, Ga.
25. 1+4zx+2xy, 3x+2y45, 10zy+ 062, v +y.

Subtraction of Like Terms

9. The process of subtraction in Algebra is the same
as that in Arithmetic. If, for example, 4 caps are taken
agvay from 6 caps, we shall have 2 caps,

7.e., 6 caps — 4 caps =2 caps.
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If for the word ‘caps’ its first letter ‘¢’ is written, the
above statement can be written as

6c — 4¢ = 2¢.
Hence, we see that it makes no difference whether we
write ‘caps’ or ‘¢’
Similarly, we can have
8a —7a=a, etec.
We have learnt in Arithmetic that things of one kind
can be subtracted or taken away from the things of the same

kind. For example, if 7 books are taken away from 10
books, we shall have 38 books,

t.e., 10 books — 7 books =3 hooks.

If we write ‘4’ for ‘books’, the above can be written
algebraically as

106 - 7b=30.

We thus see that in Algebra also, only like terms can -be
subtracted from like terms. In Arithmetic it is impossible
to take away 3 pens from 5 books, similarly, in Algebra 3p
cannot be subtracted from 5b. Their difference is expressed
as 5b— 3p. Similarly, if ¥ be subtracted from x, where =z
and ¥ are unlike terms, the difference 1is -expressed as
x=1y. But, if 2z be subtracted from dx, where 2x and b5z
are like terms, the difference will be equal to 3z, obtained
by subtracting their numerical coefficients.

Hence, we see that the difference of two like terms is a
stmilar like term whose numerical coefficient ts equal lo the
difference of the numerical coefficients of the two terms.

EXAMPLE 1. Subfract 3x from 5x.

If the numerical coefficient of the first term be subtracted from that
of the second, we get the numerical coefficient of the difference.
The difference of the numerical coefficients=5-3=2,

o-o 550 - 333 =Qm.
EXAMPLE 2. Simplify Bxyv-—5xy.
Since 8 -5=3,
s Bay - day=3xy.
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EXAMPLES IV

(Oral)
Simplify
1. 8a-—b5a. 2. 92—z 3. 100{-981.
4, 3x-1x. 5. 3x—}r. 6. zy-ay.
7. 10ab-— 8ab. 8. b5abc-abe. 9. 12%wzyz—Twxyz.

10. Subtract 4 from z.

11. By how much does 6z exceed 3a ?

12. By how much does Tab exceed 4ab ?

13. By how much does = exceed ¥ ?

14. What must be added to 3z in order that the sum may be 5z ?

15. What must be added to 12lm -in order that the sum may
be 21l ?

16. Rama has x pencils ; if he gives 5 pencils to his brother, how
many pencils will he have ?

. Jd7. XKailash has z rupees ; if he gives % annas to Prem, how many
rupees will he have ?

Subtraction of Compound Expressions

10. In addition, expressions which are to be added
together are placed in rows in such a way that like terms
come in the same vertical eolumns, Similarly, in subtraection
the expression which is to be subtracted is placed under that
from which 1t 1s to be subtracted in such a way that like
terms come under one another, and then their differences
are written under their own columns.

Thus if 6a+ b+ 3¢ be subtracted from 12a + 20 + ¢, the
guestion can be written as

12 + 26 + 35c¢
6a + b + 3¢

6a + & + 2¢

Hence the difference is 6a + b+ 2e.
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EXAMPLES V
Subtract

a-+2b from 2a+ 4b.
20 from a -+ 3b.
x+ 2y from 3z + 2y.

S3a+9 from 6a+9.
%a from 2a-+ 3b.

x+y from z+y.

® o BN

1+ Ly from 2+ .

3x+2y+z from dx+3y+ 2.

10. 4a+5b+406c from 12a+48b+Tec.
11. a+ib+3ic from 2a+2b+4 2e¢.

12, 3z+3y+#z from z+y+ 2.

13. 6ab+3be+ca from Tab+ 4bc+ ca.
14, Sxzy+3zx from 6xy+Tyz+ Bzx.
15. ab+c+3 from 4ab+2¢+9.

16. Im+mn+np from 2np+ 3mn+ln.

17. ab+2c¢+3d+4 from ab+3c+5d+7.

18. By how much is 6x+ 5y greater than 4x+y ?

19. By how much is 5a¢+4b+ 3¢ less than 6a+5b+4c ?

20. What must be added to 2 in order that the sum may be z+y ?

21. What must be added to {+mni+4 2 in order that the sum may be
314+2m+1 ?

22 What must be added to 4ad+20c+3ce in order that the sum
may be 5ab+3bc+Gea ?

"23. What must be added to x4+ fy+1iz in order that the sumn may
bea+yt+z?

24. What must be added to Sxy+3yz+z2 in order that the sum
may be Sry+3yz+iza?

jx+ Lty from 3z + 3y.

ON 0L



CHAPTER III
POSITIVE AND NEGATIVE NUMBERS

11. In Arithmetic smaller numbers can be subtracted
from greater numbers, or equal numbers can be subtracted
from equal numbers, but greater numbers cannot be subtracted
from smaller numbers. In Arithmetic we have dealt with
such cases as

5 — 3 = 2,
5 — 4 = 1,
5 -5 =0,
but we have not dealt with the following cases :
5—-6=7
5 — 7 =2
4 — 5 =7

From the above we see that when the minuend is 3, and
the subtrahend is 3, the difference is 2, and when the
minuend is 5, and the subtrahend is 4, the difference is 1,
¢.e., as the subtrahend goes on increasing while the minuend
remains the same, the difference goes on decreasing, ani
when the subtrahend becomes equal to the minuend, the
difference becomes equal to zero. DBut, if the subtrahend
is greater than the minuend, as In the last three examples,
the difference will be smaller than zero. Thus, we see
that greater numbers can only be subtracted from smaller
numbers when it is supposed that there exist numbers
smaller than =zero. Such numbers are called negative
numbers, while numbers greater than zero are called
positive numbers.

12. Positive numbers are expressed by either placing
‘4’ sign hefore them or by not placing any sign before them,
thus

. +1, +92, +3, +4, +3, etec.,
1, 2

or . , 3, 4, 3, ete.,
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are all positive numbers, and they are read plus one, plus
two, plus three, plus four, plus five, ete., or simply, one, two,
three, four, five, etc.
- . - . i *

Negative numbers are expressed by writing —' sign

before them, thus
-1, -2, —38, —4, -5, ete.,

are negative numbers, and they are read minus one, minus
two, minus three, minus four, minus five, ete.

Thus we see that signs ‘+’ and ' —’ have two meanings :
(i) the sign ‘+’ means ‘to add’ and the sign ‘—' means to
subtract’, (ii) these signs show whether the numbers are
positive or negative.

13. Suppose we start with zero and continually add one,
we obtaln a series of numbers which can be written as

0, 1, 2, 3, 4, 5,...
But how are we to write the numbers if we start with

zero and continnally subtract one ? For example, what will
be the remainder, if 1 is subtracted from 0 ?

0-1=7?
Since in addition and subftraction zero has no value, hence
0-1= -1.
Stmilarly, 0-2= -9,
0—-3= -3,
0 -4 = —4,
0 - 5= -5,
ebe.

Thus in Algebra the series of numbers can be written as
.—0, —4, -3, -2, -1,0, +1, +2, +3, +4, +5,...

In this series we find the numbers continunally in-
creasing one by one, if we proceed from left to right, and
continually decreasing one by one, if we proceed from
right to left i.e, +4 is greater than +3 by one, o1
is greater than O by one, 0 is greater than —1 by one,
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— 1 is greater than — 2 by one, and —4 rs greater than -5
by one ; while + 5 is greater than +2 by three, and —2 by
seven. Similarly, +4 is less than +5 by one, +1 is less
than + 2 by one, — 1 is less than 0 by one, — 5 1s less than
— 4 by one ; while — 5 is less than — 3 by two, less than 0
by five and less than + 3 by eight.

Now the examples of Article 11 can he written thus

5-38=2,
5 -4 =1,
5-5=0,
5-6=-1,
5-7=-9,
4 -5 =-1

Graphic Representation of Positive
and Negative Numbers

14, The students can have a very clear idea of positive
and negative numbers from a graphic representation on
squared paper.”

Take any point O on onée of the horizontal lines drawre
on a squared paper and regard each division, or the side of a

sinall square, as a unit. Now, if the divisions to the
right of O are regarded as positive, then those to the left of

* A squaved paper is one, which is divided by means of parallel

straight lines into a large number of small squares, each side of
which is generally one-tenth of an inch or one millimetre in length.
Theglength of the sides of these squares is generally taken as a unib
of length.

2
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O are to be regarded as negative. Hence any positive
number, + 10 for instance, may be represented by marking
a point after counting 10 divisions from O to the right,
and any negative number, — 10 for instance, may be
represented by marking a point after counting 10 divisions
from O to the left.

Similarly, if a vertieal line is drawn on
a squared paper and any point O 1s taken
on it, (each division or side of a square +10-
hbeing taken as a unit), and 1if the
divisions measured upwards are regarded
as posttive, then, those measured down-
wards are to be regarded as negative.
Hence, any positive number, + 10 for
instance, may be represented by marking
a point after counting 10 divisions [rom
O upwards, and any negative number,
— 10 for instance, may be represented [T
hy marking a point after counting 10 -
divisions from O downwards. '

(0]
-’

NOTE. It is cuostomary to represent positive
numbers by lines drawn to the rvight or upwards,
and negative numbers by lines drawn to the left or 10—
downwards. ,

Concrete Illustrations of Positive
and Negative Quantities

15. We shall now give some concrete illustrations to
make the meaning of positive and negative numbers more
clear to the students.

(i) Suppose 8 new hoys are admitted to a class, while
:5 old hoys leave it. Then the number of hoys in that class
increases hy three over the number at the beginning. On
the contrary, suppose 5 new boys are admitted to n class,
and 8 old hoys leave it. Then the number of hoys in that
class decreases by 3 helow the numnber at the I)eg‘innfng.
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If the number of increase of hoys bhesregarded positive,
and decrease negative, then the above statements can he
expressed algebraically thus,

8 boys — 5 hoys= + 3 boys,

5 hoys — 8 hoys= — 3 hoys.

Thus, although arithmetically ‘— 8 boys’ is an impossible
expression, yet algebraically ‘=3 hoys' may be taken to
mean a decrease of 3 boys.

(ii) Suppose a trader buys an article for Rs. 12 and sells
it for Rs. 20, he gains Rs. 8 or plus Rs. 8. On the contrary,
suppose he huys an article for Rs. 20 and sells it for Rs. 12,
he loses Rs. 8. Since gain is found by subtracting what is
lost from what is gained, therefore, if gain be regarded
positive, and loss negative, then, a loss of Rs. 8 can be
writben as a gain of — Rs. 8 or minus Rs. 8. Hence, in the
second case, we can say that he gained — IRRs. 8. The ahove
statemments can now he expressed algebraically thus,

' Gain = Rs. 20 - Rs. 12 = Rs. §,
,, =Rs.12-1Rs. 20= - Rs. 8.

Thus, although ‘— Rs. 8’ standing by itself has no mean-
ing whatever, yet algebraically, a gain of — Rs. 8 may he
taken to mean o loss of Rs. 8. .

(iii} Suppose a man first gains Rs. 100 and then loses
Rs. 70, his gain is Rs., 30. On the contrary, suppose he
first gains Rs. 70, then loses Rs. 100, he loses Rs. 30 or
he is said to gain — Rs. 30, i.e., he has to pay Rs. 30 more.
Again, suppose he first loses Rs. 100, then gains Rs. 70, he
loses Rs. 30 or he is said to gain — Rs, 30. While, if he first
loses Rs. 100 and then again loses Rs. 70, he loses Rs. 170
altogether or he is said to gain— Rs. 170 altogelher. The
above statements can he expressed algebraically thus,

Gain= IRs.100-Rs. 70= Rs. 30,
. = Rs. 70-Rs. 100= — Rs. 30,
» = —Rs. 100+ Rs, 70= —Rs. 30,
., = —Rs. 100-Rs. 7T0= —-1s. 170.



20 ALGEBRA

NOTE. From theabove it follows that

100—- 70= 30,
70—-100=— 30,
—100+ 70=-— 30,
—~100- 70=-—1%0.

Heuce, it follows that

— 100 - 50= — 150,
— 3- 4=- T,
and - 5— 6=-— 11.

(iv) Suppose AOB is a straight road 10 miles in length
on whiclh marks at intervals of one mile are made and O is
its middle point. Now, if a boy goes 4 miles from O to the
risht and then returns 1 mile, he will be at a distance of
3 miles from O to the right, 7.e., he will be at the point C.
(The directions of going and returning are denoted by
arrowheads). If the direction of going be regarded positive
and that of returning negative, he will be at a distance of

E ,f”?—*“\\o

A T 0 1 2 a<4 5B

+3 miles from the starting point. Although the boy has
travelled 4 + 1, i.e., 5 niles, yet since he arrives at C, which
in the direction of his going is only 3 miles from O, we say
algebraically that the boy first goes + 4 miles and veaches D
and then goes — 1 mile and arrives at C, 7.e., he has travelled
+ 4 miles and — 1 mile, 7.e., + 3 miles in all.

If the boy first goes 5 miles from O to the right and then
reburns 5 miles, 7.¢., on reaching I3, he travels 5 miles in
the opposite direction, or to the left, then he comes back to
the starting point O. Although he has travelled 5+5 or 10
miles in all, yet algebraically he has first travelled + 5 miles
and then — 5 miles, 7.e., at the end of his journey he is at a
distance of 0 mile from his starting point.

Again, suppose the boy first goes 5 miles [rom O to the
right and then returns 8 miles to the left, he will pass
through O and reach E, 7.c., he is at a distance of 3 piles
to the left of O or — 3 miules fio the right of O in the direction
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of his start. Although he has travelled*5+8 or 13 miles
in all, yet algebraically he has first travelled + 5 miles and
then — 8 miles, 7.e., — 3 miles in all.

NOTE. It has become a convention with regard to the meaning of
negative sign in the measurement of lengths, that if lengths measured
in one direction or sense along a straight line, generally to the right,
are considered positive, then the lengths measured in the opposite
direction, generally to the left, are to be considered negative.

16. If instead of boys, rupees and miles, we use letters,
then the results of the examples of the previous article can
be stated thus,

Bb — 8b = + 35,
56 — 8L = - 35,
201 = 12r= + 8y,
12y — 20r= - 87,
100+ ~ 70r= +30r,
70r —100»= — 30r,
- 100» + 70r= - 307,
—100r — T70r= - 170,

dm - m = + 3m,
Sm — bdm = 0,
dm — Bm = — 3m,

EXAMPLES VI
(Oral)

_1. A man has Rs. 250 but owes Rs. 150. What will he have after
paying his debt ?
.2‘ A man has Rs. 250 but owes Rs. 300. \What will he have after
paying his debt ?
_ 3._ A trader first gains Rs. 300 and then loses Rs. 260. What is
his gain ?

_ 4 A trader first gains Rs. 500 and then loses Rs. 750. What is
his gain ?
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3. A trader first'loses Rs. 500 and then again loses Rs. 750. What
is (i) his loss, (ii) his gain ? '
. 6. A boy has 6 unnas but has to pay 2 annas as a fine. How much
will he hive after paying his fine ? '

7. A boy has » annas but has to pay v anunas as a fine. How
much will he have after paving his fine ?

In figure of Article 15 {iv), if O is the starting point and the right
hand direction be regarded positive and left hand negative, find the
distance between Rama and Krishua if

8. Ramau goes 4 miles from O to the right and Krishna 8 miles to
the left.

9. Rama goes +4 miles and Krishna — 3 miles.
10. Rama goes +5 miles and Krishna +3 miles.
11. Ruma goes — 5 miles and Krishna +2 miles.
12. Rama goes — 5 miles and Krishna — 2 miles.

13. Kailash reached the school 5 minutes later and Prakash 5
minutes earlier than the right time, find how many minutes earlicr
Prakash reached the school before Kailash.

14. Raunaq is 5 ycars older than Kailash and Prem is 3 vears
vounger than Iailash. How many vears is Raunaq older than I'rem ?

15. A ship first sails 25 miles to the north and then 10 miles to the
south. How far is it from the starting point ?

16. A ship first sails 40 miles to the north and then 50 miles to the
sonth. How far is it from the starting point ?

Subtract
17. 40 from 30. 18. 20 from O. 19. 20 from 12.
20. 2 from—2. 21. 104 from -20g. 22. 40a from 30a.
23. 18a from 0.

Add
24. 7 to -5, 25. 2o -1. 26. 5lo -5.

27. 10x to —10x. 28. —106!I to 201.

Which is greater and by how much ?

29. 1or—-1. 30. Oor -1. 31. -3o0r —-5. 32. —-Tor —13.

Find the valuc of

33. 6-5. 34. 5-0. 35. -5-6.

36. 15& - Sx, when a =32, 37. Br-—15r, when z=2.¢

38. —8u&-15x, when =2,
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Simplify -
39. ab—ab. 40. —ab-—ab. 41. -3xyz+5ryz.

What should be added to the following that the sum may he
equal to zero ?
2. -1. 43. —15. 44. 20. 45. 5-7.
46. H5—c. 47. x+y. 48. a-0b.

49. A train arrives ab o station at 10 minutes to 7. If it was 15
minutes late, at what timme would it arvive ?

50. A train should have arrived at a station at 10 minutes to 9. If
it were 25 minutes late, how many minutes after 9 would it arrive ?

51. A student should have reached the school at 55 minutes past 9.
If he arrived 8 minutes late, how many minutes after 10 did he arrive ?



CHAPTER IV

BRACKETS

17. Brackets () indicate that the terms enclosed within
them should be considered as one whole.

Thus 12 — (5 + 3) means that the sum of 5 and 38 is to he
subtracted from 12, :

12—(5+3)=12—8=.4.

If there were no brackets then the expression 12-5+3
would mean that 5 was to he subtracted from 12 and the
difference was to be added to 3, z.c.,

12-5+3=7+3=10.
Similarly, 12 x (5 + 8) means that the sum of 5 and 3 18 to
hbe multiplied by 12, z.e.,
12 x (5+3)=19 X 8=96.

If there were no brackets then the expression 12x5+3
would mean that 5 was to be multiplied by 12 and the
product was to he added to 3, z.e.,

12x5+3=60+3=063.

Hence we see that brackets should be dealt with first,
otherwise there would be a great difference in the result.

Removal of Brackets

18. ZFrom the previous Article we see that 12+ (5+ 3)
means that 5 and 3 are to be added first, and then their sum
1s to be added to 12. But, if 5 is added to 12, and then
their sum is added to 3, the result will be the same,

for 12+(5+3)=12+8=20,

and 12+ 5+3 =17+3=20,

‘Hence, 12+(5+38)=12+ 5+ 3,

and similarly, z+({y+2z)= z+y+-
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Again 12+ (5 - 8) means that 3 is to‘be subtracted first
from 5, and then thelr difference is to be added to 12.
But, if 5 1s added to 12, and then 3 is subfracted from their
sum, the result will be the same,

for 12+(5-3)=12+2=14,
and 12+ §-3 =17-3=14.

Hence, 12+(5-3)=12+5— 3,

and similarly, z+(y - 2)= z+vy— =z

Again, 12 - (5+3) means that 5 and 3 are to be added
first and then their sum i1s to be subtracted from 12. But
"if 5 is subtracted from 12 and then 3 is subtracted {rom
their difference, z.e., if both 5 and 3 are subtracted separately
from 12, the result will be the same,

for 12-(5+3)=12-8=4,
and 12— 5-3 = T-8=4.
"If' there were no brackets then the expression 12-5+3

would mean that 5 was to be subtracted from 12 and their
difference was to be added to 3, z.e.,

12-5+3=7+3=10.
But there 1s a great difference between the two results.

Hence we see that 12— (5 + 3) is not equal to 12—-5+3 but*
i1s equal to 12 -5 — 3,

and similarly, a ~(y+z)=2 -y — =
Again 12~ (5—- 3) means that 3 is to be subtracted first
{from 5 and then their difference is to be subtracted from 12.
But if & is subtracted from 12 and then 3 is added to
the difference, the result will he the same,
for 12-(5-3)=12-2=10,
and 12- 5+3 = 7+3=10.
Hence, 12-(5-3)=12-5+3,
and similarly, x-(y—-2)= x—-vy+=.

From the above examples we see that when an expression
within brackets s preceded by the positive sign, the brackets
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wmay be removed without changing the signs of any of its
terms, but when it is preceded by the negative sign, the
brackets may be removed by changing the sign of every term.

Graphical Representation of the
Removal of Brackets

19. We shall now illustrate the principles contained in
the preceding article graphically on squared paper by taking
the side of a small square to represent one unit.

EXAMPLE 1. Show that +74+(-5)=+2.

Take a point O on squared paper and draw a straight
line OA to the right equal to 7 units.

From A measure AB to the left equal to 5 units.

Now OB will represent + 7~ 5.

But since OB is equal to + 2,
+7+(=-5)=+7-5=+2.

EXAMPLE 2. Show that +7—-(-5)=+12.

Take a point O on squared paper and draw a sbtratght
line OA to the right equal to 7 units.

w

ST
1]

If we added -5, we would have drawn AB to the left
equal to 5 units, but since we subtract —5 we draw A8 to
the right equal to 5 units.
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Now O3 measures 7 +5 or 12 units td the right.
S +7-(-5)=+T7+5=+12.
NOTE. If negative numbers are to be added to or subtracted from
other numbers, they may first be placed within brackets and then

the brackets may be removed, taking into cousideration the rule
concerning the change of signs.

20. We have already seen in Article 17 that 12x (5+ 3)
means that first 5 and 3 are to be added together, and then
their sum is to be multiplied by 12. But if 5 is multiplied
by 12 and 3 is also multiplied by 12 and then their products
are added, the result will be the same,

for 12x (5 + 3) =12 x 8=986,
and 12x5+12x3=060+36=96.
Hence, 12x (5 + 3) =12x5+12x 3,
and similarly, xx (y + 2) = axy+ zx=z
= gy t+x:.

This can also he illustrated graphically on squared
paper.

Draw OB equal to 5 units, and preduce A E L

i

OB to C, making BC equal to 3 units. <1,

From O draw OA. perpendicular to OB
cqual to 12 units. Complete the rectangle

OCDA.

) |
Since OC measures (5 4+ 3) units, there-
fore the area of the rectangle OCDA is
12 x {5 + 3) square units.
Cut off AE from AD equal to OB or G
o units. Jom EB. . . Q B

Now bhe aren of the rectangle OBEA =12 x 5 sq. units,
N e ’" BCDL = 12_)( 3 5Q. dllltis.

Bub the rect. OCDA =rect. OBEA + rect. BCDEL,
S 12x(5+3)=12%x5+12x 3.

and .
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If OB represents y units, BC z units and OA 2 units,
ex(y+z)=xxytarxz
=xy t+xz.

NOTE 1. Sometimes the sign ‘X’ is ommitted before brackets,
thus

. alyta)=rx(y+zl=aXytrxz=rytu:.
NOTE 2. S8ince axb=bXxa,
similarly, ax(y+z)=(y+z)Xa,
or x (yt+z)=(y+2) «

21. Again from Article 17 we also know that 8 x (16 — 4)
means that 4 is to bhe subtracted first from 16 and then the
difference is to be multiplied by 8. DBut if 16 is multiphed
by 8 and 4 is also multiplied by 8 and then the product of

8 and 4 1s subtracted from that of 8 and 16, the result will
be the same,

for 8x(16—-4) =8x12=2986,
and 8x16-8x4=128-32=96.
Hence, 8x(16-4) =8x16-8x4,
and similarly, zx{(y—-z) =zrXy-zxXz
=y — 12,
This can also be illustrated graphically on squared paper.

Draw a square OADC whose sides OA and OC measure

0 B A

16 and 8 units Trespectively. Measure AB from A along AO
and DIZ from D along DC equal to 4 unite, Join BE.

OB =CE = (16 - 4) units.
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Now the area of the rect. OBEC= 8 % (16 — 4) sq. units,
o owm o o . OADC= B8x16 sq. units,
and ,, W w i . BADE= 8x4 sq. units.
But the rect. OBEC =rect. OADC —rect. BADE,
8x(16-4)=8x16-8x 4.
If OA vepresents » units, AB z units and OC z units,
eX(y—2)=xxXy-—xxz
=qy — X,

Hence we see that when an expression within brackets is
multiplied by a number, the brackets may be removed by
multiplying each term of the expression within the brackets
by that number.

EXAMPLE 1. Remove the brackets in 84+ (G+2).
8+(G+2)=8+6+2
=16.

[

EXAMPLE Find the value of 9—(5+3).
90— (54+3)=9-5-3
—4-3

=1.

EXAMPLE 3. Simplify 15x4(10x— 8x).
152 4 (10a — Br)=15-+10r — 8.
=1%ar.
EXAMPLE 4, Simplify 2 - (3b45a).
2a ~ (30 +5a)=2a— 3b - 5a
= —3a—30b.

EXAMPLE 5. Remove the brackets tn x(v +2).
a4+ z)=ry+rz,
EXAMPLE 6. Find the value of 2(s+y)—z when x=1, y=2 and
z=3.
lety)— =242y -z

=2X1+2x2-3

=24+4-3

=3.
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NOTE. The rulesefor the insertion of brackets are the converse of
those for their removal.

Thus, since + (k—y)=+x-—-y,
+ =y =+(x—y).

Similarly, since — (x—y)=—z+,
Soo= aty =—(x—y).

And, since a (4 z2)=ry+asz,

rytrz=x (y+z).

22. Sometimes it 1s necessary to use more than one set
of bhrackets in an expression. In such cases it 1s hetter to
use hrackets of different shapes to avoid confusion. Those
in common use ave ( ), {4, [].

Thus z + {y — (z+ )} means that we are to subtract {rom
y the whole quantity within brackets () and then add the
result to .

When there are more than one set of brackets, it is more
convenient to remove the brackets one at a time, beginning
with the innermost pair and working outwards, but it is also
possible to remove the brackets beginning with the outermost
pair and working inwards.

LEXAMPLE 1. Suaplify, by removing brackets, the expression
x+iy—(z4+w). -
Removing the brackets one by one, beginning from within, the
expression =+ {y—z—w)}
=rdy—z—a.
If we were to hegin with the outermost hrackets wwe
should have
the expression=x+y— {7+ w)
=y+y—z—u.
LIIXAMPLE 2. Simplify a— (b+4ic—alc+ )}].
The expression=a — {b+{c— de — df}]
=a~- {b+c—de—df]
=a—-b—ct+det+df.
23. Sometimes a line called a vinculum is drawn over

an expression which 1s regarded as a whole. It has the
saime value as brackets. ‘
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EXAMPLE. Simplify p+q(r— 5+t).
The expression=p+¢(rr— s—¢)

‘=ptagr—gs—qgt.

EXAMPLES VII

 Simplify

O NB =

1

13.
15.
17.
19.
20.
21.
22.
23.
24.
25.
27.
29.
31.
33.
35.
37.
39.
41.
43,
45.
47.
48.
49.
50.

[y

0+ (7+2). 2. 104(—G+3). 3. 9—(7-0).
x4y - z). 5. »—(y-2). 6. 16+(8-5+1).
a—(b+ec—d). 8. a+3y+(22-2y).

243y — (2 — 2x). 10. m—3—(5—3m).

am—3+(5— ). 12. 2a-3b+(20- 3a).

dx+ 3y — (2r+3y). 14. 5—(2a—5b)- (4d+a).

a4+ {y—3x)—(z—u). 16. (a+D)+{a—10).

(a+d)— (n—0). 18. alb+c)+ble+a)+e(atd).

a{b—c¢)+blc—a)+cla-10).
n—(p-—n)—(8n+2m—2)— (n—m+2p).

de — (5d+3c)— (3d+5¢) — (2¢— Td).

{a+0)— (@ —20)+(2a — 30) — (da+b).
(=y+z)—(z—x+y)+(v+y+z)—(y—z2+a).
Su—4dy—(2z— 42— 2y} - (5x— 3y +2) + (2w +Gy+z2).

Qx+3(y+z—x)+Ty. 26. a+6(b-c)~2-(a-Db+ua).
8(m— 20u)+5(n—2p) — dm— (p — ). 28. 16+(8—5+1).
25—~ {6— 90— 5). 30. a+{b+c-d).

a+(b-c—d). 32. Tx—(6z—9y)—Ga+Ty— 3z

9 - {74+(5-3);}. 32, aw—{y—{(z-a)}.

817 -9(5— 4)}. 36. 8+3{x—n(z+4)}.

Sa— {32+ (42— 22)}. 38. Tau-{dr— (32+062)}.

Ga—{3b~ (2+0—-a)}. 40, I~2m—(- 1) —{2m—1— (2n+ 1)}
m—{m+(m—-m+1);. 42, [24 (11-35)]x3.
18-1[(8-3)- (5—2)). 44, w4 [y—2(r+3)+4].
ot y—{z+(e—wl}]. 46, bla—{c-d)=(e+))].
a-t-{n-b-(a+d)~u- v}

2= 2y+z) - fety—z— 4y - 22)}
4la-3ib-2(c~d)+1}—5].
26+4{m—6(T—n+p)+41].
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51. a-[a-a-b-{a—(a-0b)}].
52. 4z-y—[r~(By—2z)—1{2x—-2(y—2)}].
53. {3m—(m—m+n)t—[2n - {8~ {m - 2n)}].

54. a-[b-{c—(d—e-1}]. 55. 2{a-(b+a--20)3}.
56. n—[n—m+n—in—(n—m—-n).
57. [1-{1-(1-1-a)}). 58. o-[o-{—n—-(—2}})."

EXAMPLES VIII

1. What numbers ave represented by 04, OB, OC, OD and OE in
the following figure ? {Take one small division as one unit).

| | ]

fen]

D — A C E

. -

2. What numbers are represented by OA, AB. BC, CD and DE in
the figure of Question 1 2 ‘

3. In the figure of Question 1, show that
(i) 7-12=-5. (i) 11-26+22=7.  (iii) 15— 2045=0.

4. What numbers are represented by OA, OB, OC, OD and OE in
the following figure > (Take one small division as one unit).

W/

E Ale o-|B ' E

EEN N T

5. What numbers are represented by OA, AB, BC. CD and DE in
the figure of Question 4 ?

6. In the figure of Question 4, show that
(i) 3-9=-0. (i1) 14 -254+T7T=-4. (iii) —114+54+2=~4.
On squarved paper, show that

7. +T45=412. 8. +7+(-5)=+2.
9. —T+5=-2. 10. —74+(-5)=-12.
11. —7-(-5)=-2, 12, TX(84+5)=Tx8+TX

5]
13. 10(19+12)=10x19+10x12. 14. Tx(8-5)=Tx8-T x5.
15, (19-12)x10=19x10-12 x 10.



CHAPTER V
HARDER CASES OF ADDITION AND SUBTRACTION

Addition of Expressions involving
Negative Quantities

24. In finding the sum of simple or compound ex-
pressions we sometimes place them within brackets, connect
‘them by the sign '+’ and then simplify after removing
brackets.

EXAMPLE 1. Add 8a, —2a, 5a, —4a and 3a.

Sum = (8a)+(—2a)+(5a)+(—4a)+(3a)
. = B8a—2a+5a—4a+3a
= 10a.

EXAMPLE 2. 4ddd 3x—4y and 2x+3y.

Sum = (3z-4y)+(2z+3y)
= 3x—4y+2x+3y removing brackets,
= Jx+2x—4y+3y collecting like terms,
= br—y.

LXAMPLE 3. Add 2(x—y) and 3(x+y).

Sum = 2(z—y)+3{x+y)
2z — 2y +3x+3y
22+ 3x — 29443y
= Sx+vy.

EXAMPLE 4. Add 3(a—38b) and 2($a+3b).

Sum = %{a—3b)+2(3a-+5b)
3a—34X3b+2x3a+2x§b
Fa - 20+ ta+2b

ra+ia— 20420

= a.

I
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EXAMPLE 5.

ALGEBRA

First Method.

Sum

Add 20+43b—4e, Ja—2b+44c and a+5b+0Ge.

= (Za+3b—4c)+(8a—2b+4c)+(a+5b+6¢)

= 2a+30—4cH+3a—2b+4c+a+5b46¢
= 2a+3a+a+3b—26+5b—4c+4c+6¢

= Ba+6b+0Ge.

Second Method.

Write each expression so that like terms fall in the same vertical
columns and then add up each column separately thus,

2a¢+3b—4e
3a—20+4c
a+5b+G6¢

Ga+06b+6e

Hence the sum is Ga+ 60 +0Ge.

KXAMPLIE 6.

Sum =

I

= —3x+iy+iz

ddd Lx4y—z), d(x—y—z) and 3(-x+y-+z).
Mety—2)+3He—y—2)+i(-a+y+2)
lo+iy—dztin—Fy— Gz —jut+iy+iz
Az +ix - e+ iy —dy+iy - lz— 52+ 32

EXAMPLES IX

Add together

1. 3a, a, 5a, Ta, 4a. 2. x, 2, 4z, Sa, 16a.

3. —-a. —2a, —3a, —4a, —5a. 4. —n, —3m, —bm, —Tm, — 9m.
5. 2, 3a, —Ta, — 8. 6. -—3a, 6z, -7z, 5a.

7. —9xy, Tay, —3xy, 4ay. 8. 3ab, 4ab, — Tab, 4ab, — Gabd.

9. i Jz, iz, -2 10. 2a, —4a, —3ia, 3a.

11. a,1,a, —1. 12, Tm, 7, =2, —m.
13. k%, 1, —3k -2I, ok, k.

14. a2, vy, z. 32, — 5y, —0z, — 2z, d», —4y.

Simphfy

15. a+2a+3a. 16. «a—2a+3a.

17. 7z—xz+4x-52+3x. 18. «b+3ab+2ab—-4ab- 5ab.

19. 7mn+3mn— 2mn+ Bmn, 20. 15ab- 17rtb+18ab+9trb'— 24ab.
21. 3a+2-2z -1. 22. ba+4b+3b - 2a - 3a.
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23. 2xy-—9ab+3ab- 5zy— 22y +1dabt+ay.
24. Tab- 32y - 52y +8ab— 2xy ~ 10ab — Sab.
25, 3x-idaxtx-—ir. 26. —jax-jx+ietia.

Add together

27. x4y, xz-y. 28. 3a+0d, 2a-10.

29. —a24y, x+y. 30. 3a+b, 2a+b.

31. a-—3b, a+4b. 32. 2a-—-0b, 3a—b.

33. la+3b, 2a—1b. 34. 3a+ib, 3a- 3.

35. 2a—13b, 2a+1b. 36. 2{(a+b), 3(a—-10).

37. 3@+y), -2 -y). 38. 6(z-1), 5(x-92).

39. 3(1+22), 2(8-52). 40. 2(x+y), - (x+y).

41. 3(3a-10b), —2(2a-1b). 42, - 122+ 3y); 3:(2z+5y).
43. alz—), alc+y). 44. z(a+d), —x(a+bd).

45. z(a+Dd}, —xla—~Db). 46. a(3-2x), a(2+=).

47 - a(3z-1), —a{z+17). 48. 2a+3b, 3a+b, a+20.
49. 3x-w, 3y—-=a, 3x—v. 50. 2243y, 3x- 5y, — ba+3y.

51. Ta+3b, 5a+2b, —8a—4b, 6b— 4a.

52. 5m—06n, n—3m, S5m—"Tn, 2n— 9m.

53. a+b-c¢,a-b+c, —at+b+ec.

54. B8a-4b-2c, 4a+2b—-c, 2a—b— 3c.

55. 2a+4b—¢, —a+3b+2¢, Ja~b+c.

36. 2r—y+3z, a+4y—2z, 4r+2y—-=.

57. a+3b—4c, 3a+b—2c, 5a—b+ec.

58. 5i1—4m-n, —214+3m+2n, —3I+m+n.
59. O6p49—-2r, —p—qg—7r, —5p+4q+r.

60. 6z-2y+5z, —8r+Ty+32, —2u—3y+8z,
6l. —21+8m—-6n, l-4m+3n, 51— 5m+3n.
62. 3c¢c+5d-e, —16c+5d+5¢e, 10c—10d + 2e.
63. —8a-3b-3c, 5a+5b+5¢c, —2a— 20— 2.
64. Tax+8by—3cz. 2ax+by— 2cz, dax— by — bez.
65. po+qr+irp, —pgtqr+ry, pg—qr—rp.
66. a+b+tc, 2(a+d—2c), 3la—b+c).

67. 3(a+b-c), 4(2a-b—3c), 5(—a+20+c¢).
68. ia+y-2), ie—y-2), s(—a+y+a).

69. la+d-0), {a-b+ec), FH(—at+b-20).

70. 5ab43bc —ca, 2ab—4be, —ab+eca.
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71. —abtbc+ca, —3ab, —2bc+3ca, ab+bec—4ca.
72. a—%2b+3c—4d, b+2¢, 2a—b—d, 3¢c+4d.

73. z+y—z+w, y—2z+2w, w06z, x+22.

74. a+b-3, 3+2a—-3b, 3b—5¢, —5+a—2b.

75. z+y,z—y, vtz c—2 y+tz y—-=.

76. jo—3iy+1, w—ly+z+3, z+iy—2z

Subtraction of Expressions involving
Negative Quantities

25. In Arithmetic in finding the difference between
two numbers, we place the greater number first and then the
smaller number preceded by the sign ‘' —’, similarly in Algebra,
when we have to subtract one expression from another, we
first place them within brackets, the expression to be

subtracted being preceded by the minus sign.

EXAMPLE 1. Subiract 10x—3y~—06z from Tx—4yv+3z.

First method.

Difference = (72 — 45+ 3z) — (102 — 3y — 62)
=Tr—4y+3z—10x+3y+06=
=Ty —10z —4y+3y+32+62
= —3x —y+9z.

Second Method.

Write the expression to be subtracted under that from which it is to
be subtracted, placing like terms under one another, then change the
signs of all the terms of the lower expression mentally, and proceed as

in addition thus.
Tx — 4y + 3z
10z — 3y — Gz

—3r — y + 9=
Hence the difference is —3x —y+ 9z,

NOTE. The terms of the difference are obtained by
combining the like terms thus :

Tr minus 100 = —3x, —4y plus 3y= —1y, 32z plus 6:=9z.

mentally

The signs need not be actually changed, but the operation of chgng-

ing signs should be performed mentally.
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EXAMPLE 2. Subtract 8{x—38y+z) from 4(x+2y—3z).

Difference =4(z+2y —3z) —3(z — 8y +2)
=4x+8y—122—3x+49y — 3=
=4z —3x+8y+9y—12z—32
=x+17y~—15z.

EXAMPLES X

Subtract
1. bfrom a+b. 2. 2 froma—5b. 3. -—2qfroma—6b.
4. a—-bfroma+bd. 5. a+yfromax—y. 6. —3c—4dfrom 7¢+9d.
7. a+3b—¢ from 2a+2b+2c. 8. !4+3m—n from 51—6m+n.
9. 3p—89+r from 2p—g+4r. 10. —z—y—z from z+y+z.

11. —a—2b from 3a+2b—c. 12. 5a—3b from —a—3b—4c.
13. —x—3y from z—3y—2z. 14. b—c from a+b.

15.. —2a+4b from 2b—3c. 16. —3b+6c from 6a+b.
17. 2y —yz+zz from —ay—yz—zx.

18. ab—bc+ced—~da from ab+bec+ed+da.

19. 4(a—b&—c) from 5(a — 204 3¢).

20. 4(z—y+82) from —3(2z+y—2).

21. 5(a+2b—¢) from —(—a+b—>5c).

22. 6(a+b)—4(a—b) from 5(c—b)+38a.

23. T(a4-b—c)+2(a+0b) from 4{a+c) —3(a—b).

24. 5(a+b)—3(c+a)+(b+c) from 5(a+D)+4(b+c) —2c+a)
25. 2z+y)—(y—2)+3(x+2) from —T(z—3)+5y+2)—-3(z—=x).
26. a—b—9c from the sum of a4+d+c and a~b+c.

27. z+4y+z from the sum of x —y —z and 3242y —=.

28. c+11d—e from the sum of 4¢+45d —3e and —38¢—9d + 3e.
29. x+4+y+zirom x4+ 2y+45z and the difference from 3z —2y+ 2.
30. 3a+2b from 4a—30+45¢ and the difference from @ —2b+3e¢.

31. the sum of 5a—3b+6c and 3a+3b—5¢ from the sum of
2a+30+4c and a—4b—2c.

32. 3z+5y-—Tz students appear for an examination. If 2z+3y+:z
of these pass, how many fail? 1If £=10, y=5 and z=1, find the
number of passes and failures.

33. There are 3x+4y—2z passengers in a train, of whom z—y-+=2
aré in first class, and 2x+43y—2z in third, Find the number of
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passengers in the second class. If =45, =36 and z=5, find the
number of passengers in each class.

34. The population of a village is 7o —3y+52, of whom 4x+32y—2z
are men, and 2z+y-+z women. Find the number of children in the

village. If =80, y=10 and z=50, find the number of men, women
and children in the village.

EXAMPLES XI

If a=5, b=3, c=1, x=—~1 and y= —3, find the value of

1. a+20+3c. 2. 2a+3b—4dc. 3. -2a+4b+3x.
4. 6a-—3b—2y. 5. 3a+4y-—50b. 6. 3c-—5r+2u.
7. Sa—4dx+4y+2c- 3. 8. Tc—4x+a-—2649y.
9. 3ab+2ry. 10. ac+bxtay—be.
11. (a+b)e. 12. 3{a+0d) - 4{x—u).
13. aby-+bey+axy. 14. 3c - Lbc+iy.
b 2xy , m
15. -2,
5 3 + 9
If I=6, m=2, n=0and p= -3, find the value of
16. 16im —4mn+3np. 17. 4(l+m+n)—3p.

18. 2(I—m)+8(m—n)—5(n~p). 19. 3T+ m)+T7(2m — n) - B(n —5p).
20. lhn—-imp+n.



CHAPTER VI
MULTIPLICATION

26. In Arithmetic we know that multiplication of two
numbers means taking one of the numbers as many t‘imes as
there are units in the other. Thus 5X4 means {0 add

4 five times,’ i.e.,
Sxd=4+4+4+4+4
=20
Similarly, in Algebra 5 X ¢ means to add a five times,’ i.e.,
dxXa=atatatata

= ba.
Similarly, 100 xa=a+a+a+ta+... .:.100 times
= 100a,
"and bxa=atatata+t..... b times
el /TN (1)

Again, in Arithmetic we know that 5 X 4 =4 x 5, similarly,
in Algebra a xb=5x q,

and aXbXxc=aXexb=bxagxc=bXcXa=cxaxbh=
cXbhxaq.

Law of Signs

27. We have seen in the previous article if numbers
are positive, their multiplication means repeated addition,
similarly, il numbers are negative their multiplication
means repeated subiraction. Thus— 5 %X 4 means to subiract
4 five times,’ 1.e.,

—5x4=~(4)-(4)-(4)-(4) - (4)

= —~ 90,
and —O6x ~4=—(~-4)-(-4)-(-4-(-)-(-4)
s =44+4+4+4+4

=20,
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Similarly, - b%Xa= — (a) ~ (a) — (a)...... b times

e A (2)
—axb=—(b)—-(b)—-(d)...... a times
= Bl e (3).
and —-bx —g==(—-a)-(-a)=(—a)...b times
=agatatat ..., b times
S D e (4)

Now writing the results numbered (1), (2), (3) and (4) we
have

(+0)%x(+a)=+ba,
(-b)x(+a)=_—ba,
(+8)x(-a)= - ba,
(=b)x(—a)= ba.

Hence, we see that the product of two factors of like s'e"qns
18 positive and of unlike signs 1s negative.

The above can also be written more briefly thus 4+ X +=4,
—X+==-,+X—=—, =X ==+,

Multiplication of Powers

28. If a number or quantity is multiplied by itself more- ~
than once, the product is called the power of that number
or quantity, and is written by placing a small figure or letter
above and to the right of the given number indicating the
number of times that number or quantity i1s multiplied by
itself.

Thus

x X 2, which is written as z?, is called the second power
of z, and is read as x squared or x to the power 2,

z X x Xz, which is written as z?, is called the third
power of z, and is read as x cubed or x to the power 3,

2 X z X X 2, which is written as z*, is called the fourth
power of x, and is read as = to the power 4,
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and Z Xz X Z...... 100 times, which is written as z'°°, is
called the hundredth power of z, and is read as z fo the
power 100.

Similarly, e xz X z...... n times, which is written as 2", is
called the n*" power of z, and is read as z to the power n.

The small figure or letter, placed above the given number
and indicating the number of times that number has been
multiplied by 1tself is called the index of that number.

Thus, the index of z* is 4.

NOTE. When a quantity = is taken only once, it is generally
written z and not z'. Thus the power of a number when no figure is
writter_:l above it may be taken to be one.

Since z?’=zXz,
and =z xxxz
i xzi=zxrxrxrXzr
=z,
-Similarly, since 2® =2 x z X z,
and z’=zXzXzXazXz.
2P X =rxpXrXxzXzgXeXzXg
=28,
Hence, we see that the index of the product of any lwo
r
powers of the same number or quantity 1s equal to the sum of
the indices of the factors.

EXAMPLE 1.  Multiply 3a by 4.
Jaxd=3xax4
=3x4ixa
=192q.

EXAMPLE 2. Simplify ax3xax35,
ax3Xaxb=3x5Xaxa
=15xa®
=158a?.
EXAMPLE 3. Muliwply 2x by —3.
—-3X2zx=-3X2xz
=-6Xa
= — 06z,
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EXAMPLE 4. Simplify bx{—2)x(—3)x06b.
The expression={—2) X (~3)x6xbxb
=6Gx06xb®
=306b2.

EXAMPLE 5. Multiply o* bya’.
a*xat=axaxXaxaxaxaXa
C =a’.
Or more briefly thus
a*xat=a’'t=a’,

EXAMPLE 6. Simplify ax(—38b) X 5c.
The expression={(-3) X5 XaxbXc
= — 15abec.

EXAMPLE 7. Simplify 12 x1° x14.
[2xl3xd=]213t1 =

EXAMPLE 8. Simplify 3ax(—2a)xa,
The expression=3 X (-2} xXaxaxXa

= —0Ba®.

EXAMPLE 9. Simplify (—2x) x8x* x(—4x?).
The expression=(—2) x3x(—4) xx xx* X x>
—9Qqpltets

=924r°.

BXAMPLE 10. Find the product of a'b* and a*b”,
ath® xa?b?=a Xa* X b? Xb*
=it xpeis
—a X b

=a®bh*.

From the above examples we see that to find the product
of two or more simple expressions (expressions containing only
one term), first write down the sign of the wesult, then
multiply the numerical coefficients to find the numerical
coefficient of the product and then give each letier which occurs
an index equal to the sum of the idices of that letter in the
Sfactors.
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EXAMPLES XII

(Oral)
Multiply
1. 2 by 3. 2. 3abys. 3. 3aby-38. 4. 0 by2r.
5. 7Tby—-8a. 6. ~2aby5 7. —3bbv-2. 8. 2rby3y.
9. 2/ by 5m. 10. 90 by 4¢. 11. 3p by-—2¢. 12. —2b by 3d.
13. - 3a by —30. 14. —2 by — 8. 15. 2ab by c.
16. 2c by —bd. 17. cxy by 50. 18. —Gax by 2by.
19. -2pg by - 3rs. 20. - ab by - cd. 21. abya.
22. @ by a®. 23. " by . 24, =" by x°.
25. -a by z*. 26. —a* by —a’®. 27. b* by —0b".
28. ~b'vby-0". 29. ay by a. 30. ab by abd.
31. 3adb by —3ab. 32. -32y by 2ay. 33. -2a® by—3abd.
34. 3p2q* by Tpg*. 35. 4a® by 3a®. 36. 4a® by —2a’.
37. —-p® by —p'. 38. zyz by aye
39. a’bc® by ab*c’. 40. a*b*c' by —ab?*c’.
41, 3x® by —ax®. 42. La*b by 5ab®.
43. —3a®b by—3b3ec. 44. - iviy by Hyz®.
45. Find the square of —2, a*, ay®, —iz*y?*, jry*:z".
46. Find the cube of — 3, -5, 2x%, — 3z, —ixzyizt.
47. 7Tind the fourth power of —1, 3x, Y22, 2%y*, —a2y".
Express as a power .
48. 22 2%, 49. . w2t 50. a®. a®. a®. a'v.
Simplify
51. a*xb*xe. 52. 2ax3b*x5c*.  53. a*xabxb®.
54. a*wxa*x(—y). 55. azx*xbyx2y’. 56. x2*Xz®xXax*.
57.  3y® x4y* X 5y". 58. p¥x({-—-8p*)xbp®.
59. a’bx(-~bc?)Xcb. 60. ix? x(— 3ry) X dy=.

Multiplication of Simple Expressions

29. Let us now consider the following exa;'mples :
(1) (=2)x(-8)x(-5)=6x(-5)= -30.
Here, first — 2 is multiplied by - 3, the product is 6, then

this produet 1s multiplied by — 5, the final product is — 30,
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(i) (-2)x{=8)x{(=5)x(-17)
=6x(—-5)x(—-7)=(-30)x(-7)=210.

Here, first — 2 is multiplied by ~ 3, the product is (.3,
then this product is multiplied by — 5, the next product 18
— 30, then -30 is multiplied by -7, the final product
is 210.

(i) (=2)x(=3}x(=-5)x(-7)x(~8)
=6x(=8)x(-7)x(-8)=(-30)x(~7)x(-8)
=910 x (- 8)= — 1680.

30. From the above we see that the product of
negative quantities is positive when the number of negative
quantiiies 18 even, and negative when the number of megative
quantities 1s odd.

EXAMPLE 1. Find the value of (—x)2.
(—z)?=(—a)x(—a)=z2.
EXAMPLE 2. Find the value of (—x)°.
(—2)° =(—2) x{—2) x(—a)
=z? X(—2)

= —x°.

EXAMPLE 3. Find the value of (—x)*.
(—x)?=(—z)x(—w) X (—2) % (-z)
=2? X{—2) %X (—a)
=(~2%) % (~2)

=gt

EXAMPLE 4. Simplify (—1)°.

(1) =(-1}x(=1)x({—-1) % (~1) x(-1)
=1x(=1)X(=1)x(-1)
=(-1)x(-1)x(-1)
=1x(~-1).

. ==1.
IIXAMPLE 5. Simplify (2a)’.

(2a)* =2a X 2a X 2a

-=4a® X 2a

=8a’.
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EXAMPLE 6. Simplify (—3x)*. .
{~8z)*=(—38z)x(—3x) X (—3z) X (—8x)
=92 X (—3x) X(—3x)
=(—27¢°) X (—3x)
=814,
EXAMPLE 7. Simplify (a,”)“-.
(a,'*)"‘=a3 XaXa=at1219 =05
EXAMPLE 8. Simplify (—x7)".
(—2%)* =(=a") X (—2?) x(—-2°) x (—&®) X (—2?).
Since the number of negative factors is odd, the sign of the
product is negative.
the product= —z® xa® Xz Xa° X x°

— _mn-l 34 34343

=—gls,

EXAMPLE 9. Simplify {—2a?b)*.
(—2a2%b)® =(—2a%b) x (—2a2D) X (—2a%b)

=(—2)X (=2} X (—2)xa®*xXa*xa* xbxbxb
—_— __8“2‘1'2'*2 b1'|‘ 141
= —Ba®bl.

EXAMPLE 10. Simplify (—ix*)%X(—fxy)x(—3y?).

The expression=(—3}) X(—3) X (—4) Xa®* Xzy xy*

= —1gp3Hl gl
= —ix¥y°,

EXAMPLE 11. Swnplify (—x*)® xx".

(—a?)?xa?=(—a?) X (—2z?) x(—2*)xz®

= —gp? Xg? Xg? Xg’
— 2127249
= —x°,

EXAMPLE 12. Stmplify (3x*)* X (—xy)* X (—2y)*.

The expression = (3a:2) X (8a2) X (—zy) X (—xy) X (—oy) X {—2y) X (—2%).

Since the number of negative factors is odd, the sign of the product

is negative. .
the product = —3 X8 X2 X2 Xa? X* Xy Xy Xay XyXy
= —86p2t2H1H141 gl td 1414

= —36z"y".
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EXAMPLES XIII

(Kramples 1—15 may be attempted orally) -

Find the vu,lu'c of

13.
17.
19.
21.
23.
25.
27.
29.
31.
33.
35.
36.

o o -

LR

(22)*. 2. (—a¥)s. 3. (—1)*. 4. (—p3)°.
(—p°)*. 6. (—1)°. 7. (-1, 8. (—a

(—2a)*. 10. (—2ay)°. 11. (—3ab)*. 12. (—2=z
(—2ab*)". 14. (-3a2y?)*. 15. (—3zy2)*. 16. (a2)®x(a”)".

(—a*)*x{—-a")'. 18. (-1)*—(—a)°.

(abe)? x ( —abe)®. 20. (—ay22”)* x(—a"y22)".
(—2)x(—38)x4. 22. (—a)x(=b)xec.

()X (—a)x(—2). 24. ax(—x)Xxa.

(—x?)xa® x{—a). 26. (—a)x(—a?)xa’.
(—2a%) x(~-2a*)X(—2a?). . 28. (—z2y)x(—ay) x{—zy).
aba % (— bea) X (— cax). 30. Pmx{—m?n)x(—n2l).
(—4a*b) x (—30%c) x(—cb?). 32. (~2)?x{—yg)2x(—2)%,
(—a)* X (~y)* % (—2)" 34. (—a®)tx (b)) x(—c2). "

(—1)® X (ax)* x{—by)* X (cz)2.
Y a® X{—Fm2a*pt) X (— Indpl?).

EXAMPLES XIV

If a= —1 and b=2, find the value of

(1) a*, a®, b2, b?, a?b?, a®d?, «’b?, alb?® and a”b®.

(i) a*—~1, a* +b*, 2a* 402, a®*—b, 2a® - 3D, a®-+b? and a* — 7.
If a= -1 and b= —2, find the value of

4a+ 0. 3a® —2b, 3a® —2b2, a* +b*, * - b* and —2ab+3.

If I=1 and m=—17, find the value of

TL—=3m, 8L+5m—lin, 1* = 3lm—m* and 1° — 29?81 — 4.

If a=1, =5 and ¢=0, find the value of

a* - b*+2, ¢* —¢ (2a+30), b® —4ac+21 and 3(a+b) - 2¢c(a+¢).

If =0, y=2 and =0, find the value of
x? —y? 2,y —ryt =Ty, 2x+y)+3z* and dz+y)z—y)—
Sxyz.
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6. If a=2 and b= —3, find the value of .
(a+d){a--0), a* —ab+b*, a” — b* and a’ +b*.
7. If a=—1 and 5=2, find the value of
{ab)?, (—ab)?, (~3a?b)?*, (- 1ad*)?, (—3ab®)®— (- 2a*b*)" and
(— ab")? x (3a7D)".
8. Find the value of 2*-3r3+2 when =1, 2, 5, 10,0, — 2, ~ 1.
Solution.
When o= 1 2 5 10 0 — 92 -7
@t = 1 4 25 100 0O 4 49
~ 3= -3 -6| —-156| —30 0] (5] 21
and 9= 2 2 2 1| 2 | 2 9 2
Sooat-3x42= 0 0 12 72 2 12 72

Hence the values of 2*—3x+2 are 0,0, 12, 72, 2, 12 and 72.

9.
10.
11.
12.

Find the value of z?—52+06 when 2=0,1,2,3, -1,
Find the value of 2* — 82416 when 2=0, 1, 3, 5,
Find the value of 2a* —5a—9 when a¢=1, 4, 7, -2,

-2, -3.°
-2, — 4.
-5, - 8.

Find the value of z"— 241 when 2=0,1, —1,2, —2, 5, — 5.

Multiplication of a Compound Expression by a

31.

within the brackets by that number, thus

Simple Expression

We have seen

in  Article 20

zX(y+z)=zxy+zxz,

if an expression
within brackets 1s multiplied by a number, the brackets
may be removed by multiplying each term of the expression
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EXAMPLE 1. Multiply (x-y) by 2.
AX(x-y)=2xzx—2Xy
=2z — 2.
EXAMPLE 2. Multiply (a+b) by ~2ec.
—%ex (a+b)=(—-2cxa)+(—2c X))
= —2ca— 2¢b.
EXAMPLE 3. Multiply (b+c—4) by a.
axX(b+c—dy=axbtaxc—axd
=ab+tac—ad.
EXAMPLE 4. Multiply (x2? —2yz+z*) by —x*y*.
—z2y? X (x® — 2yz4-2*%)
=(—a2y® xz?) - (—2%y* X 2yz) + (- x*y* X 2°)
= — 2%y + 2y’ z — xlyzt.
EXAMPLE 5. Simplify (3a®—Jab-+3b?) X 12ab.
(3a* —1ab+§b%) X 12ad
=3a? X12ab— 1ab X 12ab+ ;b* X12ab
=B8a’b~06a*bd*+410ab’.

EXAMPLES XV
{ Hxamples 1—18 may be attempted orally)

Multiply
1. a+1 by 2. 2. «-1by —3. 3. a—4byd4d.
4. x—y by —7. 5. a-2bby —T. 6. x+y by 2x.
7. z—vy by 2x. 8. 3z -2y by —5y. 9. a+5b—38c by 5.
10. a—3b+zc by —3. 11. a+b+c by 2a.
12. p—qg—r» by p*. 13. —p+gq—rby —p*.
14. a*4z+1 by 3z. 15. 2*—2x+1 by — 2.
16. 3a¢*—2t¢+5 by —3a. 17. 5m*—3m+2 by —3m.
18. a®—-2a*—-3a-4 by 5a*. 19. zy+4yz+4z2 by ayez.
20. ab—bec+ca by —abe. 21. 2ab-3bc+4ca by — Sabe.
22, a*+%y4y® by a®. 23. a?+b*+c* by abe.

24, 1-22-8zx*4+2° by —-3¢. 25, 2*-3*+3z+1 by 2.
26. z*-2z%>+3 by —3z°, 27. —1"—wm*—n? by = 2lmn.,
28. =5z’ —aytz? +9y "z by —GxTy*e
29. la-3b—c by — jab*c. <

30. ipg-—3i¢*r4+-Drip by —20p2qiet.
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32. Addition and Subtraction of Expressions in-
volving terms of different powers of the same letter.
Waea have already seen that only like terins can he added
together and also only like terms can be subtracted from one
another. Just as 2z + 3x= 5z, similarly 2z% + 3z% = 52°.
But the expression 2x+ 3z cannot be simplified further as
x and x° are not terms of the same kind. Similarly, the
difference of 2x and 3z? is written %z — 3z°.

EXAMPLE 1. Find the sum of 2x*+3x+4, 3x* —-8x+7, 4x* - 7x—

10 and 5x*+9x-12.

Sum = (22% 432 +4)+ (8z? - 5z +7) + (4a* — Tx — 10) + (522 +92 — 12)
=22 +3r+4 4+ —5x+T+42* - Tr—10+52* + 0z — 12
=22?+3x* +4x? + 52+ 3z - 5o — T +92+44+7—-10— 12
=14p%—11,

Or arranging the cxpressions in rows so that like terms (terms

having the same powers of a) may come in the same vertical columns,
and then adding thus

D
~

"
+

v + 4
32 — b+ 7
4r* — Tx =10
5x% 4+ 92 — 12

14x* -11
Hence, the sum is 142 —11.

NOTE. Here the terms ars arranged in descending powers of a.
EXAMPLE 2. Subfract 2a* - 5ab+3b* from 3a® +2ab —50%.
The difference =(3a* +2ab — 5b%) - (2a* — 5ab+3b*)

=3a®+2ab~ 50° —2a* +5ab— 30"

=3a?—2a* +2ab+5ab - 5% —3b*

=a*+Tab —80°,

Ov arvanging the expressions in rows and proceeding with subtrac-
tion as in Article 25, thus

3¢?42ab- 5b*
2c? — Salb + 3b*

. a*+Tab— Sb2,
Hence, the difference is a2 4 T7ab— 8b2.

4 .
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EXAMPLE 3. Sumplify a(a+Db)— 3a®.

ala+b)—8at=axa+t+axb—3a®
=a*+ab—3a®
=ab—2a®".

EXAMPLE 4. Simplify a®—ai{a*—(a* —a*—1)+1}.

The expression =a® —afa? — (a2 —a?+1)+1}
=a®—ala*—a*+a*—14+1;
=a*~a*+a’—-a’'+a—-a

=0.

EXAMPLES XVI

Find the sum of

1. 2a*+45a, 11la*+3a, 14a* +17a.
2. 4a*-—-3b*, Ga*+5b2, a*—Tb=.
3. -Cz*+3x, —2x*—8r, Sx*+5u.
4. 4a-3a*,—06a+06a*, Ba—"Ta*, 102—9a*>.
5. a4+2zx°, 3x—4z*, Sx+06x*,— Tx+Sz”.
6. z*+22+43, 4°+52+06, Tx*+8x+9.
7. Ta*+06a—3, 2a* —4a+06, —3a*+a+5.
8. Ta*—4da+1, 6a*+3a—5, —12*+4.
9. 22*—%2xy+3y*, —22*+5xy+4y*, a? - 3ay - 5y°.
10.. 24+, —x*—x2+5, 3-8, ©* —22r—14.
11. 2a¢*+4ab—40*, —a®*+ab—20%, —4a* —3ab+b2, 5a* —2ab+38b2.
12. a*—9a«—3, 3¢*+9¢,—5a*+6a—"7, a+1, ba*+3.
13. a’+2a*+3a+14, 5¢*—-6a*+Ta—-8, —9¢" +a?—2a— 3.
14, 2° 42242, 22° -3 +4a -4, 27 +22% — 32, 522 —T2+1.
15. 5+3x—42*, 2-5x+02*+ 22", 1-22*+3a", T4+dz— 82 - GaY,
—4-2x+5a°— 22" +ad,
Subtract
16. a*—2a—1 from 3a*+5a— 3.
17. 22 —2+2 from Gz*—ax—1.
18. 4a2+52-3 from 7Tx*+52+0G.
19. 4a®*—5ab+30* from Sa* — Tab- b*.
20. 2a*+ab—2b% from a®+92ab - 303,
21, a®+3ab+5b? from a® - b,
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22. —2"+3a*-4a+5 from 2a” - 3a*+4a-5..

23. a'-4a*+5a+9 from a” +2a* +3a+4.

24. a®-5a+1 from 2a¢” — Ba*+ 5.

25, z'-922*+3x*—4x+5 from — Gz +T72" -8z +92 -1,

26. Tz —b5x*y43ay® —y* from 22" +4z*y — Gzy* — 8y°.

27. x* - 3zy? 4® from 3x® +2z%y+y°.

28. Subtract the sum of 2z*+z -5 and 3x* —2+4 from 522 +z—1.

29. Take a? +a+3 from —a*+42a+5 and the result from a®* +a 4 2.

30. From 3a* +5zy+9y* take the sum of 2* —ay+y* and 22*% - Gy
+8y=.

Simplify

31. =z(y-z)+z(z-y). 32, 2(z* - 9y*) xxy.

33. a2{z+y)—ylzty)- 34. a{r-y)+ylz-y).

35. z*4afx+1). 36. 3z*-a2(2xz-1)-=.

37. —-3(1-a*)-2{a*-(3~2a%)}.

38. 5{x*- (L+l);—-31,(2 3z)-84—=z(1-2)k

3. 22% - 2(y® -z - 22)—3{(w? — Yt +2%) — 2 — 7l

40.

1-a-(1-a+a®)-{1-(a-a*+a?).

Multiplication of Compound Expressions

33. Lebt us consider the product of (@ -+ ) and (c+ d).
Suppose (@ + ) 1s equal to any quantity z,

S (a+rb)xle+d)=zx{c+d)

=g Xect+aXd
= pc+ 2d,

=(a+blc+{a+b)d rveplacing z by (a + ),
=ac+ be + ad + bd.

The above result may bhe illustrated graphically thus :

Take a straight line ALE equal to @ units in length.
Prodtice AL to B, making 1B equal to O units. From A
draw AH perpendicular to AB equal to ¢ units. Produce
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AH to D making HD equal to d units. Complete the
rectangle ABCD. From E draw EG parallel to AD and

A..,:.- ..... C'Z-_-__;-E-é--é-a-B
A
}
CI' (axc) (bxc)
i
1
H K
¥ F
i
Z (axd) (bxd)
¥
D G C

from II draw HF parallel to AB meeting DC and BC in
points G and I respectively and intersecting at K.

Now the rectangle ABCD has its adjacent sides AB and
AD equal to (¢ + b) and (¢ + d) units respectively,

its area = (¢ + b) x (¢ + d) sq. units.

From the figure it is clear that the rectangle ABCD is
made up of four smaller rectangles ARKH, EBFK, HKGD
and KFCG, whose areas are aXc, bX¢, a Xd and b %X d sq.
units respectively.

(a+b) (c+d)=ac+ bc+ad+ bd.

EXAMPLE 1. Mulliply (x+2) by (x+3).
Suppose (z+2) is equal to any quantity ‘a’.
(x+2) X (z+3)=ax(z+3)
=aXr+ax3d
=(z+2)Xx+(x+2)x3
=z* 4+ 243z +6
=z?* + 5z +6.

EXAMPLE 2, DMultiply (x—2) by (x—5),

Suppose {x — 2) is equal to any quantity ‘a’.

S (x=2)x (x-5)=ax(x—5)
=aXxr—aXd
=(z-2)Xax—(x—2) x5
=g*—2z—5x+10
=g*—Ta+10.
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From the above examples, we see that the product of two
compound expressions 18 equal to the algebraic sum of the
products obtained by multiplying each term of the one
expression by each term of the other, the terms including the
AcCcomPanying Signs.

NOTE. Since 2x0=xz{a — a)
=ra—za
=0,

and similarly OXz={a—a)x
=ar—ax
=0,

Hence, we see that if a nuwmber or ¢uaniily is multiplied by zero, the
rroduct 1s equal to zero.

34. The working of examples 1 and 2 of the previous
article can also be arranged thus

z+ 92
z+3
z? + 2z ... multiplying (z+ 2) by =z,
3.r+ 6 e 1B ) 1) " 31
2® +5x+ 6 adding the partial products.
Hence, the product of (z+2) and (z+ 3) is z* + 5z + 6.
Similarly
z— 9
z—5
z% -2z
- 5x+ 10
2= Tx+10

Hence, the product of (z — 2) and (z — 5) is z* — Tz + 10.

TEXAMPLE 1. Multiply (x+y) by (a+Db).
z + ¥y
a + b

ar + ay
+ b + by

. ax + ay+ bx + by
Hence, the product is az+ay+bx+by.
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EXAMPLE 2. Multiply (3 -x) by (74+2x).
3 — =
7 4+ 2
21 — Tz
+ 6x— 222

21 — x —2z*
Hence, the product is 21 —a - 222,
EXAMPLE 3. Multiply (a+b) by (a— D).
a+b '
a—b
a*+ab
—ab-1b%

a_2 — b2
Hence, the product is a® — b2.

35. Arrangement of an expression according to
the powers of a letter. If in an expression contalning
several terms of different powers of the same letter, the term
containing the highest power of that letter be placed first,
the term containing the next highest power be placed next,
and so on, the term containing the lowest power of that
letter or the term which does not contain that letter be
placed last, the expression is said to be arranged accord-
ing to descending powers of that letter. Similarly, if the
term which does not contain that letter or if the term which
contains the lowest power of that letter be placed first, the
term containing the next highest power of that letter be
placed next, and so on, the term containing the highest
power of that letter bhe placed last, the expression is said to
be arranged according to ascending powers of that letter.

Thus the expression 3z —2z—1 is arranged according
to descending powers of z while 1+ 2¢—-3z° is arranged
according to ascending powers of z. Again, the expression
d* +dc+c* is arranged according to descending powers of d
and ascending powers of c.

36. When finding the product of two expressions, it is
often desirable to re-arrange the terms, if necessary, of both
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the expressions either according fto descending powers or
ascending powers of the same letter.
EXAMPLE 1. Muliiply 3x? —2x—1 by 2x—3.
3z*~2r—1
2r—3

6x* — 4x*—2r
— 92*4+6x+3

6a% — 13z +-4x+3
Hence, the product is 6x*—13z*+4x+3.

EXAMPLE 2. Multiply a%+de+ec? by d* —de+e?,

d®+tdc+c?
d?* —de—+c?
di+die+dRe?
—d'¢c—d?*c?* —de?
+d%c*+dec? +ct
' i +dd2c +c?

Hence, the product is d*+d2e?+c*.

Hence, to multiply two compound expressions, place oné
under the other and draw a line below the second. Then
multiply the successive terms of the first expression by the
first term on the left of the second expression, and place the °
products thus obtained under the line in « horizontal row.
Again, multiply the terms of the first expression by the second
term of the second expression, and place the products in «
second horizontal row, arranging the terms so that like lerms
Fall under one another in the same vertical columns. Continue
this process of maultiplication till all the terms of Lthe second
expression ave dealt with, and then draw a line below the
last row of products. The required product will be obtained
by adding the rows of the partial products.

EXAMPLES XVII
Multiply

L z+1byx+2. 2. r—2by x-3. 3. z+2byx~3.
4. x—2 by x+3. 5. z+3 by z+8. 6. z+6byx—"1.
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]

7. 1+xbyaz+3, 8. 54z by & +6. 9. 2+41byx-1.
10. 1-%Fxby1+82. 11. z-8 Dby x-+3. 12. 7-2a by 7T4+=.
13. z+4+§ by z+y. 14. =z+2a by x+3a.

15. z-2y by a+2y. 16. 2x-y by =z —2y.

17. a—3b by a+20. 18. —4a+0b by 5a—0.

19. 2x-3 by 3x+4. 20. 42+5 by 4x - 5.

21. pa+q by pr—q. 22. c¢a—b by ca+b.

23. a*-0* by a®+02, 24. p?—13q° by p*+4q°.

25. a-b"bya®-0. 26. py+1byqy—1.

27, ax-+1 by bx - 1. 28. p*4q by p* - 8.

29. 224a® by 2+a. 30. z*-a* by z—a.

31. a-b+cbyd—ec. 32, a*-24+1byaxz—1.

33. 2x*—-3x+1by 22-1. 34. x*-ax+a® by z+a.

35. 2*406x+9 by 243, 36. x*—-32-5 by 2x-35.

37. c¢*+42d+d* by —c—2d. 38. ax*+x*yr4yt by x® -9yt
39. a*+b-2bya*-0+2. 40. a*—-3a+1 by a®*—3a+1.
41, a+b+cby a+b+e. 42, z-y+zby x+y-—-=.

43. 22 -y+3z by 2u+4y— 3z, ¢

37. EXAMPLE 1. If the price of one horse is Rs. 125, what is
the price of 50 horses ? ’
Since the price of 1 horse is Rs. 123,
) . o+, 00 horses ,, Rs. 50 x 125=Rs. 6250.
EXAMPLE 2. If {he price of one horse is Rs. x, what is the price
of v forses ?
Siunee the price of 1 horse is Rs. 2,
: ' w o ¥ horses,, Bs.rxy=Rs.zy.
EXAMPLE 3. If {lhe price of 1 seer of rice is 4 annas, whatl is {he
price of x maunds of rice ?
Since & md. =40 X x sv., and 4a=Re. 4 X ;;; =Re. 1,
if the price of 1 sr. of rice is Re. 1,
wo w2400, ,, Rs.}x40v=Rs. 10,
EXAMPLE 4. If the price of 5 books is Rs. 5x, what is the price of
v boolks ¢
-Sinee the price of 3 books is Rs. 5z,

,+ 1 book ,, Rsﬁ_—I=R-‘, ar,

5
no U books ,, Rs. axy=Rs. ay.
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EXAMPLES XVIIT °

1. 1If the price of one ox is Rs. 80, what is the price ‘of & oxen ?

2. If the price of one book is Rs. 5, what is the price of
@ books ?

3. If the price of one cap is Rs. 2, what is the price of 10 caps ?

4. 1f the price of one chair is Rs. 2, what is the price of ¥
chairs ? ’

5. A man goes 2x miles in one hour, how far will he go in
2 hours ?

6. If the price of one box is Rs. @, what is the price of ¢ boxes ?

7. 1f the price of 3 inkpots is 3x annas, what is the price of x
inkpots ?

8. If the price of one table is Rs. , what is the price of 52 tables ?

9. If the interest on a certain sum of money for 1 year is Es. z,
what will be the interest on the samme sum for ® years ?

10. If a man gains Rs. 2x* in one year, what will he gain in 3x*
years ?

11. A man has x.sons and ¥ daughters. He gives Rs. 5 to each of
his sorts and Rs. 4 to each of his danghters, how much does he give to
them ?

12. One room has x almirahs and another room has # almirahs.
If each almirah in the first room contains 50 books and cach in the
second contains 60 books, how many books are there in all the
almirahs ?

13. A man buys x boxes, y tables and z chairs. If each box costs,
Rs. a, cach table Rs. ¥ and each chair Rs. z, how much do they cost
altogether ?

14. A class-room contains z desks and 22 chairs. If each desk
costs Rs. 6 and cach chair Rs. 4, how much do all the desks and chairs
cost ?

15. A boy buys 2* books and «” pens. If each book costs z* annas
and each pen 2 annas, how much do they cost altogether ?

16. A man first runs for half an hour at the rate of 2x* miles an
hour, then walks for & hours at the rate of 22 miles an hour and then
rides for 2% hours at the rate of Sz*? miles an hour. How far does he
goin all ?

17. The length of a rectangle is " ft. and breadth 2* ft., what is
its avea ?

18. The length of a rectangle is (a+b) ft. and breadth (@—b) 1t.,
what is its area ?

19. 1If one foot of cloth costs « rupees, what will x yards and ¥ feet
of cloth cost ? )



CHAPTER VII
DIVISION

38. In Arithmetic when we divide 12 by 4, we find
‘how many times 4 is contained in 12, or ‘what number
multiplied by 4 gives 12’. The quotient

12+4 or 2=

But in Algebra if we divide a by b, since we do not know
what numbers are represented by « and b, we simply write

down the quotient as a+ & or <,

b

In Arithmetic 3: =3,

.. . x X1
similarly in Algebra 1=

Y

+ab _ +tax +)

And O . ot W
—ab_{—a)x +to_ g (2)
- -
—a,b_+a,><(—77)___
+a +ta ’ @
(1.7)=(—a)><f—b)=_b (4)
- -G

Hence, we see that in division, if the signs of the numer-
ator and denominator are alike the quotient is positive, if
they are unlike the quotient s negative.

The above can also be written more briefly thus

-+ - —_
+=+,_=+,_=—,i=—,
+ - + -

Thus it is clear that the rule of signs is the same in
division as in multiplication, i.e., like signs give plussand
unlike signs give minus.
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Division of Simple Expre'ssions

39. Since a’=aXaxXaXaXa,

and a*=axaXa,

5 a_aXagXaXaXa

3
p=4

a” —a =agXa=a".
axXaxXia
6
L s o aXaXaXaoXdaXada
Similarly —= =aXaXa=a’.

(7 axXaXon

Hence, we see that when one power of a quanitily is
divided by another power of the same guantity, the index of
the quotient +s obtained by subtracting the indexr of the
divisor from the index of the dividend.

4

. ] ]
NOTE. Sincea®=a’*~"*t=a**+al =—=1,
a

hence, we sce that if the index of a quantity is zero, the quantity is
equal to one.
EXAMPLE 1. Divide 4x*y by 2xy.
dxty_2X2XrXT XYy
= =18z,
2y XXy

iy + 2y =

EXAMPLE 2. Divide 15x7 by — 5x°.

. a 1527 157 . . . .
1527 + -5z = = — e -
- o [unlike signs give minus]
=—3a77%=—3a?

EXAMPLE 3. Divide 15a'b®c? dy 3a?be.

15ab%¢? _3x5xat xh? xe?
3a*be 3xa*xhpXe

=5at~2p " 121 =5a2D2¢.

EXAMPLE 4. Divide —13a°b%c by — 5abe.
Z16a'bie_ | 15a”bc
— Sabe S¢abe
=3a*"1b* 11" =3a2).

[like signs give plus]

EXAMPLE 5. Divide —18a*b®c® by Ga?b3c?,

. —18a*b%c® _ _18a°bc® _

= 20" g 5=870-0,2-2 = _ 9,3
6a2bt o Cathiat Jat~2p3" ¢ 3a’.
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Hence, to divide one simple expression by another, first
numerical coefiicient of the
numerical coefficient, if any, of the divisor, then obtain the
index of each letter i the quotient, by subtracting the index
of that letter in the divisor, from that in the dividend and

divide the

ALGEBRA

then prefix the proper siyn.

Divide
1. 5a by 3. 2. bx by x.

4. —-5xrby —5. 5. —5rby -z
7. —a® by a®, 8. —a?*bya.
10. «® by a®. 11. 6a® by 2a*.

13. -12¢*y by 3v. 14. —6ax® by —2z2%. 15.
16. —a'd® by —a*b2. 17.
18. —11p2y¢* by 11p3g?. 19.
20. —a'‘b® by —ab. 21.
22, mEap* by —mnp. 23.
24. 63a°blc® by = Tab®ct. 25.
Simplify
v QG(L: h_“. o7 = 27})'—;?7-1'3.
Sa* b* —9Ypiqrr
2g. (Equil_" 30. = Bél-nm.
—Tpy Sl
49a“b1c*d™ =TT b cd?
o= =, 33, — .
32 Ta*b*c*d? 14a?b*ed”
35. 8a’b+{—2a)*. 36. —nmt(—2a)".
38. as+(-ux)°. 39. (-a'y*)=(—a)"

Ifa=-1,b=-2, ¢= -3, find the value of
@ 42,

40.

43.

46.

EXAMPLES XIX

(Examples 1 — 33 may be taken orally)

a
_ 41.
be

a* | b 44
bt a¥ '
ﬂ3+3b29 47
2a* — 5be’ '

— 9be*”
a+b?

b 4t
a{b+c)
cla—10)

45,

3. —5xbys.
6. —a®by —a®.
9. —=2a* by —=2.

12. —24a? by 6a°.

—2la’2z* by —Ta’z.
—da*y?* by — 4y
10min® by —2m?t. .
—91a’b%c* by —13a"bc?.

Gt
S
31—t
iR
34. 5r°=(-=x)2.
37. (22)? + (- 3xz)2.

da®e
T
ab+e
ab—¢

dividend by the

8a*b?® by — 4ab.

—3m*n® by —3m’n°.
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—4, y=5, z=0, find the value of

48 ((a+y§*)_£z"—;_; 49, az:?z_gaiz+z§.
r—z)" - a-ou” 47 - C
(a+b+c)2 d(a—un) @ 4c _3ac, b +:°

>0 (xt+y+z)2 B5lb—z) St bt 32 10 Tor—a

5, S8y 207 ja-xdy—z
a Y ar—bz

Division of Compound Expression by
Simple Expression
40. In maultiplication
(a+Db)xe=axct+bxe=ac+ be,
similarly, in division
(a+b)+ec=a+c+b+ec,

c C C

" Hence, to divide a compound exrpression by a simple

expression, divide each term of the dividend by the divisor
and add the partial guotients.

EXAMPLE 1. Divide ab4ac by a.

ab+ac  ab

~~+M—Hm
a a

EXAMPLE 2. Divide Gx-— 12y+37 by — 3.

Gx — 192;+37 (Gfb) (lﬂy)_'_(S~
d

=(—2x)—(—4y)+(-
=—2zx+4y— =

EXAMPLE 3. Divide a’b?c—a*be? —abc? by —abe.

a’b*c—a*be® —ab’c® _ a"b'—’c)_(a be? ) (ab“
- abe (- abc abe - {tbc)

=(—a*b)—(—ac?)—{(—b*c)=—a®b+ac* +b3ec.

=0 el o "' — rd G
EXAMPLE 4. Siumplify 45x 7y’ 2 +2; & = 18x s
xtytz®

Y R S
The expressi0n=45m_?",z_ 27x? ?‘I_z. _18:2._?/ z
g‘L.leJZJ 93}'—"9‘"2" gm.l,y..z.,

=5z y?z 43y s® — 2wiyz”,
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EXAMPLE5.Shmﬁ#ygx+3+x‘9_5x+3_
3 4 6
. 2x , 3 r 2 5¢ 3
The expression= —+-_) (__‘ _(_ 2
e expressiol (3 .3+4 i 6+6
Qa a1 5r¢ 1
=414+ - -==—C
3 +4 2 6 2
Qe , @ b 1 1
=" st 1—-~-2C
3 +4 6 + 2 2
=1,
127

NOTE. The straight line of a fraction is also regarded as a bracket.

Thus, 5'7:;_3 means the same thing as (52 4+3)-+-6 or-% (52 +3). When

it is preceded by the sign ‘—’, the signs of the terms over it are changed
when it is removed, as in the above example
R B
6 6 6 G 6
: . Bx?—4x x*-x 1
EXAMPLE 6. lifi - -=.
i 6. Swmplify 0 5 5
The expression 327 _ 4af—£+ﬁ— 1

204 20x 9x 22 9

&
[
g
@
—
| =

NOTE. Since ~=- “=_— E=C'.
b b

hence, we see that if zero is divided by a quanttly, the quotient 1s
zero, or if the muwmnerator of a fraction is zero, the fraction s equal o zero.

EXAMPLES XX

(Examples 1—14 may be taken orally)

Divide
1. 2a+2 by 2. 2. 3a*—9Dby —3
3. a*+abya. 4. —0*4abby —0.
5. 5u4*—15x by --5x. " 6. 9a*b+9ab? by 3ab.
7. dx*y—12xy* by —2uy. 8. a'b!—a"b! by a*d*. ]
9. —92a*bc+3abicby —abe. 10, 12¢!—18a*b* by —Ga®.
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11. ax+ay+az by a. 12. Gac— 9bc+15¢cd by — 3.
13. b5a®+3x*+22* by a®. 14. —azy+ay—by by —y.
15. —4a”+20a®°—-12a’ by —4da?®.

16. ab*-ab®+a’b® by —ab?.

17. a*b+ad®+a*b® by —ab.

18. Gziy® —122'y* +18aiy? by Gr*y®.

19. UHmn? - +im*n by = lmn.

20. a*ytz®—ay*z® —ayz® by aye.

Simplify
— oy | Ry - 452 3 Ky h H)
1. a’z —az?® —a*ax? 23 Tad +35a*;)-—2161b .
axr —Ta*bh?
23 4yt - Sw"’yﬁ"’ . 28:1:"'?;"' ng  10p*q r® +50piqer — 201)"(}21'4.
— 4 Y _101)322,’.2
o5, 2o+l c42 06, T _z'-z
3 ) dx Sz
,—13 , 11— 4o
o7, S¥-13,1ll-22 28. 2z— 1 (x*4+27z)- 16.
i 3 3z
59, 7(&3—+_‘2a,'~’ _da—1 30, 22’—Tz® «¥- 2:1:_,_5_:::.
da® 2/ 4 Tx 7
31, :1;_5:cf+8.v_2x“—9.1;'"’_ 30, 3z-1 S _z_2x*+x
4 ux 3z 3 12 4 o -
-1 2—-92 3—a
33. 6-"_"=— - :
2 3 4
1 " 1 " . 13
C (- 2at) - (dat —Ba?) 42,
34. gle-2a%) e (et =6") 4+ 5
15 - daxr da*+5axz Tr*+1lxe
' 5103 9a* 158

Division by a Compound Expression

41. The method of division of compound expressions
in Algebra is similar to the method of Long Division in
Arithmetic. Suppose we have to divide 651 by 31, we work
out the division thus

31\ 651 (21‘
62
. 31

31
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Now, since 651 can be written as 600 +50+1 or 6 X 102
+5%x10+1 and 81 as 30+ 1 or 3 x 10+ 1, the above working
can be arranged as

310+1\ 6.102+5.10+1 (2.10 +1
6.10% +2.10

3.10+1
3.10+1

Nosy, if in the above we replace 10 by z, we have

3.2+ 1) 6.22+52+1 (2.(: +1
6.x°+9%.x
3z+1
3.z+1

To divide 6z*+5x+1 by 3r+1, we first divide Gax*, the first term
of the dividend by 3z, the first term of the divisor. The quotient 2x,
thus obtained. is the first term of the vequired quotient. Now all the
terms of the divisor are multiplied by 2x and the result subtracted from
the dividend. Thus we have the remainder 3z+1. We now treat this
remainder as a new dividend and divide its first term 3z by the-first
term 3z of the divisor. The quotient is 1. This is the second term of
the required quotient. On multiplying the divisor by 1, and subtract-
ing the result from 3241, we find there is no remainder. Hence, the
complete quotient is the sum of the partial quotients, i.e., 2+ 1.

NOTE. As in multiplication, so in division it is also desirable to
re-arrange the terms, if necessary, of both dividend and divisor cither
according to descending powers or ascending powers of the same letter.

EXAMPLE 1. Divide x*-T7x+12 by x—3.

:c—3) x> —Tz+12 (.1:—'4
x*—3x
—4xz+12
—4x+4+19

Henece, the quotient is = —4.

EXAMPLE 2. Divide x*+a”+a®*x+ax® by x*+a’.
Arranging the dividend according to the descending powers of a, we
have 2 +azx*+az+a’.
xz? +r.r,2) x’+ar?+air+a’ (x+a
x? +ax
ax?® +a’
ax? +a?
Hence, the quotient is z+a.
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EXAMPLE 3. Divide 8a°—b” by 2ab+4a2+bh2.*
Arranging the divisor according to the descending powers of a. we
have 4a® +2ab+ b2, '
4a3+2ab+b2) 8a°® —-b? {2a-0
Sa’ +4a*b42ab? (
~4a*b—2ab* - b*
—4da*h - 2ab? — b

Hence, the quotient is 2a—b.

EXAMPLE 4. Divide 97Tx® — ATx*y +9Ixy® —y? by 3x—vy.

3z~ ry) 272° — 2Tx*y 4+ 9zy® — y° (9:1:3 — By +y*
272 — xiy '
— 18z*y +9ay*
— 18x*y+6xy°
Bzyt—y?
Bxy? — y°

Hence, the quotient is 9z* — Gzy+4*.

EXAMPLE &, Divide x*+x*—3x*+2x+1 by x* - 2x+1.

* w'—’—ﬂa‘+1) zt+2? - 82+ 2 +1 (x*+32+2
xt—2r" +a®

3 —dax® 422

3x? —6x*+3x
2z —x+1
Qr*—4dr+2
Jr—1

Now the division cannot be carried on any further, since the highest
power of z in the remainder cannot be divided by the highest power of @
in the divisor. Hence, the quotient is @* +3x+2, and the remainder is
3x~—1. In such a case the division is inexact.

From the above examples it will be clear that in order to
divide one compound .expression by another, we proceed as

follows -

(i) drrange both dividend and divisor according to
descending or ascending powers of some common letter.

(ii) Divide the first term of the dividend by the first term
of the divisor. The resulit s the first term of the quotient.

(iii) Multiply each term of the divisor by the first term of
the quopient thus obtained and subtract the product from the
dividend.

5
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(iv)

ALGEBRA e

as before.
Continue the process till there 1s no remainder or the
highest power of the letier in the remainder 1s lower than the
liighest power of the same letier in the divisor.

(v)

Treat the remainder as a new dividend. and proceed

(vi) The complete quotient 1s the sum of the partial
quotients obtained during the course of division. .
EXAMPLES XXI

Divide

1. z*+4+32+4+2 by a+4+1. 2. 2*+4+9x+18 by z+40.

3. 2*-~Tr+12 by 2~ 3. 4, z*—-9%2+1 by 2—1.

5 2*~14x+49 by 2 —-T7. 6. 32*+5x4+2 by x+1.

7. 22*+32-2 by 2+2. 8. Sx*+142+3 by 2z +3.

9. bBx*—Tay—6y* by x—2y. 10. 9x*—-38zy-2y* by 3z—2y.
11. 18x*+2%xa—5a® by 6r—a. 12, 146x+92% by 1+ 3.
13. 25-30a+9a®* by 5—38a. 14. 25-x2 by 5-=a. .
15, 2*+2*-32+9 by 2+3. 16. 2z*+3x®—8x—12 by 22+3.
17. 2+4+42% +32+462° by32+2.18. 6—a*—1la+6a® by 2—a.
19, 12-32*+2*—dx by 3—ax. 20. 2"—392x+18 by - 6.
21, 2*—1842+143 by 2 —11. 22, 28x® —462* + 25— 56 by 42 —T.
23. 492 —29x—6 by Tz —0. 24. 272° —8y® by 3z —2y.
25. 81—-=z° by 94-z°.
26. 8a®-12a*b+6ab®* —b* by 2a—0.
27. «*+3a*b+3ab*+b® by a+b.
28. 2 —=32*y+3zyt—y? by a2 ~v.
29. 14" +4Ta*y—252y*—063y° by 2z +T7y.
30. a’+1bya+l. 31. z°-1byx-1.
32, px*—p*r+2z—2byax—-p. 33. ax?+abrtacy+be by ax+b.
34. 27x?* +3bcx — 9ax — abe by 3z - a.
35, 27k>49k* -3k —10 by 3% —2.
36. 4a®—16a*b+21ab*—95* by a—b.
37. a*+b*+c?+9%ab+2bc+2ca by a+b+e.
38. a*—0b%*~c*+2bc by a—b+e.
39. zi+z®+1bya?—a+1. 40. a°41 by a®*+1.
41, 2°+42* 47249 by z? +32 2.
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42. zx°--Bx*+18x—15 by * —32+3.

43. 12z" 4382 —35—23x* by 3a*+7 - 2z.

44, 2*+2xy—2y*+3y® by z* —ay+y>.

45. 3z®-23z*y+17zy* — 24" by x* —Tzy +y°. y
46. a*—1bya-—1. 47. 921%® -5k~ 3%k—2 by Th* +3k+1.
48. 12p*-19p*—-2p+8 by 4p*—p—2.

49, a'—4¢"—-18a*—-9a+3 by a®*—Ta+1.

50. 3wm* +3m*+2m*+1 by Im® —m+1.

51. ='—4+34x—252° by 3—5z+z°.

52. 8x2°+9° by 2z*+y*.

53. 8iz*-1 by 3z—1. 54. z°—y° by z*—4".

55. 25a°—44a*+44a®—9 by 5a° — 2a* — da - 3.

56. Tx(z®*—4)+962* by Tz — 2.

57. 3(5+=z)—Tz*(1+2z)+102* by 5 —4=.

58. 10(z* - 2ax}—3(ax—4a®) by 2x— 3c.

59. the sum of 2¢2(3a— 10) and 2(18a— 10) by 2a—4.

60. the sum of (z?+Gb?) and — bx(2z+3D) by a2 — 2b.

42. EXAMPLE 1. A man has Bs. 20. FHe disiributfes this sum
equally among his 4 sons. What does each son get ?

Sinec 4 sons get Rs. 20,
. 1 son gets Rs. ¥*=Rs. 5.

EXAMPLE 2. . man has Rs. x. FHe distribules this sum equally
among his 4 sons. What does eacl son get ?

Since 4 sons get Rs. 2,

1 son gets Rs. 1:-

EXAMPLE 3. A man has Rs. x. He distribules this sum equally
among his y sons. What does each son get ?

Since 3 sons get Rs. x,
1 son gets Rs. z
U

EXAMPLE 4. If the price of 10 books is Rs. 10x, what is the price
of a books ?

Since the price of 10 books is Rs. 10z,

ys s, 1 book ,, Rs. 10z
10

=Rs. z,

,» 1, @ books,, Rs.xXa=Rs. xa.
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TBXAMPLE 5. 4 man has Rs. x. He spends Rs. y, and with the rest
Nie buys 5 inkpots. What is the price of each inkpot ?
Of Rs. x, the man spends Rs. % ; therefore, he has Rs. (z —¥) left.
Now the price of 5 inkpots iz Rs. (x—1),
-y

,» 1 inkpot is Rs.

1)

EXAMPLE 6. Magan has 2x*® nuts. He gives x* nufs to Prem and
distributes the rest equally among x* boys. How many nuls does each

boy get ?
After giving 2* nuts to Prem, Magan has (2z* ~ z?) nuts left.
Now z* boys get 2xr” —2z* nuts,

= R,
1 Dboy gets 2—1'—5:-?— nuts=(2x— 1) nuts.

EXAMPLES XXII

1. A man has 2 oranges. He distributes these equally 'eu:noncr
5 boys. How many oranges does each boy get ?

2. A man bas Rs. 20. He distributes these equally among = boys.
How much does each boy get ?

3. A boy has 100 almonds. He distributes these equally among
¢ friends. How many almonds does each friend get ?

4. A teacher has x guavas. He distributes these equally among
boys. How many guavas does cach boy get ?

5. A trader gains Rs. ¢ in x years, how much does he gain in
1 year ?

6. Tf the price of z maunds of gram is Rs. @, what is the price of
1 maund of gram ?

7. If the price of & maunds of rice is Rs. b, what is the price of
1 seer of rice ?

8. Tf the priee of & chataks of sugar is 1 anna, what is the price of
9 secrs of sugar ?

9. If the interest on Rs. x for 1 vear is Rs. #, what is the interest
on Rs. 100 for 1 year ?

10. Tf Krishna scored 22 runs in z overs in a cricket match, how
many runs did he score in one over if he :-,ccned equ'll runs in each over ?

12. A man _11(1.5 Rs:.. x. He spends Rs. y and.distributes the rest
equ:l.ll}"among his three sons, 'What docs cach son get ?
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13. Kailash has « apples. He gives b apples to Prem and distributes
the rest equally among 85 friends. How many does each friend get ?

14. A man has Rs. z. He spends Rs. % in buying tea and the rest
in buying z bags of cotton. What is the price of each bag of cotton ?

15. In a cricket match Vidya played a overs and scored equal runs
in each over. If he scored (x+y%) runs in all, how many runs did he
score in each over ?

16. A man has (z+y+z) rupees. He spends this sum in purchas-
ing a books. What is the price of each book ?

17. A man has £z2°. He spends £2x in purchasing one cow and
the rest in purchasing & goats. What does he pay for each goat ?

18. Rahim has 52" pencils. He leaves z pencils at home and
distributes the rest equally among z friends. How many pencils does
each friend get ?

19. A man spends y dozen rupees in buying goats in one place
and 6y* rupees in buying goats in another place. If the price of
the goats is the same and the number of goats bought is 6y, what is the
price of one goat ?

20. A man plucks #” mangoes from one tree, 22® mangoes from a
second and 3z from a third and distributes them equally among 2z
boys. How many mangoes does each boy get ?

MISCELLANEOUS EXAMPLES 1

A

1. Three numbers x, ¥ and z are to be added together. What is
their sum ?

2. What number is greater than 6 by 9 ? What number is greater
than p by ¢ ?

3. What number is less than 15 by 6 ? What number is less than
pbyq?

4. A number is represented by a. Write down in Algebra, ‘twice
the number’, ‘four times the number’, ‘four times the number increased
by five’, and ‘four times the number diminished by five’,

5. If a=0, what are the values of ¢ X2, axb and ab ?
6. If z=1, y=2 and 2=3, find the value of
(i) e+ytz z+y—2z, 2—y+z, z—y—=z
(i) xy+tyz+ex, xy+yz -2z, 2y — yz+2x, 2y —yz — 2x.
(iif) m+y, cc-l—z, Ytz ic—-:-';, T—z Y—z
=2

)
y x z y 'z

.(iv) xYyz i :E'f ']‘]_Z ﬁ_
’ ' myz' z ? (E ' Y
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B

1. Writc down in as many ways as possible the sum of «, b
and c. '

2. What are the meanings of —z, when +az has the following
meanings ?

(i) +2 means ‘Rama goes z miles east.’
(i) +x means ‘Rama has z rupces.’
(iii) 4a means ‘Rama owes 2; rupecs.’
3. Suppose a represents 12 and b represents 4, what arve the valucs

of (i) a+d, (ii) a—2b, (i) ab, and (iv) %?
4. Find the value of

(i) a(~b), (i) —a(—-0b), (iii) :“.b (iv) :g. (v) Tb“',

when a=2 and b=3.

3. "A boy has z pens ; he buys  more and sclls z.  How many has
he left ?

6. A boy has x pens which cost 2 annas each and % pens which
cost 3 annas each. How many pens has he ?  What do they cost ?

C

1. Distinguish between like and unlike terms. Pick out the like
terms in the expression

x®+2xy+y? — 8x? — 2* + Sxy— ay 4,
Explain clearly why a~{b+¢c)=a—-b—-¢?
If =5 and y=3x, what is the valuc of # ?
By how much does a exceed -0 ?

By how much docs— b exceed a ?

aUEWN

If the side of a square is a ft., what is 1ts pcrimeter ?
D

1. Distinguish bebween co-efficient and inder. Express 5 as (i) the

co-cfficient of x, (ii) the index of . What is the valuc of cach when
a=27?

2. What is the difference between 2a¢ and a¢® when ¢=5?
3. Wrile in a shorter way aaaca and 3xzzrrrr.

4. Write in full, without indices, #* and z°. How many z’s are
there when a® and «* arc multiplied together ?

5. What is the valuc of 1%¥ ? .
6. What number is equal to a” when ¢=2 and b=3 ?



MISCELLANEOUS EXAMPLES I 71*

E .
1. What number must be subtracted from & that the result may
bea+b?
2. What is the value of a° ?

3. What is the product when _':_ is multiplied by b ?

4. What is the quotient when (i) z is divided by 7, {ii) when T
is divided by @ ?
5. Find the quotients in the following :
(i) (zy+aty)+z.
(ii) (@*y—2?)+=x.
(iii) (ax+bx—cx)+=.
(iv) (2zy+4a:2y® — Gay?) -2y,
6. If a rectangle is I inches long and b inches broad, find its area.

F
1. Show that a(b+c)=ab+ac, by taking
‘i) a=1, b=2, ¢=3. (ii} a=2, b=-3, c=4.
2. What is the value of (z —1}® when
(i} a=0, (ii) ==1, (iii) 2=-12?

3. Suppose +x means the journey from Jubbulpore to Allahabad,
what does — 2 mean ? What does — (—z) mean ?

4. The sides of a triangle measure a inches, & inches and ¢ inches.
What is its perimeter ?

5. The top of a table is I feet long and b feet broad. If an ant
crawls alround the table, how far has it travelled ?

6. Differentiate between the following expressions :
(i) a+bdxc+d. (i1) (a+b) Xc+d.
(iil) a+bx(c+d). (iv) {a+b) x(c+d).
Find the value of cach expression when a=1, b=2, ¢=3 and d=4.

G

1. A boy has a pen, a book and a pencil. Can he write his
possessions in one figure ?

2. From the square of a take the square of b, and subtract ab-+b*
from the result.

3. Txpress algebraically the product of the sum of @ and b hy
theiv difference.
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4. Draw on squared paper 2 figure similar to the second figure
given on page 26. Take 1 in=10 units. Put your pencil point on O
and make the journeys +12 and then — 5, one after the other without
taking the pencil off the paper. Where is your pencil point at the end
of the journey ? )

5. TIf a train goes 120 miles in 4 hours, how far does it go (i} in

"1 hour, and (ii) in 3 hours at the same rate ?
If a train goes 2 miles in 2 hours, how far does it go (i) in 1 hour
and (ii) in y hours at the same rate ?

6. There are 6 rooms in a house. Each room contains 3 ahnirahs,
and each almirah contains 40 books. How many books are there in
the house ?

There are & rooms in a house. Bach room contains y almirahs, and
each almirah contains z books. How many books are there in the
house ?

H

1. Distinguish between 2* and 4x. What is the value of each
when @ =38 7?

2. Express in words the difference in the meanings of {(z+y)* and
-1':3 +]in . o

3. Ihad x annasand lost ¥ of them. How many pies had I left ?
How many rupees ?

4. If ‘45 means go 5 miles east, what does ‘—5’ mean ? What
does 2% ({+5) or 2(+5) mean ? What does 2{—5) mean ?

5. 1In the expressions 8x°+2¢*, 2 +52°, a+32°, find (i) the sum
of the indices, (ii) the sum of the coefficients. )

6. A square room measures & feet each way. How mahy yards of
carpet ta feet wide will be necessary to cover it-?

I

- 1. In the [ollowing addition sums, first ‘add the expressions and
put the result in the space at the bottom. If a=1, b=2 and c¢=3,
write the value of each expression in the space to the right of it.
Add these values and write their sum in the space marked S (for sum).
'1‘119111 put the values of @, b and ¢ in your answer and check your
resules.

(ii) a+2b+38c |

S

(1) a4+ b+ec | |
2a+36+4c ‘ da+5b
5a+Tb+% | 6b+7c
| | Sa+95+10¢
| |
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(iii) Sa+ b—2¢ | (iv) *Ta+ 8b+ 3¢
a—3b+4c 5b—1%2¢
2a—4b - 5¢ 17a—14b
3a+2b+ ¢ 13b—10¢

8 | 8

2. Work out the following subtraction sums and put the difference
in the space at the bottom. If a=4, $=2 and c¢=5, write the value
of each expression in the space to the vight of it. Subtract the value
of the lower expression from the upper and write their difference
in the space marked D (for difference). Then put the values of
a, b and ¢ in your answer and check your results.

(i) 2a+5b+8c (ii) 7fb+llb+96|

a+2b+3c 106+8c |
| D | D
(i) a4+ b+ | (iv) da+6b—9c | |
a+2b+3c Sa—5b— ¢ | !
|
e E

3. Add together 3(2a-—3b+2¢), a—3i(b—2c) and *a+d+1c, and
take from the result 1a—2b—ec.

4. DMultiply 2° +2a*z+a® by 2° —2a%z+a’.
5. Divide z*+ 4y* by z* — 22y +2y°.
6. Use squared paper to illustrate the following :
(i) 8—5=3. (ii) 8—5—-6=-3.

J

1. Write down (22+3y4-42) three times in the form of an addition
sum. Show by addition, that

3(2x 48y + 42} =(3 % 22) + (3 X 3y) + (3 X 42).

2. Add the product (a+b+1) (@a—b+2) to the product (a+d—1)
(a—b—2), and verify the result when a=5, b=2.

3. DMultiply 1+32x—2z" — 2% by 1 — 24 2z=.

4. Divide 2a* 4+ 922°*~112° 413z -3 by 2* +3z 1.

5. Simplify 2a— 3{b—c{2+a)} and 3c(a - 1)~ (b—2a), and subtract
the first expression from the second.

6.0 A man walks 2 miles in % hours. How many miles does he
walk in one hour ? How many minutes does he take to walk one mile ?



CHAPTER VIII

SOME IMPORTANT FORMULAS

43. Ve have seen that
(a+0)? =(a+b) (a+Db)
=a®+ab+ab+b*
=qa? + 2ab+ b*.
This can also be illustrated by means of a diagram.

I.et AB bhe a straight line equal to « unifs in length.
Produce AB to C, making BC equal to & units in length.
Nosw AC contains (@ + b) units in length.

A-é—-—--—a-——-—-b-B-e,--z)-—bC
A

:

S (a*) (ad)

!

|

v IF K G
A

= (ab) (5%)

* .

e H D

On AC and AB draw the squares ACDE and ABKF,
Produce BIX and FK to meet ED and CD in H and G.

Now from the figure it is clear that
sq. ACDE=sq. ABKF +rect. BCGK + rect. FKHE +

sq. KGDH.
(a+Db)2=a?+ab+ab+ b2

=a>+%ab+ 0.

Hence, we see that the square of the sum of two quantities
15 equal to the sum of their squares plus twice their prodiuct.
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44. Since (a+0b)%:=a®+ 2ad+ b*,
writing 3 for b, we have
(a+3)*=a*+2.0.3+3"

=a? +6a+9.

Similarly (z + 3y)” = (z)? + 2(x)(3y) + (3y)*
=22+ 6zy +9y” ;

and (2a + 5b)% = (2a)* +2(2a)(5b) + (5D)*
=44a° + 20ab + 250°.

EXAMPLE 1. Show, on squared paper, that
(7+8)2="7%+2.7.3+32.

Suppose a square ACDE is drawn on a A B Cc
straight line AC equal to (7+3) units in | |
length. Cut off AB from AGC equal to 7
units, then BC will be equal to 3 unibs in o i
length. 7 (7-3)

On AB draw a square ABKF. K

Produce BK and FK to meet ED and CD F ) ip] H
in G and H respectively. ( f'_]3) C|B

Now from the figure it is clear that E G D

s¢. ACDE =sq. ABKF +rect. BCHK +rect. FKGE +sq. KHDG.

(T+3)*=7%+17.347.343*
=72 +92.7.8+32,

EXAMPLE 2. Without actual multiplication, find the value of 10012,

10012 =(1000+1)2
=1000? 4+2.1000.1 412
=1,000,000+2,000+1
=1,002,001.

EXAMPLE 3. Without actual multiplication, find the value of 100°5%.

100°5% =(100+'5)*
=1002% +2 X100 x "5+ (*5)2
=10,000+1004-25.
=10,100"25.
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* EXAMPLES XXIII
Remove the brackets (Oral)

1. (x+y)2. 2. (a+a)*. 3. (I+m)2.

4, (x+5)°. 5. (3+a)s. 6. (p+7)°.

7. (54¢)c. 8. (2z+3)2. 9. (3z+92)°.

10. (3p+5). 11, (1432)2. 12, (5x+2y)°.

13. (6a+30)°. 14, (714 2m)2. 15. (4p+39)°.

16. (a®+1)2. 17. (a2 +02)e. 18. (p®+q)2.

19. (227 +y7)". 20. (3274272,

On squared paper show that

21. 10*=(S8+2)*=8*+2.8.2+2%.

22. 102=(G+4)2 =02 +2.6.4+42.

23, 122=(9+3)* =92 +2.9.3+3.

24, 152=(1045) =102 +2.10.5+5°.

25. 18°={(6+12)>=62+2.6.12+12*.

Without actual multiplication, find the value of

26. 1022, 27. 2013, 28. 105°.°

29. 203> 30. 1001=. 31. 1002°%.

32. 100032. 33. 20010°%. 34. 10032

35. 5022, 36. 80032,

45. We know that

(a=-0)*=(a-b) (a—0)
=a* —ab—ab+b*
=a” — ab+ b=,

This can also be illustrated A=<------ @ --C- -+
by means of a diagram. 1‘ < -—--((;_5)-— e >

Let AB be a straight line | —~
equal to a units in length. ) (a-b)2 o
From BA cut off BC equal to &
b units in length. Now AC "? N
contains (¢ — d) units in length. l . K

1

On AC and AB draw the 1[7 G
squares ACKF and ABDE. : S b(a-b) (&)2
Produce CK and FK to meet ¢|Y. o

-ED and BD in H and G.

m
X
Q
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Now, from the figure it is clear that

sq. ACKF=sq. ABDE - 5sq. KGDH - rect. CBGK - rect.
FKHE.

(@ —Db)>=a®>-0>-0(a—b) — bl - b)
=a> -0 -ab+ 0> —ab+d?
=a? - 2ab+ b2,
Hence, we see that the square of the difference of two

quantities is equal to the swum of their squares minus fwice
their product. -

46. Since (a—0)*=a®* - 2ab+ b,
(a-8)*=a?-92.a4.3+32
=a”%—Ba+9.
Similarly {(z~ 3%)* = (z)® — 2(z)(3y) + (3y)*
=z° - Bzy + 9y>.
and (2a ~ 5b)% =(2a)* — 2{2a)(5b) + (50)*
=4a”? — 20ab+ 250°.
EXAMPLE 1. Show, on squared paper, that
(10-3)2=10%*—-2.10.3 +3>.

Suppose a straight line AB is drawn
equal to 10 units in length. IFrom BA cut
off BC equal to 3 units. On AB and BC |
draw squares ABDE and BCHL on opposite A Cl- B
sides. From IEZA cub off EF equal to 3

s
o

units. Draw FG parallel to ED. DProduce Il
HC to meet FG in K.
Now from the figure it is clear that ] i
sq. ACKF=sq. ABDIE —recct. FGDE —rect. . \ ' =
HKGL+sq. CBLH. F B i

(10 —3)* =10* —10.3— 10.8+ 32 : | !

—10* —2.10.3 43, = : ma—

EXAMPLE 2. Without actual multiplicalion, find the valie of 999%.
999* =(1000—1)*
=1000% - 2.1000.1+1.
. =1,000,000—2,000+1
=998,001. '




« 78 ALGEBRA

EXANMPLE 3. Without actual multiplication, find the value of 99°5%.
99°5? = (100 —"5)*
=100* —2 X 100 x *5 +(*5)2
=10,000 —100+-25 >
=9,90025.

EXAMPLES XXIV

Remove the brackets (Oral)

1. (x—y)*. 2. (x—a)=. 3. (I—m)=.

4. (z—5)". 5. (p—6)°. 6. (5—0b)2.

7. (2z—3)%. 8. (3a—2)=. 9. (5p—38)2.
10. (1-—2x)%. 11. (22 —3y)2. 12, (5x—2y)®.
13. (Ga—5b)*. 14. (71—2m)*. 15. (4k—381)%.
16. (z?—1)°. 17. (2% —y?)=. 18. (z—?)%.
19. (3xz® —d4y2)2. 20, (22°—y")>. 21, (5xz? —2i%)".

22. (Ta®—38%)°.
On squared paper show that
23. 108=(12-92)*=12%*—2.12.2492%.
24. 10*=(15-5)*=15*—-2.15.5+5*.
25. 92=(12-38)*=12%—2.12.3 +32.
26. 12*=(18-6)*=18*—2.18.6+6=.
27. *={11-3)*=11*—2,11.8 + 32.
Without actual multiplication, find the valuc of
28. 082, 29. 999:. 30. 4992, 31. 99992,
32. 99=. 33. 999-8*.  34. 899¢* 35. 99972,

47. We know that

(e +0)(a—-b)=(a+ D)z [putting z for (¢ — )]
=ax + bx
=ala—bY+0la—50) .o, (1)

=a*—ab+ab- 0>

=a* - 0%,
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This can be illustrated by means of a dl'-a,gram.

Let AB be a straight line equal to @ units in length.
From AB cut off AC equal to b units. Now CB contains
(¢ — b) units in length.

A< —— - -~ a —-C-—-—>8
-T-t——-.- A "‘—9"4('(";_&)"'
|

}

|

|

2

|

HE K
=

U )| -
E H D

On AB and AC draw squares ABDE and ACKF. Produce
CK'to meet ED in H.

Now from the figure it 1s clear that
sq. ABDE —sq. ACKF =rect. CBDH + rect. FKHE.
“oat-b'=ale - b)+bla-0)
=(a+ b)(a—-0b). [from (1)]
i.e., (a+ bl a—-b)= a’ — b2,

Hence, we see that the difference of the squares of two
quasntities 1s equal to the product of theiwr sum and difference.

48. Since (a+D)(a—~d)=a> -

(a+30a—38)=a”>-3=¢a>-9.
Similarly (a4 3b)0a — 3b)={(a)? — (30)* =a* - 903,
and (2z + 8y)(2z — 3y) =(2z)° - (3?/) =4z° - 9y>.

EXAMPLE 1. Show, on squared paper, that
10* — 72 =(10+T7)(10-1).
Suppose AB is a straight line 10 units in length. TFrom AB cut

off 2C equal to 7 units: On AB and AC draw squares ABDE and
ACKF. Produce FK to meet BD in G.
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Now, from the figlre it is clear that
102 — 72 =sq. ABDE — sq. ACKF
=rect. FGDE 4+ rect. KGBC.

-
C B
F K
E D
! i
F C
£ B.
| )

Since the breadth of both the rectangles is (10— 7) units, these two
rectangles can be joined into one by placing their ends together, and the
length of this new rectangle will be (104 7) units and breadth (10— 7)
units. Hence, its aréa will contain (10+47)(10—7) sq. units.

102 — 72 =(104+7)(10 - 7).

EXAMPLE 2. Without actual multiplication, find the value of
1000* — 9993,
10002 — 9992 = (10004 999)(1000 — 999)
=1999x 1
=1999.

EXAMPLE 8. Without actual mulfiplication, find the value of
101 % 99.
101 x 99 =(100+1){(100—1)
=(100)2 - (1)?
=10000—-1 ¢
=9999,



SOME, IMPORTANT FORMULZE 81

EXAMPLE 4. Find the value of 99°6X100°4. °

99'6 ¥ 100°4=(100 - "4)(100 +"4)
=(100)* — ("4)*
=10000— 16
=9999°84.

EXAMPLES XXV

Multiply (orally)

1. (z+1)z-1). 2. (x—2)(x+2). 3. (1+a)(1-a).
4. (at+4)(a—4). 5. (5-7)5+y). 6. (T-a)(T+a).
7. (z+y)(x—1).. 8. (p—¢g)p+q). 9. (a—3b)(a+3b).
10. (314+2m){81—2m). 11. (5a+6z)(5a¢—6z).

12, (—a-=-b)(-a+d). 13. (=z+2a)(—-a— 2a).

14. (a®*+Db*)(a® —Db?). 15. (x4 3y*}z* — 3y2).

16. (lz—m)(lz+m). 17. (—z®—gyl—-a*+y).

18. (1-a®)}(1+4+a?). 19. (1+az®)(1-az?).

20. (9-—8x2)(9+8x2).
Show, on squared paper, that

21. 10°—-82=(10+8)(10- 8). 22, 122 -52=(12+5)(12~ 5).
23, 15°—10°=(15+10)(15-10). 24. 20%—18%=(20+18)(20—18).
25, 9252 —20? =(25+ 20)(25 — 20).

Without actual multiplication, find the value of

26. 312 -—99*. 27. 100*-982, 28. 1005%—995%.
29. 100°7*—99'3%*. 30. 1002 x998: 31. 208x197.
32. B83XTT. 33. 11'5x10'5. 34. 2004 x19°96.

35. 1'96x2'04.

49, We know that

(a+b+c)2=(a+b+c)a+b+e)
=a®+ab+ac+ab+ b’ +bc+ca+chb+c?
. =q” + 0%+ +2ab + 2ac + 2be.
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This can be illustrated by means of a diagram.
Let ADEF be a square. drawn on a straight line AD
equal to (@ + &+ c¢) units in length.

B

A-:«——-ﬂ--—é--z—&—-:g:—c-—:—-b
*l f
o| (e | (@) |@)
Gi K__ L Im
<L @) | (9|
) 2o
':; (ac) (bc) (ci)_
F R S E.

From AD and AF ecut off AB and AG equal to ¢ units.
Again from BD and GF cut off BC and GH equal-to &
units, Then CD and HEF each will contain ¢ units of length.

From B and C draw BR and CS parallel to AF meeting
FE in R and 8. Again from G and H draw GM and HQ
parallel to AD meeting BR, CS and DE in points K, N ;
L, P and M, Q respectively.

‘Now from the figure it is clear that

sq. ADEF—sq ABKG +sq. KLPN +sq. PQES+
rect. BCLK +rect. CDML + rect. LMQP + rect.
GENH +rect. HNRF + rect. NPSR.

(cb+b+c)"—a + 0% +¢* tab+ac+be+ab+ac+ be
=g+ + ¢+ 2ab+ 2ac + 2be.

Hence, we see that the square of the sum of three quantities
15 equal to the sum of their squares plus twice the sum of
the products of two quantities at a time.

50. Since (a+b+c)*=a+b>+c>+2ab+ 2bc+ 2ca,
(x+y+22)2

2 ()" + (1) + (2" +9(2) () + 2(2)(22) + 2(z) (22)
=z7 +y? +42° + 2y + 42z + dy=. ¢



SOME, IMTORTANT FORMULZE

Similarly
(@ + 20+ 3¢)
=(a)?® +(2b)% +(8¢)® + 2(a)(25) + 2(28)(8¢) + 27a)(3¢)
=a” +4b* +9¢° + 4ab + 12b¢ + Bac.
EXAMPLE. Show, on squared paper, that
(10+7+8)*=10247++3242.10.7+2.10.3+2.7.3.

A B c D

L
=
et

~—

10-——t10-3)

G K =M
: ' 7t T3)
oy i [ 111147 3
H L L Lo
, (103 10 X))
v R s E

Take a straight line AD équa.l to 20 units in length and deseribe a
square ADEF on it. Take two points B and C in AD, and (¢ and H in

AF such that
AB=AG =10 units,
BC=GH =7 units,
and CD=HF=3 units.

Through B and C draw two straight lines BR and CS parallel to AR

and through G and H draw two straight lines (M and HQ parallel to
AD.

Now it is clear from the figuve that

sq. ADEF=(10+7+3)*
=102+72+32+10.7+10.8+7.3—!—10.7+10.3+7.3
=10*+7*+32+2.10.742.10.54+2.7.3.



84

ALGEBRA .

51. Since{a+b+c)®=a®+0*+c*+2ad+ 2ac+ 2be,

s la—b+cl?=[la+(-b)+c]?
=a+(=-0)2+c2+2a(-0)+2ac+2(-D)
=a?+ b2 +c* - 2ab+ 2ac — 2be.

Similarly

la—b-2]2=[a+(=D)+(~-2c)] 2

=a?+(—5)2+(—-2)2%+2a( - b)+2a{ ~ 2) + 2( - b)( — 2¢)

=a?+ b2 +4c® — 2ab — 4ac + 4be.

EXAMPLES XXVI

Without actual multiplication, remove the brackets (orally).

1. (z+y+2)°. 2. (z+42y+2)°. 3. (z+2y+42z)2.
4. (1+2z+3y)2. 5. (2+3z+5a)2. 6. (214+8m+Tn)2.
7. (z-2y+32)°. 8. (z42y-—32)=. 9. (2a—b-46)2:

10. (8a—2x—1)*. 11. (a*+b*+c)* 12, (ax+y?—z2)2,
13. (az+by+ecz)*. 14, (214+mn—3p)s.

Show, on squared paper, that

15. (947+2)*=9*+4+7*+2°4+2.9.74+2.9.2+2.7.2.

16. (114+6+4)*=11*+46*+42+2.11.6+2.11.4+2.G6.4.



CHAPTER IX
EVQLUTION AND SUBSTITUTION
Evolution

52. The square root of a quantity is that quantity
whose square or second power is equal to the original
quantity.

Thus the square root of 16 is 4 or —4,

for 4% =186,

and (—4)2=(-4)x(-4)=16.

Similarly, the square root of 36a? is+ 64 or — 6a,

for (+6a)?=(+6a)x(+6a)=36a*,

and (—~6a)?=(-6a)x(~6a)=236a>.

NoOTE. For the present we shall deal with the positive values only.

The sign ‘17" is called the root sign. The square root is
denoted by ¥ or simply 17.

53. The cube root of a quantity is that quantity whose
cube or third power is equal to the original quantity.
Thus the cube root of 8 15 + 2,
for (+2) x (+9) x(+2)=8.
The cube root of 8 is not — 2,
for (—2)x(—-2)x(—2)= — 8 and not 8.
Similarly, the cube root of — 125z? is — 5z,
for (- dz)( — 52)( - 5z) = - 1252°.
The cube root is denoted by %/.
Similarly, the fourth root of a quantity is that quantity
whose fourth power 1s equal to the original quantity, the

fifth sroot of a quantity is that quantity whose fifth
power 1s equal to the original quantity, and sc on.
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The fourth 1‘0.0t, fifth root,...are denoted by ¥/, a/,...

The process of finding a root of a quantity is called
Evolution.

EXAMPLE 1. Find the value of ~/225.
N225=,/3X3X5xXb5=8x5=15.

NOTE. The square root of 3 X3 x5x5 which ecan he written in the
form of /(3% 3x5x5) is often written as /3 x8x5x5, the line above
used as a vineulum is equivalent to a bracket.

EXAMPLE 2. Find the square root of 9x?.

Since 92*=3X3Xz Xz,
9z =8 xx=3z.
Hence, the square root of 9z* is 3.
EXAMPLE 3. Swunplify 3/27a*x".

A 27a'zs =3/3.3.8.a.c.a.x.2x.0.2.2.2=3ax?.

EXAMPLE 4. Find the value of 3/ —8p™.
3 -8p*=3(-2).(—2).(- 2).ppp=—2p.

From the above examples it is clear that to find the root
of a power of a quantity we must divide the index of the
original power by the index of the root.

EXAMPLE 5. Simplify i/32x°y'v.
a1

5 & Y
3wiyrte =3 /28 xr g0 =270y =2xy*.
- . A/ B2atvb?
EXAMPLE 6. Simplify — 3 qgeTi
A/ 320t { /(=9 arht _(=ath_ 2%
T 948c's Fagts T 3¢? 3¢?

From the above examples we see that

(1) The root of a product of @ number of quantities is
equal to the product of the roots of the factors of the quantities.

(i1) The root of a fraction ts obtained by taking the roots
of the numerator and denominalor separately.

(iii) An odd 100t of a positive quantity 1S positire and
an odd root of a negative quantity is negalive.
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EXAMPLES XXVII
(Examples 1—30 may be taken orally)

Find the square root of

‘1. a®. 2. a°. 3. . 4, 2xt
5. aid®. 6. 4datzly®. 7. 9x*yc. 8. 25c%a9.
9. a2%b % 10. 16a’y*°. 11. B1y°°. 12. 1%a*.
. 3y d
13. 3a'lct. 14. -25z2tyizt. _15. 1‘3—?3-, 16. 100z°y°z*.
. : 25h2 ,
144p2q* -:III.B 4912 mins
17. 1212 T 19GpSqir*”
Find the cube root of
19. «”. ~20. =x°. 21. a®b°. 22. Bx'.
23. -—b°. 24. 64a°b'*. 25, -—27a’b'%. 26. '=125a°h°.
81? 2Tp?9° " nq.. 1252° ' 216a'*
27. . 28, =L L 29 o e AN
27m 3 ' G47° 210y°2° 30 343p°q's’
*Find the value of
31. ./144b*ec*, 32, Jf49xiytzE, 33. R/125a%0h°.
34. 3/-343a'2013. 35. I/ -641'm>. 36. #/a‘be.
4 /o8 — —_—
37. ,\/aarr{ - 38. i/3axiv. 39. 3/7ieyis

40. £/64b°at:.

41. The area of a square is z* square feet, what is the length of
its side ?

42. The avea of a square is 49x*y® square yards, what is the length
of its'side 2 ~ '

43. The length and breadth of a rectangle are 92 yards and 4x
‘yvards respectively. Find the length of a side of a square whose area
is equal to the area of the rectangle.

44. The length and breadth of a rectangle are 16z% yvards and y?
yards respectively. Find the length of a side of a square whose area
is equal to the area of the rectangle. '

Substitution

54. EXAMPLE 1. Find the value of 3/4a when a=2.
AMta=3/4x2=3/2x2x2=2,
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EXAMPLE 2. Fnd ihe value of /3ab when a=2 and b=6.
,\/Bab=_\/§ X2X0B=,/3X2X3X2=3x2=6.

EXAMPLE 3. Find the value of 3/a*b*c® when a=—4, b=2 and
c=—1.

AVarbier=3/(—4)2(2)*(—1)2=316 x4 x1=3/4 x4 X 4=4.

N e —
EXAMPLE 4. Find the value of / QL _'\/ 3y +'\/i when
z

x=16, v=27 and z=04.

VI NI I8 /I AT

2X64 4 X 64 4 X 64

_\/ ,\/3x3x3x3 ,\/ 1 18,1 .

2x2x0 4x4x4x4 4xX4 2 4 4

EXAMPLE 5. Find the value of 4a/a*f—8./b3c?+5./d% when a=4,
==3,¢c=—1, d=0 and f=4.

The expression =4 /(4)*.4—8./(=3)* .(—1)° +5./(0)%
=2,/16.4-3,/81+0

=4X8—-3x%9
=32-97

5.

EXAMPLES XXVIII

If a=1, 5=2 and ¢=3, find the valuec of

1. Ja. 2. J2b. 3. /3 4. 3/4b.
5. Ya. 6. /Gbe. 7. %/4ab. 8. a./12c.
9. 3/20%. 10. 2/Gb*ce.
If a=9, b=4, ¢=1 and d=25, find the value of
11, Jab+ Jbe+ ea. 12. ”\/% +\/£+\/§—.
C

13, Jabe+ \Jbed+ Nacd + \fabd.
14. 3/2bc+3/15ad+3/6at.
Ifw=-1, x=-4, y=-3 and z=2, find the value of

15. \wwz®, 16. /9w a. 17, Jwa®z?,
18.  Jw*yz2. 19, w. W Jaxyz?. 20. /6ay2.



, SUBSTITUTION 89

21. Y272y, 22, —yi/zizd. 23.* 32wz,
24. Jwzyd.

If I=1, m=0, n=-1 and p=2, find the value of

25. J/3(1+p). 26. JJl4+m+n. 27.  /5{1*+p2).
28. i/i*4m2. 29. VPE+lndmd.

30. JEtmE4ni4on, 31, JU4 JmEHnt
32, JIE4m2+nt+2m+2n+2mn.

If a=-1, =2, z=—3 and y=4, find the value of
33. i/z*—y*+17ab. 34. ./—4ay—13ay. |
35. 3/8z*b—z? X Jbg'+'y2+2by.
36. ',\/Qa“'—-ﬂba:-—a:‘-’_ 37. A/b*tai+y

¥ +dx NBxy =y

If x=—4, y=—38, z=—1, a=4, b=1 and ¢=0, find the value of
38. 2./zz—3.\Jab+ Jey. 39. 5z,/3yz—4./ia® ~22./3yz.
40. " 8. Jyra-5. /b +Tnjcr. 4l. Yaz® +bz - Y3y — Ve,

If a=1 and b=9, find the value of

42. a+2Jab+b , a—2:/ab+d,
Na+ b Na— /b
43. fa(a+b)+ \/bla—b) — Jabla+ Jab+-b).

44. (Ja+ Jb)a~ Jab+b)+(Ja— Jb)a+ Jab+b).




CHAPTER X

SIMPLE EQUATIONS

55. 1When we express algebraically the relation between
two expressions which are equal, the statement is called an
equation. The expressions that are equal are connected by
the sign ‘=",

Thus ZFE=F D i .(1)
is an equation. The two expressions on either side of the
sign of equality are called its sides.

Equation such as (1), in which both the sides are always
equal whatever the value of z may be, is called an identical
equation or simply an identity. While the equation,
x+5=2_8, which 1s not true for all values of z buf 4dstrue
only when z has a particular value (8 in this case), is called
a conditional equation or simply an equation.

The letter whose value is to be found in an equation is
called the unknown quantity, and the process of finding
its value is called solving the equation.

The number, which when substifuted for the letter in
an equation, makes both the sides equal is said to satisfy
the equation, and the value of the unknown quantity which
satisfies the equation is called the root of the equation.

Thus in the equation
z+5=28,

the letter ‘z' whose value is to be found is the unknown

guantity and the value 3 of z which satisfies the equation is
its 700!,

NOTE. It should be remembered that quantities expressed by
letters which are supposed to be known, are generally represented by
the first letters of the alphabet a,b,c, ... ; while quantities which are
unknown and whose values are to be found, are represented by the last
letters of the alphabet x,y,z.
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56. Let us now consider the identity |

8=8.
Adding 2 to both sides,
8+2=8+2,
7.e., 10=10.
Subtracting 2 from both sides,
8-2=8-2,
i.e.,, 6=0.
Multiplying both sides by 2,
8x 2=8x19,
1.e., 16=16.
Dividing both sides by 2,
8+2=8-+29,
1.e., 4=4,

‘Hence, we see that
(1) If equals be added to equals, the sums are equal.

(i1} If equals be subtracted from equals, the c‘Z)ﬁ'm‘encgg
are equal. '

(iii) If equais be '."m‘a'lt-.z'pljz'_ed by equals, the products are
equal. '

- (iv)  If equals be divided by equals, the quotients are
equal.
The process of solving equations greatly depends on the

foregoing axioms as will be clear from the following
examples :

EXAMPLE 1. Solve the equation x—2=3.
Addding 2 to both sides,
T—242=342, .iirrrrrrrnrnanns [Axiom (i).]
r=3.
EXAMPLE 2. Solve the cquation x+2=3,
Subtracting 2 from bhoth sides,
o *+28-2=3—-2, .t [Axiom (ii).]
=1,
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EXAMPLE 3. Solve the equation §= —4.

Multiplying both sides by 5,
5><-";i =5X(=4), ceerereereerens [Axiom (iii).]
r=—20,
EXAMPLE 4. Solve the equation —3x= —9.
Dividing both sides by —3,

—2‘E= :91 ........................... [Axiom (iv).]
ooz =3
EXAMPLES XXIX
{Oral)
Solve the following equations :
1. r-1=3. 2. x—3=5. 3. r—4=".
4. x-9=11. 5. z4+7=10. 6. z+2=T7.
7. x—06=-3. 8. 24+3=-9. 9. x2+4+2=0.
10. 2—-6=0. 11. z—a=2a. 12. z+3a=5a.
13. 5x=15. 14. 3x=9. 15. 2x=0.,
16. Tx=49. 17. 5a==1. 18. 2xr=-—108.
19. 10x=5. 20. 88z =11. 21. Gx=—42.
22. —06x=—11. 23. —1r=06. 24. ar=a?.
N T _ _:'E_
25. axr=b. 26. _Q_l' 27. ﬁ"_B'
3¢ 29 4 7 30 3 0.
Qx £ 1 3x 3
1. Z==4. 32. = — =, 33, ~=__ =
3 3 6 3 4 4
34. ¥ -1=0 35. ¥_5=0. 36, ¢, 1_
3 4 5715
37. *—2_o. 38. 2'7‘_4=3 39. 2(r—1)=4.
J %

40. 6(x—5)=0.
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57. EXAMPLE 1. Solve the equation

) el S o S S (1)
Adding 6 to both sides,
5z —6+6=3x+12+0,
Sr=3x+12+6,
Subtracting 3x from both sides,
Sz —3x=3x—3x+124-6,
ST—32=12+0, .t (2)
2x=18.
Dividing both sides by 2,
2r 18

2= 9
x=9.

Comparing (1) and (2), we find that 3z disappears on the
right side but appears on the left side with its sign changed,
and similarly — 6 disappears from the left side but appears
on the right side with its sign changed.

Hence, wo see that any term may be transferred from one
side of an equation to the other by changing its sign.

Such a transfer of terms is called transposition.

While solving an equation, it is desirable to transpose all
the terms containing the unknown quantity to one side of
the equation (preferably to the left), and other terms not
containing the unknown quantity to the other.

NOTE. If the value of the unknown quantity obtained from the
equation be substituted for the unknown quantity in the equation and
the equation is satisfied, i.e., both the sides become equal, we say that
the value obtained is correct. Thus, if 9 be written for a in (1),

' the lett side =5X9—6=45—6=39,
and the right side =3x9412=27+12=39.

Since both sides are equal, the value-9 obtained for z is correct.
This process is called verification.

EXAMPLE 2. Solve the equation
4x+3=13 - 3x+8-+x,
artd verify your answer.
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Transposing terms involving @ to. the left side and other terms to the
right,

dr+3r—-1r=13+8-3,

Gr=18.
Dividing both sides by 6,
r=3.

Verification. When r=3,
the right side=13-3X3+4+8+3=13-9+8+3=15,
and the left side=4x3+3=124+3=15. N
Since both the sides are equal, the solution is correct.

EXAMPLE 3. Solve the equation
4(x+2)=3-3(2x—5).
Removing brackets,

. 4x+8=3—~6xr+15.
Transposing, 4r+6xr=3+15-8.
10x=10.
Dividing both sides by 10,
x=1.

EXAMPLE 4. Solve the equation

G=5X = 3= 4X 45, reerieerrmiieieeeiiaeeeinias (1)
Alultiplying both sides by -1,
—G=—52+3+4x=5. .erenne. SRS (2)

Transposing the terms on the right side to the left and the terms on
the left side to the right, '

Sr—3—42x+5=0 i (3)
Transposing —3 and +5 to the right side, -.
Sr—4x=06+3-275,
r=4d,

~ Comparing (1), (2) and (3) we see that the equality is not
affected if (i) the signs of all the terms on both sides of an

equation be changed, (i) the entire sides of an equation be
wnterchanged.

EXAMPLE 5. For what value of x will
Ix+2(x—5)—10 '
be equal to zevo ?
Suppose 3x+2(x—5) - 10=0. ¢
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Removin g- brackets,
dx+2r—10—-10=0,

51=20,
r=4d.

Hence, if x is equal to 4, the given eéxpression will be equal to zero.

NOTE.
detail.

should be clearly indicated.

The above examples have been fully woﬂiéd out in every

Students should note that each step should be written on a
separate line and the process of deriving it from the preceding one

meaningless sign of cqumhty at the beginning of a line.

EXAMPLES XXX

Solve the following equations and verify your answetrs :

1

4. °

7
10.
13.

16.

19.
21.
23.
25.
27.
29.
31.
33.
35.
37.
39.-
40.

3x—-5=13. 2. 8x=20+4+ux. 3. z=8-n2.
Qr=1-4zx, 5. —xr=194=2. 6. 3x+4=16.
Jy+4=—17. 8. 4y—3=2y+1. 9. 2z+15=27—4x.
6r+1l=4a+27. 11. drdT7=zx+7. 12, %-‘:‘%:5
y=4+L. 14, y—Y =14 15. 2Z=% 4¢

) 9 ) "8 3 :
‘—;—=10—%. 17. a,+(r,—3a— . 18. 'L+b—(L—-‘7.1
524+T+3r=94 -4z —11, 20. 0=10— 0z - 20+10x.
1=%Fx—5x—38a. 22, 8—-3r=0x+10—x+06.
2—15—92—-20=248r—10. 24. 0=5—2x+50—0x.
4(x —2)=5(x—1). 26. 16x—11=19(1+z).
2(7 —x)="Tx—31. 28. 14(z—18)=0(xr—14).
v —(22—~T)=14. 30. 0=8(2342x)+13(x—3).
y—3—8= —5(13 —2y). 32.. 6{x=1)—(3z+13)4+9=0.
2(4 —x)—(1+16x)=3(x—17). 34. 5—18(3 —x)+7(21x —9)=3x.
5(x+1)='3r4+1'12. 36. 4(x—1)=2(x—"3).
4(z—1'5)=2"34. 38. 3(2z-:5)=1-4.

7 {32 — (42— 5) —3}=0.

2 — {7 —2(x— 3)y+4da} - 27=40.

They are also cautioned against putting a
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41. 4(x—3)-5(c+11)=3(3—=2)—9(13 ~z)+20.

42. 3(5-2)+4(@—4)=9+3)-6(1—z)-1.

43. 6(6z~5)—5(Tz—8)=12(¢—=z)+1.

44. (z—-5)z+3)=(z—T){x+4).

45. (z—2}x+3)=(z—-1)(x+1). 46. (z—5)2—(x4+2)2=—2.
47. (z-1)(@+6)—(z-2)x-8)=3. 48. (x+1)(x+2)+6=a(z+7).

For what values of z will the following expressions be equal to

zero ?
49. 3(x+5)—(x+7)—z. 50. 13(2x—1)—-5(52+7).
51. (z—2){zx—38}—(x—4){z+1). 52. (z—a)+(x—-b)+(x—c).

58. If fractions occur in equations, these can be cleared
if we multiply both sides of the equation by the least common
multiple of the denominators.

EXAMPLE 1. Solve the equation

x—1 x—2 8-x
2 83 ~ 4 '

and verify your answer.

G—

Multiply each term of both sides by 12, the L. C. M. of the
denominators 2, 3 and 4,

raxg12z=1) 12(z-9) 12(8-a)
2 3 4
72—6(x—1)—4{x—2)=3(3 —zx),

L T2—0x+06—4xr+8=9-3r.

Transposing,
—06r—4x+32=9—-72—-6-8,

77

—Te=—

Dividing by -7,
c=11.

Verification. When x=11,

3-11 -8
the right side="—"=-_"":= —9,
g 7 1
and the left side=6—112—1_113_2=6—5—3=—2.

Since both sides are equal, the solution is correct.
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EXAMPLE 2. Solve the equation

1 1 2xr 16
7 (3x+35) — i3 (9::,—35}—3—-?_
Mulbiplying both sides by 105, the L. C. M. of 7, 15 and 3,
105X -+ (8x+5)—105x L-(9x~85) = 105x 2% —105 x 9.
T 15 3 3
15(32+5) —7(9x —35)=385 X 2z — 35 X 16,
452+ 75 — 632 +245="T0x — 660,
450 —63x —T70x= —560—T5—245,
—88x= —880.
Dividing both sides by —88,
=10,

EXAMPLES XXXI

Bolte the following equations :

8 2 3 1 1
1. Z=-—=Zy 2. —Zx==I, 3. Zr4z-r=10.
9 = 2'L+3L 10
1 1 1 1 /a x 1
4, to-t.o1 5 (_-..—_-)=3. 6. _(___)=~.
3 \3* ™ 3" o\s 5/)75
1 /2 =« 1 1 x 2
7 1(E_ 2y 5. L(mat)l
i\3 o) 3 sg \** 3 )=;5
9, T 4.1 _ = 10. ¢ _®&_11_ @
g T¥= 1 -1 3~ 8%2 3
11. f+"ﬂ=5, 12, :T.";l_”;__1=1_
3 4 4 5
a+3 11— 1 -7 4x-—2
13, *+3 _g_1-2 14. gL _&—7_
5 4 3 3 5
15, ¥-3_%-5_2 16, 2, %% _op_1q,
5 4 3 5 3
1 2» 2 3r 9xr—1 1 38 1-ux
17. T — = —— e —y, : el
Tt E=3t33 18, = —+3=9"3
-3 Te— S 2x—9
19. -4 T 3 i:l_= . . .'5_0.1+8= ]
% 5 g +e=0 20 T % =3
2(2xr—-1) 8z-—2 3z 22-9 5x+8 2
21.’ —_—— =1, . 2‘ —_— e = -
9 13 = 22. T-—3 T3 t3

7
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23.
24.
25.
26.
27,
28.
29.
30.

31.

33.

35.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

ALGEDBRA

—4= 1(251! 1)
)— 2( 30) Hx—6)—T1.
+ 122 — 2)+24.

é{7x+1)—§( —22)=4(5x+1).
Lae—-58)—h(z—-6)=3x+7)+3(x+9).
& - z+3 2
—_ — =), . — ______0.
- +1=0 32. - 2) =%
3—x -1 2-2 2¢—1 5z—4 18
- — =4 — . 34,
0= 2" t73 5~ Tm=%
;:,_—l-_l_ai_4+1+3:16. 36. 2:c+7_3-.1‘+5=10_3i.
3 5 4 3 7 5
5—3x 51_@_3 5.1
4 3 2 3
3 2(x+2) _ 3
zZ =4 2=
2(1 1) — 5 =4+
z+3 m+4_x+5_w+6
4 5 6 7 °
15— 3z 2w+5_17—13"’.r
5 2%~ 3
Qr—5 1 5
- ;- ==2z— —_ =
2 (31 - ) 2ea—57)-
3—=2 z—1 241 3
p—"2 =8 -, T _=,
775 2 5 10
0
3—3:_1 3_—23: _ 2243 (1_1-%—33:)
T 4 2 ‘
22 1 x—1 1
s la—-1) =" _ L -
3 2(& ) 3 (:L 2)+ 5
Jx—2 4x-—-1 10
S - =5 —9)+3— 5
:L+5 1/2 2 4xr—14 =+10
2
o +9(z+5) 5(3+20) = 3 10
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. 022+ 07 a+2
48- 5m + _':6:'3'__" - 9

52 1—"2x/3 5z—2
49, =< il R — : )
13 5 (5 1) 1x 2 4+ 028

50. 120z —4[5x—2{6x+T{x—8)}] =16—4[3z—2{x—- G6(x—1)}].

=93.

For what values of =z will the following expressions be equal to zero ?

x—3 2z-17) x+9 2z+1 x40
51, X2 _Z : 52. _ETO
2 3 t7ig ) 5 —(@=3).
2(x+2) 1 Tx—1 1 1—=x 1
. AT olr—1)+22—-T=. 54, {2 —2""Y _ 5=,
>3 3 (z—1)+22-T3 1 s\ T g 53

2xr—3 3x—-8 4zx+15 1
55. + — -,
G 11 33 2




CHAPTER XI

SYMBOLICAL EXPRESSIONS

59. In examples in foregoing chapters we have already
given many questlons on sy mbollc representation in which
letters have been used as symbols for numbers, In this
chapter we shall give more examples where letters will be
used to represent numbers.

If a student finds it difficult to express a statement in algebraic
symbols, he may mentally replace the letters by small 'tnt.hmetlcal
numbers and make it an easy arithmetical sum, and then apply the

method to the algebraic problem.
EXAMPLE 1. Dy how much does 8 exceed G ? By how much does x

exceed y ?
8 oxceeds 6 by 8—06 1.e., 2.
Similarly x exceeds ¥ by . —v. .
EXAMPLE 2. What must be added to 4 to oblamn T2 TWhat must be

added to x to obtain y ?
To 4 must be added 7—4 .¢., 3 to obtain 7.

Similarly, to  must be added ¥ — 2z to obtain y.

EXAMPLE 3. The sum of two nwmbers is 12, and one of them is 8 ;
what 4s the other # The swm of two numbers is x, and one of them is 8 ;
what is the other ?

The sccond number is 12—8 i.e., 4.

Similarly, the seccond nnmber is @ —3.

EXAMPLY 4. How many wnches are there in 5 yards ?  How many
inches are there wn x yards ?
5 yd.=36 x5 in, =180 in.
Similarly avd. =306 X2 in.=306x in.
LEXAMPLE 5. If the price of one book is 2 rupees, what is the price
of 5 books ? If the price of one book is x rupees, what is the price
of v books ?

The price of 1 hook = Rs. 2,
v ve ,,» b bhooks = Rs. 5x2= Rs. 10.
1 book = Rs. 2

Similarly, if ,, o
. y books = Rs. yx.

-

1] 11 12
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NOTE. Students should remember that since fletters are used as
symbols to represent numbers, if the work deals with concrete quantities,
the units should always be mentioned. Thus, it is nof correct to say
‘the price of a book is z’ but that ‘the price of a book is z rupees or
2 pounds’.

EXAMPLE 6. A boy walks at the rate of 5 miles an Lour, how far
will he go in 3 hours ? A boy walks at the rate of x miles an hour,
how far will e go in 3 hours ?

In 1hr., the boy walks 5 miles,

»w 3hr., ,, .,y 3x5 ,, =15 miles.
Similarly, if ,, 1hr., ,, " ,,  x miles,
sy 3 hr., vy y, S miles,

EXAMPLE 7. Krishna is 30 years old and Gopal 18 years old, how
many years 18 Krishna older than Gopal ¢ Krishna 1s x years old and
Glopal vy years old, how many years 18 Krishna older than Gopal ?

Krishna is older than Gopal by (30 —18) yvears i.e., 12 years.

Similarly, Krishna is older than Gopal by (z—7) yvears.

EXAMPLE 8. Mohammad has 5 rupees and he spends 48 annas,

how many annas has he left 2 Mohammad Nhas x rupees and he spends
v annas, how many annas has he left 2

Since Rs. §=16x5 annas =80 annas, therefore Mohammad has
(80 — 48) annas .e., 32 annas left.

Again, since Rs. =16z annas, therefore Mohammad has (16x —y)
annas left.

EXAMPLES XXXII

(Many of these examples may be taken orally)

By how much does 2 excecd 4 ?

By how much does « exceed 5 ?

What number is greater than 2 by 3 ?
What number is greater than « by b ?
What must be added to x to obtain 7 ?
What must be added to ¢ to obtain b ?
What is the sum of z and % ?

N e BN =

8. » If z is greater than %, what is the difference between z and 3 ?
9. What is the product of z and % ?
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10. The sum of two numbers is z and one of the numbers is 5, what
is the otber numbeyr ?

11. The sum of two numbers is 12 and one of the numbers is «,
what is the other humber ?

12. What number is greater than 2 by 30 ?

13. What number is less than by 30 ?

14. ‘What nnmber is greater than x by 7 ?

15. What number is less than & by 7 ?

16. Express ¢ rupees in annas. 17. Express a rupees in pies.
18. IExpress x pounds in shillings.

19. Express @ pounds in pence. 20, Express x yards in feet.
21. Express @ vards in inches. 22. TExpress 2 yards in miles.
23. Express y metres in centimetres.

24. Express y metres in millimetres.

25. Express ¥ metres in decimetres.

26. What is the double of 2 ?

27. What is five times z ? 28. What is halfa ?

29. What is the sum of 7 times 2 and 8 ? \

30. What is the difference if 13 be subtracted from 10 times  ?

31. A man’s present age is a years. What was his age 5 years
ago ? What will be his age 5 years hence ?

32. Rama is « years old and Krishna y years old. By how many
years is Rama older than Xrishna ?

33. A boy will be « ycars old 6 years hence. What is his present
age ?

34. How many times is 3 contained in = ?

35. How many times is 2 contained in 5z ?
36. How many times is 2 contained in 2* ?
37. What number divided by 2 will give 5 ?
38. What number divided by z will give % ?

39. I have  rupees and spend 25 annas, how many annas have
T lcft ? ‘

40. I have 2 rupees and spend ¥ annas, how ‘many annas have
I left ?

41. T have x maunds of rice and give 15 seers of rice to my friend,
how many seers of rice have I left ?

42. I have z maunds of rice and give ¥ seers of rice to my friend,
how many seers of rice have I left ?

43. 1If the price of one orange is x pies, what is the price bf (i) 5
oranges in pies ? (ii) a orvanges in pics ? (iii} a oranges in annas ?
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44. 1If the price of one dozen pencils is 18 annas, whaf is the price
of  dozen pencils (i) in annas ? (ii) in rupces ?

45. A boy walks x miles in one hour. (i) How many miles will he
walk in 5 hours ? (ii) How many miles will he walk in 2 hours ?
(1ii)) How many yards will ke walk in a hours ?

46. A horse runs ¢ miles in 5 hours. How many miles will he run
in (i) @ hours ? (ii) « hours ?

47. The price of z seers of ghee is y rupees. (i) What is the price
of 1 seer of ghee ? (ii) What is the price of @ seers of ghee ? (iii) How
much ghee can be purchased for 1 rupee ? (iv) How much ghee can be
purchased for b rupees ?

48. The speed of a train is 2 miles per honr. What is its speed in
feet per second ?

49. \Vhat is the number whose fifth part is equal to 1 ?

50. If four times a certain length is 100 yards, what is the length ?
51. By how much does x—3 exceed x—4 ?

52. By how much does 2x—38 exceed 2+06 ?

53. What is the area of a rectangle whose length is ! feet and
breadth b feet ?

54. What is the area of a rectangle whose breadth is = feet and
whose length is three times its breadth ?

55. What is the area of a square whose side is = feet ?

56. A father is five times as old as his son, who is z years old.
(i) What is the father’'s present age ? (ii) What was the father’s age
10 years ago ? . (iii} What will be the father's age 10 years hence ?

57. =z mangoes are distributed among % boys. How many mangoes
does each boy get ?

58. DMlussoorig is 15 miles from Dehra-Dun. A man leaves Dehra-
Dun for Mussoorie at the rate of  miles per hour, and, another leaves
Mussoorie for Dehra-Dun at the rate of ¥ miles per hour. If both start
at the same time, find when and where they will meet.

59. Hardwar is 32 miles from Dehra-Dun. A man leaves Dehra-
Dun for Hardwar and goes z miles on the first day and y miles on
the second. How far is he from Hardwar at the end of his second
day’'s journey ? v

60. A man’s annual income is 2 rupees. If he pays income-tax at
the rate of 5 pies in the rupee, how much does he pay as income-tax ?

61. What is 4% of 100z ? 62. What is 2% of 500 ?

63. What is 59 of o ? 64. What is 4% of a ?

65. IXailash buys a thing for @ rupees and sells it at a gain of y%,
what is his selling price ?

66, If one man can reap a field in z houtrs, in how many hours can
a men reap the same field ?
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67. A man, after giving x rupees to each of his three sons, has
a rupees left. How many rupees had he at first ?

68. A man’s annual income is @ rupees and annual expenditure ¥
rupecs.  In how many months can he save 1000 rupees ?

60. The numbers 1, 2, 3, 4,...are called integers. The
integers which differ by wunity are called consecutive nwmbers.
Thus 4 and 5, 80 and 81, 2 and (z+ 1) are pairs of consecu-
tive numbers.

Numbers which are divisible by 2 are called even
numbers. Thus 2, 4, 6,..., and 2z, 4z, 6z,... are even
numbers.

Numbers which are not divisible by 2 are called odd
numbers. Thus 1, 3, 5,..., and (22— 1), 2z + 1), (22 + 3),...
are odd numbers.

NOTE. Consecutive even numbers and consecutive cdd numbers
differ by two.

EXAMPLE 1. Write three consecuitve numbers of which the middle
cne 1s 7. Write three consecutive numbers of which the middle one is x.

Since consecutive numbers differ by unity, the number precedings
Tis (T—1) i.e., 6, and that following 7 is (7+1) <.c., 8.

Similarly, the number preceding z is {(x—1) and that following
ais (x+1).

EXAMPLE 2. Wwile three consccutive even numbers of which the
middle one 1s 10. Write three conseculive even manbers of which {he
maddle one 18 2x.

Since consecutive cven numbers differ by 2, the number preceding
10 is (10—-2) i.e., 8, and that {following 10 is (10+2) i.e., 12.

Similarly, the consecutive even number preceding 22 is (2r—2) and
that following 2z is (2u+2).

_EXAMPL]T_J 3. Write three consecutive odd numbers of which the
middle one is 7. Wrile three consecutive odd numbers of which the
middle one 1s (2x-+1).

_ Since consccutive odd numbers differ by 2, the number preceding
Tis (7T~2) i.c., 5, and that following 7 is (7+2) 4.e., 9.
Similarly, the consecutive odd number preceding (22+1) is
((E)lt’—l— 1)-—2) i.e., (2r~1), and that following (2z+1) is (2z+1+9%) i.e.,
20+ 3).
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61. We know that 64 consists of fwo digits 4 and 6.
4 is the digit in the units place and 6 in the digit in the tens
place. Thus 64 means 60+4 or 6% 10+ 4. Hence, we see
that in a number consisting of two digits, if the digit in
the units place is 4 and the digit in the tens place is 6, the
number can be written as 6x10+4. Similarly, In a
number of two digits, if the digit in the units place is z and
the digit in the tens place is %, the number can be written
as (10 x y +z) or (10y + ).

If the digits of the number 64 are interchanged, the new
number thus formed will be 46 or 4 X 10+ 6. Similarly, if
the digits of the number represented by (10y +z) be inter-
changed, the new number thus formed will be represented
by (10z + ).

As a number consisting of three digits such as 253, can
be written as (2x 100+ 5 % 10+ 3), similarly a pumber of
three digits, whose digit in the units place is z, digit in the
tens place ¥ and digit in the hundreds place 2, can be written
as {100z + 10y + ).

EXAMPLES XXXIII

1. Write down threc consecutive numbers of which (i) the smallest
is 12, (ii) the smallest is », (iii) the greatest is 12, (iv) the greatest is .

2. Write down three consecutive numbers of which the middle one
is {i) 12, (ii) .

3. Write down three consecutive evenn numbers of which (i) the
smallest is 12, (ii) the smallest is 2z, (iii)- the greatest is 12, (iv) the
greatest is 2z, (v) the middle one is 12, (vi) the middle one is 2.

4. Write down three consecutive odd numbers of which (i) the
smallest is 15, (ii) the smallest is (2z+1), {iii} the greatest is 15, (iv) the
greatest is (2w+1), (v) the middle one is 15, (vi) the middle one is
(2241), (vii) the last is (2x—1).

5. 'Write down four consecutive odd numbers of which the last is
(2e+1).

6. Write down four consecutive even numbers of which the first is
(2x —4).

7. What is the number whose (i) digit in the units place is 2
and digit in the tens place is 8 ? (ii) digit in the units place is 2 and
digit jn the tens place is y ? (iii) digit in the units place is y and digit
in the tens place is x ?
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8. What is the number whose digit in the units place is a and
digit in the tens place is & ? What number will be formed by inter-
changing the digits ?

9, In a number the digit in the units place is twice the digit in
the tens place. If the digit in the units place is z, what is the number ?
What number will be formed by interchanging the digits ?

10. Yhat is the number whose digit in the units place is z, digit
in the tens place ¥ and digit in the hundreds place z ? What number
will be formed by interchanging the digits in the units and hundreds
places ?

11. In a number the digit in the units place is twice the digit in
the tens place and four times the digit in the hundreds place. If the

digit in the units place is x;, what is the number ? What number will
be formed by interchanging the digits in the units and hundreds places ?

12. In a number the digit in the units place is  and the digit in
the tens place is . What will be the difference if the sum of the
digits be subtracted from the number ?

EXAMPLES XXXIV

Express the following sentences as equations :

Twice x equals 12. 2. Three times = equals 18.
One half of x equals G. 4. One-fourth of & equals 8.
One-fifth of @ equals 15. 6. The sum of x and 5 equals 15.

The sum of 2 and « equals b.
x equals ten times «.

0 eNO W=

Twice a is greater than 10 by 8.

10. Four times z is greater than a by 24.

11. One-fourth of z is greater than @ by b.

12. Three times x cquals the sum of 2z and 6.

13. Five times z equals the sum of half 2 and 18.

14. If 5 be subtracted from a, the difference equals 8.

15. TIf 4 be subtracted from three times x, the difference equals 2z.

16. If twice « be subtracted from four times z, the difference
equals G.

117. If 20 be subtracted from 2z, the difference equals the sum of z
and G.

18. =z equals 5% of 500. 19. =z cquals 5% of 7.
20. =z equals z% of y.
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If DMohan's age is 2z years, Sohan's age (5x—10) years and
Rohan’s age {4x+20) yecars ; express the following in algebraic
equations :

21. DMohan's age is half of Sohan’s age.

22. DMohan is 20 years younger than Sohan.

23. DlIohan is 40 years younger than Rohan.

24. Rohan is 20 years older than Sohan.

25. Rohan is three times as old as Mohan.

26. Ten years before Rohan was five times as old as Mohan.

27. Ten years hence Dlohan will be as old as Sohan was ten years
before.

28. The sum of the ages of Mohan and Sohan equals Rohan's age.
29. The difference of the ages of Rohan and Mohan equals Sohan’s
age.

30. TFive years before the sum of the ages of Mohan, Schan and
Rohan was 105 years.

'If Sushila has 3z rupees, Prabha (52z4+15) rupees and Vimla
(162 —20) rupees ; express the following in algebraic equations :

31.* Prabha has twice as many rupees as Sushila has.
32. Vimla has four times as many rupees as Sushila has.
33. Sushila and Prabha have together 45 rupees.

34. T1If Prabha gives 10 -rupees to Sushila, Sushila will have 5§ rupees
more than Prabha.

35. If Vimla spends 30 rupees, she will have left with her as
many rupees as I’rabha has.

36. Sushila, Prabha and Vimla have together 105 rupees.

37. Vimla has 15 rupees more than what both Sushila and Prabha
have.



CHAPTER XII
SUBSTITUTION IN FORMULA

62. We know that the area of a rectangle is equal to
the product of its length and breadth. Thus, if 4 represents
the area of the rectangle, I the length, and & the breadth,
then their relation can be expressed as an equation

A=1Xb. e (1)

Now (1) is a formula which enables ns to find the
area of any rectangle if we know its length and breadth,
also the length if we know its area and breadth, and breadth
if we know its area and length. Thus, we see that (1) is
a relation between three letters, any one of which can he
found if the other two are known. .

In this chapter we will give some important formulse,
ancd other results expressed in symbols, and explain their
uses to find the value of some of the symbols swhen the
values of others are known. Students are already familiar
with most of these in Arithmetic.

EXAMPLE 1. In formula (1), find A when 1=8 ft., and b=0C ft.,
1.e., find the arvea of a rectangle whose length is 8 ft. and breadth 6 ft.

In (1) writing 8 for I and 6 for b,
A=8x0 sq. ft., =48 sq. ft.
EXAMPLE 2. In formule (1), find b when A=48 sq. ft., and 1=8 jt.
In (1) writing 48 for 4 and 8 for I,
48=28D,
Dividing by 8, =0 feet.
EXAMPLE 3. In formula (1}, find 1 when A=48 sq. ft., and b=6 ft.

In (1), writing 48 for 4 and 6 for b,
48=01.
Dividing by 6, 1=8 ft.
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The above examples can be given in a tabular form thus:

If the area A of a rectangle, whose length is 7 and
breadth b is given by the formula A =10x b, fill up the blanks
in the following

4 l b
8 ft. G ft.
48 sq. ft. S 1t.
48 sq. ft. ‘ G ft.

63. The volume V of a cylinder, the radius of whose
circular base is 7 and height %, is given by the formula

EXAMPLE 1. Find V, wlen y="T 1nciics and h=10 inches.
V=4%%xT72x10 cu. inches
=1540 cu. inches.
EXAMPLE 2. Find r, when V=390 cubic centimetres and h=14
centimetres.
In formula (2), writing 396 for ¥ and 14 for 7,
306==23% »* X 14,

Dividing by 44,
Q==
"=3 cl.

EXAMPLE 3. Find b, if V=231 cubic yards, and r=31 yards.

In formula (2), writing 231 for ¥ and § for r,
231 =#42X I x i X1,
S 281= Lk,
Mulsiplying by 2,
462="TT .
Dividing by 77,
¢ h=0 yd.
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* EXAMPLES XXXV

1. From formula (1) of Article 62,
(i) find 4, when {=16 yd., and b=10 yd. ; -
(i) find b, when 4 =15 sq. ft., and I=35 ft. ;
(iii) find I, when A =105 sq. ft., and b=35 ft. ;
)

(iv) fill in the blanks in the following :

A l b

12 ft. 9 1t.

112 sq. yd. | 16 yd.

200 sq. m. 10 m.

2. If the area 4 of a triangle, whose base is ¥ and height p'is given
by the formula 4=1 bp,

(i) find 4, when =10 ft., and p=8 ft. ;

(ii) find &, when 4 =144 sq. yd., and p=18 yd. ;
(iii) find p, when 4 =35 sq. m., and b=10 m. ;
(iv) fill in the blanks in the following :

A P b

6 in. 5 1in.

12 sq. ft. G ft.

88 sq. yd. 11 yd.

3. 1If the circumference C of a circle, whose radius is », is given by
the formula C=2x % xr,

(i) find C, when »=21 ft. ;
(ii) find », when C=88 mm.
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4. If the area - of a cirvele, whose radius is 7, is given by the
formula A=% 22,

(i) find 4, when »=31 cm. ;
(ii) find », when 4 =154 sq. yd.
5. If the distance § travelled by a train in time ¢ moving with a
velocity v is given by the formula
S =uvi.
(i) find S, when v=40 ft. per sec., and t=45 sec. ;
(1) find ¢, when v=>50 ft. per sec., and §=1320 ft. ;
(iii) find v, when {=48 sec., and §=2112 ft. ;
(iv) fill in the blanks in the following :

S ) ¢

44 ft. per sec.| 30 sec.

210 ft. 7 sec.

x ft. | y ft. per sec.

6. From formula (2) of Article G3,
(i) find V, when »=21 in., and =10 in. ;
(ii) find %, when =35 m., and V=770 cu. m. ;
(iii) find 7, when =T ft., and V=22 cu. {t.

7. If the area 4 of the four walls of a room, whose height is 7,
length I and breadth b, is given by the formula

A=2(1+D) &,
(i) find 4, when =106 ft., b=12 ft., and k=11 ft. ;
(ii) find %, when [=20 ft., b=10 ft., and 4 =900 sq. ft. ;
(iii) find I, when b=0 yd., h=4 yd., and 4=112 sq. yd. ;
(iv) find b, when =10 m., A=8 m., and 4 =288 sq. m.
8. 1If the volume V of a box, whose length is I, breadth b and depth
d, is given by the formula
V=IxbXd,
(i) find V, when 1=283 ft., b=2 ft., and d=1 ft. ;
(ii) find d, when 1=8 yd., b=1 yd., and V=4 cu. yd. ;
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(iii) find b, when =100 mm., d=75 mm., and T"=G600000
clu. cm. |

(iv) find I, when 5==8 in., d=18 in., and '=0400 cu. in. ;
(v) fill in the blanks in the following :

1% A b d
Sin. 5 in. 4in.
|
100 cu. 1n. 10 in. 51n.
144 cu. cm. | 12 cm. 2 cm.
1536000
120 mm.| 80 mm.
cu. mm.
32 1in. 22 in. ain.,

9. If the hypotenuse % of a right-angled triangle, whose base is b
and height is p is given by the formula

h=Vb*+p*,
find %, when b=16 ft., and p=12 {t. ;

)
(1) find p, when =5 ft., and b=4 ft. ;
(iii) find b, when =13 ft., and p=>5 ft. ;
(iv) fill in the blanks in the following :
Je b P
—
3 ft. 4 ft.
13in. 5in.
15 vd. 9 vd.
St cm. | 6z cm.
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10. If the simple interest I, on principal P in time ¢ at rate per cent
7, 1s given by the formula

(i)
(ii)
(iif)
(iv)
(v)

11.
(i)
(ii)
(iii)
(iv)

12.
(i)
(i)
(iii)
(iv)

13.
6)
(ii)

=P><1-xt

i
100

find I, when P=Rs. 500, {=4 ycars, and =3 per cent. ;
find #, when P=Rs. 400, {=2 yr., and I=Rs, 32 ;

find £, when P=Rs. 750, r=4 p. ¢., and I=Rs. 150 ;
find P, when t=4 yr., I=Rs. 84, and =3} p. c. ;

fill in the blanks in the following :

I P 7 4

Rs. 1000] 4% 3 yr.

Rs. 60 | Rs. 500 | 3%

Rs. 150 5% 4vyr,

Rs. 5% 7 Y.

In the formula v=u+f.,
find #, when =10, f=2 and {=4¢ ;
find ¢, when =380, f=16 and v=240 ;
find f, when =120, {=5 and v=195 ;
find %, when f= —6, {=20 and v=0.
In the formula v* =u?+2fs,
find v, when =20, f=5 and s=80 ;
find s, when ©#=0, f=0 and v=12 ;
find u, when f=-10, s=15 and v=0 ;

find f, when =380, s=18 and v=100.

In the formula s=1uf—16¢*,
find s, when =80 _and =2 ;
find 7, when £=2 and s=80.

8
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14. In the formula, s=n{“2+ z)-

(i) find s, when n=100, a=1 and =100 ;
(i) find I, when =20, ¢ =2 and s=420 ;
(1i1) find a, when n=40, =60 and s=1400 ;
(iv) find n, when a= —4, =36 and s=160.

15. In the formula A=31./(a+b+c){—a+d+e)(a—b+c)lat+b—c),
find A, when

(i) =13, b=12 and ¢=5;
(i) a=13, b=14 and c=15.



CHAPTER XIII
SIMPLE PROBLEMS

64. The method of solving problems in Algebra is the
same as that in Arithmetic. We know that In every
problem some quantities are known, with the help of which
we have to find some other quantities whose relation with
the known quantities is given. Henee, on reading a problem
we should carefully consider the following :

(i) What quantities are to be found ?
(ii) What quantities are known ?

(ili) What are the relations between the known guan-
tities and the quantities that are to be found ?

Thus, if we translate the problem word for word into
algebraic language, we shall obtain two expressions which
will be numerically equal, and, thus equating these, we shall
obtain an equation, the solution of which gives the value of
the quantity required.

For example, consider the following problem :

“What must be added o 7 to obtain 10 ?”

This can be written in algebraic language thus,
7+ ?2 = 10.

In the above statement writing the letter z for the
sign ?  we have

7+ xz = 10.
Thus, we get an equation, the solution of which will give
us the number required.
Subtracting 7 {from both sides, we have
x = 3.

Hg.nce, we see that the required number is 3, which when
added to 7, will make 1t 10.
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The guantity which it is required to find is called an
unknown quantity. If only one unknown quantity is to
be found it is generally represented by z ; if two, they are
represented by = and .

EXAMPLE 1. Find a number such that, if 15 be subtracted from its
four times, the difference will be equal fo 25.
This may be translated word for word into algebraic language thus :

Find a number (suppose that number is ) such that if 15 be sub-
tracted from its four times (four times z is 42), the difference (4x —15)
is equal to 25,

i.c., 4x—15=295,

Adding 15 to both sides,

dr=25+15,
4x=40.
Dividing by 4, x=10.

Henee the required number is 10.

EXAMPLE 2. In 5 years a man will be three times as old as he was
15 years ago. Find his present age.

Supposc the present age of the man is z years. In 5 years (in 5
vears his age will be (x+5) years) he will be three times as old as he was
15 years ago (15 yecars ago his age was (z —15) vears),

i.e., (x+5) =8(x—15).

Simplifying, x+5 =3x—45,
x—3r=—45-15,
—2x=—>50.
Dividing by —2, a=25.

Henece his present age is 25 years.

Verification. In 5 vears, the man will be (25+45) or 30 years old :
15 years ago he was (25 —15) or 10 years old ; bubt 30=3 x 10, hence the
answer is correct.

EXAMPLE 3. Rama and Shyama have equal sums of money. If at
the end of a year, Rama gains Rs. 300 and Shyama loses Rs. 100, Rama

will have lwice as much as Shyama. How much had each at the
beginning of the year 2

Suppose both Rama and Shyama have x rupees at the beginning of
the vear. At the end of the year Rama gains Rs. 300 {i.e., at the an
of the yvear Rama will have (x+800) rupees) and Shyvama loses Rs. 100
(i.c., at the end of the year Shyama will have (x—100) rupees), then
Rama’s money which hecomes (x4 300} rupecs will be twice as rauch as
Shyama’s money which becomes (@ —100) rupees,
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i.e., {r+300) rupees=2(z —100) rupees,
(z+ 300) =2(z — 100).

Simplifying, &+ 300=2x — 200,
xz — 2x= —200 - 300,
—x= —500,
x=500.

Hence both Rama and Shyama had Rs. 500 at the beginning of the
year.

Verification. At the end of the year Rama will have (5004 300) or
800 rupees and Shyama will have (500—100) or 400 rupees; but
B00=2 x 400, hence the answer is correct.

NoTE. Students should remember, that the unknown quantity
which is generally represented by = always stands for a number. Thus
in example 2, x stands for the number of years and in example 3, =
stands for the number of rupees. a does not represent years or rupees
but represents the number of years and the number of rupees. It should
also be remembered that in a problem, all concrete quantities of the
same kind should be expressed in terms of the same unit. Thus, if a
problemm has sums of money in terms of rupees, annas and pies, they
should all be expressed in terms of only one unit, either in terms of
rupees or annas or pies,

EXAMPLE 4. 4 boy, when asked about his age, said, ‘‘If 4 be
subtracted from lwice my age, then 4 be sublracted from twice the
difference, and then again 4 be subtracted from twice the second difference,
the last difference will be four times my age.”” Find his age.

Suppose his age is @ years. If 4 be subtracted from twice x (i.e.,
from 2x), the diffcrence will be (2xr—4). If 4 be subtracted from twice
this difference, <.e., from 2(2x—4), the second difference will be
12(2r —4)—4}. Now if 4 be again subtracted from twice this difference
z.e. 2{2(2x=4) —4}, the diflerence will be 2{2(2z—4)—4}—-4. This is
four times his age (7.¢. is equal to 4x),

2{2(22—4) — 4} —4=4zx.
Removing brackets,
2dr -8 —4} — 4 =4z,
Bx—16—8—4=4zx,
8r—4xr=16-+8+4,
dr=98,
a ,-, r="T.

Hence his age is T years.
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EXAMPLES XXXVI

Four times a certain number is 48, find the number.
One-third of a certain number is 17, find the number.

W N

One-fifth of a certain number is 50, find the number.

4. One man has z rupees and another has 3z rupees. If both
together have 160 rupees, how many rupees has each ?

5. Rama has T2 rupees and Shyama has 4x rupees. If Rama has
30 rupeces more than Shyama, how many rupees has each ?

6. DMohini has some money. Her mother gives her four times as
much as she has. If she then has 55 rupees, how many rupees had she
at first ? '

7. Mohammad has some money. He gives one-fourth of this to
his friend, Ahmad. If he then has 60 rupees, how many rupees had he
at first ?

8. 1If 7 be added to four times a number, the sum equals 71. Find
the number.

9. If 13 bLe added to five times a number, the sum equ1ls 68.
Find the number.

10. If 9 be subtracted from eight times a number, the difference
equals 63. Find the number.

11. 1If 2 be subtracted from three times a number, the difference
equals 58. Find the number.

12. The sum of six times and seven times a certain number is 52.
Find the number.

13. The difference of five times and tiwice a certain number is 45.
Find the number.

14, “What number added to its six times amounts to 49 2
15. What number subtracted from its five times gives 100 ?

16. Twice a certain number added to its three tlmes amounts to
105. Find the number.

17. Twice a certain number subtracted from its five times gives 39.
Find the number.

18. Find a number which is less than its five times by 16.
19. Find a number which is greater than half itsclf by 26.
20. Find a number which is greater than one-tenth itsclf by 81.

21. Tf 9 be subtracted from a number, the difference is two-thirds
that number. Find the number.

22. Find a number whose half exceeds its one-third by one.,,
23. Find a number whose onc-third exceeds its one-seventh by 20.



SIMPLE PROBLEMS 119

24. If 3 be added to a number and the sum.be multiplied by 7,
the result is 35. Find the number.

_ 25. 1If 5 be subtracted from a number and the difference be multi-
plied by 11, the result is 121. Find the number.

26. The sum of four times a number and 3 cquals three times that
number and 8. Find the number.

27. The sum of six times a number and 15 equals eleven times
that number. Find the number.

28. Twice a certain number exceeds 20 by as much as its three
times exceeds 65. Find the number.

29. The sum of twice a number and § equals half that number and
17. Find the number.

30. 1If 50 be added to a number and the sum be divided by 3, the
quotient equals twice that number. Find the number.

31. Rama is 35 years old and Kailash 7 years old. In how many
years will Rama be twice as old as Kailash ? Verify your answer.

32, Madan is 80 years older than Hari, who is 16 vears old. How
many years ago was Madan four times as old as Hari ? Verify your
answer.

33. A man is 40 years old and his son 10 vears old. In how many
years will he be twice as old as his son ? Verify your answer.

34. In 40 years Rahim's age will be five times his' present age.
Find his present age and verify your answer.

35. In 15 vears Prem will be three times as old as he was 5
years ago. Find his present age and verify your answer.

36. In G years a man will be twice as old as he was 12 years
ago. Find his present age and verify your answer.

' 37. Mathura and Rama have equal sums of money. If Mathura
gives Rs. 300 to Rama, then Rama will have five times as much as
Mathura. How much had each at first ? Verify your answer.

38. Nagendra and Mahendra have an equal number of mangoes.
Nagendra says to Mahendra, “‘If you give me 18 mangoes, I shall
have twice as many mangoes as you will have left.'”” How many
mangoes had each at first 2 Verify your answer.

39. Sohan and Mohan have equal sums of money. At the end of a
vear Sohan -gains Rs. 400 and Mohan Rs. 2000. Then Mohan has
twice as much as Sohan. How much had each at the beginning of
the year ? Verify your answer.

40. A4 and B have equal sums of money. At the end of a year
4 gaigs Rs. 200 and B loses Rs. 100. Then 4 has three times as much
as B. How much had each at the beginning of the year? Verify your
answer.
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41. Sushila has Rs. 120 and Shakuntala Rs. B0. How many
rupees should Sushila give to Shakuntala, so that both may have equal

ums of money ?

42. A boy, when asked about his age, said, “If § be sub_tracted
from twice my present age, then ¢ be subtracted from twice the
difference, and then 2 be added to three fimes the second difference, the
result will be eight times my age.'”” Find his age.

65. When a problem contains two unknown quantities,
two different statements showing the relations between
known and unknown quantities must be given.” In such
cases we should denote one of the unknown quantities by &,
and use one of the statements to express the other unknown
quantity in terms of x. We should next use the other
statement to translate the problem in algebraic language, t_he
solution of which will give the values of the qua,ntit‘les
required. This can be better understood from the following
examples :

EXAMPLE 1. A number exceeds another by 4, and their sum, is 86.
Flind the nunibers.

This problem has two statements :

(i} On&anumber exceeds another by 4.
(i) The sum of the numbers is 36.
Suppose the smaller number is a, then by the first statement the

other number will be (z+4), and by the second statement the sum of
a and (2+4) equals 36.

r+ (v+4)=36,
x4+ 2 +4=30,
Qr=332,
x=10.

_ I—Ioeonce the smaller number is 16 and the greater number is (164 4)
i.e., 20.

EEX.-&IMPLE 2. Shafi has three tunes as mauch money as Rafi. If
Shafi gives Rs. 250 to Rafi, Rafi will have twice as much as Shafi.
How much had each at Jirst ?

* If a problem contains three unknown quantities, three statgments

must be given, 4.e., there should be as many statements as there are
unknown quantities in the problem.
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This problem has two statements :

(i) Shafi has three times as much money as Rafi.
(ii) If Shafi gives Rs. 250 to Rafi, Rafi will have twice as much
money as Shafi.

Suppose Rafi has  rupees, then by the first statement Shafi has Sz
rupees, and by the second statement if Shafi gives 250 rupees to Rafi
(Shafi will then have (8x—250) rupees and Rafi (2+250) rupees);
Rafi’s money 4.e., (x+250) rupees will be twice Shafi's money"
i.¢., (8x —250) rupees.

x+ 250=2(3z — 250).
Removing brackets,
2+ 250=0x — 500,
x—0x= —500—250,
—5x=—"T50.
Dividing by —5, a=150.
Hence Rafi has Rs. 150 and Shafi has Rs. 8 X150 or Rs. 450.

NGTE. Ifis more convenient to denote the smaller of the quantities
by 2. .

EXAMPLE 8. Parbati is three times as old as Satyawali, 9 years
ago the sum of thewr ages was 66 years. Find thewr present ages.

This problem has two statements :

(i) .Parbati is three times as old as Satyawati.
(ii) 9 years ago the sum of their ages was 66 years.

Suppose the present age of Satyawati is 2 years, then by the first
statement Parbati’s present age is 3xr years. Now, since 9 years ago
Parbati was (832 —9) years old and Satyawati (x —9) years old, the second
statement gives

(8z—9)+ (2 —9)=66.
Removing brackets,
3x—94+x—9=06,
3x+x=66+9+9,
dx =54,
r=21,

' Héhce the present age of Satyawati is 21 years, and that of Parbati
8 x 21 years or 63 years.
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EXAMPLE 4. Divide 49 info two parts in the ratio of 4 : 3.

Since the two numbers are in the ratio of 4 : 3, if one of the numbers
is 4r, the other will be 3.

Now the sum of the numbers i.¢., 4r and 3x 15 49,

dx+3r=49,
Tr=49,
ar="T.

Hence the numbers are 4 X7 and 3 X7 i.e., 26 and 21.

EXAMPLE 5. Distribufe Rs. 233 among Sohan, Mohan and Rohan,
so that Sohan may get twice as much as Mohan, and Rohan may get
Rs. 5 more than Mohan. How mucl does each gel ?

This problem has three statements :

(i) Sohan gets twice as much as Mohan.
(ii) Rohan gets Rs. 5 more than Mohan.
(iii) The sum of their money is Rs. 233.

Suppose Mohan gebts 2 rupees, then by the first statement Sohan
gets 2x rupees and by the second statement Rohan gets (z+5) rupees.
The third statement gives

2r+a+{x+5)=283,
2r+x+x + 5=238,

4r=233-5,
4 =298,
a=>5T7.

Hence Mohan gets Rs. 57, Sohan gets Rs, 2X 357 4.¢., Rs. 114 and
Rohan gets Rs. (5745) 4.c., Rs. 62.

. EXAMPLE G. A boy has a certain nuonber of rupees, twice as many
crght-mmq preces and three times as many four-anna pieces. The value of
all the comms is Rs. 55. How many coins has he of cach kind ?

NOTE. Students should note that there is a great difference between
the number of coins and the value of coins, thus 8 four-anna Pieces are
- : -

S 1n number but are equivalent to 2 rupees in value.

This problem has three statements :
(i) The number of cight-anna picces is twice that of the rupees.

(i) The number of four-anna pieces is three times that of the
rupees.

(iii} The value of all the coins is 53 rupees.

Suppose the boy has @ rupees, then by the first statement he has 2

e{ghb-ﬂlm:l- pieces and by the second statement he has 32 four-anna
picces. :
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Since 1 eight-anna piece is equivalent to 1 rupee,

2x eight-anna pieces are ,, yy 22X 3 or x rupees.
Similarly, since 1 four-anna piece is ,, .» & rupee,
: - el 3w
3z four-anna pieces are ,s ,, 3arX 0 o+ rupees.

Now the third statement gives

a;+w+~3f=55.

Multiplying by 4,

4r+4r 43 =220,
112 =820,
ar=20,

Hence he has 20 rupees, 2X20 i.¢., 40 eight-anna pieces and 3 X 20
i.¢., 60 four-anna pieces.

EXAMPLES XXXVII

1. The sum of two numbers is 36, and one is twice the other. Find
the numbers.

2. The sum of two numbers is 48, and one is three times the other.
Find the numbers.

3. The sum of two numbers 1s 89, and one is half the other.
Find the numbers. .

4. The sum of two numbers is 44, and one is one-third the other.
Find the numbers,

5. The summ of two numbers is 150, and one is
Find the numbers.

% of the other.

6. The sum of two numbers is 200, and one is

2 of the other.
Find the numbers.

7. The sum of two numbers is 280, and their difference is 40.
Find the numbers.

8. The sum of two nun{bers is 70, and their difference is 50.
Find the numbers.

9. The difference of two numbers is 50, and the greater is twice
the smaller. Tind the numbers.

10. The difierence of two numbers is 80, and the smaller is 2 of the
greater. Find the numbers.

IDb. The difference of two numbers is 36, and the smaller is 4 of
the greater. Find the numbers.
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12. The difference of two numbers is 12, and if 1 be added to the
greater, the sum will be twice the smaller. Find the numbers.

13. The difference of two numbers is 39, and twice the greater
exceeds three times the smaller by 65. Find the numbers.

14. A number exceeds another by 5, and their sum is 35. Find the
numbers.

15. The difference of two numbers is 51, and their sum is five times
the smaller. Find the numbers.

16. Divide 140 into two parts such that their difference is 22.

17. Divide 50 into two parts such that their difference is 1.

18. Divide 100 into two parts such that twice the greater is equal
to three fimes the smaller.

19. Divide 9 into two parts such that one-fourth of the one is equal
to one-fifth of the other.

20. Divide 90 into two parts such that if three times one part
be added to twice the other, the sum is equal to 230,

21. Divide 250 into two parts such that if twice one part be
subtracted from five times the other, the difference is equal to 200.

22. Divide 36 into two parts such that 25% of the one is equal to
209% of the other.

23. Divide 55 into two parts in the ratio of 2 : 3.

24. Two numbers are in the ratio of 5: 3, and their sum is 160.
Find the numbers.

25. Two numbers are in the ratio of 7 : 11, and their difference
is 32. Find the numbers.

26. The sum of two numbers is 189, and % of the one exceeds 2 of
the other by 27. Find the numbers.

27. Mohammad has Rs. 31 more than Shaukat, and they have
Rs. 157 together. How many rupees has each ?

28. Divide Rs. 56 between Prabha and Durga so that Prabba may
have Rs. 16 more than Durga.

29. Divide Rs. 29 between Gopal and Krishna so that Gopal m:-i,y
have Rs. 7 less than Krishna.

30. Distribute 15 oranges between two boys so that one may get
half the other.

31. Distribute 20 inkpots between two boys, so that one may get
three times the other.

32. Divide a footscale into two parts such that the length of one
part may be twice the other.

4

33. Two men together have Rs. 129. If one has twice as much as
the other, how much does each have ?

34. Two men together have Rs. 93. If one has six times as'much
as the other, how much does each have ?
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35. Satendra is 5 vears older than Mathura; 20 years ago
Satendra was twice as old as Mathura ; find their present ages.

36. Rama is 20 years older than Shyama ; 5 years hence, Rama
will be twice as old as Shyama ; find their present ages.

37. Ahmad is twice as old as Mohammad ; 8 years ago Ahmad
was four times as old as Mohammad ; find their present ages.

38. A man is 82 years older than his son ; 10 years ago he was
threc times as old as his son ; find their present ages.

39. Hari says to Veda, ‘I am twice as old as you are, and 10 years
ago I was four times as old as you were.”” TFind thelr present ages.

40. Shankar says to Om, ‘I am 10 vears older than you are, and in
5 years timme I shall be twice as old as vou will be."” Find their present
ages.

41. A man is 30 years older than his son; 12 years hence he
will be three times as old as his son ; find their present ages.

42. DMunni is 10 years older than Chunni ; 5 years ago the sum
of their ages was 30 years ; find their present ages.

43. A woman is 20 years older than her daughter ; the woman's
age is as much greater than 50 years as the daughter’'s age is less than
50 years ; find their ages.

- - - -
44. Five years ago a man’s age was four times his son’s age and
fifteen years hence his age will be twice his son’s age ; find their
present ages.

45. A man’s age is twice his son’s age ; the man’s age is as much

greater than 62 years as his son’s age is less than 43 years ; find their
ages.

46. Find three numbers such that the sccond is twice the first, the

third is three times the first, and the difference of the third and second
is 15.

47. Find three numbers such that the second is twice the first, the

third is greater than second by 2, and the sum of the first and thivd
is 20.

48. Find three numbers such that the sum of the first two is 4,

the third is five times the first, and the third is greater than the
second by 2.

49. DMohan, Sohan and Rohan have Rs. 159 between them. Mohan

has Rs. 10 more than Sohan and Rohan has Rs. 10 less than Sohan.
How many rupees has each ?

50. Two boys have Rs. 22. Ga. between them. If the first had
I_ts. 2. 4a. more and the second 12a. less, the first would have three
times as much as the second. How much has each ?

51. Divide Rs. 100 between Mahendra, Nagendra and Satendra, so

that Nagendra may have Rs. 10 more than Mahendra and Satendra may
have RRs. 8 more than Nagendra.
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52. Divide Rs. 215 between Sushila, Lakskmi and Durga, so that
Sushila may have twice as much as Lakshmi, and Lakshmi may have
Rs. 15 less than Durga.

53. Chatterji has £3 more than Mukerji and £ 15 more than
Banerji. If the three have £ 186 altogether, how much does each have ?

54. There are two rooms ; the number of chairs in the first is § of
that in the second ; if two chairs be transferred from the second room
to the first, the number of chairs in both the rooms will be equal. How
many chairs are there in each room ?

55. Three boys, Hira, Pannra and Mathura climb up a tree to pluck
guavas. IPanna collects 6 more guavas than Hira, and Mathura collects
twice as many as Panna and Hira together. If the three collect
54 guavas in all, how many does each collect ?

56. Three persons have between them Rs. 140. The second man
has Rs. 5 more than the first, and the third man has three times as
much as the first two together. How much does each have ?

57. The sum of the three sides of a triangle is 42 inches. If the
first side is 1 inch smaller than the second and the second 1 inch smaller
than the third, what is the length of each ? -

58. The sum of the three sides of a triangle is 47 centimetres. If
the first side is 3 cm. greater than the second and twice that of the
third, what is the length of each ? .

59. The sum of the three angles of a triangle is 180°. If the fivst
angle is 22° greater than the second and 16° less than the third, what is
the value of each ?

60. The sum of the three angles of a triangle is 180°. If the
second angle is 20° greater than the first, and the third angle is greater
than the sumn of the first and second by 20°, what is the value of each ?

61. Three numbers are in the ratio of 1:2:3. If their sum is 30,
find the numbers.

62. Three numbers are in the ratio of 3 : 5: 8. If the sum of the
greatest and the smallest excceds twice the middle one by 2, find the
numbers.

63. The population of a village is 2820. If the number of women
exceeds that of men by 540 and the number of children exceeds that of
women by 600, find the number of men, women and children in the
village.

64. Uma is 9 years younger than Vimla and 6 vears older than
Prabha. If the sum of their ages is 51 years, what is the age of cach ?

65. Rama is twice as old as Shyama and 5 vears younger than
Gopal. Five years ago the sum of the ages of Shyama and Gopal was
23 vears. Find their ages.

66. .l is 9 years younger than B and 14 vears vounger than C. The
sam of half A’s age, one-fifth of B’s age and onc- fomuh of C’senge is
30 years. Find tlrcir ages.
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67. A man has four sons, and their ages differ from one another by
2 vears. If the sum of their ages is 60 years, find the age of the
youngest.

68. A boy has a certain number of rupees, twice as many eight-anna
pieces and eight more two-anna pieces than eight-anna pieces. If the
total value of all the coins is Rs. 55, find the number of coins of
each kind.

'69. A purse contains a cerbain number of rupees and the same
number of eight-anna pieces. If their total value is Rs. 75, find the
number of rupees.

70. A purse contains a certain number of sovereigns and three times
as many shillings. If the fotal value is £ 20. 14s., find the number of
coins of each kind.

71. A charity collection in a school amounts to 570 coins, consisting
of one-anna pieces, two-anna pieces and four-anna pieces. There are
twice as many two-anna pieces as one-anna pieces, the remaining coins
being all four-anna pieces. If the total value is Rs. 76. 14a., find the
nuinber of four-anna pieces in the collection,

72. A purse contains rupees, eight-anna pieces, four-anna pieces,
and two-anna pieces. The number of eight-anna pieces is 1 less than
that of rupees, the number of four-anna pieces is three times that of
rupees, and the number of two-anna pieces is 2 more than that of four-
anna pieces. If the total value of the coins is Rs. 26, find the number
of coins of each kind.

66. EXAMPLE 1. The swm of three comsecutive even nuwmbers
is 42 ; find the numbers.

Tet the first number bhe 2r, then the next two consecutive even
numbers will be (2x+2} and (2x+4). [sec Article GO)

22+ (22+2) +(2x+4) =42,
Qr4+ %0+ 24+2r+4=42,

O+ G=42,
Gx =36,
x=6.

Henece the required numbers are 2% 6, (2xX 0642} and (2X6+4), i.e.,
12, 14 and 16.

EXAMPLE 2. 4 number consists of {wo digits ; the digil in the units
place 1s 2 and the sum of the digils is § of the nuwmnber. Find the number.

Let the digit in the tens place be 2.

Sincg the digit in the units place is 2, the nnmber is (10 Xz +2).
[sce Article 61]
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Now the sum of the digits (x+2) is equal to } of the number (10x+2).

(2+42)=1(102+2),

10x ., 2
e+ 2=—""_+4=,
x4 5 3

5r 1
=4,
a4 1 -':-4

Multiplying both the sides by 4,

4r+8=56x+1,
4x—5Hx=1-§,
—a=-T,
x="T.

The digit in the tens place is therefore 7, and hence the required
nwmnber is 72. '
EXAMPLE 3. 4 number has two digits ; the digit in the units place

1 twice the digit in the tens place. If the digils be reversed the number
18 ancreased by 18.  Find the nuinber.

Let the digit in the tens place be x, then the digit in the units place
will be 2. . '

Therefore the number=10 X 2422 =10x+ 2x=12x.

If the digits be reversed, the number =10 X 2241 =20x+2=21x.

212 exceeds 12z by 18.
1.e., 21lx—122=18,
9xr =18,

r=2,

The digit in the tens place is therefore 2 and the digit in the units
place is 2X 2 i.e., 4. Hence the required number is 24.

EXAMPLES XXXVIII

1. The sum of three consecutive numbers is 24 ; find the numbers.
2. The sum of four consecutive numbers is 50 ; find the numbers.
3. The sum of two consecutive even numbers is 26 ; find the

numbers,
4. The sum of three consecutive even numbers is 30 : find the

numbers.
3. The sum of four consecutive even numbers is 84 ; find the

numbers.
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6. The sum of two consecutive odd numbers is 28 ; find the
numbers.

7. The sum of three consecutive odd numbers is 63 ; find the
numbers.

8. The sum of five consecutive odd numbers is 85 ; find the
numbers.

9. Find three consecutive numbers such that if three times the
smallest be added to twice the greatest, the sum equals 34.

10. Find three consecutive numbers such that three times the
middle one exceeds the sum of the first and third by 26.

11. A number has two digits whose sum is 7 ; if 9 be added to the
number, the digits are reversed ; find the number.

12. A number has two digits whose sum is 11 ; if 27 be added to
the number, the digits are reversed ; find the number.

13. A number has two digits whose sum is 9 ; if 9 be subtracted
from the number, the digits are reversed ; find the number.

14. A number lies between 10 and 100 ; the sum of its digits is 10 ;
if 18 be subtracted from the number, the digits are reversed ; find the
number. -~

(Since the number lies between 10 and 100, it will have two digits).

15. A number consists of two digits ; the digit in the units place is
twice the digit in the tens place ; if the digits are reversed, the number
will be increased by 27 ; find the number.

16. A number consisbts of two digits ; the digit in the tens place is
three times the digit in the units place ; if the digits are reversed, the
numbszr will be diminished by 36 ; find the number.

17. A number consists of two digits ; the digit in the units place
is twice the digit in the tens place ; if the digits are reversed, the new

number will be less than twice the original number by 12 ; find the
number.

18. A number consists of two digits ; the digit in the tens place
e_xceeds the_digit. in the units place by 3, and the number is sixteen
times the digit in the units place ; find the number.

19. A number consists of two digits ; the digit in the units place
is 3, and the sum of the digits is ¥ of the number ; find the number.

20. A number consists of two digits ; the digit in the units place is
twice the digit in the tens place, and the number exceeds twice the digit
in the units place by 24 ; find the number.

21. A number consists of three digits ; the digit in the units place
is three times the digit in the hundreds place ; the digit in the tens
place ig twice the digit in the hundreds place ; and the sum of the threc
digits is 12 ; find the number.

9
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22. A number consists of three digits ; the digit in the tens place
is three times the digit in the units place, and the digit in the hundreds
place exceeds the digit in the tens place by 2 ; if the digits are reversed,
the number will be diminished by 396 ; find the number.

67. EXAMPLE 1. Two men start at the same time Jrom Delhra-
Dun and Mussoorie, 15 miles apart, and walk towards each other at f-_h(f
rates of 33 and 4 males an howr respectively. When and where will

they meet ?
Let x represent the number of hours when they meet.

Since the first man in 1 hour walks 4 miles,
,» & hours ,, 4x ,, |,

1 1 'r

and the second Y ’3 1 hour ¥ "_17'. 1" )
,s £ hours ,, 32 ,, ,

12 LR "

Again, since both have walked for 2 hours before they meet, therefore
in 2 hours the sum of the distances covered by them is (4x-+1x) miles,
and this is equal to 15 miles,

dx+ix=15.

Multiplying by 2,

8x+T7x=30,
15x=30,
=9,

Hence both meeb after 2 hours, and the distance of their meeting
place from Mussoorie is 4 X 2=8 miles.

EXAMPLE 2. A mail train leaves Aligarh for Allahabad, 320 miles
distant, travelling at the rate of 4G miles an hour, and 2 howrs later a
passenger train leaves Allahabad for Aligark. What is the speed of (he
passenyer trawn if the two trams pass each other after 53 hours of the start
of the mail train ¢

Let the speed of the passenger train be @ miles per hour.

The mail train in 1 hour goes 46 miles,
v as 1 4O hours ,, 46 X5=230 miles.

Since the passenger train starts 2 hours later, therefore before
passing the mail train, it has travelled for 3 hours,

The passenger frain in 1 hour goes 2 miles,
. . » 5 3 hours ,, 32 miles.

Now the sum of the distances covered by b ‘al
_ . ! y both the trains before
passing cach other is (230+32) miles, and this is equal to 320 miles.
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230+ 3 =320,

3z =5320—- 230,
3x=90,
S x=30.

Hence, the speed of the passenger train is 30 miles per hour.

EXAMPLE 3. Rama can do a piece of work in 4 days, Lakshman in

6 days and Krishna in 12 days ; in what time will they do it working
together ?

Let x represent the number of days in which they can do the work
working together ?

Rama in 4 days can do the whole work,

w s, laday ,, ,,  1of the work,
x

11 fﬂdays 1) Z ’ [ B}

,, the whole worl,
of the work,

Lakshman ,, 6 days ,,

v+ 1 lday

1
G
£
LR 3] 'l'd&}’s 7] '6

Yy r

And Krishna ,, 12 days ,, ,, the whole work,

nw . lday ,, ,, r'z of the worlk,
o
1 -”dﬂ'ys | F] 11 ﬁn R ] r:

Since the whole work is 1,
T, e, X
S 4 = =1.
4+6+12
Multiplying by 12,
Je+2x+2x=12,
Cx=12,
x=9,
Hence, the three can do the work

in 2 days,

EXAMPLE 4. I spent Rs. 26 in buying wheal al G seers pes
and rice at 3 scers per rupee.

seers of each did I buy ?

Crupee
I bouglit 116 scers altogether ; how many

Tt x represent the number of secrs of wheat which I bought, then
(116 - »} will be the number of scers of rice.
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The price of G seers of wheat is Re. 1

1
1 scer ,, »y Re. &
ancd ,, X seers ,, ., Rs. %
Agaln ,, g seers of rice is IRe. 1,
1 scer ,, ,» Re. %’

and ,, ., (116 — x) scers ,, .» Rs. '? X (116 — x).

Since both whent. and rice cost Rs. 206,

()+ (116 x) =20.

Multiplyving both.sides by 42,

Tx+12(116 — 2) =42 X 26,

Tx+1392—-122x=1092,

Tx—12x=1092—-1392,
—5x=~-300,
x=00.

Hence, I bought 60 scers of wheat and (116 — 60) =56 scers of rice.
EXAMPLE 5. The length of a vroom is 2 yards greater than ifs

breadtl ; if ils length were wncreased by 3 yards and itfs breadth dimi-
nished by 2 yards, the area would remain the same. Find the dimensions

of the room.
Let 2 yards he the length of the room, then (z—2) vards will be its
breadbh and a X (z — 2) sq. \(1 its area.

If the length be increased by 3 yards i.e., the length be (x+3) yards,
'111(1 the breadth be diminished by 2 vards, i.¢., the breadth be (x~2-—9)
., (x—4) yards, its area would be (z+38) X (x—4) sq. vd.

Since the two areas are equal,
a(x—2)={x+3){(x—4).
Removing brackets, '
x*— 2=z —da+3x—12,
x?=2x—a*+4x—3x=-12,
—ar=—=12,
r=12,
f[l{cncc the length of the room is 12 yards and breadth ( 2—2)=10
yards
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EXAMPLE 6. I invested a -certain sum at 5% per anmm m:cl_dauble
that sum at 4% per annwm, simple intevest. If I get Rs. 65 as interest
every year, hwow much did I wnvest at the two rates ?

TLet 2 represent the number of rupees which I invested at 5%) per

LI o, .

annum, then 2z will represent the number of rupees invested at 4% per
annum.

Since the intercst on Rs. 100 for 1 year is Rs. 3,

,, Re. 1 v as Re.I(E;—O= Re. 736,
., Rs. z ., . Rs. ‘Q“""_O.

Again, since ,, ,» Rs. 100 ,, .» Rs. 4,
,, Re. 1 . . Re. I%6='Re. Elf)’
., Rs. 22 . » Rs. g—g

Therefore the total interest for 1 year is Rs. (%-1-3—;-) and this is
equal to Rs, 65,

z 2
50+ 25 =065,
Multiplying both sides by 100,
sx+4x=0500,
132 =0500,
x=500.

Hence, I invested Rs. 500 at 5% per annum and Rs. 1000 at 4% per
annum.

EXAMPLES XXXIX

1. Two persons start at the same time from Cawnpore and Luck-
now, 45 miles apart ; and proceed towards each other at the rates of 10
and 5 miles an hour respectively ; when and where will they meet ?

2. Two men start at the same time from two places 4 and B, 36
miles apart and proceed towards each other ; if the first walks at the
rate of 31 miles an hour and meets the second in 6 hours, what is the
speed of the second man ?

. 3. A motor car leaves Cawnpore for Delhi, 365 miles distant,
and runs at the rate of 38 miles an hour ; at the same instant another
leaves Dalhi for Cawnpore and runs at the rate of 35 miles an hour ;
when and where will they pass each other ?
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4. Two trains starting at the same -time, run towards each other
from two stations 420 miles apart and meet in 7 hours ; if the speed of
one is double the other, find their speeds.

5. A train leaves Aligarh for Bareilly, 100 miles distant, and
travels at the rate of 28 miles an hour. Onc hour Jater another train
leaves Bareilly for Aligarh and travels at the rate of 20 miles an hour.
When and where will they pass each other ?

6. A train leaves a station and travels at the rate of 20 miles an
hour ; 2 hours later another train leaves the same station, in the samoe
direction, and travels at the rate of 30 miles an hour ; when will the
second train overtalie the first ?

7. A man starts from a place and walks at the rate of 3 miles an
hour ; 2 hours later another man leaves the same place on horse-back

and rides at the rate of 5 miles an hour ; when will the second man
overtake the first ?

8. Two boys start at the same time on cycles from two places 35
miles apart and proceed towards each other meeting in 2 hours ; if their
speeds are in the ratio of 4 : 3, find their rates per hour.

9. A man walks the first third of a journey at the rate of 4 miles
an hour, the second third at the rate of 5 miles an hour, and the thl}‘d
third at the rate of 6 miles an hour, completing the whole journey in
6 hours and 10 minutes ; find the length of the journcy. .

10. A man travels one-fourth of a journeyv on foot at the rate of 4
miles an hour, one-third on a evele at the rate of 12 miles an hour and the
rest on horse-back at the rate of 10 miles an hour, completing the whole
journey in 6 hours and 20 minutes ; find the length of the journey.

11. A train goss from 4 to B in 8 hours. Had its‘sl_)ecd been
12 miles per hour faster, it would have completed the journey in 1 hour
less. Find the distance between 4 and B.

12. A motor car covers a journcy in 3 hours and 30 minutes. Had
its speced been S miles an hour slower, it would have taken 40 minutes
more to complete the journey. Find the length of the journey.

13. Alohan can do a piece of work in 5 days and Sohan can do it in
7 days ; how long will they take if both work together ?

14. A4 can do a piece of work in 6 days, B can do it in 9 days and C
in 18 days ; how long will they take if all work together ?

15. Rama and Shyama can do a piece of work in 14 dayvs. which

Rama alone can do in 20 days ; in how many days can Shyvama alone
do it ?

16. 4, Band C can do a piece of work in 2 days, which 4 alone can

do in 4 days and B alonc in 20 days ; In how many dayvs can C alone
do it ?

17. Mahendra and Brajendra can do a piece of work in 2 davs ;

Brajendra and Ramendra can do it in 3 davs ; Ramendra and Llahendra
can do it in G days ; in how many days can all do it working together ?
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18. Two pipes can fill a cistern in 20 minutes and 40 minutes
respectively ; a waste pipe can empty it in 30 minutes ; if the three
pipes be opened at the same time, in what time will the cistern be
filled ?

19. A man spent Rs. 22 in buying barley at 8 seers per rupee and
gram at 7 seers per rupee. He bought 166 seers altogether ; how many
seers of each grain did he buy ?

20. T bought 55 yards of silk and cotton cloths for Rs. 134. la.
If the silk cloth cost Rs. 4 per yard and the cotton cloth 9a. per yard,
how many yards of each did I buy ?

21. A man bought 45 Ibs. of tea for Rs. 73. 12a. If a part were
hought for Re. 1. 8a. per 1b and the rest for Re. 1. 12a. per 1b, how much
was bought at the two prices ?

22. A teacher distributed Rs. 9. 11la. among 35 students giving 4a.
each to some and 5a. each to the rest. -How many students got 5a.
each ?

23. If the length of a square room were increased by 2 yards and
the breadth decreased by 2 yards, its area would be diminished by 4 sq.
yvds. ; find ibs area.

24. The length of a room is 5 feet greater than its breadth ; if both
length and breadth were increased by 5 feet, the area would be increased
by 250 sq. ft. ; find its area.

25. One room is 22 vards long and another 20 vards long ; the
breadth of the first is 2 yards less than that of the second, and the sum
of their areas is equal to 712 sq. yds. ; find the breadth of each.

26. The length of a field is 300 yards greater than its breadth ; had
the length been 100 vards less and the breadth 50 yards more, the area
would have been the same. Find the dimensions of the field.

. 27. The length of a room is 20 ft. greater than its breadth ; if the
length were diminished by 5 ft. and the breadth increased by 10 fb., the
area would increase by 33% sq. vds. Find the length of the room.

28. The simple interest at 5% per annum on a sum of money is
equal to the simple interest ab 4% per annum on another sum of money
which is £ 100 greater than the first ; find the two sums.

29. - A man invested a portion of Rs. 1000 at 5% per annum and the
rest ab 4%. If he gebs Rs. 46 as interest every year, how much did he
invest at 4% ?

30. I lent out a certain sum of money at 6% per annum simple
interest. If the interest of 20 years exceeds the original sum by Rs. 40,
find the sum.

31. A money-lender lent one-third of his wealth at 8% per annum,
one-fourth at 33% per annum and the rest at 4% per annum, shimple
interest. If he receives Ils. 42. 8Ba. as interest every year, how much
did hé lend ?
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32. 1 spent haM of my money in purchasing rice, one-third of the
rest in purchasing wheat and three-fourth of the rest in purchasing
gram. If I had Rs. 2 left, how many rupees had I at first ?

33. A labourer is engaged for 30 days on the condition that he will
be paid Ta. for every day he works and fined 3a. for every day he is
absent ; if he gets Rs. 10 in all, for how many days was he absent ?

34. Murari has Rs. 15 more than Behari. If Murari gives mjje-third
of his money to Behari and Behari gives one-fifth of what he will then
have to Murari, then Murari will have Re. 1 more than Behari. How

much had each at first ?

35. I purchased cotton and woollen cloths for Rs. 750, and sold the
cotton cloth at a gain of 80% and the woollen cloth at a gain of 20%,
and - thus gained 26%29% on the whole. How much did I spend in

purchasing each kind of cloth ?

36. I have some nuts; if I give 10 nuts to each student of my
class T have 20 nuts left over but if I give 11 to each, I have 13 short ;
how many students are there in my class ?



CHAPTER XIV
SIMULTANEOUS EQUATIONS

68. When a single equation containing two unknown
quantities is given, we can find an indefinite number of pairs
of values of the unknown uantities which will satisfy that
“equation. Consider, for example, the equation

Brt+y =14, e i (1)

This equation contains two unknown quantities & and y.
If we regard ¥ as an unknown quantity and z as a known
quantity, we can express ¥ in terms of z thus

y=14 - 5z.
From this equation we see that for every value we
choose to give to z we get a corresponding value of ¥.
Thus, if’

x =0, y=14;
x=1, y= 9,
x=2, y= 4,

.....................

---------------------

and so on.

Now, if for every value of x we take the corresponding
value of 7, we shall get an infinite number of values of z and
# which will satisfy the equation, t.e., we shall have an
infinite number of solubtions of the equation. Thus, for
instance, if in equation (1), we write O for z and 14 for v,
the left side=35x0+14=14, which is equal to the right
side. Again, if in equation (1), we write 1 for z and 9 for v,
the left side=5x 1+ 9 =14, which is equal to the right side.
Similgrly, by giving different values to = and ¥ in equation
(1) we can see that the equation is satisfied.
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In the same way, if we are given another equation expres-
sing a different relation between the two unknown quantities
z and ¥, such as

152 — 2= — 8, it (2)

we can, by regarding ¥ as an unknown quantity, write it thus
- 2y=—3-15z.

Multiplying by -1, 2y=3+ 15,

Dividing by 2, Y e e aaea

Now, as before, by giving different values to z and thus
obtaining corresponding values of v, if we substitute them in
(2), we shall see that the equation is satisfied.

Thus, we see that, if we are given only one equation
involving two unknown quantities, we can find as many
pairs of values of the unknown quantities as we please which
will satisfy that given equation. In such a case, the solu--
tion is said to be indeterminate. If, however, we are given
two equations each involving two unknown quantities, such
as

Srty=14, ..o (1)
and 152 ~ 20 = =3, e, (2)
we cannot find indefinite pairs of values of the unknown

quantities satisfying both of them simultaneously, but we
can find only one pair.

Expressing ¥ in terms of x, equations (1) and (2) can be
written as

y=14 — bHa,

3+ 152

—

If the equations are to he satisfied by the same values of
z and ¥y, the two values of ¥ must be equal.

and y =

........................ [see (3)].

Hence, 14-5z=-——"—. ... ..o ... w.n.(4)
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Multiplying by 2, )
28 -10x =3 + 15z,
~10z - 152 =3 — 28,
- 95z = — 95,
Seoox=1.

If we substitute this value of x in either of the given
equations, say (1), we have

5x 1+y=14,
Seooy=9.

Hence, z=1, y=9 is the only solution possible if both
the equations are to be satisfied by the same pair of values
of z and .

Verification. Writing =1 and =9 in equation (1),
5x149=14,
14=14.

Since both the sides are equal, the equation (1) is satisfied.

Again, writing =1 and y=9 in equation (2},
151 —-2x9=-3,
15-18=-3,
—3=-3.

Since hoth the sides are equal, the equation (2) is also satisfied.

Thus we see that the solution of the two equations taken
separately is wndeterminate, but when taken simultaneously,
18 determinale.

When two or more equations are satisfied by the same
values of the unknown quantities contained in them, they
are called simultaneous equations.

NOTE. It should be noted that two equations can be solved simul-
taneously if they are independent. For example, the equations Sx+y=
14, and 15x+3y=42 are not independent equations, for the second
equation is deduced from the first hy multiplying both the sides of the
cquation by 3. These cannot be solved as each will give the same pairs
of values of the unknown guantities.
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69. We have seen in the previous article that in solving
equations (1) and (2) in z and 7, we got equation (4), which
does not contain y. This process of combining the two
equabions so as to get rid of one of the unknown quantities
is called elimination. In the above equations we first
expressed ¥ In terms of z and other quantities, and then
equating the two values of ¥ obtained from the two equa-
tions, we eliminated .

70. There are various ways of eliminating one of the
unknown quantities from a pair of equations. These will be
explained below but it would he bhetter to eliminate that
unknown quantity which has the smaller coefficient in the
two equations.

EXAMPLE 1. Solve 3X+y=14, .iiiriiiiiiiiiiiiiiiiiiaiineieenanans, (1)
15X — 2y =—38. i (2)
Multiplying (1) by 3,
10243y =42. (3)

o

We now sse that the coefficients of x in equations (2) and (38) are
equal and have the same sign. Hence, subtracting (2) from (3),

5y=45,

y=9.
Substituting this value of % in (2),
152 —2X9= -3,

153x=18-3,
15x=15,
r=1.

Hence, the solution is x=1, y=9.

EXAMPLE 2. Solve x-+3y=3,

4x — 5v =29,
Multiplying the first equation by 5 and the second by 3,
Sr415Y=15, i (1)
122~ 159 =87. .eeverirreemeeeeeeenreeeranaaannne (2)

We now see that the coefficients of 7 in the two equations are equal
but have opposite signs. Hence, adding (1) and (2),

170=102,
r=0,
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Substituting this value of x in the first equation,
64-3y=3,
3y=3-6,
3y=-3,
y=-—1.
Hence, the solution is =06, y=—1.

From the above examples we see that there are two
methods of eliminating one unknown quantity between two
equations :

(1) Multiply, if necessary, both the equations by such
numbers as will make the coeffictent of one of the unknown
quantities to be eliminated equal, and then subiract the
equations, if the signs of the coefficients are like, and add, if
they are unlile.

(ii) Ezpress in the two equations the values of one
unknown quantity in terms of the other and then equate the
two values of that unknown quantity thus expressed.

By any of the above processes, a new equation is obtainecd
involving only one unknown quantity by solving which the
value of that unknown quantity can be found. When one
of the unknown quantities has thus been found, substitute
this value in either of the given equations to find the other
unknown quantity.

The second method 1s called the method of elimination
by substitution.

NOTE. The student is advised to apply any of the methods best
suited to the particular equations.

EXAMPLES XL

Solve

1. z+y=S§, 2. x+y=30, 3. z+y=48,
r—y=3. x—1=0. —z+y=12.

4, xr4y=31, 5. aty=1i, 6. a+y=S§,
x—y=—1. x—-y=3. @ —y=8.

7. x+y=3, 8. z+y=aq, 9. a+ty=47,

x—y=-—3. x—1y=0. —z+y=13.
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10. 2x+3y=9, - 11. 4a+43y=10, 12. z+2y=12,
2x—-3y=3. 4r—3y=—2. 2 - 3y=2.
13. 4x-y=10, 14, z+2y=T, 15. 2zx+4y=14,
2Qu—y=4¢. x—y=1. x+2y=13.
16. y—=x =5, 17. z+y=0, 18. 6x+8y=33,
2y — 3r=9. 2x—y=9. —2r+y=3.
19. x—4y=0, 20, By+xz=14, 21. x+y=3,
x—8y=4. x—2y=-1. 4y ~3x=—17.
22. . 2x+4y=—12, 23. x—-3y=-2, 24. 5x+3y=13,
r—Ty=9. dx—-9y=". 3x+5y=11.
25. 5x—Gy=17, 26. x—4y=0, 27. Tx=9y,
xr—y=10. 3x —8y= —30. —y=2,
28. Br=4y, 29, r=y+2, 30. 5z=5-y,
S5r—2y=14. Qr—y=". Te=y+13.
31. 4e=1-2y, 32, 3x=24-4y, 33. x4+y=10,
y=3-x. Cy=>5x—2. x=135.
34. 2x+3y=4, 35. 3x-5y=2, 36. x+20=-35,
x=-1. y+2 =1. 4z — 5y=— 520.
37. r=ua, 38. 2x+y=3a, 39. ‘5x+25y=0,
y+2r=>3a. 50— 3y=2a, 852+ 5y=9.
40. 3r—-2y=-1'5, 41. “d4z+42y=2, 42. x4+ 2y="0,
de+3y= 355. "Ba— 2y="01. 3'4x—"02y="01.

71. Sometimes it will be found necessary to simplify
the equations before proceeding to apply any of the methods
of solution.

Solrve
Tx—2y=y+5=>0x+3y--11.

EXAMPLE 1.

Since three expressions are equated to one another, we may take
either the first with the second or the szcond with the third or the third
with the first.

Taking the first with the second,

T —2Y =P8, i e (1)
Taking the second with the third,
Y+5=52+3y~11. . (2)

Taking the third with the first,
Sr+3y—11=Tx =2, tiiiiieriirnnnrrairerinnnnnnnrs. (3)
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Thus we get three equations, and by solving any’two of these we can
find the values of the unknown guantities.

Taking (1) and (2),

T = 2Y =058, treereirirtiinir st eeaananas (1)
YHE5=524+3y 11, coviiiiriiiiiiie e (2)
From (1), T -2y—y=35,
T = BY 5.  tireetirraceriirerereriretrieeneanrans (4)
From (2), y—-5x—9y=—11-35,
L. —2y—br=—16,
B4 20 =10. .rririeriiiiiiiiiiiiiiiiiireneea, (5)
Mnltiplying (4) by 2, and {5) by 3,
T42 — 617210, .iiveririireneiniiiicroiiriiaciiiseaniasnn (6)
15240y =48, i (7)
Adding (6) and (7},
29x =58,
x=2,

Substituting this value of x in (4),
' Tx2—3y=5,
S, —38y=5-14,
. —3y=-9,
y=3.
Hence, the solution is =2, y=3.

EXAMPLE 2. Solre

5x =2 F3(F = 3) =27,  cevrrrieeeeeeeee e (1)
3x+5(y+H1}=55. i (2)
Simplifying (1),
5x—10+4+3y —9=27,
5x+3y=27+10+9,
B3 =40,  teiriiiiiiiiiii e (3)
Simplifying (2),
3x+5y+5=55,
B 45y =50. i (4)
Multiplying (3) by 3, and (4) by 5,
1524 OU=139, eeeririreeireeeieeeaeresineennns 5)

1624255 =250. .ottt (G)
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Subtracting {0) from (5),
Oy — 25y =138 — 250,
C. —1ley=—112,
Loy=T.
Substituting this value of y in (3),
S5x+4+3 XT=46,
sr=406-21,
Sx =23,
r=23.

Hence, the solution is x =5, y=".

EXAMPLE 3., Solre

Fr+8y=580. i

X ¥
_—:.=1,
3 4
X, v_25
sT5T 1
Mulbiplying both sides of (1) by 12,
dr—3y=12. .
Multiplying both sides of (2) by 24,
Multiplying (3) by 3, and (4) by 4,
122— 9y=36, ..cvvvvvveierrnnn.e,
122 4+32y=200. .icciiirinnaaanns

Subtracting (6) from (5),
— 9y —32y=306 - 200,
. —4ly=—104,
oy=4.
Substituting this value of ¥ in (3),
4r—3x4=192,
S dr=12413,
4pr=24,
x=0.

Henee, the solution is =6, y=4.

................................................

--------------------------------------------
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72. In some equations it is better to consider certain
oXpressions involving & and ¥ as unknown quantities,
instead of considering z and #% as unknown quantities ;

thus, for instance, in the following example 1 and 1 may be
L Y
considered as unknown quantities.

EXAMPLE. Solve.

Adding (1) and (3),

Multiplying both sides by =,
3+27=10x,
10z =230,
x=3.
Substituting this value of z in (1),

3,6
242=4,
3 ¥

Multiplying both sides by 1,

6=3y,
y=2.

®
Henee, the solution is =3, y=2.

10
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EXAMPLES XLI

Solve

1. z—y=2z2-—3y=0. 2. z+y—10=15-3x=0.

3. 8xz+3y=2z—-56=y. 4. bx—4y+2=z—y+2=0.

5. 5y=2y—a=20-5y. 6. 3x—y=>5x+2y—13=3.

7. v+y=1-6x—4y=11- 42— 6y.

8. 8z—4dy—15=Ty— Gx=9y—4x+10.

9. 2(y-3)+2(x—3)=0, 10. Tx+(5—¥)=32,
4(z—3)+3(y—1)=0. (x+7)-12y=—12.

11. (L+‘>}+3(y+3)=36, 12. T(x—4)=y-9,
Tz +3)—2(y+2)= 3(4y— 3) =2 +10.

13. 2(:::—231)+5y—2:r=3. 14. (72+2)-6(y—2)=-
1(8y—a)=4—(y—=x). (Ty+3)—6(x+2)=—5.

15 8(3z+1)+28(2x—9)—-T(2y—2x)=0,
20(2x —1) —15(4y —5z) — 6(z+7) =0.

16. 12(x—2)=20(10—2)+15(y— 10},
16(y+2)=3(2x+y) +6(x+13).
V- Ly ¥ T _

17. 2+3 G, 18. 2+4 G, 19. 2+3 3,
T_U_9 2_¥_g z+y="7.
2 3 7 5 2

20. T4¥—19 21, F_Y_y4 op 1,1_
3 8 3 2 7’ m+y 7
¥ _%_gp 5 _¥.=10 1_1_
4 3 5 g oy 1

23, 1-1_1 24. 843215, 25 3_2_1
x oy 2 T x oy 2
L322, 1435, 2129
z oy 2 T Y x oy
5 6 4 3 3 8

26, ST 27. 4= 28, 4S5
L+, =18, 2t;=3 =3
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CHAPTER XV

PROBLEMS INVOLVING SIMULTANEOUS
EQUATIONS

73. 'We have seen in Article 68 that, to find the values
of two unknown quantities we should he given two equations
involving those unknown quantities, for one equation in-
volving two unknown guantities will give us an indefinite
number of pairs of values for those unknowns which will
satisfy the equation. Hence, in problems involving two
unknown quantities, two independent equations containing
those unknown quantities should be obfained from the
conditions of the problem in order to find their values.

74. 1In Article 65, the problems involving two' or more
unknown quantities were so easy and the given relations so
simple that it was easy to find only one equation giving one
of the unknown quantities, and, having found one of the.
unknowns, the other was easily obtained. In complex
problems it is advisable to represent each unknown quantity
by a different letter and to express every statement in the
form of an algebraie equation. By doing so, we can obtain
as many equabions as there are independent statements, and,
by solving these, we can find the values of the unknown

quantities.
EXAMPLE 1. 4 nwmber exceceds arnother by 4, and their sum is 36.
Find the nwmbers.
This problem has two statements :
(1) One number exceeds another by 4.
(ii) The sum of the numbers is 306.
Let & be one of the numbers and y the other,  being greater than 7,
From the first statement, since @ exceeds y by 4,
T= =4, et e (1)
From the sccond statement, the sum of 2 and % equals 36, «
=30, i (2)
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Adding (1) and (2),

Qr=40,
x=20.
Substituting this value of x in {1),
20-y=4,
—y=4-20,
—y=—16,
7=10.

Hence, the two numbers are 20 and 106.

NOTE. This problem can also be solved by regarding one of the
numbers as an unknown quantity and expressing the other in terms of
this number. (See Article 65, Example 1.)

EXAMPLE 2. Shafi has three times as much money as Rafi. If Shafi
grves Rs. 250 o Rafi, Rafi will have twice as much as Shafi. How much
had each at first ?

This problem has two statements :

(i) Shafi has three times as much money as Rafi.

(ii} If, Shafi gives Rs. 250 to Rafi, Rafi will have twice as much as
. Shafi.

Suppose Shafi has z rupees and Rafi y rupees, then by the first
statement, :

E=3Y. treeeriireiii e (1)

If Shafi gives Rs. 250 to Rafi, Shafi will have (x— 250) rupees and
Rafi will have (y+250) rupees, then by the second statement,

(7 +250) =2(xz — 250).
Removing brackets,
y+250=2z — 500,

. Y—22=T50.  tirriiriiiiiiitiiieiaiaariaeaas (2)
Equation (1) can be written as
Z—3Y=0. i irerieaieeaiaeaas .. (3)
Multiplying (3} by 2,
28— 67 =0. it (4)
Adding (2} and (4),
—Sy=—"50,
y=150.

Substituting this value of y in (1),
=23 X 150=450.
Hente, Shafi had Rs. 450 and Rafi had Rs. 150.
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NOTE. This pfoblem has also been solved by rcgarding one of the
numbers as an unknown gquantity and expressing the other number in
terms of this number. (See Article 65, Examplc 2.)

EXAMPLE 3. A man is five times as old as his son ; 24 years hence
the son's age will be equal to the father’s present age ; jind their present
ages.

Let z represent father's age and y son's age in yecars, then by the
first statement,
AIB1. veererrerneacneniiiir et (1)

24 vears hence the son’s age will be (y+24) years and this age is
equal to the father’s present age,

=7+ 24, e (2)
Subtracting (2) from (1),
0=5y—y— 24,
—Sy+y=—24,
S —dy=-—24

y=6.
Substituting this value of y in (1),
x=5x6=30.

Hence, the father's present age is 30 years and the son’s presenb
age is 6 years.

EXAMPLES XLII

1. TFind two numbers whose sum is 40, and whose difierence is 8.
2. Find two numbers whose sum is 63, .and whose diflerence is 9.

3. Twice the sun of two numbers is 60, and their difference is 8 ;
find the numbers.

4. Three times the sum of two numbers is 105, and twice their
difference is 10 ; find the numbers.

5. The differcnce of two numbers is 10 ; if 8 be added to the

greater number, the sum is equal to three times the smaller number ;
find the numbers.

6. The sum of two numbers is 80, and three times one number is
equal to five times the other ; find the numbers.

7. Find two numbers such that half their sum is 19 and one-
seventh of their difference is 2.

8. _ Find two numbers such that the sum of three times the first
and twice the second equals 22, and the sum of four times the first and
three times the sccond equals 31.
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. 9. Find two numbers such that if 3 be added sto the first the sum
will be equal to twice the second, and if 6 be subtracted from the
second the difference will be one-fifth of the first.

- 10. The sum of the four sides of a rectangle is 100 ft., and the
difference of the two adjacent sides is 10 ft.; find the length and
breadth of the rectangle.

11. At an election for the monitor of a class, 35 students were
present. Mohan was elected monitor by a majority of 7 votes. If all
the students exercised their rights of voting, how many students voted
against, and how many for Mohan ?

12, In the Legislative Assembly at which 108 members were
present, a resolution was carried by a majority of 19 votes. If 7
members remained neutral, find how many voted for and how many
against the resolution.

13. Find two numbers such that twice the greater exceeds three
times the smaller by 10, and one-fifth of the greater is equal to one-third
of the smaller.

14. Find two numbers such that if three times their difference he
added to their sum, the result is equal to 18, and if their difference he
added to twice their sum, the result is equal to 26.

15. The sum of two numbers exceeds their difference by 10, and if

3 be added to one, the sum will be equal to six times the other ; find
the numbers.

16. Divide Rs. 226 between Rama and Shyama, so that Rama may
have Rs. 30 more than Shyama. Find the share of each.

17. Divide Rs. 115 between Gopal and DMohan, so that Gopal's
share may be Rs. 5 less than twice Mohan's share. Find the share of
each.

18. 4 has Rs. 7 more than B. If 4 gives B Rs. 4, B will have
Re. 1 more than 4. How much has each ? Find the share of each.

19. Osman has twice as much money as Hamid. If Osman gives
Hamid Rs. 15, both will have equal sums of money. How much has each ?

20. If 4 were to give B Rs. 12, 4 would have half the sum which
B then has ; but if B were to give 4 Rs. 13, I would have one-third of
what 4 then has. How much had each at first ?

21. A labourer is engaged for 40 days on the condition that he will
be paid Ba. for every day that he works, and fined 23a. for every day that
he is absent. If after 40 days he receives Rs. 15. Ga. Gp., how many
days did he work, and how many days was he absent from work ?

22. At an examination, 4 obtained twice as many marks as B ; if
4 bhad gained 20 marks less and B 20 marks more, both would have got
equal marks. How many marks did each get ?

23. At an examination, Rajendra obtained 11 marks more than
Brijendra ; if Brijendra had gained half as many marks again as he did,
he weuld have beaten Rajendra by 11 marks. How many marks did
each get ?
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24. A purse contains Rs. 162. 8a. made up of rupees and eight-anna
pieces ; the number of eight-anna pieces exceeds that of the rupees by
25 : find the number of rupees in the purse.

25. MMohan is twice as old as Sohan ; 16 years ago Mohan was four
times as old as Sohan ; how old are they ?

26. A man is 24 years older than his son ; 12 years ago he was five
times as old as his son ; how old are they ?

27. A mother says to her daughter, ‘‘Five years ago I was five
times as old as vou were, and 10 years hence I shall be twice as old as
you will be.”” Find their ages.

28. A is 13 years older than B ; 7 years ago.d was twice as old as
B ; find their present ages.

29. Rama is 4 years older than Krishna ; the sum of their ages

6 vears ago was two-thirds of the sum of their ages at present. Find
Rama’s present age.

30. Mohammad is 2 years older than Ahmad ; 15 vears hence the

sum of their ages will be twice the sum of their ages at present. Find
Mohammad’s present age.

31. Five times the age of a man is twelve times the age of his son ;
o vears ago the ratio of their ages was 11 : 4 ; find their present ages.

32. A mother is 22 vears older than her daughter ; 4 years hence

the sum of their ages will be three times the difference of their present
ages ; find their ages.

33. Two years hence an elder brother's age will be three times
what his vounger brother's age was 5 vears ago ; at present 7 of the

elder brother’s age is equal to % of the vounger brother’s age. Find

their present ages.

34. The sum of the present ages of father and son is 90 vears, If
both Tive until son is as old as father is at present, the sum of their ages
will then be 154 years. Find their present ages.

75. EXAMPLE 1. The sum of the two digils of a mwmber is 7,

and if 27 be added to the number, the digits are reversed. Find the
nwmber.

Let 2 be the digit in the tens: place, and % the digit in the units
place ; then the number will be represented by (10x+y). If the digits be
reversed, i.e., if x occupies the units place and y the tens place, the
number will be represented by (10y+x).

Since the sum of the digits is 4+,

EHYU=T. ittt e e (1)

If 27 be added to the number, i.¢, to (10x+y), the digits are reyersed,
1.¢., the number becomes (10y+ ).
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(10z+y) +27=(10y+=z),
102 +4+27=10y+x,
10z — 24y~ 10y= —27,

9r— 9y=— 27,
B == =8, ettt (2)
Adding (1) and (2),
dr=4,
=2,
Substituting this value of z in (1),
24+y=",
w=35.

Hence, the digit in the tens place is 2 and the digit in the units
place is 5, 4.¢., the number is 25.

EXAMPLE 2. The cost of 9 seers of wheat and 18 seers of barley is
Rs. 3. 15a. ; and the cost of 21 seers of wheat and 9 seers of barley is
Rs. 5. la. Find the cost of one seer of wheat and one seer of barley.

Let 2 annas be the cost of 1 sr. of wheat and % annas the cost of 1 sr.
of barley ; then 9 sr. of wheat and 18 sr. of barley cost (9x+18y) annas,
and these hre equal to Rs. 3. 15a.=63a.

9x + 18y =63,
TH2Y =T, e (1)

Similarly ‘21 sr. of wheat and 9 sr. of barley cost (21x+9y) annas,
and these are equal to Rs. 5. 1la.=81a.

912+ 9y =81,
T2 ABY =T oerreeeeeeeeeee e e e, ()
Multiplying (1) by 7,
THI14y=49. ittt (3)
Subtracting (2) from (3),

. 11y=22,
y=2.

Substituting this value of ¥ in (1),
a+4=T7,
r=43.

Hence., 1 str. of wheat costs 3a., and 1 sr. of barley costs 2a.

EXAMPLE 3. I spent Rs. 5 i buying guavas at 8 for an anna and
oranges at 2 for an anna, and then sold two-thirds of {he guavas and
three-fgurths of the oranges for Rs. 4, and thus gained 6 annas; how
many of each did I buy ?
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L]
Let @ be the number of guavas and # the number of oranges.
Since 1 guava costs % anna,
x
a guavas cost 3 annas.
And since 1 orange costs ¥ anna,

. 7
.. Joranges cost éannas.

X 1 . .
Therefore, the sum Of§ annas and é annas is equal to Rs. & or

S0 annas,

i.e.,

bO [

+5==80.

Wi

Multiplying by 6,
2x+ 3y =480.

I sold 5 of 2 guavas and  of y oranges for Rs. 4. Since these

4 rupees include a gain of 6 annas, therefore the cost price of Fa guavas
and 2y oranges is Rs. 3. 10a., or 58a.

Since 1 guava costs ¥ anna,

Fr guavas cost 3 X $r=3%r annas
And since 1 orange costs 1 anna,

iy oranges cost § X Jy={y annas,

2, 3y
9 + g —93.
Multiplying both sides by 72,
1624 2TY=41T0. veerereeeeereeeereeeeeseaerarreeens (2)
Multiplying (1) by 8,
163.[.947]:3840. .................................... (3)
Subtracting (3) from (2),
3y=336,
y=112.

Substituting this value of y in (1),
22+ 336=480,

22 =480 - 336,
Qr=144,
r="T2.

Hence, the required number of guavas bought was 72

and «that of
oranges 112.
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 EXAMPLE 4. A merchant bought 120 seers of ghee and 160 seers of
oil for Rs. 368. He sold the ghee at a gain of 20% and the oil at a loss

of 25% and thus gained Rs. 16 in all. At what rates did Te buy the two
convnodities ?

Let x rupees represent the price at which he bought 1 sr. of ghee and
¥ rupees the price at which he bought 1 sr. of oil.
Since 1 sr. of ghee costs  x rupees,
. 120 sr. ,, , . 120x rupees.
And since 1 sr. of oil costs 2 rupees,
160 sr. ,, ,, s 160y rupees,
120x + 160y =308,

1524 200=46. ..ccovivrininiiriiii e (1)
Now on ghee worth 100 rupees he gains 20 rupees,
13 | B 11 1 ruPee 11 11 ‘1215011)':13 I'upee,
‘ - ‘s v 1202 rupees ,, ,, 120« X =24z rupees.

Again on oil worth 100 rupees he loses 25 rupees,

' 3] 1 1 rapee 1 1y 1'2'05'5:2}.' rupee,
v 3 ,, 160y rupees ,, ,, 160y x } =40y rupees.

Therefore his net gain is (24x—40y) rupees and this is equal to
16 rupees,

24z - 40y=10,

122 —20U=8. irriiiririerreeeee e ne s (2)
Adding (1) and (2),
2Tx =154,
r=2.

Substituting this value of 2 in (1),

30-+20y=46,
. 20y=16,
" oy=%.

Hence, ghee was bought at Rs. 2 per scer, and oil at Re. § or 12a.
93p. per secer.

EXAMPLE 5. Two brothers start at the same time from two places
20 mitles apart. If they walk in (he same dirvection, the elder brother
avertghes the younger v 10 howrs but of they walk in opposite directions
they meet in 2 howrs. Find the rates ab which they walk.
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Let P and Q be the two places 20 miles apart, and suppose the elder
brother starts from P and the younger from Q.

d

N . — .
P> Y <Q X

Let a miles per hour be the speed of the elder brother and ¥y miles
per hour that of the yvounger.

When they walk in the same direction i.e., to the right, the elder
brother will overtake the younger at some place X to the right of Q.

Since the clder brother walks 2 miles and the younger % miles in
1 hour, therefore the elder gains (r—4%) miles on the ycunger in 1 hour,
i.e., he gains 10(x — y) miles in 10 hours. But he has to gain 20 miles
altogether, which he does in 10 hours,

10(2— 1) =20. iiiiiii i (1)

When they walk in opposite directions, they will meet at some point
Y betwecen P and Q.

Since the elder brother walks x miles and the vounger # miles in
1 hour, therefore they approach each other by (r+4y) miles in 1 hour,
i.e., they together cover 2(r+y) miles in 2 hours. But they have to
cover 20 miles altogether, which they do in 2 hours,

QU1 =20, i e (2)
Dividing (1) by 10, and (2) by 2,
=, i (3)
and ZHY=10. (it (4)
Adding.(3) and (4)
2r=12,
. a=0.
Substituting this value of x in (3),
6-y=2,
—y=—4,
y=4

Hence, the rate of walking of the elder brother is G miles per hour
and of the younger brother is 4 miles per hour.

EXAMPLES XLIII

1. A number has two digits whose smn is 10, if the digits be
reversed the number is diminished by 36. TFind the number.

2. The sum of the digits of a number lying between 10 and 100 is

11, if the digits be reversed the number is increased by 9. Find the
number. "
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3. A number has two digits whose sum is 7, if' 9 be taken from the
number, the digits are reversed. Find the number.

4. A number has two digits whose sum is 9, if the number be
divided by 12, the quotient will be equal to the dlﬂlt; in the tens place.
Find the numbcl

5. A number of two digits is eight times the sum of the digits,
if 45 be taken fromm the number, the digits are reversed. Find the
number,

6. A number of two digits is seven times the sum of the digits. If
9 be subtriacted from the number obtained by reversing the digits, the
sum of the digits of the difference thus obtained will be equal to the sum
of the digits of the nuinber obtained by adding 9 to the original number.
Find the original number.

7. The price of 5 horses and 9 cows is Rs. 1020, and the price of 6
horses and 7 cows is Rs. 1110. Find the price of a horse and a cow.

8. The price of 9 goats and 7 sheep or the price of 6 goats and 13
sheep is Rs. 150. Find the price of a goat and a sheep.

9. 1 bought 15 maunds of grain consisting of wheat and barley for
Rs. 100. If the cost of 55 seers of wheat or 8 seers of barley is Re. 1,
how many maunds of wheat and how many maunds of barley did

I buy? *
10. The daily wages of 20 men and 25 boys amount to Rs. 25. 15a.,

and those of 25 men and 20 boys amount to Rs. 27. Ba. ; find the daily
wages of one man and one boy.

11. A man invested Rs. 10000 at simple inferest, a part at 5% and
the rest at 4% per annwmn, bringing a total yearly interest of Rs. 470,
What was the amount of each investment ?

12. A man invested Rs. 4000 at simple interest, partly at 5% and
partly at 49 per annum, the 5% investment brings HRs. 2 more
interest than the 4% 111vestment annually. What was the amount

of each investment ?

13. The sums of Rs. 400 and Rs. 500 are invested at different rates
and their annual interest is Rs. 31. If the rates of interest were
exchanged, the annual interest would be Re. 1 more. Find the rates of

interest.
14. The sums of Rs. 1000 and Rs. 300 are invested at different rates

and the annual intervest is Rs. 59. If the rates of interest were
exchanged, the annual interest would be Re. 1 less. Find the rates of

interest.

15. The sums of Rs. 650 and Rs. 400 are invested at different rates
and the annual interest is Rs. 40. If the rates of interest were ex-
changed, the annual interest would be Rs. 38. 12a. Find the rates

of interest.

WERTIN TRAIKING GCLLZCK
ROYAPETIAR, MADRAR,
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16. 4 and B db a picce of work. The work is finished if 4 works
for 12 days and B for 8 days, or if 4 works for 9 days and B for 12 days.

In how many days can both of them separately and jointly finish the
work ?

17. I speunt Rs. 11 in buying nuts at 10 for an anna and almonds at
6 for an anna ; had I bought the same number of nuts as I bought of
almonds and the same number of almonds as I bought of nuts, I

would have spent Rs. 2 more. How many nuts and almonds did
I buy?

18. T have a sum of Rs. 36. 4a. in four-anna pieces and eight-anna
pieces. If the number of four-anna and eight-anna pieces were Inter-

changed I would lose Re. 1. 4a. How many eighf-anna and four-anna
pieces have I ?

19. A man spent Rs. 3520 in buying horses at Rs. 150 a horse and
ponies at Rs. 40 a pony. He sold the horses at a gain of 20% and
the ponies at a loss of 25% and thus gained Rs. 470 in all. How many
horses and ponies did he buy ?

20. A man bought 17 almirahs and 34 tables for Rs. 680. He sold
the almirahs at a loss of 10% and the tables at a gain of 20% and

thus gained Rs. 13. 9a. 7ip. in all. At what rates did he buy the
two articles ?

21. A man spent £1. 17s. G6d. in buying 20 books and 25 pencils
and realised £ 2. 3s. 9d. in selling the books at a gain of 15% and
the pencils at a gain of 209 . At what rates did he buy the two articles ?

22. A and B start at the same time from two pluces 30 miles apart,
A on cycle and B on foot. A overtakes B in 73 hours. If they had
proceeded in opposite directions, they would have met in 3 hours.
Find the rate of each.

23. P and Q start at the same time from two places 21 miles apart.
If they walk in the same divection P overtakes ¢ in 21 hours, but if
they walk in opposite directions, they meet in 3 hours. Find the rate
of each.



CHAPTER XVI
GRAPHS. CO-ORDINATES OF POINTS
Location of a Point

76. The figure OXZY represents a Black Board, 5 ft.
lon0 and 4 ft. broad in which equal marked spaces represent
1 foot. In order to determine the position of any fixed point
P on it, we have to find its distance from any two of its

Y ) . . . y4
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1 P o -
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adjacent edges. If we say that P is 3 feet to the right of
OY, it does not locate the position of the point P, for there
are an indefinite number of points at a distance of 3 feet to the
right of OY. Similarly, if we say that P is 1 foot above OX,
it also does not locate its position, for there are an indefinite
number of points 1 foot from OX. But, if we say that P is
3 feet to the right of OY and 1 foot above OX, the position
of Pis completely determined, for P is the only point which
is 3 feet to the right of OY and 1 foot above OX. Thus, we
see that in order to locate the position of a point on a plane
we require two measurements. Ye generally take two per-
pendigular straight lines OX and OY in the plane from
which we take these measurements.
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Consider the point P in the figure. In order to get to P,
we start from O and first go 3 feet to the right along OX,
that is, to the point M, and then go 1 foot straight up
parallel to OY and arrive at P. If we measure first along
OX and then along OY, the two measurements, that is,
the perpendicular distances (3 ft., 1 fb.,) completely determine
the position of the point P. This position can also be
expressed by the numbers (3,1), if 1 foot be taken as a
unit of measurement. Similarly, the position of the point Q
can be expressed by (4,3), for the distance of Q from OY is
4 feet and that from OX is 3 feet.

77. 1If we take two fixed straight lines XOX  and YOY’
cutting one another at right angles at O, the posifion of any
point P with reference to these lines 1s known when we
know the distances OM (along OX) and MP (parallel

to OY). '

Y
IP
b &4 O M X
Y'

The distance OM which is measured along OX is called
the abscissa of the point P, and is denoted by z ; and the
dlStF'ane MP which is measured parallel to QY is called the
ordinate of the point P, and is denoted by ¥.

The. abscissa and the ordinate taken together are  called
co-ordinates of the point P, and are denoted by (z, v).
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The point O is called the origin, and the straight lines
XOX’ and YOY  are called the axes of co-ordinates or
axes of reference, XOX’ being known as the axis of x and
YOY as the axis of y.

The axes of co-ordinates divide the plane into four parts
XOY, YOX', X'0Y’, Y'OX, known respectively as the first,
second, third and fourth quadrants.

78. As we have seen in Arbicle 14, if distances measured
from a point in one direction are taken as posifive, then
those measured in the opposite direction must be taken as
negative. Usually the distances measured along the axis of
2 to the right of the origin are positive, and those measured
to the left of the origin are negative. Similarly, the distances
measured along the axis of ¥ above the origin are positive,
and those measured below the origin are negative.

In order to gef to any point in the first quadrant, we
have to,go first along the z-axis to the right of the origin
and then straight up parallel to the y-axis, hence the signs of
all the points in this quadrant are (+,+). Similarly, all the
points in the second quadrant, since they are measured
first to the left of the origin and then straight up, have
the signs (—,+). All points in the third quadrant, since
they are measured first to the left of the origin and then
straight down, have the signs (—,-). All points in
the fourth quadrant, since they are measured first to the
right of the origin and then straight down, have the
signs (+,—).

NOTE. The students should note that, in writing the co-ordinates of
any point, the abscissa is always written first.

79. The process of locating a point, whose co-ordinates
are given, is called plotting the point.

Points are generally plotted on squared paper which is
ruled by horizontal and vertical lines drawn parallel to the
axes of co-ordinates at equal intervals. The best paper is
that which is ruled to show inches and tenths of an inch, or
centimetres and millimetres.

11
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80. Ifin the following figure, XOX’ and YOY  are the
axes of co-ordinates, QO the origin, and A, B, C, D any four
points, then

T .
1 A
= N

Ki C
X/ }N 0 M_IX
C
D
Y’ |

the absecissa of A i1s OM,
19 R 1y B " ON,

y . . C ,, OKL,

and ,, ,s . D ,, OL.
Similarly, the ordinate of A is 1JIA,
e n 2 B 12 N:Bl

1 11 1 C ' I{O,

and |, . , D ,, LD.

Taking one-tenth of an inch as unit (i.e. the side of each
small square as unit), and remembering that the right hand
and upward directions are positive and the left hand and
downward directions are negative, we see that

(i) OM =8, MA=7, therefore the co-ordinates of A

are (8, 7).

(ii) ON= -6, NB=09, therefore the co-ordinates of B
are (— 6, 8). ‘

(iii) OK= -8, KC= —2, therefore the co-ordinates of
Carve (—8,—92).

(iv) OL=4, LD= -7, therefore the co-ordinates of D
are (4, — 7). ‘
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It will also be seen from the figure that °
(1) The ordinates of all the points on the z-axis are 0.

Thus the co-ordinates of the points Al, N, K and L are (8, 0), (—86, 0),
(—8, 0) and (4, 0). .
(i1) The abscisse of all the points on the y-azis are 0.
(iii) The co-ordinates of the origin are (0, 0).

If two-tenths of an inech i.e., "2 be taken as unit, the
co-ordinates of A, B, C and D will he (4, 3'5), (-3, 2'5),
(—4,-1) and (2, - 3'5).

NOTE. Before plotting points, the scale or the unit chosen for
measurements should always be stated and the position of a point
should be indicated either by a dot, a small cross-mark or a small circle,

LEXAMPLE 1. DPlot the pownts (10, 4), (5, 0), (0,—4) and (—5,—8).

Draw XOX' and YOY', axes of co-ordinates and take the side of a
square as unit.

Y
A
(10,4)
=]
B'ad (5.0) X
)
Clo.-ay
D
(-5.78)
YI

To plot the point (10, 4), first count 10 units along OX to the right,
and then 4 units straight up parallel to OY. TPut a dot there and call
it A.  This is the required point (10, 4).



164 ALGEBRA

To plot (5, 0}, first count 5 units to the right, then no units either up
or down. IPut a dot and call it B.

To plot (0, — 4}, first count no units either to the right or left, then 4
units down. IPut a dot and call i1t C.

To plot (—35,— 8}, first count 5 units to the left, and then 8 units
down. DIPut a dot and call it D.

EXAMPLE 2. Show (hat (he points in Example 1 lie in a siraight
line.

By joining the points A, B, C and D it will be seen that they all lic
in a straight line.

EXAMPLE 3. IFind the distance beltween the points (8,7) and (—4,2).

Take XOX' and YOY' axes of co-ordinates. Ilot the points as in the
following figurc and call them A and B.

[ Y !
. l
|
A
(8,7
I " \ '
A
Bl :
“ (-4.2) s D
d { X
LY

First Method. Draw an are of a circle with centre B and radius BA.

]Isct it cut the line BC drawn through B parallel to X'OX at D. Then
;szD.

By counting, BD=13 units, hence BA =13 units in length.
Second Method. Draw BC through B parallel to X'OX to mect AC

drawn parallel to YO at C. Then ACB is a right-angled trjangle in
which BC=12 units, and AC=35 units. )
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AB*=DBC*{CA?2
=12%452
=144+25
=1G9.

AB=13.
Hence, AB is 13 units in length.

Areas of Plane Figures on Squared Paper

81. Squared paper is sometimes a great help in find-
ing the areas of plane figures, as will be clear from the
following examnples.

EXAMPLE 1. Plot the poinis (G, 11), (=1, 2) and (4, —35), and find
the areee of the triangle formed by joining them.

Plot the points as in the following figure, and form the triangle ABC
by joining them.

| |
DY A('e'n’—
war
11
/| |
2]
/
4
" 1{n.2)
' \\ i
!
X N
NI}
\\
= N -
= PO -
(3-5)
I
Y

~ Furst method. Count the number of squares within the triangle.
Regardsthose which are equal to or greater than half a square as whole
squares, and neglect those which ave less than half a square.
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Beginning with' the right vertical row, the numbers in the different
rows are 3, 10, 12, 10, 6, 4 and 2.

By addition, the total number of squares is 47.

Hence, the avea of the triangle is 47 sq. units.

Second Method. Through A and B draw AF and DBE parallel to
YOY’'. Through A and C draw AD and FCE parallel to XOX' meeting
DBE at D and I& and AF at F.

Now a ABC=rect. ADEF— A ADB— A BEC—- a AFC
=(TX16—3xX7TX9—3XT7Xx5—}X2x16) sq. units
=(112 — %*— %> —16) sq. units
=47 sq. units.

NOTE. The second method gives the correct result while the first

an approximate result.

EXAMPLE 2. Plot the points (5, 25), (30, 5), (10, —10) and (— 10, 0),
and find the area of the quadrilateral formed by joining them.

Take the side of a small square as one unit. DPlot the points as in
the following figure and form the quadrilateral ABCD.

N I

T 17T T
AttH ;
F= ESIQ.. G
.
7 "\
. 1
I e
| N
M
1 rd 1
A 1
T 1
A |
7 [ !
: T
"
i I I B: 1
ﬁ + I > Illi
[y A T T .(3'
4{100}‘":' 1 1 AEEE N
LY gl Bt d
B tL:"',_f* = ; 3
[ 1 11 4
L1 1
.
t :
] : '
ST [ C210=10) R
i
! = 2
1 1 M :
1 I Yt u

Through A and C draw PAQ and SCR parallel to X'OX and through
B and D draw QBR and PDS parallel to YOY' mecting PAQ at ¢ and P
and SCR at R and S, and thus complete the rectangle PQRS.
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Now the quadrilateral ABCD
=rect. PQRS— A APD—- aDSC—- aCRB— aBQRA
=(40.85—1.15.25—1.10.20 — }.20.15 — 1.20.25) sq. units
=(1400—- 232 —100—150 — 250) sq. units
=T124 sq. units.

EXAMPLES XLIV

1. Write down the co-ordinates of the points A, B, C, D,...in the
following figure taking as the unit length (i) one-tenth of an inch ;
(ii) one-fifth of an inch ; (iii) one inch :

) v |
E
B
D, A
4
L ] C.
l—
XU X
J
G H 1 L
K
Y

2. Taking one-tenth of an inch or one millimetre as unit, plot.the
following points : '

[1) (101 6): [_10? G)l (_105_6), (10,"6).
(li) (121 O)r (Ol 12)- (_193 O)I (O?_]‘g)r (0: O)'
(iii) (14,-16), (-10, 11), (9,—19), (-2,—2), (-8, 0), (20,-5),
(—11—3)r (_Tl_4)l (S,—l).
_3. Taking one inch or one centimetre as unit, plot the following
points :

© O),.(i) (1,1), (1,-1), (-1, 0), (0,-1), (2, 3), (-2, 3), (38,—1}, (0,-3),
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(i) (-5, 7), (=4,—'8). (1'2,0), (0,-1'3), (9, 9), (21, 12),
(—1°6,1°2).
(1) (1, 4), (=3, 1), (13, -4), (—14,-13), (2, 1), (—1,—%), (1}, — %),
('_1]5: T-:')'
4. TPlot the following sets of points and show that they all lie in a
straight line :
(i) (5, a) lv 0), (5, 4), (5
] ¥

(i) (3,-7), (7,-1), {0, - ,
{111) (0, o) (1, 1), (—2,-2), (5, 5), (-8, 8)
(iv) (0,—3), (1,—1), (2, 1), {3, 3)
(v) (0,-2),(-2,0),(-4,2), (1,-

5. Plot the following pairs of points, and in each case find the
distance between them :

) (7, 8),(=5,3). (i) (0,0, (6, 8). (iii) (0, 0), {—5, 12).
(iv) (9, 8), (=10, 19). (v) (15, 0), (0, 8). (vi) (20, 23), (—15,—-3).
(‘]l) (_3:_8): (15r_2)'

6. DPlot the points (2, 2), (-6, 2) and (~ 2. 11), and show that they
are the vertices of an isosceles triangle. Find the length of each side.

7. Dlot the following sets of points, and in each case find the area
of the triangles formed by joining them :

(i) (2, 2), (2, 10), (G, S). i) (=2, 4), (3, 4), (8, 0)-
(iti) (8, 8), (5, 0), (—6, 0). (iv) (G, 8), (—12,—4), (4, - 4).
8. DPlot the following sets of points, and in each case find the area
of the figures formed by joining them :
(i) (10, 5), (10, 0), {9, 0), (0, 5).
() (7, 3), (-6, 8), (=0, 4), (7,—4).
(iii) (3, 0), (3, 4}, (9,0, (9, 10). (iv) (0, 0}, (10, 0), (5, G), (8,—4).
(v) (0,0), (-2, 8, (-10, 8), (-16, 0).
(vi) (5, 4), (0, 8), (-3, 0), (0, —10).

9. Plot the following sets of points, and in each case find the area
of the traingles formed by joining them :

(i) (5,4), (=6,=4), (9,=1). (i) (5,7}, (=8,2),(3,-5).
(iii) (6, 4), (—=7-6), (—2,—-15).

10. Plot the following sets of points, and in each case find the area
of the figures formed by joining them :

(i) (17, 3), (6, 11), (—9, 6), (10,-3).
(i) (G, 12), (10, 2), (8, —4), (—10, 0). «
(i) (0, 0), (—10, 4), (-14,-5), (-1,-3).



CHAPTER XVII

GRAPHS OF STRAIGHT LINES

82. A graph is a line, broken, straight, or curved,
formed by joining a series of points.

83. If we plot a series of points such as (5, — 1), (5, 1),
(5,5),(5,8),... which have the same abscissa 5, we see that
they all lie in a straight line, parallel to YOY’ and distant

5 units from it. A,I3,C,D,... are such points in the figure.
Y
G
II
XY O A X
M
(i
=
==
Y.r‘

Since the abscissa is denoted by ‘a’, the straight line
formed by joining them will be the graph of the equation
r=5. We also see that every point on this straight line
will have 5 for its abscissa, whatever its ordinate may be,
and this is true for no other point outside this straight line.

Similarly, if we plot another series of points whose
ordinates are —6 and join them, we get a straight line,
parallel to X’OX at a distance of 6 units below it, as shown
in the figure. This will he the graph of y = — 6.
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NOTE. Since éver}' point on the axis of x has its ordinate O, t_be
graph of ¥=0 is the axis of = ; and every point on the axis of y has its
abscissa 0, the graph of =0 is the axis of .

84. If we plob a series of points, each of which has its
abscissa (represented by z) equal to its ordinate (represented
by ¥}, and join them, we get a straight line, the co-ordinates
(z, ¥) of any point on which will satisfy the algebraic
equation z=y. In the following figure, the straight line

I Y

T

r i

Y

==

obtained by joinind the points A, B, C, D,...whose co-
ordinates, (5, 5) (2, 2),(-3,-3), (-5, —5) have abscissa
and ordinates equal, is the gla.ph of x=1.

NOTE. From the figure it is clear that the origin whose co-ordinates
are (0, 0) also lies on this straight line.

Graphs of Straight Lines

85. We have already seen in Article 68 that, if we are
given a simple equation involving z and ¥, we can find an
indefinite number of pairs of values of 2 and ¥ which will
satisfy that equation. Now, if we regard these values of z
and ¥ to be abscissaz and. ordinates, plot the points and join
them, we shall get a straight line which will be the ggaph of
that equation.
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BXAMPLE 1. Draw the graph of y=2x.

If we give a scries of positive and negative values to x, then from the
equation we can find the corresponding values of . Thus

when | , = ‘ 1 ‘ 9 |
4 | i i
| |

9|4

1 |
4 0 —1| -3 |

8 o | -2 -6 |

Now combining each value of a with the corresponding value of 7,
we get the following pairs of values of 2 and y.

(15 2)1 {21 4)1 (4: 8)1 (0! O}) (—l,—2), (_Br_G)!
Taking one side of a square as unit, if we plot the points, as shown

in the following figure, we see that wll the points lie on a straight line
which is the graph of the equation y=2x.

Y

{2|4')

N Y

EXAMPLE 2. Draw the graph of 2x—32y ~8=0.

The equation can he written as
—2y==2043,

2y=38xr—3,
y=a—3.

Wa can now very easily find the value of y corresponding to any
value of x, thus
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when r = 0 1

y=\| -1 | —%

|
:
|
|
L

Taking fen divisions of the paper as one unit, we plot the points
(0,~11), (1,—1), (—1,=21), (3,—1), (13, 0),...as in the figure.

e Y. EEEE
] ) ] 1 [
] ) 1
1 i 1 1
L (| T T
] T 1
T i A1
1 T "(-I-?z-_|o,
L ngs/ P 1 KV
@ A
T 7 1
] 1 o
; 1
T RiNCY)
1 L] 1 1
] ] |
v [Fa) I
ol Al K
iz,
[ T T 177 1
it ! FRC B II
T T 121! H
e f V. i 1 ¥ T
; T 0, 71 f(_gi"'!ﬁ }I ;
] rid ]
] l\} A
1
1 | j,'if-
[
1 4
D5 T l 1
al Ly ! -
SN2 N
i H
YJ[’ _i 1 [
I [ 1 ]

By joining these we sce that the rejuired graph is a straight line.

Graphs of Functions

86. Any expression containing a variable 2z whose value
depends upon the value of x is called a function of z. As the
value of z varies, the value of the function also varies.

Thus, for instance, if in the function 2z + 5, we give to x
the values 1,2,3,..., the funetion will assume the values
7,9,11,.... If we take every value of £ with the correspond-
ing value of the function, and consider them as abscissae
and ordinates respectively plot the points, the line obtained
by joining these points will be the graph of the function.
Thus, it is clear that the graph of the function 2z + 5 will be
the same as that of the equation ¥y =2x+5. Hence, to draw
the graph of the function 2x + 5, we proceed thus :
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Let y represent the value of the function. Now when

the function ] ¥ = 5

|

the variable | @ = 0 » 1 3 | -2 -5
|
i 7 11 1 -5

Taking one side of a square as unit, plot the points
(01 5)1 (ll 7): (3: 11): (_2, 1), ( - 5, - 5),... The gl‘a.ph Of the

r Y] I
i | )(311 )
Fi
(©,5)
ol 1
b (M O, X
/
(35-5)
/
Y

function is, therefore, the straight line passing through the
points, as shown in the figure.

EXAMPLES XLV

1. Draw, on the same axes, the graphs of

(i) a=2. (i) =+2=0, (iii) a=5.
(iv) a+7=0. (v) y—10=0. (vi) y—-11=0.
(vii) »=T1. (viii) #+15=0.

2. Draw, on the same axes, the graphs of
(i) y==x. (ii) z=-—y. (iii) y=4x. (iv) y+4x=0.
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3. Draw, on the same axes, the graphs of

(i) y=2a. (ii) y=2x+35. (iii)) y=22—T.
4. Draw, on the same axes, the graphs of

(i) y+3x=0. (i) y+3x—-2=0. (iii) y+3x+5=0.

Taking one-half of an inch or one centimetre as unit, draw the
graphs of

5. z+1=0. 6. y=2x-1, 7. x+4y=2.
B. z-9y+1=0. 9, v—2y—-2=0. 10, 24y=-—-2.
14. t+4+Y-1, 15. Y-, 16. Z-Y=1.
4 2+3 > 2 3 3 4

Draw the graphs of the following functions :

17. 2x+1. 18. 2x-1. 19, 3x42.
20, 3xr-—2. 21. —3x+49. 25 r—1

)

Taking suitable units, draw the graphs of

23. 3y+52=0. 22. G6x-3y+5=0. 25. 10x+35y=9.
Z Vg, 27. y='3z+ 4. 28. y=-2r--3.
10 9

Graphical Solution of Simultaneous Equations

87. We have already seen in Article 68 that, to find the
values of two unknown quantities, x and ¥, we should be
given two different equations involving these quantities, for
‘from one equation we can find as many pairs of values of z
and ¥ as we please, which will safis{y the equations. This
can also be seen graphically, for we know that the graph of
a simple equation is a straight line which can be produced
to any length on either side, and any pairs of values of & and
4 which satisfy the equation will give the co-ordinates of
some point on this straight line. DBut, i{ we are given two
equations, we shall have two straight lines, which, if not
parallel, will intersect at only one point, whose co-ordinates
will satisly both the equations, since the point lies on both
the straight lines. ¢
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Hence, to solve two simultaneous equations graphically,
draw the ¢graphs of the two equations on the same scale andd
i the same diagram, and write down the co-ordinates of therr
point of intersection. The abscissa of the point will represent
the value of x and the ordinate that of .

EXAMPLE 1. Solve graphicelly the equations

xt+y=12,
x—y=4.

Verify your answer.

From the first equation,

0 4 12

when r = !
| |
¥ = ‘

12 8 0

Taking one-tenth of an inch as unit, plot the points (0, 12), (4, 8)
and (12, 0}, and draw a straight line passing through them.

Yl ! )
[
- \(0.12)
N
SN (4,8)
% 0
N
.1 \ ™
b
S ep-)
N
! I ~ (12,0}
v ] v
X R4 00 LM \ X|
(0,-4)
F 4 Y o
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Again, from the Second equation,

when = 0O | 4 3

Y = —4 1 0 4

With the same scale plot the points (0, —4), (4, 0) and (8, 4), and
draw a straight line passing through them.,

The two straight lines intersect at the point IP. From I’ draw P
perpendicular to the x-axis. Now a reprasents OJ, the abscissa of I,
and is equal to 8 ; and ¥ represents MDP, the ordinate of I, and is equal
to 4.

Hence x=38, y=4 is the solution of the given equations.

Versfication. Writing @ =8 and y=4 in the first equation, the left
side=8+4=12, which is cqual to the right side, hence the point (8, 4)
satisfies the equation.

Again, writing =8 and =4 in the second equation, the left si;le=
S—4=4, which is equal to the right side, hence the point (8, 4) satisfies
the equation.

Therefore the solution is correck.

NOTE. The student is advised to note the following :
(i) The same units should be used for both the graphs.

{(ii} Two points are sufficient to determine a straight line, but
to ensure accuracy it is advisable to plot one more point, i.e., at least
three.

(iii) The unit should nob be too small, otherwise the correct answer
will not be possible.

EXAMPLE 2. Solve graphically

4x — 3y =0,
2x+ y=8.
From the first equation,
when 2 = 0 9 | 4
|

NOoTE. Itis advisable to find whole number values, but }\'h&ll it. is
not possible units should be so chosen as to avoid fractions in 1:10ttmg
points.
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Taking '3" as unib, plot the points (0,—2), (2, %) and (4, 3}), and
draw a straight line passing through them.

| Y
\(r:.z ) .
| A
od
» (4,33]
I A el
)4
od \
P
X
4
7
v A2, 2) \
2 X {4.0)
! Y4 1 X
e
Rx
v\/r
)4
' /'%0.-21 (5.42)
. ’ ’
Y 1 A
From the second equation,
when n = 9 4 5
y = 4 0 -2

With the same scale plot the points (2, 4), {4, 0) and (5,—2), and
draw a straight line passing through them. The two straight lines
intersect at the point P, whose co-ordinates are (3, 2).

Hence =38, y=2 is the solution of the given equations.

88. Measurement on Different Scales. In fore-
going examples both abscisse and ordinates have been
measured on the same scale, but sometimes it will be found
more’convenient to use different scales for the two variables.

12
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For example, in drawing the graph of
y =10z + 6,

when we give to z the values 0, 1, 2, 3, 4,..., the corresponding
values of # are 6, 16, 26, 36, 46,...

Here we see that as x increases, ¥ increases more rapidly.
In such a case 1t would be better to choose a smaller scale
for the ordinate and a larger scale for the abscissa.

NOTE. The student is advised to draw the graph first by taking the
same scale with a smaller unit and then with a larger unit for both the
abscissie and the ordinates, and then by taking different scales (for
instance, one inch as unit for absecissa and one-tenth of an inch as unit
for ordinatc) and to compare the graphs.

Equation of Straight Line Graphs

89. We have seen in foregoing examples, that when
equations or functions are of the first degree, ¢.e., when they
contain only the first power of the independent variable,
their graphs are straight lines. For this reason fhey are
sometimes called linear equations and linear functions.

It is also clear that any equation of the first degree in
and y can always be reduced to the form y =mz or y =mz + ¢,
where m and ¢ are constant quanfities.

EXAMPLE. Find the equation io the straight line which passes
through the points (0,—1%), (1,—1), {(—1,—231), (3,—1), (13, 0),...

In Article 85, Example 2, we have plotted these points and seen that
they all lie on a straight line. Therefore the equation of the graph is
of the first degree and is of the form y=mx+-c.

We have, now, to find the values of m and c.
Since the point (0, —14) lies on the graph, therecfore x=0and y= -1}
must satisfy the cquation y=ma+c.
—3=mX0+4c,

C= — Jt  tieetiecieieriearerareraraeaeanaaa, (1
Again, since the point (1,— 1) also lies on the graph, therefore a:=1)
and %= -} must also satisiy the equation y=mx+c.
—le=mXxX1l+e,
mtc=—1.
from (1)’r m—i=—1,

m=1.



EQUATION OF STRAIGHT LINE GRAPHS

L

The equation to the straight line is, therefore,

y=1 Xm"a:
or 20— 2y — 3=0.

NOTE. Since a straight line can always be drawn when any
points on it arc known, hence two points are sufficient to determine the
equation of & straight line.

EXAMPLES XILVI
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‘two

Solve the following equations graphically and verify your results :

1.

ONOW

10.

11.
12.

13.
14.
15.

16.

r=35, z+2y=12. 2. 3x-y=20,y+5=0.
da—y=12, y=0. 4. z+y=8, z—y=2,
r+y+8=0, z—y=2. 6. 4x-y—6=0, 3x—2y=".
y=2x—3, 3xr—2y=4. 8. ir+iy=2, y=z+1.

7#+4=0, y=38x— 2, take '3 inch as unit.

x+y=10, z—y=1, take '5 inch or 1 cm. as unit.
x+2y—12=0, -3y —2=0, take ‘5 inch or 1'cm. as unit.
Sz - 2y+1=0, 2v+y—11=0, take ‘2 inch as unit. |
S8x+4y+1=0, x+2y=1, take "4 inch as unit.

5~ 3y+9=0, 3x+y—3=0, take '3 inch as unit.
r+y=15, 3x —2y=—35, take "1 inch as unit.

Draw with the same axes the graphs of

y—2x=1, x+y=2, x—y=3;

and hence find the solutions of the following pairs of equations :

17.

|

y—2x=1) .1:+y=21 :E’—'y=3}
[ | ) .
z+y =2 x—y=3} y-2x=1

Draw with the same axes the graphs of
2y=x+2, y=% -3, 2y=3xr—-4 ;

and hence find the solutions of the following pairs of equations ;

Q= a:+2] y=2.7:—3} 2y=3a:—4}

y=2;c—3J ' 2y=38r—4 2= x+2

18. Shew that the straight lines represented by the e_quation;

z+y=0, 3z -y=2, 2x+3y=16,

meet in & point, and find the co-ordinates of the point of intersection.
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L}
19. Shew that the straight lines represented by the equations
z45y=0, x—y=6, 2x+5y=>5,
meet in a point, and find the co-ordinates of the point of intersection.

Plot the following points and find the equation of the graph in
each case :

)
20. z=| 0 2 4 6 -2 ] -4
y=10 3 6 9 -3 | -6
2l.. laz=| o 1 2 | 38 | -1 | -2
y=1| 5 8 11 | 14 2 | -1
22. z=1].0 2 4 G -2 -4 F
y=1 3 13 | 0 | —11| 4% 6
]
23. x=| 0 1 2 | 3 -1 | -2
E
[
y= |6 1 | 14 || 18 | 2 | -2

Find the equations of the straight lines joining the following pairs
of points :

24. (0, 5), (1, 7). 25. (0, 0), (1, 5).

28. Shew that the points (3, 6), (0, 8), (—3, 0) lie on a straight line ;
find its cquation.

29. If the cquation y=ma+c represents a straight line passing
through the points (2, 9) and (-1, 3), find the values of m and ¢,

30. Find the valucs of m and ¢ so that the straight line represented

by y=ma+c may pass through the intersection of the straigkt lincs
22—y —11=0 and z —2y—10=0, and also through the point (— 3, 4).



CHAPTER XVIII

HARDER CASES OF MULTIPLICATION
AND DIVISION

90. Easy cases of Multiplication and Division of
compound algebraic expressions have been dealt with in
Chapters VI and VII. In this chapter we shall take up
harder cases of Multiplication and Division. The prineciples
already explained in those chapters will also be applicable to
examples of this chapter.

EXAMPLE 1. Muliiply x245—2x by 3x+x2—6.

We .ﬁrst arrange both the expressions in the same order (i.e. in
descending powers of ), and then proceed as in Article 34 thus,

x?2—92 +5
r?*4+3r —6
xt — 223 452
3z -6z 4152
—6x* 4122 - 30

ri4 2% —T224+272x-30

Here each term of the first expression is first multiplied by z*, the
first term of the second expression, and partial products written down ;
then each term of the first expression is multiplied by + 3z, the second
term of the second expression, and partial products written down so
that terms of the same powers fall in the same vertical columns ; and
so on. The sum of these partial products z*+x*—Tzx*+272— 30 is the
required product.

NOTE. The arrangement according to ascending or descending
powers of x is not necessary, but it is convenient for it malkes the
arrangement of terms of the same powers very easy.

EXAMPLE 2. Multiply x*—2x+5 by x*—38x+42.

Here the term in z? is missing from z® —2x45, hence to get terms
of the ,same powers in vertical columns, we leave a gap in the place
of 2*.
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[}
3 —2x +5
x?-3r+2
x® — 227 + 52
— 3z +06x* — 15
+2x? — 4x+10
23— 3zt +1122 - 192410

Hence the product is 2* —82% +1122% - 192+ 10.

EXAMPLE 3. Find the product of a®-4-4b?-4-9c¢? - 2ab— 6be — 3ac
and a-2b+3c. '

a®+4b* 492 — 2ab - Gbe — 3ac

a +2b 43¢
a® +4ab? +9ac® —2a2b - Gabe — Salc
—4ab* +2a?b - 6abe +8b7 4+-18bc* — 12b%¢
— 9ac? — Gabe+3a2e —18be? 4-12b2c+2%c?
a’ — 18abc +8b* . +27¢°

Hence the product is @? +85° +27¢? — 18abc.

Here when multiplving by . the terms are written in the order in
which they are obtained, but when multlplymg by 2b and 3¢, the terms
arc arranged so that like terms fall in the same vertical columns.

EXAMPLES XLVII

Multiply
1. 2x®*-3az+a® by —a*+3axr—2a’.
2. a*~-5a+06 by a-2+3as.
3. ?-2m®*—-n? by —1*-2m®—ns.
4. x—3+222 by 2—a° - 5z.
5. 4+43a*+a*+3a by 1-2a+a’.
6. k—l+m—ubyk—1l—m+n.
7. a*+a—-5b*+bbya®*ta+b>—0b.
8 a2*4y*4z—zy-yz—zx by a+y+z.
9. a®*+b"+3ab*+3a%b by a®—b*+3ab* —3a*b.
10. #?—yz+42® by ay—zz+yz.

=
=

abt+a+b+1byab—a—-0+1.
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12. a®+4b%+c*—2ab by a2 +b2 —¢?+2ab. b
13. a*+ab+ac+b*—bete? bya—b-c.

14. a®+4b%+c?—ac—2ab—2bc by a+2b+c.

15. a*®+4b%+9¢® — 2ab+8ac+0bc by a+2b—3c.

91. Consider the term 2z®. This can be written at

full length as 2xaxxzz and contains five factors represented
by letters.

Each literal factor of a term is called a dimension of
the term, and the number of these factors is ealled the
degree of the term.

Thus the term 2x° is said to be of the fifth degree. 1t 1s
also said to be of five dimensions in x. Similarly 2¢°b%c is
of the nineth degree or of nine dimensions in «, b, c.

NOTE. A numerical quantity has no degree.

92. The degree of an expression is that of its term
of the highest degree.

Thus in the expression z®+2z*—-Tx>+1, the first,
second, third and fourth terms are of the fifth, third, second
and zero degrees respectively, hence the expression is of the
fifth degree.

Similarly the expression zty?+ a2y +ay®+y? is of the
fourth degree in z, third degree in ¥, and of the sixth degree
in z and ¥.

93. Sometimes it is necessary to consider expressions
involving letters, in which some stand for fized values,
while others have different values. We have already seen,
letters which are supposed to be known are generally
represented by the first letters of the alphabet «, b, c,... ;
while letters which are supposed to vary in values are
generally represented by the last letters of the alphabet
Z, ¥, z... In such a case, @, b, c...- are called constants,
and z, ¥, 2,... are called variables.

In determining the degree of an expression containing
constants as well as variables, constant letters are mnot
counted ; thus az®+br+c is an expression of the second
degrée in z.
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Again, the-éxpression az?® + bz + ¢ contains a first degree
term, a second degree term, and a zero degree term ; such an
expression is called a general expression of the second
degree. Hence, to find a general expression, say of the fifth
deﬁree in x, we have to consider an expression in which all
the terms bedmnmﬁ with the fifth degree to the first degree
in z are present and there is also a term which does nob
contain z. For Instance, if @, b, ¢, d, e, f are constants, the
e\preszalon az® + bzt + cz® +d:z +ex +fls a general expres-
slon of the fifth degree, where a, b, c,... are the coefficients

of z°, z*, °,...

94. An expression is said to be homogeneous when
all its terms are of the same degree. Thus

(i) z+y is a homogeneous expression of the first degree
in z and ¥.

“a n 2 . .

(ii) =z?+a2y+y>?> is a homogeneous expression of the
second degree in z and .

(ili) a+2b+ 3¢ is a homogeneous expression of the first
degree in @, b and c.

(iv) a®+0®+c®-3abc is a homogeneous expression of
the third degree in a, b and c.

(v) ax®+bx®y+czy® +dy® is a homogeneous expression
of the third degree in z and w, but is a homogeneous.
expression of the fourth degree in z, ¥, ¢, b, ¢ and d.

Method of Detached Coefficients

95. When two compound expressions containing powers
of one letter only are multiplied together, the labour of
multiplication will be saved if we deal with coefficients -
alone. When this method is employed it is necessary that
both the expressions should -be arranged in the same order,
either according to ascending powers or descending powers
of the common letter, and =zero coefficients should be
supplied to represent terms corresponding to any mlssmd
power of that letter.
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EXAMPLE 1. Multiply 4a—2a®+5a° —3 by 6a -1+ Ta2.

Arranging both the expressions in descending powers of a and
proceeding in the ordinary way as on the left side below :

50— 2a¢*+ 4a — 3 5— 24+ 4— 3
Ta*4+ 6a — 1 T+ 6—- 1
352° — 14a* +28a? — 21a* 35-14428-21
30a% —124° +24a®* —18a 30—-12424-18
— 5a®+ 2a*— 4a+43- — 54+ 2— 4438
35a°* +16at +11a*+ 5a?—22a+3 35+16+114+ 5—22+43

Hence, the product is 35¢* +16a* +11a* +5a® - 22a+8.

The work has been shortened by delaching the coefficients, keeping
each in its proper relative place, as on the right side above. In
employing this method, which is known as the Method of Detached
Coefficients, when supplying the letters in the last step, it should be
remembered that the degree of the product is the sum of the degrees of
the given expressions, that is in the above example the degree of the
product is 342 or 5. Thus the highest power of ¢ in the product is
a®, and others follow in descending order.

EXAMPLE 2. Multiply a®+2a%—8 by a® —4a—3.

Here the term a is missing from the first expression. Supplying this
term with zero coefficient, we multiply a®+2a*+4+0a—8 by a®—4a—3,
and write down only the coefficients, thus

1+2+ 0- 8
1-4- 3
1+2+ 0- 8
—-4-— 65— 0432
— 3- 6— 0+24

1-2-11-144-324+24

Since one of the expressions is of the third degree and the other of
the second degree, therefore the product will be of the fifth degree.
Hence, the product is ¢® —2a? —11a® — 14a® 4-32a + 24.

06. The method of detached coefficients can also be
applied to mulfiply expressions which are homogeneous 1n
two letters.

EXAMPLE 1. Muliiply x°—2xy2+3y° by x? 4+ 2x?y—3y°.

Arranging the two expressions in descending powers of x, and writing
a zero“coefficient to represent the term containing z? missing from the
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first expression and a zero-coefficient for z missing from the second
expression, we proceed thus

1+0—2+3
1+2+0-3
1+0-2+3
2+0—4+6
—3-0+6—9

14+2—92—-44+64+6-9

Since each of the'given expressions is homogeneous and of the third
degree in @ and ¥, the product is also homogeneous and of the sixth
degree in 2 and . The first term has the highest power of x, i.e., a°,
and other terms follow in descending powers of x and ascending powers
of y, the last term has the highest power of ¥, i.e., ¥°. Hence the
product is x® 4+2x° y — 2t y* —4da’y* + 62y +Gay® — 9y°.

NOTE. The third line of multiplication is not written as all the
terms are zeroes.

EXAMPLE 2. Find the three terms of the lowest degree in the product
of 4x° 4+ 3x* 4+ x2+42x+1 and x* +x—-2.

As the terms of the lowest degree are required, we arrange the
expressions in ascending powers of x, and omit all the terms of higher
dimensions than 2.

1+2+1+40
~24140+41
—2-4-2-0
1+2+1

1..-
—2-3+0+2

Hence the required result is — 2—3x+22".

EXAMPLES XLVIII

Using the method of Detached Coefficients, find the product of

x? —2x*+3x—4 and 4a® + 1404 9.

zt — 2%y +3a2y® —22y° +y4 and z° 4+ 2zy+y°.
l-a2+x*—2z® and 1+a+a*+2°.
14+2x4+222+432* and 1 —2x+ 222 —32°.

x? +3zy+3xy® +y° and z* - 3z2y+3xy? —y°.

A .



METHOD OF DLETACHED COEFFICIENTS 187

1422+ 3x*+42* +529 and 1— 22422,
zf—a2i+r—1and 2 +2*+2+1.

¥ +82° +52* +3x+1 and x*—3x* +5x* - 8x+ 1.

2+ 22+ +42* —2x+1 and z° — 2 —1.

10. z*4a'y—z*y® —atyt —a2y  +ay’ +y° and 22 —ay+v°.
11, 2° —2x°y* 4+ 3xiy? — 22%9° +4° and x* +2x2y* 4+-y*.

© @ N o

Multiply
12, x®*—2x+1 by 2*+2x+F.
13. -t —ja+L by fa*+ix—1.
14. 32 —5xiy+tay®*+9y° by d2® —xy+3y°.
Find the continued product of.
15. x—qa, v*+ar+a?, 2 +a’.
16. =z —2y*, x® - 2ay+ 2y, 22 +2°%, x* +2xy+2y°.
Find the three terms of the lowest degree in the product of
17. 2*-3z%*—1and 2*+2x—3.
18. 2"—-82°43x—1 and z* —2¢+1.

Find the three terms of the highest degree in the product of
19. 5x°—42? 4382 and 2* +4x+6.
20. x°+32%-Te+6 and 32° —2? +52—4.

97. In Chapter VII, we have already given simple
cases. of division of compound expressions by compound
expressions. Here we will take up some harder cases of
division.

EXAMPLE 1. Divide x*—35x+x?—24x*+57 by x® —3+2x.

Arranging both the dividend and the divisor in descending powers
of x.

x2+2r—3)at+ 2’ —242*-352+57@* ~x—19
xt+22° — 322

—x®—21x* — 35z
—a'— 22°+ 3

— 1923 —38x+57
—19z% — 882+ 57

Y
Hence the quotient is 2* —x —19.
&

v

Fitk
i
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If we arrange both the dividend and the divisor in ascending powers
of x, the working can be arranged thus
— 54922 +x2)57— 852 — 2422+ '+t (—-19-24 22
57 — 38z — 1927
8z—. 5z + x°
Sx— 2x*-— 2°
— 3422+t
— 3r*+42z%+a?
Hence the quotient is —19—z+x?2.

The work ean be much shortened by using the method of detached
coefficients.

Arranging according to descending powers of x, we have
1+2—3) 1+1—Q4—35+57(1—1—19

1+2—- 3

—1-21-35

-1—- 24 3
~19-38+57
—19-386457

Now, since the dividend is of the fourth degree and the divisor of

tbe second degree, therefore the quolient is of the *second degree. -
Hence the quotient is x* —x—19.

Again, arranging according to ascending powers of &, we have

—3+2+1) M—35—-24+1+1 (—-19-1+1
57—-88-19 .
3—-54+1
3—2-1
—-34+2+1
—34+2+1

Hence the quotient is —19—x+x2.

EXAMPLE 2. Divide 28x! —xy?+13x?y?+15y1 by 4x*>+3y2+4xy,
by the method of detached coefficients.

Arranging both the divideud and the divisor in descending powers of

a, and supplying the term involving &° which is missing in the dividend
with zero coefficient, we proceed thus

4+4+3) 28+ 0+13—-1+15 (7-7+5
'284+28+21

—28—- 81
—28-28-21
20+20+15
_ 20420+15
Hence the quotient is Ta? — Tay+5y°.

v
Ry
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11 41 23 5

EXAMPLE 8. Divide éx* R +6 by _x~—éx+.1_
—a+ ) 2t 2o+ Sar - 22 +6(1 2%+
_" 5 _1.0 [}-";_2=.$_4X 3=£.2 ]
39, 1O:::+ 2:1 3.1 .Bw 3 reinbal
1.,87 , 93
% tg
— 1_3 B.a__3, _1.:;2,2=_ﬂixi__3£]
- Tt 4“’[ ¥ 73" 2 2t 4,
4z® — 52406

Q
PR + -;:‘_ 2_4 12x __G_
w I = 3 ¥ 2x* I

Hence the quotient is {z* — 22 +-6.

"EXAMPLES XLIX

(Most of the following examples may be done by the method of
Detaclhed Cocfficients)

Divide
1. a*+22*4-9 by z*+ 22+ 3.
2. ~10z2+9 by 2% —2x —3.
3.. z*~5x+4 by x* —2z+1.
4. z*—59x"—312*+9 by 2*+Txr—3.
5.- z*+4z*+48z— 32 by 2*+062*+8x—8
6. 1+2z—x?+5z° —x*—22° by 1—z+2°.
7. z°—2x*432¢ -5z +42*4+92~6 by z° —22*+3.
8. 4—1lax+20x* —80x°+20x! —11a® +42® by 1~2x+43x* —4a?.
9. z*—5x"y®—2*y” — 8xyt +4y° by 2?4+ 22y —1y*.

10. z2°42a”2? —da'z®+a® by 2° +2a*z+a’.

11. 2% —3z°y—2z'y®+1la’y® —9a*y? — day® +0y° by 2 —2xy* +3y°.
12. 3z —=3ia*+3x—§ by 32—1.

13. j2°+322 ~ e +3 by af —8a+41.

14. 2¢° —4a' + 42 ~%32® — 332427 by 3a® —2+3.

15‘.' 143y —Ltzt+3y* by 1+3a+3y. _

16. z%—32a2® —ja*z*+¥a’z—at by 22 —2ar+ia’.



190 ALGEBRA

Important Cases in Division

98. We shall now take up some important cases in
division.
EXAMPLE 1. Divide a®—27y° +8c® +18abc by a—3b-+2e.

Arranging both the dividend and the divisor in descending powers of
a, and placing the other letters in alphabetical order,

a—3b+2c)a® +18abe — 270 +8c(a* +3ab— 2ac+90* 4-6be+ 4c¢®
a® —-3a*b+2a*c '

3a%b—2a*c+18abe [arranging in descending powers of «]
3a%b—9ab*+ Gabe

—2a*e+9ab* +12abc
—92a%c + Babe—4ac?

9ab® + OGabe+4ac* — 2767 [bringing down
Qab* —2706° +18b%c  —27b°]

Gabc+4ac? —18b%¢
Gabe —18b%¢c+12bc*

4ac® —12bc*+ 8c® [bringing
dac® —12bc?* 4+ B¢® down Bc?}

Hence the quotient is a? 496+ 4¢* 4-3ab — 2ac+ 6be.
EXAMPLE 2. Divide x* —y® by x—y.

z -yt =y @t a2 y+ 22y ay® 4+
= x-ly

2ty
xiy—ziy*

xiy*
2y = 2y

L]

;r”y" 7 _
Byt -ayt X
:w*—\:y-"{ [bringing down — y*]
Layt =y '
Hence the quotiént is a2t 4+aty+aty+ay+yl. !

- e
' _1’5;
i
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99. In Article 41, Example 5, we have seen that in
a division question when both dividerid and divisor are
arranged in descending powers of some letter, if the highest
power of the letter in the remainder cannot be divided by
the highest power of the same letter in the dividend,
the division is inezact and cannot be carried any further.
But if both dividend and divisor are arranged in ascending
powers of the same letter, both the quotient and the
remainder will differ greatly from those obtained in the
previous case and the division can be continued indefinitely.

Now arranging both the dividend and the divisor of
Example 5, Article 41, in.ascending powers of x, we proceed
as below :

1-2z+2>1+22-3z>+ z®+2(1+4ax+42% + 523 + 72 .
1-2z+ z2
4z — 4z + z°
4x — 8z* + 42
4z* - 3z + .zt
4r? - 8z% + 4zt

5z° — 3zt
52% — 10z* + 5z°
Tx* - 5z°
Tzt — 142° + 728

9x® — Tz°

Thus we see that the division ean be continued indefinitely.
If we stop after five terms in the quotient, the quotient is
1+ 4x+4z® +52°+ 72*, and the remainder is 92° — 7z°.

EXAMPLE 1. Divide 1 by 1-+x fo four terms in the quotient.
1+2)1 (1—-z+4z*—-z°

142
-z
2
—z—a®
J;L‘.
242’
_a:u
__:u:l - ;L.-l
a:'l‘

Hefice the quotient is 1 —z+x* —2° and the remainder is z7.

%
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EXAMPLE 2. Find the value of a so that x*~x*+x*—x-+a may be
exactly divisible by x* +2x+3.

Dividing the first expression by the second,

a:2+23;+3)m*— a’+ a*— w+az? —3r+4

xt+22° +32®
—32? -2 —
—32*—=062* -9
4x* +8r+a
422 + 8z 412

a—12

Now, in order that the division may be exac!, the remainder must
vapish, i.e., ¢—12 must be equal to 0. Hence ¢=12.

EXAMPLE 3. What must be added fo x*—3x*+5x?—2x—-5 so that
the expression may be exactly divisible by x¥—2x+41 ?

Dividing the first expression by the second,

x®—2r+1)xt — 3z +52° - 2r—5(x* —x+2
rt -2 4 a?

— r¥ifdx?2 -2
— 2342 — o

2z*— 2»—5
2z —4a+2

3x—-T
Now, in order that the division may be exact, the remainder must

vanish, ¢.e., the dividend should be diminished by 3x—7, or increased
by —(8x—17) or —3x+7.

EXAMPLES L

Divide
1. 2°+y*—14+32y by e+y—1.
2. a®+270°—8¢®+18abc by a+3b—2e¢.
3. 2 +y'—2z"+8zxyz by 2 +y—=.
4. a’+80°+27¢*—18abc by a* +4b*+9c® — Gbe — 3ae — 2ad.
5. a(3x*+5y%)+2y(32% + 5y2) by a2+ 2.
6. )

Sx? —Tw*y+156xz* +2xy® —Oyz* by z® —ay+322.



MISCELLANEQOUS EXAMPLES II 193

P

7. z*—~y* byzx—y. 8. 2°+y° by xz+y.

9. z°—y°® by ? —2x%*y+2xy* —y*. 10. x°*4+064 by 2% —42*+8.
11. 2 —y° by o® +ay+y®. 12, z'*—y1? by 2 —y*.
13. a'?*+a"*—2Dbya’+ta®+1. 14. a*+2® by a+x.

15. 1 by 1—a to four terms.

16. 1 by 1—2z to six terns.

17. 1+ by 1—=z to four terms.
18. 1 by 1—a+a? to four terms.
19. 11—z by }—242? to five terms.

20. For what value of a is Gx*+a®—13x® —ax—2 exactly dnlslble
by 2x*+3x+1 ?

21. Find the value of a so that 2z*+2z° —112* +13x+a may be
exactly divisible by 2x* — 42+ 3.

22. For what value of p is ” +px+ 24 exactly divisible by a2 +4 ?

23. PFind, by division, what number must be added to Gx*—2?—
6x* +4 in order that it may be exactly divisible by 3z* +x—1 ?

24. Yhat number must be added to z*—2ux%—-4z*+192° -312+7
in order-that it may be exactly divisible by #®*—Tz4+5 ?

25. What number must be added to 18z°—9z°—29z%— 1152 — 70
in order that it may be exactly divisible by 3¢ — 5z —T7 ?

26. Divide the continued product of 1+4+x+y, 14x-%, 1-ao+y
and x+y—1 by 1+ 2xy—a* —y*.

27. Divide 2(14+*)(1+2*)+y(1+22) 1 +2?) +z(1 +a®) (1 +y2) +dayz
by 1+ay+ yz+zx.

MISCELLANEOUS EXAMPLES 1I

A

1. Add together Tax, x* +4a®, a* +axr—5a and a* —a?.
2. Express 345 algebraically when a=3, b=4 and ¢=5.

3. A man starts from O and first goes a—> miles east and then
a+b miles west. How far is he from O ?

4. Find the value of a*+b*+¢? —8abe, when a=2, b=3 and
=_5.
|

5. Simplify v —{v+(z - =+ 1)}.

6. A room is 10 ft. broad. If its length be increased by 3 ft. and

its breadth be decreased by 1 ft., its area would remain the sane.
Find ifs length.

13
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B
1. Add together a—32b,—2a—0b, 3a+2band ia+d.
2. Divide 8x*—82*—8z?+11x—3 by 2z*-3x+1.
3. Solve the equation

x

5 g T3\6"3)

4. Find the simple interest on Rs. z for y years at 2% per
annum.

_Bxt+1_z—13 2( 32

5. An article costs Rs. z and is sold at a gain of y%. Find its
selling price.

6. Show, on squared paper, that
(i) B—6=2, (ii) 8—6—4=-—2.

C

1. Subtract 3a—Ta®+5a*+1 from the sum of 24+8a%—a®* and
20—~ 3a*+a—9.

2. DMultiply 32% —ale—2) by a(x—a) —alx+3a).

3. What is the difference between 32 and xy, when' z=3 and
=27

4. Find the value of 24/ac—3 /ey + ~/b%c’, when a=—4, b=—3,
¢=—1, x=4 and y=1.

5. The arca of a rectangle is a®—9 square feet, and its breadth
is @ — 3 feet ; find its length.

6. A mother is 32 vears old and her daughter § years old ; in
how many years will the daughter's age be half of the mother’s age ?

D
1. Find the cost of

(i) a articles, when one dozen articles cost y rupees.
(ii) 2 articles, when z dozen articles cost y rupecs.

2. In an examination, Rama got 2x+y marks, Shyama x—3y

marks, and Gopal x+2y marks. What is the total of the marks
obtained by them ?

3. Tind the valuc of (x+y)*+(y+2z)2+(z+2)%, when x=-1,
yw=-2and z=13,
4, Divide Ge+12z* +20—3322 — 53" by 4x* +x—35.

5. A room is 2 yards long, y feet broad, and z feet high. How
many squave yvards of stones will be required to pave 1ts floor ? How
many square feet of paper will be required to cover its walls ?
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6. Show, on squared paper, that
(i) 2z+6x—4r=4u. (i} 2r—=G6x—d4r=—8x,
(1ii]) —2x—6x—4r=—122.
E
1. TFind the sum of 2a—{b—(2c¢—3d)}, 4a — (b—2¢) +4d and (a +2b)
—(2¢+34).
2. Solve (Tx—5)—(7T—5z)=(1—3z2) — (52 +8).

3. Find the value of a®+b*+c?*+2ab+2bc+2ca, when a=3,
b=5 and ¢=-8.

4. Divide 4a*+6ax®—z*—9a%z* by 3az —x*+2a*.
5. Simplify (a+b+c)—(c+db—a)+(atc—b)—(a+b—20c).
6. Distribute Rs. ¥ among three persons in the ratio 2 : 3 : 5.

F

1. Find the sum of (a+2) (a+4), (a+1)} (a—2), (a+1) {a—3) and
(e —1) (a+3), and find the value of the sum when a=—2.

2. The area of a rectangle is @* —y* square yards, and its length
is ¢ +y yards. Find ibs breadth.

3. Simplify 2—-[-2—{-2—-(—-92)}].
4. Solve {x—3) (z+8)—40=(x+4) (x—T).

5. A4's ageis a years, B's b vears and C's ¢ years ; what will be
the sum of their ages a years hence ?

6. Plot the following points and find the area of the triangle
formed by joining them :

(10, 5), (-5, 15), (10, 29).

G

1. Kailash is @ years old, and Prem is y years younger than
I{ailash,

(i) What is the sum of their ages ?

(ii) What will be the sum of their ages 15 years hence ?
(iii) What was the sum of their ages 15 years ago ?
(iv) What was the difference of their ages 15 years ago ?

2. Solve l+{=1_;'
x oy 2
I 1_1
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3. Divide 4ax? — 5az — 16bz+20b by ax —4b.

4. DMultiply the sum of 2x*—5x+4+6, 2*+4x+3 and —3z*+x+1
by 2* +z+1.

5. Simplify a—[a—b+a—{a—(a—b-a)}].

6. Plot the following points and find the area of the figure formed
by joining them :

(0, 8), (14, 8), (10, 0), (0, 0).

H

1. Subtract the sum of 2x®—5x—7 and ~3z*+4x+4 from 3x° —
3%+ (x—6) —{x* — (x—G)}.

2. Divide 6x°® —2*+42°—52% —x~ 15 by 22* — 2+ 3.

3. Solve "375x—1'875="122+1"185.

4. Find the value of i/a?+b*+c* ~2ab—2ac+ 2bc, when a= —1,
b=2 and ¢=3.

5. A man first walks a hours at the rate of x miles an hour, and
then & hours at the rate of ¥ miles an hour ; how far does he walk ?

6. Draw the graphs of the following equations and find, the area
of the triangle enclosed by them :

r=>5, y=8, x+y=18.

I

1. Express 23 algebraically, when =2, y=3 and z=4.

2. Divide 6a*+2%a® —28a®*+9a—4 by a? +5a—4.

3. Find the value of A/z®+22z+2? x{/3y?2—y°, when z=—4.
y=—3 and z=2.

4. Subtract x— [z—{z—(z—z—a)}] from a - [a—{a—(@a—a—wx)}].

5. A boyv, after spending } of his money in purchasing books, 1

~

of the rest in purchasing sweets, % of the rest in purchasing fruit, and
7 of the rest at the pictures, has Re. 1 left with him. How much
had he at first ?

6. Solve graphically the following equations :
6x+ 5y =00, Gx=dy.

J

1. Subtract the sum of 22 —3(x+2) and 2x—3(3—2?) from the
sum of 5x% —{x—2) and a? —2(x+1).

2. Divide 2*4+y* by x+y.

.
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x—5H x-3 Bbxr-—-3
3~ 12
4. Tabulate the values of the expression 2r?—5x—3, when x=
0,1,3, —3, —1.
5. Acandoa piece of work in 9 days, B can do it in 18 days, and

C can r_lo 5 of what 4 does in one day in the same time ; in how many
days will all three finish the work together ?

6. Find, by division, what number must be added to z*®— 2% —
427 +192% - 312 +9 in order that the expression may be exactly divisible
by 2°—~Tx+5?

3. Solve

TEST PAPERS

[Questions in (hese papers have been selected from the High School
Scholarship Examination papers of the United Provinces of Agra and
Oudhl}.

I

1. Simplify 3(a®—b*)— (2a* - 2{b* +ab+b(b—a+D)}].

2. Find the value of (a—c){a+c)—(a+c)?, when 3a+2c=45 and
8¢+2a=185. ) ,

3. 1If ais greater than 2b, find an expression which exceeds (a— b)
by as much as (a—b) exceeds b.

4. For what value of a is 6x* — 22?4+ 42* +ax+a perfectly divisible
by x* —a+1°?

5. Solve "T5x—'875+1=x—"25+'1252.

6. Divide 28 into four parts, such that if 2 be added to the first, 4

be subtracted from the second, the third be multiplied by 3 and the
fourth be divided by 2, the results are equal.

II

1. DPlot the points (0, 0), (0,—12) and (—6,-7), and find the area
of the triangle formed by joining them. Also show that the area of the
triangle forined by joining the points (0, 0},(0,—12) and (—6, 0) is equal
to the area of the above triangle.

2. Find the value of

5(a — b) — 2{3a—(a+b}} + T{(a — 2b) — (5a —2b)}, when a= —3b.

3. Multiply '3+ 2® by '2—2x and find the value of the product

when x="1.

4. Divide (a+b)* —8¢* by a+b—2c.

5. Solve 5x—4{8r—3(16 -6z —4 —5z)} =2 — (2 —51).
6. ,Find two consecutive even numbers such that one-sixth of the
smaller number exceeds one-seventh of the greater by 3.



198 ALGEBRA

ITI

1. Find the value of ¢ —(b—a)c® +(b—a)r?c—a*, when b=-c
=3 and x=1.

2. Express 527 algebraically when a=5, b=2 and ¢="1.
3. Simplify (x—1)(x+3)+5(r—4)2 - 2(x — 3)(x +2) — 2x(2x —19).
4. Solve (@—3)* —(r+9)(x—1)=5(2 —x)~13x.
5. Solve the equations
1°22 4Gy ="G,
Bx—"2y="01.

6. If the remainders ohtained by dividing a®+2e*+3a+r and
a®+a*+9 by a+2 scpavately are equal ; find the value of x.

IV
1. Subtract 3x* —Tx+1 from 2x?— 51 —3, subtract the difference
from 0, and then add the second difference to 2% — 2x? +2.

2. Find the wvalue of a®+b*4+¢*—3abc, when a='02, b="08
and c=—"1.

3. If 2¥42*—1322—381z+b is exactly divisible by 2?43xr+2,
find the value of b.
4. Solve 2(x+4)—"25(x—3)="2(r-1)+1.
5. BSolve 243 8-y 3lz+u)
5 4 8
6. A4 is 5 vears older than B ; 10 veats ago § of 4's age exceeded
3 of B’s age by 15 years ; find their ages.

v

1. Subtract 3a?—0*+4¢* from 0.

2. Find the value of 9v®*+0bc—20y, when »=0, y=4, b=3
and c¢=8.

3. Simplify {—a)2 x(—a)*+as.
4. Solve (r—3)*=a?+4x+29.

5. Solve the equations
4r+3=3y+2,
dx+4y=232.
6. Divide 57 into two parts such that the sum of one-third of the
first part and one-seventh of the second equals 11.

V1

1. Solve 3x(x+1)—2x(r—1)=z*+10.
2. Solve 5r—3y=18y—10x=10.
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3. For what value of z is {q:+3)(.z.:+ 4) equal to {(x+5)(x+7) ?

4. Find two numbers such that three times their sum is equal to
51 and their difference is equal to 7.

5. Sclve the following equations graphically :

Sx—3y=11,
2y —2x+4=0.

6. In an examination d got 11 marks less than B ; had 4 got half
as many marks more, he would have beaten B by 17 marks. Find the
number of marks obtained by each.

VII

1. Subtract 8r(x—1) from 16[1—a{l—-22(1—2)}+2*], and divide
the difference by (1 —2x)°.

2. Solve the following equation and verify your answer ;

or—~7_xr—1 Tx
3x+1- = __=-_- —_
¢ 178 '3
3. Solve the following equations graphically :
z+y=0,
4x+y=9,

4. What value of 2 will make the product of (42 +3) and (3z—4)
exceed the product of (6x+1) and (2x—3) by 9 ?

5. A boy's present age is 2 years. (i) What will be his age 8
vears hence ? (ii) What was his age 7 years ago? If hisage 8 years
hence equals four times what his age was 7 years ago, find his
present age,

6. A bill of Rs. 3. 3a. is paid in four-anna pieces and pice , the
sum of all the coins is 28, find the number of coins of each kind.

VIII

1. Find the value of ala®+bec)+0(b*+ac)—clc* —ab), when a="7,
b=="08 and ¢="78.

2. Simplify 24{r—3{x—2)Hx—3(z—-13)He— 2z -1} and subtract
the result from (v+4+2)(x+43)(x+1).

3—r 1/3-—-2x 2¢+3 (1 1+3J.‘)
. Sol ~3 = S -2 ).

3S°V623(4)7+42

4. Solve the equations

y—2_ . x+10 _
r—2 =5 d4dy- =3.
7 YT T
5. Solve the following equations graphically :
2+ y=0,

f

y=1(x+5).
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6. A man bought mangoes at the rate of 7 for 6d. ; had he bought
them at the rate of 13 for 1s., he would have spent 0d. more ; how many
mangoes did he buy ?

IX

1. There are 3xr+4y—z passengers in a train, of whom rx—y+2z
are in the first class and 2x+3y—=2z in the thivd class. How many
passengers are there in the second class? Find the number of
passengers in each class when x=45, y=36 and z=5.

2. Divide 10(x* — 2ax) — 8(ax — 4a*) by 2x— 3a.
3. Solve the following equations graphically :

=8, T4 ¥,
Y st

6
4. Solve ~g—a-'?—% (4x+2)= 51,___1;3
5. Solve the equations
LY _g M _F_g
6 16 12 9

6. A nailway train the speed of which is 40 miles an hour takes
2 hours less to complete a journey than another the speed of which
is 24 miles an hour ; find the length of the journey.

X

-3 9fr— 4G
:{’4‘3_ (13 7)+11_29 equal to 0 ?

1. For what value of z is

2. Solve the equations
(a4+d)x — (a— D)y=4ab,
(a+b)y—(a—blz= ab.

3. A man bought 4a sheep at the rate of 5p shillings a sheep and
5b sheep at the rate of 4¢ shillings a sheep; how many pounds did
he spend in all ?

4. Subtract the sum of the squares of (224 3y) and (2~ 3y) from
(3z—4y)(Be-4y) and find the value of the difference when x=6y.

5. A man bought oranges at the rate of 8d. per dozen. OF these
54 were spoiled and he sold the rest at the rate of 7 oranges for 5d.
and thus lost 2s. Gd. How many oranges did he buy ?

6. Solve the following equations algebraically and verify vour

answer graphically : i
r Y

1o+12 ’

5y =06,
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CHAPTER XIX

FACTORS

100. We have seen in Article 31 that the product of =
and y + 2 is oy +xz. Hence z and y +z are the factors of
the expression zy + zz.

Similarly, we have seen in Example 1 of Article 33, that
the product of e + & and ¢+ d is ac+ bc+ ad + bd, hence a+ b
and ¢ +d are the factors of the expression ac + be + ad + bd.

From the first example it is clear that in order fo
find the, produet of the expression ¥ + z and z, we muliiply
each term of the expression ¥ + 2z by z. Conversely, in order
to find the factors of the product zy + zz, we have to find a
quantity which divides each term of the expression zy +zz
exactly. In this case z divides both the terms of the
expression, i.e., z 18 common to both the lerms of the expres-
ston, hence x is one of the factors. Now, dividing zy +xz
by x, we see that the quotient is ¥ + 2, which is therefore the
other factor of the expression.

Wihen all the terms of an expression are exactly divisible
by a common factor, the expression 18 written down in the
form of the product of factors by dividing each term of the
expression by the common factor, enclosing the quotient within
brackets, and placing the common factor outside the drackets.

Thus, since zy + xz = z(y + 2),

z and y+z are the factors of zy+ 2=z,

Similarly 2z — 2y =2(z - %),

2 and z — ¥ are the factors of 2z — 2y,

And ab+actad=alb+c+d),

" @ and b+ ¢+ d are the factors of ad + ac+ ad.
134
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101. When an algebraic expression is expressed as
a product of factors, the process of determining these factors
is called resolu‘tion into factors or factorising.

From the examples of the previous article we see that
resolution into factors is the converse problem of multiplica-
tion. In multiplication, the factors are given and we have
to find the product, while in resolving into factors the
product is given and we have to find its factors.

EXAMPLE 1. [Resolve am4-an inlo factors.

Hecre a is common to both terms,
am~+an=a(m+n).

Hence, the factors of am +an are a and nz -+,

EXAMPLE 2. Resolve -0x— 9y anto faclors.
Here 3 is common to both terms,
Gx — 9y =3(2x — 3y).
Hence, the factors are 3 and 22— 3y.
EXAMPLE 3. Resolve a® —a?2 into faclors.
Here a* is common to both terms,
a’"—a*=a?(a—1).
EXAMPLE 4. Resolve a*bc+4-2ab?c+3abe? into factors.
Here each term of the expression is divisible by abe,
a*be+2ab?c+8abc® =abe(a+2b+3c¢).
EXAMPLE 5. Resolve Tahc® —14bc?+421be'x info faclors.
Here cach term of the expression is divisible by Tbe?,
Tabe* —14be®* +21bc x="T7b¢* (n —2¢+ 3¢ z).
EXAMPLE 6. Resolve —x*y*+-x*v®z-—-x*v*z* inlo faclors.
Iere cach term of the expression is divisible by — x2y*,
_l.-lyu +,’L""y"z— mayzzz — -—;I::"'y'-’(.rg —:rjz+.‘='3).
NOTE. The above results should be verified by removing brackets,

EXAMPLES L1
Resolve into factors

1. ab+ac. 2. ar—ay. 3. ay? -z 4. 3r48y.
5. Bx—06y. 6. axr+2e. 7. 3x—9x*, 8. atda
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9. z°—-2% 10. p‘—5p%. 11. a*—ab. 12. 5a®—25a2b.
13. 39-91z. 14. I*-6i2m*. 15. zy*z-—3y%. 16. —3a2+2a.

17. abec+bed. - 18, Imn-mpq.

19. Im*n? - Pamnt. 20. daz®* —6a?zt.

21. —2x%y+dxyc. 22. ab+ac—ad.

23. xy-—xz+ 2. 24. —al4+am—an.

25. *a® —zlab+leyab. 26, Imn®+lmi*n—1mn,

27. TPmn® —211%m2n 4+ 350m n?,
28. —ayz+tayz? —xyzatxtyz.

Factors found by Grouping Terms

102. In Example 1 of Article 33 in order to find the

product of a+ b and ¢+ d, we supposed ¢+ & to be equivalent
to z, then

(a+b)x(c+d)=xlc+d)

) =zc+ 2d
=(a+b)c+(a+b)d
=qc+ be+ ad+ bd.

Hence the product was ac + be + ad + bd.

Now to find the factors of the expression ac + be + ad + bd,
we see that the expression as it stands has no common
factor to all the terms, but if we notice carefully we see that
the first two terms have ¢ as a common factor and the last
two terms have d as a common factor. Iinclosing the first

two terms in one bracket and last two terms i1n another,
we have

ac+ be+ ad + b
= {(ac + be) + (ad + bd)
=cla+d)+dla+b)

=cz+dx [writing z for (a +b)]
=zlc+d)
=(a+b)c+a). [replacing {(a + D) by z]

Hence the factors are ¢+ 56 and ¢ +d.
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- NoTe. Itis not necessary to write = for (a+0b), for if we carefully
examine the expression c(a+b)+d(a+0d), we see that it has two terms
cla+0b) and d{a+b), of which (a+ D) is a common factor. Now dividing
the expression by (a+b), the quoticnt is (¢ +d}, which is the other factor
of the expression,

103. If an expression is given in such a form that
there is no common factor between its first two terms or
last two terms, it is necessary to re-group the terms so as
to reveal the presence of a common factor between the first
two terms and another common factor between the last two.

For example, in the expression ac+ bd+ bc + ad, there is
no common factor between the first two terms or the last
two terms, but if it is re-grouped in the form ac + be + bd + ad
or ac+ ad+ bc+ bd, the presence of common factors is at
once noticed.

NOTE. In the expression ac+bd+bc+ad, factors can also be
found by grouping together the first and third terms, and also the
second and the fourth ; or the first and the fourth, and the second and
the third, thus

ac+bd+bec+ad
=(ac+bc) 4+ (bd +ad)
=c(z+b)+d{a+Dd)
=({a+b)(c+d).
And also
ac+bd+bctad
=(ac+ad)+ (bd + bc)
=alc+d)+b(c+d)
=(c+d)a+Db).
EXAMPLE 1. Resolve ax—ay—bx+by info factors.
axr—ay—bx+dy
= (ax—ay)— (bx —by)
=afr—y)—dlxr—y)

=(r—y)a-").
EXAMPLE 2. Resolve x*—x*4x~1 inlo factors.
z?!—zttar-—1
=(x?—x*)+(v—1)
=x*(z—-1)+(x-1)



EXAMPLE 3.
ab*—1—p2

EXAMPLE 4.
ot ay+az

EXAMPLES LII

TRINOMIALS

+a
=ab?—-b>+a—-1

=(ab? - b*)+(a—1)

=b%(a—1)+(a—1)
=(a—1)(b2+1).

+ra+ya+za

Resolve ab®—1—b®+a into factors.

Resolve x® +xy+ xz+ xa+ va+za into factors.

=(x*+ay+az)+(va+ya+za)
=z{aty+z)+alz+y+2)

=(x+y+z)(x+a).

Resolve into factors :

L. mx+na+my+uy. 2.
3. cx+dx—cy-dy. 4.
5. a(l+m)+0b(l+m). 6.
7. ale+y)—bla+y). 8.
9. ablct+d)+a(c+d). 10.
11. a?*—-2xr+wxa—2a. 12.
13. ' 4y—-y*—1. 14.
15. 3r*+3r—Tx*-T. 16.
17. 3a®—-a*+3x—1. 18.
19. x*—yz~-y+asz. 20.
21. 31°+121—1* -4, 22,
23. cx+3y—cy— 3. 24.
25. a?be—a*b—c+1. 26.
27. ar+dr+dby+cytcr+ay. 28.
29. lr—mr+my+ny—nz—ly.
30.

ax®+ay® +32° 4+ 3y* +axy +3ay.

Trinomials

al = bl —am+bm.
3r—3y—axr+ay.
22 (I—m)+ (1—m).

205

2x{a® +52) — 3y(a® +02).

x*43x — 4 —12.
a+a*+a+ 1.
ab+a+b+1.

Gx® —Ta* +6x—T.
r*+artai+1.

a* —b*+a—b%a.

z® —xyzteiy—yiz.

a®—5a*—5a+25.

2a* 4+ Tbe— Tab—2ac.

ar*+ar+a+bx®+0x+0.

104. An algebraic expression consisting of-three terms

is called a trinomial.

We have seen in Article 43, that

(a+58):=a+b%+2ad,
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i.e., the square -of the sum of two quantities is equal to
the sum of the squares of the two quantities plus twice
their product. Hence, if we can express a trinomial in the
form of the sum of the squares of two quantities plus twice
the product of the two quantities, the expression is equal
to the square of the sum of those two quantities. Thus,

z?+6zx+9=(z)> +2x(3)x(z)+(3)*
= (z + 3)>.

Similarly ~
4z° + 20xy + 25y* = (22)% + 2 x (9z) x (5y) + (5¢)°
=(2z + 5y) 2.

And

1+1da+492=(1)2+2x (1) x (7a)+ (Ta)?
= (1+7a)>.

105. We have seen in Article 45, that
(0« —b)2=a>+b% - 2ab,

1.e., the square of the difference of two quantities is equal
to the sum of the squares of the two quantities minus twice
their product. Hence, if we can express a trinomial in the
form of the sum of the squares of two quantities minus
twice the product of the two quantities, the expression is
equal to the square of the difference of those two quantities.
Thus

z?—6r+9=(z%)-2x(3)x(z) +(8)*

=(z—3)?
Similarly
4r* — 20xy + 25y* = (22)* — 2 x (2z) x (5y) + (5y)°
=(2z - 5y)?
And

1-14a+49a>=(1)* -2 x (1) x (7a) + (7a)?
=(1-"7a)>.
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EXAMPLE. Find the square voof of (x+a)?+2(x+a)(x+b)+(x+Db)2.

Putting (z+a)=p and (z+b) =q,
(x+a)* +2(x+a)(z+ b)+ (2 +b)*

=p*+2pg+0°

=(p+q)? _

={(x+a)+(x+0b);* [replacing p and ¢ by (x+a) and (x+5)
respectively] .

=(x+a+z+D)*

=(2x+e+D)2.

Hence the square root=2r+a+0.

EXAMPLES LIII

What are the square roots of the following expressidns ? (Oral)

1. 24 2zxy+y°. 2. x*=2xy+y>. 3. z*+2x+1.
4. x*+dz+4. 3. z*—doy+4y. 6. a®+10a+25.
7. a*-12a+30. 8. 4k*—4k+1. 9. 9pi+6pr41.
10. 4zt +4ay* +9*. 11. 97 +G6i3p+p=2.
12, 4z +12zy+9y°. 13. 16z* —Sx2y*+y*.
14. 25y° +20yz+ 422, 15, 49p* —70p2q¢° 4+259°¢.
16. G4a2b2—10ab+1. 17, 14220m+1212%m3,
18. a2*+a2+%. 19, a°—-%a®+3.
20. 49a7b' +28ab*c® +4ct. 21. (p4q)*+2(p+q)+1.
22. 9+G(m —n)+(m—n)*, 23. (a4y)*—4(x+y)z+422.

24. (a—0)*—-10(a—D)c+25c*.

25. (x+y)*+2{e+y)a+b)+(a+D)*.
26. (I—m)?—4(l—m)(p—q)+4(p—q)?.
27. 4{z—y): -1z —y)y— 20+ 9y — 2)°.

106. Trinomials of the second degree in which
the coefficients of the highest power is unity. DBy
multiplication we have

(x+2)zx+3)=2>+22x+3x+6=z>+5z +6,
and (z ~ 2z -3)=2>-22-83z+06=x>—-52+6.
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From the above results we see that in the products,
(irrespective of the sign, positive or megative), which 1s t_he
coefficient of z is equal to the sum of 2 and 3, and 6 which
is the third term is equal to the product of 2 and 3. Hence
to factorise z°+5z+6 or &* — 5z + 6, we have to find two
numbers whose sum is b and product 6. These numbers are
2 and 3. Now writing (2 + 3) for 5, we have

22 +ox+6=z>+(2+8)z+6
=z +922+3z+6
= (z® +2x)+ (32 +6) [enclosing the first

two terms and the last two terms within brackets]
=z(zx+2)+ 3(zx+ 2)
={z+2)(x+ 3).
Similarly

r?—5z+6=z>-(2+3)x+6
=z2*-2x—-3z+6
=(z%-2z)~- (82 - 6)
=x(z—2) - 3(x—-2)
=(z—-2)(z-3).

Hence, we see that in order to factorise a trinomial
expression of the second degree, in which the coefficient of
the highest power of a certain letter is unity and the third
term which is constant or of the lowest power of that letter
is positive, we find two nwmbers whose sum (irrespective of the
sign) 1s equal to the coefficient of the second term and whose
product is equal to the third term or the coefficient of the
third tern.

EXAMPLE 1. Resolve x*+9x+ 14 into factors.
Here we find two numbers whose sum is 9 and product 14, Thesc
numbers are 2 and 7, therefore writing (2+47) for 9, we have
22490 +1d=2*+(2+7)x+14

=2*+2r+Te+14
=(v?422)+(Tx+14)
=x(x+2)+T(z+2)
={x+2)(x+7).
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EXAMPLE 2. IResolve x®—9xy-+8y? info ﬂwtm's..

Here we find two numbers whose sum is 9 and product 8.

numbers are 1 and 8.
z? —~9ry+8y? =22 - (1+8)xy+8y*
=x?—ay— 8xy+By?
=(z* —ay) — (8zy — 8y*)
=z(x—y) —8ylz—1y)
=(z—y)z—8y).
EXAMPLE 3. Resolve x*—11x%4-30 info factors.

209

These

Writing ¥ for x*, the expression is equivalent to ? —11y4 30, which
1s a trinomial of the second degree. Now we find two numbers whose

sunl is 11 and product 30., These numbers are 5 and G.
y* —11y+4+830=y*—(5+6)y+30 '
=y — 5y — 6y+30
= (y* —5y) — (Gy—30)
=yly—5)—06{y—5)
= (y— 5}y —0)
. ={z*—5)(x* —6), writing x> for y.

NoTE. It is not necessary to write % for x* ; z! may be regarded

as the square of x*.

EXAMPLE 4. Resolve x*+ix+} inlo factors.

Since }+31=3 and 3 X i=1,

a? 4 ixt =2+ (3 + e+
=g+ iz+iz+i
=(z*+ )+ Gz +i)
=z(r+3)+ iz +1)
=(x+De+1).

{x
a+b)x+ab info factors.

——

EXAMPLE 5. Resolve x*—

Here we find two quantities whose sum is. ¢+& and product ab.

These are @ and b.

x? —(a+d)xtab=a*—ax—br+ad
=(x?* —ax)— (bx —ab)
=a{ax—a)—blr—a)
=(x—a)(z—1D).

NOTE. It is clear [rom the above examples that if the coeflicient of
the second term of a trinomial is positive, the second terms of the
factors care also positive, and if the coeflicient of the second term is

negative, the second terms of the factors arve also negative.

14
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EXAMPLES LIV

Resolve into factors :

1. z2*+06z+8. 2. a*+Tz+10. 3. a*-—Tr+12.
4. 2*+4Tx+6. 5. a*—8z+T. 6. a*-—5a-+4.

7. a*+9a+14. 8. #»*—-9y420. 9. 72—10k-+24.
10. x?—10x+421. 11. x*-10x+9. 12, 2? —10x+25.
13. 7*+201+96. 14. . a®* +Tax+122%,. 15, a*—-8xy+7y°.

16. 2*—222y+120y%. 17. a®+24ab+1430%. 18. a2*y*+9ay+18.
19. ¢*d® —14ed+40. 20. p*¢®—18pg+17. 21. 21+10x+a*.

22. 17-18x+=2*. 23. 96-—20n+n®. 24. 49—14a+a®.
25. a*+418a*+405. 26. a’+12:*4+35. 27. a*+12a*+11.
28. a'+25a6*+136. 29, c®—10c¢*+425. 30. a*+ax+i.

31. p*—p+1. 32, y*—3y+i. 33. 4+iy+d.
34. x*4iax+b. 35. z*+{(a+d)x+ab.

36. x*—(l+m)xe+lm. 37. ¥ —-(2a+D)y+2ad.

38. y*+(2a+30)y+0Gabd. 39. a?—(p+5g)x+5pg.

40. a4 {m*+njr+m*nz, .

107. By multiplication we have
(z-2Mz+5)=2"+bzx—-2—~10=x>+3z - 10,
and (z+2){zx—-5)=2-5z+ 2z~ 10=2z" - 3z — 10,

From the above results we see that in the products, 3
(irrespective of the sign, positive or negative), which is the
coefticient of z 1s equal to the difference ot 5 and 2, and 10
which is the third term 1s equal to the product of 5 and 2.
Tlence, to [actorise z% + 32— 10 or z° — 3x — 10, we have to
find two numbers whose difference 1s 3 and product 10.
These numbers are 5 and 2. Now writing (5 —2) for 3,
we have

z°+8z-10=z>+(H—-2)z - 10
=2+ 5z — 2z — 10

=(z” + 5z) — (2z + 10) lenclosing the

first two berms and the last two terms within br-a,ckets]
=z +5) - 2z +5)

= (z+5)(z - 2). “
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Similarly
z?—38z-10=2>-(5-2)z- 10
=z2?—-52+2zx— 10
= (z? - 5z) + (2z - 10)
=z(z - 5)}+ 2(x - 5)
= (z - 5)(z +2).

Hence, we see that in order to factorise a trinomial
expression of the second degree, in which the coefliicient of
the highest power of a certain letter is unity and the third
term which is constant or of the lowest power of that letter
is negative, we find two numbers whose difference (irrespective
of the sign) is equal to the coeffictent of the second term and

whose product s equal to the thivd term or the coefficient of
the third term.

EXAMPLE 1. ZIResolve x*4-5x—14 inlo factors.

Here we find two numbers whose difference is 5 and product 14.
These numbers are 7 and 2, therefore writing (7 —2) for 5, we have

2?4 5r—1d=2*+(7T—-2)x—14
=z*+Tr—2x—14
=(x*+Ta) — (22 +14)
=z(x+7)-2x+T)
=(x+T)(x—2).
EXAMPLE 2. Resolve x* —2xy—33y* inlo faclors.
The two numbers, whose difference is 2 and produet 35, are 7 and 5.
a?—%xy— 35y* =a?* —(7T— 5y — 35y
=x? —Try+ 52y — 35y
={x2 - Tay)+ (5ry — 85y%)
=a(e~Ty)+5ylx —Ty)

= (.L' - 'fy)(b"l- 5.’)‘)

EXAMPLE 3. Rlesolve x*+lix— wnlofaclors.
Sinee 3 — Y=} and } x =4,
et —ly—l=a4(i—t)x—1
=x*+le—ir—i
=(x*+iv)— (lz+ :)
=x(r+d) - atl)

={r+{z—1).
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LEXAMPLE 4. Resolve x* —(a—b)x—ab into factors.
The two numbers, whose difference is (@ —0b) and product ad, arc
e and .
z?—(a—0)x—ab=x*—ax+bx—ab
=(2? —ax)+ (bz — ab)
=gz{r—a)+blx—a)
=(z~a){z+).

EXAMPLES LV

Resolve into factors :

1. a?+z-—12. 2. zt~-z-2. 3. xz*—-2x-3.
4. 2x*+2-06. 5 xz*-—x—0. 6. y*+2y—063.
7. y*—y-—"T2 8. a’+a—56. 9. a*—4a-177.
10. z*+10xr—24. 11. &% —-206—21. 12, ¢*—%Fc—T78.
13. z*4+2ra—15a*. 14. 2°—-3xa—28a®. 15. z?—ay—30y°.
16. 1*4Im—110m=. 17. 2*y* +day-
18. c¢*d*—3ed~T70. 19. a®b*—8ab—48.
20. a®2®*+2ax— 35. 21. «a*b*—babe— 36c?.
22. a,-—‘)':J-—(BJ‘ %, 23. a*-3xzpg* —10p=¢*.
24. z*—ita-—1. 25. a*+la—1%.
26. nr— - . 27. z*+(a—V)z—ab.
28. 2*—(l—m)x— lm. 29. y*—(a—20)y—2ab.
30. #*—(3a—2b)y—Gub. 31. 2°—(2p-5g)z—10pq.
32. z?-2z%-3. 33. a1-4x®-5.
34. a*—a*-6. 35. yrt—-y*-2.
36. a'43x*-10. 37. xl4-22%y* -8yt
38. I*+20%m®—03mt. 39. pi-=5p*gt—G6Ggl.

40. a®+06a®—10.
Difference of Two Squares

108. We h"we seen 1n Article 47, that
- b2 =(a+b)(a—-b),

the difference of the squares of two quantities is _equal
to the product of their sum and difference.
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Hence, an expression which is equal to the difference of
the squares of two quantities can be resolved inio two factors,

one s equal to the sum and the other to the difference of
those quantities.

For example
1) z°-9=2>-3%2=(x+3)(z - 3).
(i) 362% - 25y* =(62)* - (5y)% = (6z + 5) (62 — 5y).

L 252 2(@)2_ 3 =(§_33 )(5:1:_
(1ii) 40 : (1) 7+1 = 1).

EXAMPLE 1. Resolve (x+7¥)2—(a—hb)? inlo factors.
Regavrding (x+%) as one quantity and (@ —b) as another, we have
(@+y)* — (@~ b ={{x+y) +(a—)Hz+y) - (e— D)}
' =(@+y+a—b)(z+y—a+b).
EXAMPLE 2. Resolve 4(a4Db)2—9(a— h)* into factors.
a4+ 0)2 - a—0)*=/2(a+b)}2 — {3(a- b)}2
. ={2(nc+2) +3(a— b)}{2(a+b)— 3(c — 1)}
=(2¢+ 20+ 3¢ —30)(2a + 26 — Ba+3D).
= (5a — b)(— a+5b)
= (50— b) (55— a).
EXAMPLE 3. Resolve x*—16y* inio factors.
2 — 1051 = (x2)2 — (49/%) 2
=(z® +dy*Hz* — 49%).
Since x* — 4y =(z42y) (2 —2y),
2 — 16y* = (z* +4y*)(z +2y)(z — 2y).

109. Sometimes by suitably grouping together terms,
compound expressions can often be expressed as the difference
of two squares, and then can be resolved into factors.

EXAMPLE 1. Resolve a®*+2ab+b®~—x? info factors.

The first three terms of the expression form o perfecet square, hence
writing themn within one bracket, we have

a® +2ab+ 0% —z* = (a* 4+ 2ab+b*) — x*
=(a+b)*—a?
[Regaxrding («+-b) as one quantity]
={{a+0)+z}{(a+b)—-=}
=(a+db+z)(a+b—=z).

7
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EXAMPLE 2.

Resolve

12ab +2cd —¢2
12ab4+-2¢cd — > —d* +4a® +9b*

ALGEBRA

—d? 44a2 +9b* o factors.

=402 +12ab+9b* —c* +2cd — d*
=(4a® +12ab+9b%)

[

(c—d)}{(2a 430} —
+3b+c—d)(2a+3b—c+d).

EXAMPLES LVI

- {e*—2cd+d?)
(204 3D)* — (c— d)*

={(2a+30) +
(2a

(c—d)}

(Eramples 1 to 20 may be atlempled orally)
! f g,

Resolve into factors :

Noe e

10.
13.
16.
19.
22.
25.
28.
31.
34.
37.

40.

43.

46.

49,
52.
35.
57.

=02,
ri—4,
Q-2
a?—dy*.
100x* - 1.

1447%2 — 16912,

81— 23a%y°.
1t —1.
pt—106gt.
t?—100xt.
10000z — 1.
12112 — p2qt.
atbll — 3,
.
/A
252
16
_ 25a”
ST ER

41-
9:;*

{a—D)* =4z,

(a—0)*—-1.
(e45)2 = (
(a+0)*—(a—

a+br

2. x*—y?.

5. a*-—16.

8. 36-ns.
11. 12 —49m*.
14, 41* —9m?*,
17. 04a®b*-1.
20. 235-—4m*n?.
23. 1—a’.

26. 106ai-— b4,
29, Sla*-101.
32. G25—y".
35. pigt—drist.
38. -2,
41, 22—
aq. 109 _g
25
4x* 402
g foe
50. a*—(y+2z)*
53. 1—-(I—m)>.
56.
58.

3.

6.

9.
12.
15.
18.
21.
24.
27.
30.
33.
36.
39.

42.

45.

48.

31.
54.

(x—)* —

a2 =1
16—a*.

p* =121,

412 —1.

25¢* — d*.

a*b? — 04,

xt — ot

it —4m?.
25a* —9b*.
Gda® — D+,

81lxt —25Gy*.
y® — 4210,
400 — b1,

47
9

— 95,
S

¥ b
(a+0)%—c*.
x?—(y—2)*.

dm* — (n+p)°.
(a—b)*.

(4~ )2 —(a+b)?
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59. (2x43y)% - (2x - 3y)2. 60. (2a+3b)2— (5a-+4D)2.
61l. (rx+1)*—(x—1)2. 62. (ab-1)*~(xvy+1)°.
63. (v+y+2)?—(a+d+c)?. 64. (z+y+2)*—(z+y—2)2.
65. (a:—g;—z)f—(:c—g/+z)3. 66. (a+b--c)2—({l—m<n)2.
67. 4{a—0)*—-9(c—d)2. 68. 49(a+D)* - 16(c+d)*.
69. 25(e+b—-c)*—1. 70. 100(a+b-c)*—(x—y+2)*.
71. 36(z+y+z)*—-121(z~-y—2)2. 72. (x-+1)2-1.
73. (x+13)*-1. 74. (z— %) -1
75. (y+3)*—1. 76. (y+1)2—-%.
77. (ab—#)2-4. 78. (k—31)2—- 3813,
79. (411—2'—;({)4——‘;2. B0. z*42xy+y*—-a.
81. 2% —-2ay+y*—2. 82. «a®—2ab+0b*—c*.
83. IP+dlm+dm* —ns. 84, a?—z*—-2ay—¥*.
85. 2*—-a®+2ab-0b". 86. 16a® —=x* —4ay— 412,
87. 9a®—G6ab+b*—Slc®. 88. a*+2ab+0b%—2*- 22—y,

89, I2—2lm+m—p*+2pq—q*. 90. a*—a®-02+y* - 2zy+2ab.
91. a*+0*—c*—d*—2ab—2cd. 92. 4a*-25z°+10x-1.

110. Trinomials in which the coefficient of the
highest power is not unity. The method of factorising
trinomials, in swhich the coefficient of the highest power
1s not unity, is the same as that of factorising trinomials In
which the coefficient of the highest power is unity, the only
difference is (when the trinomial is arranged in descending
powers of a certain letter) that the coefficient of the first
term is multiplied by the third term or the coefficient of the
third term (irrespective of the sign, positive or negative),
and if the third term 1s positive, we find two {actors of this
product whose sum is equal to the coeflicient of the second
term, and if negalive, we find two factors whose difference
is equal to the coeflicient of the second term, and then
write the sum or difference of these two factors in place of
the coefficients of the second term and then proceed as in
Articles 106 and 107.

EXAMPLE 1. Resolve 6x*+13x+45 1o factors.

Multiplying 6 the coefficient of &*, by 5 the third term, we get the
product 30. Since the third term is positive, we find two factors of 30
such that their sum is equal to 13 the coefficient of the second term.
Thede factors are 10 and 3,
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G6x?+13x+5=062*+(104+3)z+5
=0x%+10x+3x+5
= (6x2 +10x)+ (8x+5)
=2x(3x+5)+(3x+5)
=(3z+5)(22+1).

EXAMPLE 2. Resolve 6x*—Tx— 5 into factors.

AMultiplying 6 the coefficient of 22, by 5 the third term, we get the
product 30. Since the third term is negative, we find two factors of 30,
such that their difference is equal to T the coefficient of the second
term. These factors are 10 and 3,

Gx?—Tx—5=02*—(10—3)x-5
=6x*—10x4+32—5
= {Gx? —10x) + (32— 5)
=2v(8x—5)+ (32 - 5)
=(3x—5)(22x+1).

EXAMPLE 3. Resolve 5x*— 31xy+30y* info factors.

Multiplving 5 the coefficient of the first term, by 30 the coefficient
of the third term, we get the product 150. Since the two ‘factors of
150, whose sum is equal to 381 the coefficient of the second term,
are 25 and 0,

5% — 31y +30y° =52 — (25 +06)ay -+ 30y
=522 — 252y — Gy +30y°
= (522 — 252) — (Gxy — 3042)
= 5x(x— 5y) — Gy(x — 5y)
= (v —5y){(5x—Gy).

EXAMPLE 4. Resolve 10(x+y)* +99(x+y)xy — 10x2y2 into factors.

Writing p for (x+y) and ¢ for ay, we have
10(x41)* +99(2 4+ ) ay — 1022 y*
=10p2 +99pq — 10¢®
—10p* + (100 — 1) — 104*
=10p* +100pg — pq—10q*
=(10p2 +100pq) — (pq +109*?)
=10p(p+10q) — g(p-+10q)
=(p+10g)(10p~¢)
[Replacing p by (¥+) and g by 2y)

={(x+y) + 100y {10{x+ 1) — 2y}
= (e +y+10xy)(102+ 10y —2y).
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EXAMPLE 5. Resolve acx?+(bc—ad)x—bd into Sfactors.

Alultiplying ac the coefficient of x?, by bd the third term, we get
the product abed. Since the two factors of adbed, whose difference is
equal to be—ad the coeflicient of the second term, are be and ad,

ace® +(be— ad)x — bd = aca® +bex —ada — bd
= (acx® +bex) — (adx+ bd)
=cr(axr+b)— d{ax+b)
= (ax+b){cx —d).

A’ EXAMPLES LVII
Resolve into factors :

1. 2x*4+52+42. 2. 2¢*+3a+1. 3. 2a*+a-—1.

4. 2a*—a—1. 5. 3y*45y+2. 6. 2y*—-3y-—2.

7. Sy*—12y+4. 8. 3a*—Ta+t2. 9. 3x*—-dx—4,
10, 2m24+19m+9. 11, 2m2*+9m+10. 12. B8a*-—1le+6.
13. 12z —ax—20. 14, 4x®*—182—12. 15. Gx*-23x+7.
16. 3k*-—-13%k+4+14. 17. 4Kk*—8L+8. 18. 2b*-5543.
19. 2b%+5-298. 20. 8n®+Tn—0. 21. Gn2+35n-+44,

22. 14c*+29¢—15. 23. 49¢*+21c+2. 24, 5+11y+2y2.
25. 38-—-8Bz+4a®. 26. G6+1Tx+5a2. 27. 20—41a+20z%.

28. 15-1lv+22%. 29. 8—11y+Gy>.  30. 12-25:412:%.
31. 8+z—Tz2, 32. 12x*+8ry—135y*. 33. 22%*-—5xy—3y*.
34. Ga—Txy+2y%. 35. 2*41lay-21y*. 36. Ta®+Gadb—16D2.
37. 10a?—13ab—9b2, 38. a*b*+4+4adb—060.

39. a*br-ab-—92. 40. 32x*y® —Sday—135.

41. 20x%*y* —9%xy—20. 42, 154 xy—22%y2.

43. 2xi4T2*43. 44. 3Bxt4Tx*42.

45. Bx1-20x*-17. 46. Hxt—412*+8.

47. OGz*—132%45. 48. 21x*-1012°+88.

49. T(a+b)*+48(a+b)adb—"Tab".

50. 3{a+d)*+5(a+b)adb—2a%b3.

51. Ga*+Ta{b+c)—3(b+c¢)>.

52. 8(z+y)2—7(er+y){a+d)—6la+b)?.

53. 2(v+y)*+He+y)(e-y)—-8(x—-y)2.

54. axz*+ (ac+D)z+ be.

55. ax?+(ac—>blx— be. 56. Inx*+(l—mn)x—m.

57. pga*—(p4+q)r+1. 58. «aba*+(3a+2b)x+0.

3. acr?+(bctad)x+bd. 60. Inx*—{lp+mn)ry+mpy?.
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Sum and Difference of Two Cubes

111, By actual multiplication, we have
(a+b)(a®—ab+b*)=a®+0°,
and (a—-0)Na®+ab+b2)=0a3-0%,

Hence, we see that an expression which is equal to

(i) the sum of the cubes of two quantities can be
resolved into two factors, one of which 1s equal to the sum of
the two quantities, and the other is equal to the sum of the
squares of the two quantities minus their product ;

(1) the difference of the cubes of lwo quantities can be
resolved into two factors, one of which s equal to the
difference of the two quantities, and the other 4s equal to the
sum of the squares of the two quantities plus their product.

For example,
z*+S8=a"42°
=(x+2)(x?—axx2+22)
=({x+2)(z*—2x+4) ;
27Ty — G4 =(Bay)* — (4)°
=(3xy — 4){(Bxy)* + (3xy)(4) +(4)*}
={3ay— 4)(9229* + 122y +10) ;

(-2 ()
‘l?/‘ id)(a, ! I T_)

EXAMPLE. Resolve (a+b)*+(x—v)® info factors.

Writing p for {(@+0) and ¢ for {(x —y), we have
{a+b)" +{x—y)*

=p*+q°

=p+a)(p*-p2+9°)
{a+b)+(z—y)iilet+0)* — (a+0) (= —m) +(x—u)*}
(a+b+x—y){a>+2ab+02 —axtay+by~br+z® - 2y+#?)
(a+b+x—p)(a?+b2+2?+y*+2ab— 22y — ax+ay— br+by).
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EXAMPLES LVIII
(Examples 1 to 31 may be taken orally)

Resolve into factors :

1. a®49°. 2. at—yt. 3. z'+4+1. 4. x*-1.

5. at—-y°. 6. Sa"+1. 7. a®—8. 8. 2%7a°®-—1.

9. 8a°+27. 10. 272*-8. 11. =a®-—8y°.
12, Géa® +27a’. 13. «®—1000x>. 14. 125+p7g”.
15. Sa®+27x°. 16. Oda?y®—~1. 17. 3430%m° - 1.
18. §4720x"y°, 19. 1000a®*—29b%c"d*. 20. a¥y®z®-—27.
2L, (2ay)*—125. 22. (3pg)*—848. 23. a’ +31,5.
24. a"‘—l——l—u. 25. cc‘*——1;. 26. .1‘-“+—8:l.

@ @ @
1 1 o 64 o
27, o 28. -5 29. -2
30, wbi_2 gy @b, OF 32. (a+b)*—c’
s C iy 8 ath®

33. c*—(a—-0)". 34. DPmP4+(14+m)s.
35. (2a+3y)¥—8y°. 36. 8xr'—(2x—w%)".
37. (x-9)°—(z+p)°. 38. (¢+1)°—(x—1)".
39, (p+2¢)*—{p—2q)°. 40. a°4-y°.
41. a°+1. 42, 1-—a°.
43. a®-0". 44, 2°—T729.

Method of Completing the Square

112, 'We have already seen that
a’ +2ab+ 0% =(a+D)?,
and a®> —2ab+b>=(a—-b)".

That is, a trinomial is a perfect square of the swm or
difference of two quantities, if two of its terms are perfect
squares of those quantities with their signs positive and the
third term is equal to twice their prodacct with the stgn positive
or negative.

If a trinomial is not a perfect square, it can be made into
b . . .
a perfect square by adding or subtracting certain terms to
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it. Thus, the expression a¢?+2ab or a? — 2ab, in which the
coefficient of a? is unity will become a perfect square if b*
(i.c., the square of half the coefficient of @ irrespective of
the sign, positive or negative) is added to it. Similarly,
2+ 10z will become a perfect square if we add the square
of half the coefficient of z, Z.e., (%)% or 25, for then the
expression

=2 +102+25=2>+2x5xx+52=(z+5)2.

In order to make 16z® — 24z a perfect square, in which"
[ 2] . . - =
the coefficient of 2~ 1s nof unity, we write the expression
thus :

162% — 24z = (4x)% — 6(4x).

Now regarding {4z) as one quantity the given expression
can bhe made Into a perfect square, if we add the square of
half the coefficient of (4z) i.e., (8)% or 9 to it, for then the
expression

= (42)% — 6 x (dz) + 9 = (42)2 - 2(42)(3) + (3)2 = (42 — 3)°.

EXAMPLE. 1. What should be added to 9x*—30xy fo make it a
peifect square ?
9x? — 80xy=(32)% —10y(32).
The given expression can be made into a perfect square, if we add the

Zz
square of half the coefficient of (3z) i.e., (1?—” or 2542, for then the

expression
=(32)? —10y(82) + 25y
=(32)* — 2(32}(5y) + (6y)*
=(3x—5y)2.
EXAMPLE 2. TWhat should be added to x*+y* {o make it a perfect
square ?

Since both the terms of the expression ave perfect squares, the third
term will be equal to twice the product of their square roots with the
positive or negative sign. Ience, the expression will be a perfect square
if +22%y% or —2x*y* be added to it.

113. Sometimes when the factors of a trinomial cannot
be easily found by inspection, we find its factors by expres-
sing the trinomial as the difference of two squares by the
meﬁzlod of completing the square explained in the previous
“article, )
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EXAMPLE 1. Resolve x*®—T7x+12 info factors.

TMirst complete the square of z? — 7z by adding (3)2 to it. Now in’
order that the expression may remain the same we also subtract (3)*
from it. Hence we have

x?—-Te+12=a*—Te4(3)* —(3)* +12
=x*—2.42+(3)*—1
=(x—3)*—(3)°
=(r—i+i)le—3-3)
=(z—3)(x—4).

EXAMPLE 2. Resolve 9x?+12x— 5 into faciors.
Ox2 4+ 122 < 5=(3z) >+ 4(3x) -

=(3x)* +2(32)(2)+(2)* - (2)* -5
=(3z+2)*—9 :
— (32+2)7 - (3)?
=(3z+2+3){3z+2-3)
=(3z+5)(3z—1).

EXAMPLE 3. Resolve 143x® —149x— 184 anfo factors.

Here ik is not easy to find two numbers by inspection whose product
is cqual to 143 X184 4.e., 26312, and whose difference is equal to 140.
Moreover the first telm is not a perfect square. In such cases we
proceed thus :

14327 — 1497 — 184 =143 (a, _ 149, 184

1437 143
_14a (g2 140, (140 (149 1§§}
{ 148" 286) 286/ " 143

986 81796 |
—1 [( 149) (@ *
t\* " as6 ‘)30) J

149 357 149 _ 357
—=143{ »— acd _ oo
43("‘ zsa+oso)( 38G 286

_ 208\ /. _ 506
_143(“ zscs)("‘ 286
s 93
=148(x+ 2 Y2 -2
1 3(1,+ )(q, 2
= 11(m+ 13 23
B ) ( 13)

=(11x+8)(18x - 23).

{( 149\2  197449)
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EXAMPLES LIX
(Bramples 1—30 may be taken orally)

What should be added to the following expressions to malke them
into perfect squares ?
1. z*+2z. xr?—2z. 3. 2?44 4. 2*49.
5 ax*—z+1. 6. x40 7. z*+0x+7. 8. =2*4100.
9. x2414x. 10, w2-152. 11. 2422y, 12. a?-—4ab.
13. a*+2ab. 14. a*+3ab. 15. a®-5ax. 16. a?4y2.

e

17. a®+4x®. 18. 4424902, 19. 49x*+25y°.
20. 12122+3062%. 21. 4d2*4-4x. 22. 4a*-8zx.
23. 23a*—20a. 24. 9a*+Gab. 25. 492 —-28xy.
25. 36y° —y. 27. 9x*y* +3ay. 28. ja®-—-22,

29. ip*q*—ipg. 30. le*+le+3.

Resolve into factors, by the method of completing the square :

31. a*+06z+S8. 32. z?* -8x+15. 33. x*+4x-—32.

34. 2*-0x-—27. 35. a®+5z4-4. 36. a*—13x+440.

37. z*+Tx—-00. 38. a*4+ax-20. 39. a—zy—132y°.
40. 2*43xy-—-154y°.41. 4x*+8Sxz+3. 42. 9Qx*—3x—2.

43. 25x*+45x—0. 44. 16x*+Sxy— 15y>.

45, 3x*+8x—3. 46. 8Sx?-—03x+8.

47. Gx*+13zy+Gy*. 48. 33z +41lxy—22y°.

49, 120x®* —89%xy—206y°. 50. 2042%—89xy—143y>.

Harder Factors

114. EXAMPLE 1. Resolve x4 x*y24y1 inlo factors.

Expressions of this type can be resolved into factors very easily hy
expressing them as the dificrence of two squares by the metlhed of
completing the square. Hence to malke the -expression a perfect square,
we add 2%y?, and in ovder that the expression may remain the same we
also subtract x*y*, thus

e + a2y Fyi =pi A 2xy oyt — sty
(et +y7)? = (ay)”
=(x*+y2tay)(e?+y* —2y).
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EXAMPLE 2, Resolve 4x*—16x2+0 uto factor.:s.
4zt —102* +9=dgd — 1222+ 9 — 422
=(2z* - 3)* — (22)*
=(22°%+2x— 3)(22* - 2z - 3).
EXAMPLE 3. Resolve x*+44y?* info faclors.
lt+dyt =t L a2y + 4yt — 4a?y?
= (@ 2y*)* - (2up)
=(x?+2xy+2y°)(x® ~ 22y + 22).

EXAMPLES LX

Resolve into factors :

1. a*+4a?b2+07, 2. al+a*+1. 3. z'+227+9.
4. x*4+422+16. 5. 16x*+4x*+1. 6. a*—Ta*+1.
7. gt 3xtyc4dyt. 8. 9a*+3ab®+4b1.
9. Oa'+14a2b? 42504, 10. 1-13y%+447.

11. Slat49x?y+yt. 12, -2y +16y*.
13, at—11x?y24yt. 14. 9zt —-22y*+16y7.
15, 49a¢* - 150222 4-121a:*. 16, z2*4-4.

17, dai+4 gy, 18. =z2*'4064. 19. 14-06da’.

20. @bt +4. 21, 4k +81. 22. 41*+025.

23, wituiyt+ys. 240 xstat+1. 250 (x+y)t +H064(z - y)t.

115. By multiplication, we have
(b+¢)> =0+c¢*+3b%c+3bc? =0+ ¢> + 3be(b+¢),

D3 +ce*=(0+¢)® =830¢(D+¢) vevennainiiiinninn... (1)
and (b—¢)®=0%—-¢>-30%c+3bc>=0"-¢* - 3bc(b—¢),
b= =(b=¢)> +3bc(D=0C) cereiiiiiiiiiiiiinins (2)

Results (1) and (2) are very important. These can be
expressed in words thus :

The sum of the cubes of two quantities is equal to the cube
of the swm of the two quantities, minus three times the product

of tierr sum and vroduct. N
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The (Ziﬁ'm-'es"ace of the cubes of two quantities is equal to the
cube of the difference of the two quantitics, plus three tinmes the
product of thewr difference and product.

For example,

Bdz® +1=(4z)% + (1)°
=(4z+1)°-3x4xx1x(4z+1)
=(4z+1)° - 12z(4z + 1) ;

and 8y° —27z% = (2y)% - (82)°
={(2y—3z)°+3 X %y % 8z % (2y — 3z)
= (2y — 32)® + 18yz(2y — 32).

116. EXAMPLE 1. Resolve a®+b*+c®—3abe info factors.
a®+b>+c? —dabe
=a®+{b+¢)®—8bc(b+¢)—3abe

[Writing (b+c¢)* —8bc{b+¢) for b?+¢?... See Article 115 (1}]

={a’+(b+c)*} —{8bc(b+ )+ 3abc}

[Fuclosing the first two terms which are perfect cubes within one

hracket and the last two in another]
={a+ (b+c)Ha*—alb+ )+ (b+¢)*} —3bel(b+c) +a}

[ Factorising the expression within the first bra.cl:et]
=(a+d+c)(a?—ab—ac+b*+2bc+c?)—3be(a+b+c)
=(a+b+c){{a®—ab—ac+b?+2bc+c?) - 3be)

[ Taking out (a+&-+¢) conunon]
=(a+b+c)(a+b2+c?—ab—bec— ac).

EXAMPLE 2. Resolve x*+8y* —27z*+18xyz nifo faclors.
&’ 48y —27z° 4 18xyz
="+ (2 — 82)" + 18y2(2y — 82) + 18ayz

[ Writing (2y —82)° + 18y2(2y — 32) for 8y* —2727... See Article 115 ]
=+ (2 —32)*} + {18y2(2y — 32} + 18 yz}
=@+ (2y~32){a® —a(2y —382)+ (24— 32) "} +18y={(2y — 32) + 2}
=(x+2y—32)(x? —2y+3az+4y* —12y2+92%) + 18yz(x + 2y — 8z)
=(x+2y—32){(x? — 2y +Baz+4y® — 12yz+92°) + 18y:z}
=(u+2y—38z)(a*+4y>+ 922 —2ay+8zz+0yz).
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EXAMPLE 8. If a+b+c¢=0, show that a®+b*+¢* =8abe.
First Method.
Since a+0+c=0,
atdb=—¢ .creeiiininin., e v (1)

(a+0)°=(-c)*,
a*+b4+8a*b+3ab®=—¢?,
a*+b*+c? +3ab{a+b)=0,
a’+b'+c?+3ab{—e)=0 .ooevririririrannnn. [ From (1) ]
@ +b3+c¢® —3abe=0
a’+ 0+ =3abe.
Second Method.

a®+b0*+c*=a’+(b+c)* —8bc(b+¢). [ See Article 115 (1)]
Since a+b4c=0.
b+e=—a.
at+b>+c*=a+(—a)? —8be(—a)
=a’ —a®+ 3ade

=3abec.
Third bMethod.
a*+b?--c* —3abe
=(a+b+c){a*+Db2+e?—ab—Dbe—ac) [ See Example 1 ]
=0x{a*+b*+c? —ab—-bc—ac)

=0,
a’+ b+ e3 =8albe.

EXAMPLES LXI

Resolve into factors :

1. z*4+y°>+z"—3ay= 2. a4y*—z"+32ys.

3. ¥ —y® —2* —3uyz. 4. z'+y*+1-—3zxy.

5. 1—-a®+b"+3ab. 6. a+07—8¢c*+06abce.
7. a®—8b"+427¢* +18abe. 8. a*—b*—927¢*>—9alc. .
Q. 8a?—0"+064¢™+24abe.: 10. z°+4°—z°+3a*yz2.
11.. o’ 40 —%-:‘-—I—gabc. 12. a“—g;;—c“ —abe.

15
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13. a’+2767 =% + 3abe. 14. o0 13 ipe
27 3] 125 10
15. (a+8)*+ (b+c)* +{c+a)® —3(a+ ) (b+c)c+a).
16. (z—a)*+{2—-0)*+(@—c)*—8(z—a)(z—b)(z—rc).
17. (a=0)°—=(b—c)*+(c—a)*+3(a—0){b—c){c—a).
Shew that, if
18. a+d=c, ¢*+0b*—c*+3abe=0.
19. a+b=2¢, a*+b°—8c®+6abc=0.
20. a+2b43¢c=0, a®+8b*+27¢c®=18abc.

Factors of Expressions in Cyclic Order

117. In the expression ab+ bc+ca, letters @, b and ¢
are arranged in a parbticular order, that is, the letbers appear
in the order in which they follow each

_ - a
other when placed round a cirele and /

read in the directions of the arrows; thus

b follows a, ¢ follows &, and a follows ¢. .

\
The expression ab+ bc+ ca, which )l’

deals with the letters @, b and ¢, is formed

by taking the sum of the. products of \\ %

these letters taken two by two, begin-

ning with « and following the above order. Such an
arrangement is said to be in cyclic order.

Thus the sum of the letters taken two by two following
the order of the arrowheads i1sa+d, b+e¢, c+a; and the
difference @ — b, b — ¢, ¢ — @ ; while their sumn in the opposite
divection i1s a+e¢, c¢+d, D+a ; and difference a—¢, ¢~ 0,
b—c«. These are all in cyelic order.

NOTE. The expressions (e —b)(b—c)(c—a) and a?{(b+c)+d%*(c+a)-F
c?{a+0) are also in cyclic order.

118. The method of factorising expressions in eyclie
order can be easily understood by the following example.
EXAMPLE. Resolve a®(b—c)+b’(c—a)+c?(a—Db) into factors.

Rcemoving the brackets, the expression can be written as
a*b—a’c+d'c—blat+cla—c’h
=a’b—a’*c—b'a+c’at+d’c—c?d
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[Arranging in descending powers of «]
={a'b—a*c)—(b’a—c'a)+ (b>c—c*D)

[Enclosing the terms in pairs within brackets])
=a’(b—c)—a{b? —c*)+be(b? —c?)
=a’(b—c)—alb—c)(b2+be+c?)+be(b—c)(b+c)
=(b—c){a® —a(b*+bec+c2) + be(b+ )}
=(b—¢)(a® —ab? —abc—ac® +b*c+ be?)
=(b—¢)(b*c—Db%*a+bec* —abe—ac* +a”)

[Arranging in descending powers of ]
=(b—c)(b*c—b2a)+ (be® —abe) — (ac® —a”)}

[IEnclosing the terms of the second factor in pairs within brackets)]
=(b —c)ib*c—a) +bc{c—a) —alc? —a?)}

—c){b*(c—a)+ be(c—a) —alc —a)(c+a)}

—(b—c)(c—a)(br2 +bc—ac—a®)

=(b—clc—a)(—ac+bc—a?+b?)

[Arranging in descending powers of c]
=@ —c)c—a){—(ac—0bec) —(a* —b2)}

[Enclosing the terms of the third factor in pairs within brackets)
= (b= ¢){e~a){ — cla— b) ~ (@ —b)(a-+ 1)}
=(b—-clc—a)a=-b)(~c—a—Db)
=—(b—c)c—a)(a—b)at+b+c).

NOTE. Another method of factorising expressions in eyclic order
1s gwen in Article 126.

EXAMPLES LXII

Resolve into factors :

1. a*b-e)+b2(c—a)+c?{a—D).

2. be(b—c)+tcalec—a)+abla—D).

3. =ly®—z%)+yle® —z?) +z(x® —y?).

4. a*(b+c)+b%(c+a)+c?latb)+2abe.

5. 2 (y—2)+y*(z—z)+z"(xz—y).

6. a’(d—c?)+Db*(ctF—a?)+c*(a?—Db2).

7 a,*(b—c)+b*(c%a)+c4((z—b).

8. b2 b2 ~c®)tctat(c?—a)+ab(a® - b2).
9. 1a*(b—c)+b*(c—a)+c*(a—0D).
10. al(b?—c?)+b* (e —a?)+ct(a?—02).
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Miscellaneous Factors

119, We shall now take some miscellaneous factors.

EXAMPLE 1. Iiesolve x"y?—x?*y?® info factors.
wiy* —xtyt =zty*(x’ —y°)
=wtye—y)® +ay+y?).

EXAMPLE 2. Resolte (x—1)(x—2)(x—8)+(x—2}{x—8){(x—4) info
factors. '

Here (2—2) and (z — 3} are common.

S {e—D(@-2x—-3)+ (x—2)(x— 8}z —4)
(o~ 2)(e ~8){(e— 1)+ (z —4)}
=(2—2)(z—8)(2x—5).

EXAMPLE 3. Resolve (x—y)!+a(x—y)—12a* inlo factors.
Writing p for (z —y), the expression
=p?+ap—12a?
=p?+(4—8)ap—12a?
=pit+dap—3ap — 12a2
=p(p+4a)—3a(v+4a)
=(p+4a)(p — 3a)
=(z—y+4a)x—y—38a). [Replacing p by (x —y))]

EXAMPLE 4. Resolve (x+1)(x+2)(x+38)(x44)—48 infe factors.

AMultiplving the first and the fourth, and the second and the third
factors of the first part of the expression, we have
(4 1)(z4+2)(x+3)(x+4)—48

=(z*+52+4)(x? + 52+ C) —48
=(p+4)(p+6)—48 (Writing p for z? + 5]
=p*+4+10p+34—48§
=p*+10p—24
=p*+12p—2p—24
=plp+12)—2(p+12)
=(p+12)(p—2)
=(x? 452+ 12)(a* + 52— 2). [Replacing p by 22 4 S5z]

e
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EXAMPLES LXIII

Resolve into factors -

® o B M

ax®—at. 2. 3ax*-—-3a%z. 3. a*+ay’.
w—w‘f;ﬂ. 5. (a+b){a—0b)—(a+b)?.

alb=1)—-b+1. 7. (z+y—-32)2—2—y+3:.
ala—1)-b(b—1). 9. (a?—-12)%—a?’.

(z24+3)2 —106x2. 11, (z+a)*—(xz—a)t.
(z+1)(z+2)(z+3)+ (2+1)(z+3)(z+06).

z+y+S{z+y)t. 14, (x+1){z+2)°—(z+1)(z—1)°.
2 (y+z)+yx —z). 16. a?—-2ab+b%—a+b.
abx®+ax+dn-1. 18. z?y?—x?—-y*+1.

a®—b3, 20. a'?-—pr2, 21. a'®-—b'c,
9ot — 520202 +9b4. 23. x4z +1.

a?(a* —1)+b2(bi —1). 25. (z?42x)* —11(z® +2z)+ 24.

(x? —x)* —26{(z* ~2)+120. 27. (c+y)* —12a{x+y)+35a2.
20224+ 9a(b+c)+(b+¢)2. 29. Gz*+13z(a+b)+G(a+b)2.
(e —2b)* — 2{cc —2b)(2a — b) — S(2c — b) 2.
(z+y)—(a+b){z+y)+adb. 32. zit+zx?+z2y*+y°+yt.
(@+2y)a® + (22 —y)y°.

(a+8)2 — (+9)2 + (a+2)? — (b+2)2.

xt —(z*+4)z2y? + 4yt 36. 14+2z+2yz+x? —y® —z2t.
a* —0% +c?—d® —2(ac+bd). 38. ablx®*+y?) —zy(a® +02).
{a*—b*)(x? —y*) —dabzy. 40. (a+b+c)lab+be+ca)—abe.
(ab+cd)(c?+d*)+ed(a* +b* —c® —d?).
(x+2)(c+3)(x+4){x+5) —24. ,
zlx—1)(z—4)(z—5)—21. 44. =z(x—2){2z+1)}(2z—3)—35.



CHAPTER XX
THE REMAINDER THEOREM

Functional Notation

120. We have already seen in Article 86, that any
expression whose value depends upon the value of z is called
a function of xz. The symbol f(z), for the sake of brevity, is
sometimes used to denote function of z. This functional
notation is generally used to save the repeated writing of the
same function in some particular piece of work or example.
I, in any piece of work, the symbol f(z) denotes a certain
function of z, the symbol f(p) will denote the same function
of p as flz) is of 2, and similarly f(2) will denote the same
~ function of 2 as f(z) is of . Thus if

f(z) represents  ax®+ bz +ec,
f(p) will represent ap?® + bp +¢,
and f(2) . a2? + b2 +ec.

That is, the values of f{p} and f(2) are ohtained by
replacing z by p and 2 in the function az?® + bz + ¢.

Similarly, if
fly) represents 2y2 -5y + 1T,
fla) will represent 2a? — 5a + 7,
7(3) . 2.32 -5.3+7=10,
and F(0) ., 2.02~5.0+7="1.

NOTE. Sometimes IYx) and &(z) arc also -used to represent
functions of x.

The Remainder Theorem

121. We have already seen in inexact division that if
one function of 2 1s divided by another function of z,
there is a remainder which is of a lower degree in z than
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the divisor. Hence, if the divisor i1s of the first degree in =z,
the remainder will be ndependent of z.

Suppose we divide az® + bz +¢ by z — p.

x — plax® + bx + clax + (ap + b)
azr® — apx

(ap+dlx+ec
(ap + D)z —ap? — bp

ap® +bp+e

Thus we see that when the division is complete, the
remainder is ap” + bp + ¢, which is the same function of p as
the dividend is of z, 7.e., the remainder could be obtained by
substituting » for z in the dividend.

Hence, we see that if ¢ function of © s divided by = — p,
until the remainder does not contain z, the remainder 1s the
same function of p as the dividend is of z. In other words, if
flz) is divided by & — p, the remainder is f(p). This theorem
is known as the Remainder Theorem.

If the remainder ap® + bp + ¢ vanishes, then it is clear
that ax® +bx+c¢ 1s exactly divisible by x—p e, z—p is a
factor of az® + bx+¢. Hence, wo see that if in the function
az® + bz + ¢, p is substituted for x and the remainder vanishes,
then z — p is a factor of ax® + bz +¢, i.e., if fip)=0, z—p is
a factor of flz).

NOTE. If the divisor is 2+p t.e., - (-p), the remainder is
obtained by substituting (—p) for 2 in the dividend.

EXAMPLE 1. What is the remainder when x* 4 3x+5 is divided by
x—27?
Writing 2 for 2 in the expression z*+3z+ 5, the remainder
=2*4+3IX24+5=446+45=15.
This can be verified by ordinary division thus :
x-2)x*+3r+5(x+5

x? —2x
5t45

bz —10

15
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EXAMPLE 2. Find the vemainder when x*+2x2+8x+4 is divided
by x+3.

Since z+3=a—(—3), therefore writing —3 for z in the expression.
the remainder ‘
=(—3)"+2(-3)>+3(—3)+4=—-27+18 -9 +4=—14.

EXAMPLE 8. Find the remainder when 2x° —3x=—2x+1 is divided
by 2x —1.

Since 22 —1=2(x—3), therefore writing ¥ for 2 in the expression,
the remainder
=2(3)°-3(3)*-2(3)+1=r—-1—-1+1=—}].

EXAMPLE 4. What is the remainder when x*+3x24+3x+1 15
divided by x+1 ?

Since #4+1=x2—(—1), therefore writing —1 for 2 in the cxpression,
the remainder
=(—1)"4+3(—~1)*+3(—-1)+1=-14+3-3+1=0.
NOTE. Since the remainder is zero, hence z+1 is a factor of z°+
3x*+3x+1.
EXAMPLE 5. Shew that x—2is a factor of 3x®—5x*+4x+12.

Writing 2 for & in the cxpression, the remainder
=3(2)° —5(2)*+4(2) —12=24 - 20+8—-12=0.

Since the remainder is 0, hence 2—2 is a factor of the given
expression. '

EXAMPLE G. For what value of p'is x°—3x*45x—p exactly
divisible by x—3 ?
Writing 3 for & in the expression, the remainder
=(3)* —38(3)2 +5(3) —p=27 — 27+ 15— p=15—p.

If the expression is exactly divisible by 2 —3, the remainder 15—p
must be equal to zero, that is

15 ~p=0,
p=13.
Henee the required value of p is 15.

EXAMPLE 7. Ior what values of a and b is 4x*+ax®—1Ix+b
cractly divisible by 2x* —5x+42 ?

Since 2x*—5x+2=(r—2)(2x—1), hence if 42+ax*—11lz4+db is
exactly divisible by 2x° —5x+2, it must be divisible by its factors z—2

and 2x—1. .
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_ If the expression is divisible by 2 —2, writing 2 for  in the expres-
sion, the remainder must be equal to zero, that is

4(2)* +a(2)? —11{2)+ b =0,

P S, 82+4a—22+b=0,
10+4a+b=0,
A F O =210 st (i)

Similarly, if the expression is divisible by 2z —1, writing 3 for x in
the expression, the remainder must be equal to zero, that is

4(2)"+a(3)* - 11(3) +b=0,
Lo2tia—ht4+0=0,

2+a —22+4b=0,
a+4b=20

Solving the equations (i) and (ii) for « and b, we get a=—4 and
b=0. :

MESTDN TRAIK(ING COLLEGE,

EXAMPLES LXIv  T47CTTAn, NADRAR,

Without actual division, find the remainder when

1. z*432+5 is divided by z—1.
2. a*+5x+7 is divided by x—2 and 2+ 2.
3. z+22243x+41is divided by x—1.
4. 223 —>5x2+4x—7is divided by 2—1, 2+1, 22z—1, 2r+1 and
2r—3.
5. a°—1is divided by &—1 and z+2.
6, 2t —r?—x+1 is divided by 2 —p and 2+ p.
7. 2°<3ax?+3a*x—a® is divided by 2 —a and z+a.
8. a?—4dax+4a? is divided by v —2a.
9. a°—0" is divided by z—b.

10. 2°—y° is divided by x—y.
11. 2°+4z’y+ay®+y° is divided by z+y.

Show that

12. z—1 and =3 are the factors of " —2a* —5r+06.
13. z+1 and x+2 are the factors of @ +7a* +14a+8.
14. 241 and z+3 are the factors of 2* +6x*+11x+0.
15

, T—1,x—2 and xz—3 are the factors of v* —06x*+112x—G.
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16. z+2, z+3 and z+4 are the factors of x® + 92?2 4 26x +24.

17. 2z—1 is a factor of Sa*+4x—3.

18. xz—1, +3 and 2zx+1 arve the factors of 2z* +5z* —4x—3.

19. For what value of @ is 22 4+ 2z —a exactly divisible by ¢ —2 ?

20. For what value of p is 2°—2pr?+1lz—2p exactly divisible
by x—37?

21. For what value of % is 4z*—Fkz®+Tx+2k exactly divisible
bv a+2?

22. For what value of I is lz® +32° 416! exactly divisible by x —2 ?

23. For what value of a is 2° —2{(a—4)x? +ax—1 exactly divisible
by —17?

24. If x® —qr?+2rz+pr? is exactly divisible by 47 and 7 is not
equal to zero, prove that p+g+»=0.

25 For what values of @ and b is 2z* +ax® —z —> exactly d1\1§1ble
by a2 +ax—27?

26. Find ! and e in order that Iz* 4 312* —mae —10 may be exactly
divisible by 2z* +9x—05.

Use of the Remainder Theorgm in Factorization

122. The R2mainder Theorem is sometimes very useful
in factorising certain expressions as will be evident from the
following examples :

EXAMPLE 1. Resolve x*+4x®-+x—06 into faclors.

The last t2rm is 6, whose factors can be the numbers 1, 2, 3 and 6.
Hence, wa can find the factors of the expression, if we write +1 or
—1, +20r —2, +3 or —3, 40 or —G, for z in the expression and
1t vanishes. For instance, writing 1 for = in the expression, the
remainder=14+4+1—-6=0, hence x—1 is a factor of the expression.
Now writing the eﬂcpressiou in a form that the factor z—1 may easily
b2 detected, thus

x’+4x® +:r G
=% —x*+5x* —bx+06x—0
=({z*—x?)+(5x* —52)+(Gx —0)
=z (x—1)+5z(r—1)+06{x—1)
(x—1)(z*+5x+06)
(x—1}{x*+22+3x40)
(x—1){(z2* +2z) + (32 +6)}
"
)(

ll

(x—1){x(x+2) +3(x+2)}
=(x—1)(x+2)(x+3).

[
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EXAMPLE 2. Resolve x”+2x*—0x—18-into factors.

"The factors of 18 can be 1, 2, 3, 6,'9 and 18. First writing 1 for =
in the expression, we see that it does not vanish, heuce x—1 is not
a factor. Similarly (2 4+1) and (z—2) are not the factors. Now writing
—2 for &, the remainder vanishes, hence x+2 is a factor.

x*+ 2% ~0xr—18
=(a* +22?) — (9r +18)
=z (xr+2) - 9(x+2)
={z+2)(z*—9)
=(a2+2)(z+3)(z —38).
EXAMPLE 3. Resolve x®-+17Tx*+95x+175 inlo faclors.

Sinee 1, 5, 7, 25, 835 and 175 can be the factors of 175, we find bv
trial that the cxpression does not vanish when x=1,—-1 or 5, but
vanighes when @ = —25, hence 2+5 is a factor.

z’+172* +95x +175
=g +52* +122* +60x+35x + 175
=2%(z+5)+12x{r+5) +85(z+5)
=(z+5)(z*+12c+35)
=(z+3)(x+5)(x+7)
=(z+5)*(2+17).

EXAMPLE 4. Resolve 12x?+4x? —3x~—1 nlo factors.

Dividing all the terms by 12 the coefficient of z*, the last term
becomes v, whose fattors can be 1, %, 3.1, ¥ or t'v. Now we find by
trial that the expression does not vanish when =1 or—1, but vanishes
when =1, heunce (22~ 1) is a factor. (See Example 3, Article 121).

122 +42* —3x—1
=12¢” — 62+ 10x* —5r+2x—1
=0x?*(2x—1)+5z(2z — 1)+ (22 —1)
== (22 —1)(6x2+5z+1)
=(2x—1)(2z+1)}(3z+ 1).

EXAMPLE 5. Resolve x° —0xy*+9y? into faclors.

The expression vanishes when z= —3y, hence z+3y is a factor.
z? —6ay? +9y°
=g +3x%y —3x%y—9xy? +3ay*+9°
=(2"+3x%y) — (3z*y + 9y*) + (3zy* +9y”)
=x*(2+3y) —Bzxy(x +3y) + 3y (' +3y)
=(x+3y)(x* —8xy+3y2).
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EXAMPLES LXV

Resolve into factors :

1. z"—0Gx*+11x—0. 2. 2"—Tx+6.
3. 2*+06x*+11a+0. 4. z*'—Tx—0,
5. a’—Ta*+14a—8. 6. a”"+8a+19+12.
7. a'+a®*—10a+8. 8. a"-13a—12.
9. 274x*—1dr—24. 10. 2a°—192-30.
11. =2° —42*—272+90. 12, 2?402%—25z—150.
13. 2?4522 —-252—125. 14, z"+z*—-16x—106.
15. z¥—-35zx%*+4. 16. z¥+72*+172*+17z+0.
17. 2z —132% 4922z -8. 18, 192" —4z*—3z+1.
19. 20a®44a®—5a—1. 20. 4a*+20a* —5a® —T5a+30.
21. «a*+4a2b+5ab? +2b2. 22. 5a®*—3a%b—28b".
23. ¥ 43x*y—ay®-—3y°. 24. x*+Sz?y+17zy*+10y°.

123. An expression which remains unaltered when any

two of its letters are interchanged is said to be symmet-
rical.

Thus, the expressions a+b, a’+5h?, a®+ab+ D2, a?b+
5] B .
ab”, ete., are symmetrical with respeet to @ and b, for the
expressions remain the same if ¢ is written for b or & for «.

Similarly, the expressions a +b+¢, ab+bc+ca and o> +
b® + ¢ - 8abc are symmetrical with respect to @, b and ¢ ; for
the expressions will remain the same, if any two of the
letters are interchanged.

124. The expression k(a+b+c¢) is the general form of
a homogeneous symmetrical expression of the first
degree in @, b, ¢, where % is any numerical coefficient.
Whatever be the numerical value of %, the expression wwill
remain the same, if any two of the letters are interchanged.

Similarly, the expression &'a? + b2 +¢2)+ llab+ be+ ca) is
the general form of » homogeneous symmetrical expres-
sion of the second degree in «, b, ¢, where k and ! are
any numerical coefficients, and the expression & («” + 0? +¢%)
+ Ha2b+ac+b2a+bic+c?a+e?b)+mabe is the general
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form of a homogeneous symmetrical expression of the
third degree in ¢, b, ¢, where %, I and m are any numerical
coefficients.

125. We see in the foregoing examples of this chapter
that

(i) an expression of the second degree has two factors of
the first degree ;

(ii) an expression of the third degree has three factors of
the first degree, or one factor of the first degree and one of
the second degree ;

(iii) an expression of the fourth degree has four factors of
the first degree, or two factors of the second degree, or one
factor of the second degree and two factors of the first
degree, or one factor of the first degree and one factor of the
third degree ; and so on.

That 1s, the degree of an expression s equal to the sum of
the degrees of its factors.

126. The Remainder Thecrem is also useful in factori-
sing expressions in cyclic order.

EXAMPLE 1. Resolve a*(b—c)+b2(c—a)+c?(a—Nh) into factors.
If we pub b=c¢, the cxpression
=a*(c—c)+ct{c—a)+e{a—c)
=a*c—a“*c+c’ —cfa+cia—c”
=0.
b—c is a factor of the expression.

Similarly, by pubting e=a or a=>b, we see that the expression again
vanishes, therefore ¢ — e and @ — b are also factors of the expression.

Since the expression is of the third degreec in a, b, ¢, it can have no
other factors, except some numerical cocflicient. Suppose the numerical
coctlicient is %,

a*{b—c}+d*c—a)+ec2(a—b)=k{a—b)(b—c)lc —’-a)_ (1)

Since (1) is an identity, which is true for all values of e, b ¢,

theréfore in order to find .I'», we give to @, b, ¢, some simple numerical
values, say a=0, b=1 and c=—-1.
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Then (1) becomes
OX{l—(—=1)}+12x{(—1)—~0}+(—-1)2(0—1)=7(0—1)(1+1)(—1—0)
. —1=1=2k,
k=-—1.
a*(b—c)+b*(c—a)+c2{a—b)=—(a—b)(b—c)(c—a).

EXAMPLE 2. Resolve a*(b—c)+b?(c—a)+c”?(a—D) into factors.

If we put a=0b, or b=c, or c=a, the expression vanishes, hence a—b,
b-—-c and c—a are the factors of the expression.

Sincz the expression is of the fourth degree, and homogeuneous and
symmetrical in a, b, ¢; therefore there is another factor of the first
degree which is also homogeneous and svmmetrical in @, b, ¢. Hence,
this factor must be of the form X%(e+b+¢), where % is a numerical
coefficient. (See Article 124).

a’b—c)+b{c—a)+c*la=d)=kla+d+c)a—=0){b—c)lc—a).

Now to find k%, if we put a=1, b= —1 and ¢=2 in the above, we have
—3—14+16=%(2)(2)(-3)(1)
. 12=—12Fk,
i=—1. .

..

a’(b—c)+b(c—a)+c’(a—b)=—(a+bd+c)(a—D)(b—cHc—a).

EXAMPLE 3. Resolve Db2c?(b-c)+c®a?(c—a)+a?b?(a—b} info
factors.

If we put a=0, or b=¢, or ¢=a, the expression vanishes, hence a -0,
b—c and ¢ —a are the factors of the expression.

Since the expression is a homogeneous and symmetrical expression
of the fifth degree, therefore there is another factor of the sccond degree
which is also homogeneous and symumetrical in @, b, c. Hence this
factor must be {i{a®+40*+c?)+l{ab+be+ca)y, where & and ! are
numerical coefficients. (See Article 124).

b2e2(b—c)+cla(c—a)+ab(a—1b)

={a—0){b—ec){c—a){k(a® +b%+c?)+{ab+bectea)y ......... (1)

Puatting a=1, b= —1 and ¢=0 in (1), we have

2=2(2% — 1),

DI m I=1 e eeieeeie e e areaaaaaaaaas (i)

Again, putting e=2, =0 and ¢=1 in (1) we have

~4=2(5k+21),

I ¥ T N e eveeesaeeens (i1)

Solving the equations (i) and (ii) for & and I, we get A=0
and {= -1,

bic*(b—c)+cia*(c—a)+ab*{a—b)=—(a—D)(b—c}ec—a)
(ab+bc+ca).

L
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EXAMPLES LXVI

Resolve into factors by means of the Remainder Theorem :
be(b—c¢) +calc—a) +ab(a—0D).
a(b® —c*)+b(c* —a®)+cla® —b2).
be(b? —c?)+calc® —a®)+abla® —b?).
alb—c)*+b{c—a)?+c(a—0b)3.
al(b—c)+bi(c—a)+ct(a—D0).
a’(b® —c?)+ b {(c* —a?}+c?(a? - b3).
(b—c)*+(c—a)*+(a—0]}".
a*(b—c)+b*(c—a)+c*{a—Db).

® NN Wb



CHAPTER XXI
HIGHLEST COMMON FACTOR

H.C.F. by Factors

127. When an expression divides two or more expres-
sions exactly, it is called a common factor of those
expressions.

Thus @ is a common factor of 2a and 3a ;
y is a common factor of aay, byz and cwy ;

. . TR 370 5
and 2, a, b2, ¢® are common factors of 2a?b”¢*, 6a°b%¢c® and
Sab®c?.

In the third example, the product of the common factors
2ab2c?, which contains all the factors common to the given
expressions ‘is called their Highest Common Factor.
Hence, the Highest Common Factor of two or more simple
expressions 1s the expression of the highest 'degree whicl -
exactly divides eaclh of them.

NOTE. For brevity, the Highest Common Factor is often wrilten
H.C.F.

Take, for example, the expressions 6;""'7;"'”511:" Ox*yz*w
and 15z*'y*z° The H.C.F. of 6, 9 and ],5 1s 3. Now
the first expression is clearly divisible by z, z2%, 27, 2* or

, but by no higher power of z ; the second expression is
divisible by z, z? or z*, but by no higher power of x ; and
the third expression is divisible by z, 2, 2® or z*, but by na
higher power of x. Hence, z° can divide all the three
expressions and is therefore the highest power of 2 which
will divide all of them exactly. Similarly ¥ and no higher
power of i above the first, and also z° and no higher power
of z above z°, ecan divide the expressions exactly. Since w
1s not found. in the three expressions, thervefore it is not a
common factor. Hence, the HCT‘ of the expmssmns 1s
33, yz”, which is the produet of 3, ”, ¥ and =
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From the above example i1t is clear that the Highest
Common Factor of two or more simple exrpressions 1s. tie
product of the H.C.F. of the numerical coeffictents, if any, and

the lowest powers of the letters which occur in each of the
eLPresstons.

EXAMPLE 1. Find the H.C.F. of 24a*he® and 16a’boc?.
The H.C.F. of 24 and 16 is 8.

The lowest power of & which occurs in hoth the expressions is a?* ;

r

and the lowest powers of & and ¢ which oecur in both the expressions are
b and ¢*. ' '

Hence the H.C.F. 1s Sa2bc=.

EXAMPLE 2. Find the H.C.F. of 8a*bet, 12he*d and 20b*ce.

The H.C.F. of 8, 12 and 20 is 4 ; and the lowest powers of b and ¢,
which ave commeoen to all, are b and c?.

Hence the H.C.F. is 4be®.

NOTE. From the above examples it is cvident that the Highest
Common Factor of simple expressions can be written down by inspection.

EXAMPLES LXVII

(Oral)
Write down the H.C.F. of
1. ab, be. 2. a?*b, ab®. 3. 3da*b®, ab.
4. 2a"b*, 3ab”. 5. ab®c?, a?be®. 6. 9ab?, Ga2b?,
7. 10a*b2, 250204, 8. Ga*zy, 9axzz. . 9. a2, x?, at.

10. az, a*z®, a’z®. 11. Tabe, 14a2bc*. 12. 16aidic, 20a’b”.
13. 9a2d*x4y®, 18a’2>. 14, 2ab*, a®be, abc®.

13. 3Batyz?, 102y*s?, 15xy 2. 16. ab*c’z®, a'dic’z”, a*bela?.
17. 5a*be?, 12a%bict, 9a*b?ct, 24a’c®.

18. 0Ox7yi22, 1522y°2°, 30aty2ze*, 1227 y"2°.

128. The method of finding the H.C.F. of compound
expressions, whose factors are known or can Dbe easily
found, is similar to that of finding the H.C.F. of simple
expressions. This has been explained in the previous

16
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article. The H.C.F. is the product of the lowest powers of all
the factors which occur in each of the expressions.

Take, for example, the expressions (a+b)3(a —2b)° and
(¢ +b) (a,—‘?b)" It is clear that both the expressions are
divisible by (co+b)' but by no higher power of (¢ +&) and
also by (e — 2b)° but by no higher power of (¢« — 25). Hence,
the H.C.F. is (¢ + b)*(a - 9b)‘

EXAMPLE 1. Find the H.C.F. of a®*—Db%, a®b—ab® and
a*—2ab+ b3,

a*—b*=(a+b)(a—10),
a?b—ab?=abla—Db),
a®—2ab+ b2 ={(a—0)2.

H.C.F.=(a—b).

EXAMPLE 2. Find the H.C.F. of 2x*—2x—4, 6x*+06x—36 and
12x? —52x + 56.

222 -2z —4=2(x® —a—2)=2(z—2){z+1),
6z?+ 6z —36=0(2*+z—0)=6(x+3)(x—2),
1222 =52+ 56=4(3z* —13z+14) =4(2 —2)(32 — 7).

H.C.F.=2(z —2).

EXAMPLE 3. Find the H.C.F. of x*+4x*+x—-6 and x-3x*
—6x+8.

Finding the factors of the two cxpressions by means of the
Remainder Theorem, we have

r*+4x+er—6=z°—x*+bx* —dx+6x—0
=m-".(a:—1)+53:(m—1)+6(:r—1)
=(z—1)(z*+52+0)
=(z—1)(z+2)(z+3).
:1‘:“—3:02—Gm+8=:c“—m2—23;2+2w—89;+8
=z (z—1)—22(x—1)—8(z—1)
(x—1)(z*—2x—8)
=(z—-1)(x+2)(z—4).
H.C.F.=(z—-1){z+2).

l
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EXAMPLES LXVIII

Find the H.C.F. of

ON U=

11.
13.
15.
17.
18.
19.
21.
23.
25.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.,
43,
44.

Trx—14, 42 —8. 2. a*+ad, ab+b2.

2?4+ 3zy, zy+3y°. 4. x4y, -yl

¥ —xy?, 2yt +y°. 6. a*—-02, a*-0"
a*bla+b)?, a' —a?b?. 8. ay*(z+y), 2y(z+y)2.
z:(xz—1)®, z?(x—y)*. 10. 2ab{a+12)?, 3(a—b)(a+D)3.
z* —a*z, z?—2ax+a®. 12. 2'+y?, (z+y)”.

5c? — 10ab, 3ac— Gbe. 14. a* -1, a+1.

a?+b?, a®— b2, 16. a'b*+ab®, a® —a*b*.
a?b*+2a*b*, a*bl —4atrd?.

12(a? 4+ b%)*, 16(at — b4). .

ab(b® —a”), a*b—a®. 20. (a*x—ax®)*, az(a® —z?)>.
Y=y, v’y +y. 22. 4y*+T7y—00, y* —Ty+10.

y2+3y+2, y*+Ty+6. 24. x*+3x—4, z?—x-—20.
2 4y, e?y—eoy*+y*. 26, 2z*+3z-—2, 6z®—5zx+1.
aiz? —datzt, a’x?(a® — Sar+2z2).

a?+3a+2, a?+6a+S.

a*+T7a—18, a*+10a+9.

N AT i ol Tl o TN

a*+3a?b+2ab?, a*+G6a’b+8a?b2.

o'+ T2?+12x, 2° —2x? —15z.

z?—r, (x—-1)2%, z*—1.

x?2—1, 2*4+x—2, z*+3z? —4zx.

m! __,yZ’ m-l__,y-I, mﬁ ,_,IJG.

z*+z—0, x*+2z—8, 22* —5z+2.

z*+2x—3, 2 —4zx+3, 22+ —3.

a*—1,a* -1, a*ta—2.

a‘r—azt, a'z? —az, alz(a® —z°),
a’+b’+c’+2ab+2bc+ﬂca, a® +b2+c¢? —3abe.
a2?—Tz406, 2" +322~2z-3, x* +42*+ 2 —0.
z?—0x?+11z—0, z?+2z? — 392 —30, x? + 52?2 — 9z —45.
o +3x?+Te+5, z*+a?+3x—5, 27 +4z? +9x+4 10.

z® -|::z;2y—-:1:;r;2—y“, 2% —3ay?+2y?, x? — 222y —ay*+2y°.

45.¢ Gx®+5x%—2x—1, 6z —Tx%+1, 122 — 8z —x+1.
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H.C.F. by ‘Division Method'

129. When the given expressions cannot be easily
resolved into {actors, their H.C.F. can be determined by the
{ollowing method, which is similar to the Division Method
used in Arithmetic to find the Greatest Common Measure of

two numbers :

Iirst arrange the two expressions in descending powers of
some comamon letter, then divide the expression of the higher
degree by the other wntil the remainder is of « lower degree
than the divisor : if both the expressions are of the same
degree, either may be used as the divisor. Then take the
remainder as « new divisor and .the former divisor as
dividend, and continue the process wuntil there is mo
remainder. The last divisor will be the H.C.F. of the

(JIVen eXPIesSions.

EXAMPLE 1. Find the H.C.F. of 4a°+32—-10 and da’+T7a?
—3a—15. '

Since the first expression is of the second degree and the sccond
is of the third degree, therefore dividing the second by the first,
4a?+3a—10)4a” + 70 —Sa — 15(a+1
4 +3a* —10a

4da*+Ta—15
4a*+3a—10

da —5
Now dividing the divisor 44 + 34 — 10 by the remainder 4a -5,

da—5)4a* + 3 —10(a+2

da? —5a
Sn—10
8a—10

There is no remainder, hence the H.C.F. is 42 —5.
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EXAMPLE 2. Iind the H.C.I'. of x*+5x2+7x+3 and x9—x?
—~10x—8.

. Since both the expressions are of the same degree, thercfore dividing
the second by the first, |

2" +5x2+Te+8)x — 22—10a— 8(1
' +0x?+ Tzr+ 3

-0z —-1Tz—11

Since the first term of the remainder is negative and —1 is not
common to the two expressions, and if we divide the remainder by
—1, the result will not be aflected and the remainder will become
Cx*+172+11. If the divisor z®+5224T7x+3 is divided by the
remainder 6z*+ 17x+ 11, the quotient will be fractional. To avoid the
inconvenience of fractions we multiply the first divisor, which now
becomes the dividend, by 6. By doing so the result will not be affected
as no additional common factor has been introcduced.

Cr®+1Tz+11)2°+ 5z2+ Tz+ 3(z
6

Gr3+30x*+422 418
6417z +112

1322+31x+4 18

Since both the divisor and the remainder are of the second degree
and the first term of the remainder is not exactly divisible by the
first term of the divisor, we multiply the remainder again by 6.

132>+ 3lz+ 18
G

6z? +1Tz+11)78x2 +18Gx+108(13
7822 4221z + 143

— 35xz— 35

Now we observe that —35 is a common factor of the remainder, so
we divide the remainder by —35, and get z+1. This will not affect
the result, because the fwo original expressions have mo common
simple factors, and therefore in rejecting —35 we are not rejecting
any common factor of the two expressions. Continuing the process,

we have

z+1)02? +1724+11(Gx +11
Gr®*+ Ox

Ilx+11
11x+11

[ 4
Since there is no remainder, henece the H.C.F. is z+1.
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The working may be done more compactly if the division of the
remainder into the preceding divisor be performed alternately from left
to right, and from right to left, thus avoiding the necessity of copying
down the new dividend at each stage, thus : '

x4+ 5e*4+ Tz+ 3 73— x*—10x—8 ! 1
a®+5c*+ Tx+3 |

6| —-1)—6z*—17x—11

T 16x*4+30x*+ 4224+ 18 622 +17x+4+11 | Oz
bxi4+1Txe+ 1lx

13z*+ 3lz+ 18
6

13 78x* 4186z +108 !
782 4221z + 143

—35}— 35x — 35

z+ 1 Cz+6x |

1lz+11 11
1la4+11

The working may be done still more briefly if we use the metlod of
detached coefficients thus :

1+ 5+ 74+ 3 1-1-10— 8 |1
145+ 74+ 3 ;
6| —1)—6-17-11 1
1 6+30+ 424 18 G6+17+4+11 . 6
6+17+ 11 s
13+ 31+ 18
6
13 78 +186+108
784221 +143
|
| —35)- 35— 35 |
141 6+06 |
! 11411 ' 11
i 11+11
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From the above example we observe :

(i) If at the beginning or at any stage, there occurs a
conmvimon factor in all the terms of any of the expressions, it
can be removed, but +f it 1s a factor of both the expressions
1t will be the common factor of the H.C.F.

(ii) If at any stage the first term of the dividend is not
divisible by the first term of the divisor, muliiply every

term of the dividend by a numerical factor to avoid fraciional
coefficients.

(iit) If the first term of the vemainder 1s mnegative,
multiply all its terms by —1, i.e., change the sign of all the
terms.

NoOTE. If remainders continually occur, until we come to a
remainder which does not contain the common letter, the given expres-
sions will have no H.C.F.

EXAMPLE 3. Find the H.C.F. of 4x*®—2x1—2x%-2x*—-0x and
6x* —15x*+3x?+15x? —9x.

Here we see that 2x and 3z are common factors of the two
expressions,

d° —2x* — 2z —2x% —Br=2x (2 —ax® —2x? —x—8),
and Gx® —15x% 4322 + 1527 — Qo =38x(2x* — 5z + % + 52 ~3).

Since z is a common factor of 2z and 3x, therefore 2 is a factor of

their H.C.F. Now removing 3z and 2z from the two expressions we
proceed thus : '

. .
z* vt =52+ x?'450—-8 | 2xi- ' — 2*— x-3| 1

! 2xt 534+ a?+5r—3
|
i 9)da? —%? — G
%‘3:1:4— x? =3z 2v?— x —3

— 9 | —4x? 442 -+ 5r—3
| —4z? 42 402 |

1 ' 922 — a—3 |

'l 2x*— -3

Henee the H.C.F. is x(x? —x—3).
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130. To find the H.C.F. of more than two e.\'pressidn_s,
we first find the H.C.F. of any two of them, and then find
the H.C.F. of that H.C.F. and the third expression, and
SO on.

EXAMPLES LXIX

Find the H.C.F. of

1. 22+4x+4+3, »*—32*—-9x—5.

2. 2*+x-—2, 2342140 —24.

3. 34Tz —zxz—-7, 2°+5x*+Tx+3.

4. 2°+8x*43x+2, 2°—2z*—22—3.

5 a*+432*+Tr45, 2*—2?—x—15.

6. 22°+42x*—9r+9, 42° —Cx? +2z+3.

7. z°42-2, 23 —-222+3zx—2.

8. 2?—11x*+322—28, 3z%—9252*+542—32.

9. 4zx*—142°*4+106x*—8x, 627 —6x*—11x—2.
10, 214327+ 2*—3x—2, 2zt —2® —9a? -4z -+4.
11. 42 —102241%9, 4zt 427 —1222 +4a.
12, 2*—22°+2%—82+8, 42t —12203 +9x? —z.
13. Ga*-—182°*—8x2+1Tz+6, 10z* —9z2° —172*+ 82 -+0.
14. 42*4122°—162° —48z, 6x* 41227 — 5422 —108z.

15. 4x*—02*—28, Gx*+102° —17x% — 352 —14.

16. a2 —Tay*—0y?, 2 +3z2y+3zy*+y°.
17, zi4ay—8a?y? —9ay® — 9y, at a2y +yt.
18, z*—Gx*+112—-0, 2> +22—9x—9, 2" —06x?+52+12.
19, 323410224+92x+2, 32x°+a2*—3x—1, 6x® —1322+2+2.
20, 22 4-T2*+1822+11x+0, 201 +32° + 322 —2+06, Gr!+132° 4

1322 —0x.



CHAPTER XXII

LIEAST COMMON MULTIPLE"
L.C.M. by Factors

131. When an expression is exactly divisible by two or
more expressions, it is called 2 common multiple of those
expressions.

Thus «°56®, ¢?b? are common multiples of a”& and ab®.

In the above example, a°0* and «*b* are both multiples
of a®b and ab® hut a*b® is of a lower degree than a«”b°.
If we take ad, an expression of a lower degree than a~b%, we
see that it is neither divisible by «*b nor by ad®, therefore it
is not the common multiple of ¢*b and ab®. Similarly a®b is
not divisible by @b, and ab? is not divisible by ¢“4. Hence,
the common multiple of the lowest degree which is divisible
by both a*b and ab? is a*b>. It is, therefore, called their
Lowest Common Multiple. Hence, the Lowest Common
Multiple of two or more stmple expressions s the expression
of the lowest degree which is exactly divisible by all of them.

NoOTE. For brevity, the Lowest Common Multiple is often written
L.C.AL

Similarly, the L.C.M. of z, 2%, 2* and z® is 2%, for the
highest power of # which occurs in either of the expressions
is #° and no lower power of z than z° can contain z” ; and
the L.C.M. of 227, 3z*, 62° and 4z is 12z°, {or the L.C.M.
of 2, 3, 6 and 4 is 12 and of 2%, z*, ° and 2’ is z'.

EXAMPLE 1. Find the L.C.10. of 3x?*y2z*, 2xy®z? and 4x%y?2°.

The L.C.)M. of 3, 2, 4 is 12,
¥ " " 3;23_3:. x? 18 CL::',
1 " 1 ?jz.Ju.yg isyll,
and ,, . ,, 2%, 2%, 2% is 2%,

Hence the L.C.)M. is 12x2y%2%,



250 ALGEBRA

From the above example it is clear that the Lowest
Common Multiple of two or more simple expressions 18 the
product of the L.C.M. of their numerical coefficients cmd' the
Tiighest powers of all the letters which occur in the expressions.

EXAMPLE 2. Find the L.C.M. of 3x%yz?, 4xy* and 6x3v?z?.
The 1..C.N. of 3, 4, 6 is 12,
the highest power of @ in a2, x, 2% is a?,
’ ' v Yo By Y is YR,
alld‘li 11 " 1 z " 23!22 iS 23'
Hence the L.C.M. is 12z3y%2°.

NOTE. From the above examples it is evident that the Lowest
Common Multiple of simple expressions can be written down by
inspection.

EXAMPLES LXX

(Oral)
Write down the L.C.7. of

1. a®b?, a?b. 2. a®*b?, a’db?. 3. 2a?b, 3ab’.

4. 3xy, 4ay?. 5. Qaxyz, 4ay°. 6. 3xiy’z?, 9xyd:l.
7. 5BIPmn?,100*m n. 8. x, a?, x°. 9. a?, a®, a’.

10. 2x®, 4z2?, 8z*. 11. oy, xy?, x3y. 12. a?b?, a*d?, a’b®.
13. ab, be, ea. 14. a2, a?b?, b7, 15. ax, bx?, cx?®.
16. ax, by, cz. 17. p, 2p, 3p, 4p, 5p. 18. pqg2, qr?, 1p2.

19. a?be, abc, abe?. 20. 5a?b?c?, 3a2b®c?, 10a’b2c?.
21. Tabzy?, 2ab zty, 21a’bixy?, Ga'ba?yl.
22. 49011 mSn2p®, 2lminsp®, 561%mnip, 701 m *nip®,

132. The method of finding the L.C.M. of compound
expressions whose factors are known or can bhe easily found,
is similar to that of finding the L.C.M. of simple expres-
sions. This has been explained in the previous article.
The L.C.M. is the product of the highest powers of all the
factors which occur 1n the expressions.

Take, for example, the expressions (a+ 0)*(a — 2b)? and
(a+ D) {a-20)°. Itis clear that the least common multiple
must be divisible by (a+ 5)° as well as (a + 8)*, therefore it
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must contain (a+2)* as a factor ; similarly it must also
contain (¢ — 20)° as a factor. Hence, the L.C.M. is (a + b)*
(a—2b)°,

EXAMPLE 1. Find (he L.C.M. of x*—y? and x* +2xy+y?3.

Since 2? —y*=(z+y)(x—y),
and a*+2zxy+yt=(x+vy)2.
Hecenee the L.C.ALL is (z+7)2(x — ).

EXAMPLE 2. Find the L.C.M. of x*~7x+10 and x* +x—6.

Since 22 — Tz +10=(z—2)(x —5),
and x*+x—06=(x—2)(x+3).
Hence the L.C.M. is (& ~2){x+3)(x—5).
EXAMPLE 8. Pind the L.C.M. of 5x°y?—5x2y®, 10x°®—10x‘y®
and 15(x*y+x’y? +xy?).
Since 5x3y? —5z2y* =5z2y? (x® —y®)=5xy2(x —¥)(z* +zy+y?)
102° —10x'y* =10z*(2® —y?) =10z*(z—y}x+v),
and  15(x*y+zy? +ay)=15zylz* +x2y* + )
=15zy(a® +oy+y3) (e® —xy+y°).
Hence the L.C.3. is 30x%y2(x —y)(z+7)(x? +xy+32){x? —ay+y?).

EXAMPLES LXXI
Find the L.C.M. of
x*—y*, x—y.
a’®~—a%b, a®—b2.
(@ —b)(a—2D), (a—2D)(a—3b). Ba2b{a+b)?, 4ab*(a® —b2).
abe, a?e, ab+bd. ziy+ay®, aty? —ayt.
a?—5b%, (a—0b)%, {(a+D)>. 10. a+d, a®-02, a?4+2ab+02.
11. (a+20)2, (a—20)2, a? —4b2. 12. a®*-D?, a®—0?, a®+b2.
13. z?y—zy®, 2 —ay?, oy +y*. 14, o, v—3y, x*—9y°.

a* =02, a®>-b°.
a?—"b2, (a~1D)>.

NGO WLH
® b

15, w z—wy, 22y —y°.

16. z*y—ay?, oy+oy®, Py —xy®.

17. 6(z?--1), 4(z>+=z+1), 10(x—1).

18. 4(x*—y?), 6(z® +xy), 12(x® —a?y).

19, 3(z2—ay)?, (6z y? —Bxy?), 24(xy® —v°).
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20. a*43x, a*+4243, 2*+32+2,

21. 2 —-10x+94, x* —~Ta+12, 2*°—92+18.

22, ax*+a2—-2, x*—2—-0, v*—42+3.

23. 2?—25, p* —2x—35, z* —122435.

24, x*-1, 2741, 2%3-1, 2°—1,

25. a?—1, 2°+a*+ax+1, 2 —piia—1.

26. 2°—4, 2% +227 +42+8, 2? —2¢? + 41— 8.

27. (x+1)(2+92), (x+2)(x—-3), (x—3)(2—4), (z—4)(2+1).
28. 2t+4a, xt—a, 2 +xt 4z,

29. 43, 22-9, 23—-27, a* 432 +9.

30. 5(a*—abd?), 3(a® —ab?), 6(a®+2ab? —2a2b—D3).

31. 2x—y, 422 —y*, 42 +22y+y*, Ba? —-y°.

32, 2(x?—y?), 4(x® —¥?), 6zt —y).

33. Tabilc+Ta*b%ed, 6a?be® —Ga*de3d, 14a?*b?c—14b%¢cd®.
34, 2?—qa?, 22+ (a+ D)z +ab, 2 —(e—b)a—ab.

35. a+db+4e, a®+b2+c*+2ab+2bec+2eca, a? +b24+c® —3abe.

'L.C.M. by General Method

133. YWhen expressions cannot be easily resolved into
factors, their L.C.M. can be determined by the following
method :

Let A and B he any two expressions, and let H be their
H.C.F. and L thewr L.C.M., then
A=aH, and B=0H ;
where ¢ and b have 10 common factor, since all the common
factors of A and B are contained 1n H.

«H x bH _ AB
T T e (1)

and also LH =AB coviiiiiii i eiaaaennn, (2)

L=awbH=

Now from (1) we see that the L.C.M. of two expreseions
1s obtained by multiplying the two exrpressions and dividing
the prodiuct by their H.C.F., or by dividing one of the
expressions by thewr H.C.F. and multiplying the quotient by
the other expression. '
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And from (2) we see that the product of two expressions
15 equal to Lthe product of their H.C.F. and L.C.M.

LXAMPLE. Find the L.C.M. of x°+42?+Tx+6 and x* —x* -3x—-9.

The IL.C.F. of the two'expressions, by the method of Article 129, is
found to be 22 422 43.
Dividing the first expression by a* +22 43, the quctient is 2+2.
L.CM.=(z+2){z* ~2? — 82 —9)
=at+a® —522 — 152 —18.

134. To find the L.C.M. of move than two expressions,
we first ind the L.C.M. of any two of them, and then find

the L.C.M. of that L.C.M. and the third expression, and
SO Ol.

EXAMPLES LXXII

Find the L.C.}M. of

r¥idg?—dr—4, 2? +06x*+11x4-0G.

2% +dx* —8r+24, x* —x3+8x—8.

Q¥ —pta+4, e? -5z +Te—4.

Q! +2x? -9z 49, 4x” —6x? + 2 +-3.

921 —2* — 9z, 3z° —10%® — Tz —4,

x?+2x -85, x®—G6x2+06x—5, x*+6x*—Gz+7.
a*+z*—52+3, 2*+3z* —xz—3,

a1 —2x% —30x* =S8z —064, ¥ +2x° —122% —40x — 32.

@ NG Wb



CHAPTER XXIII
FRACTIONS
Reduction of Fractions to Lowest Terms

135. In Arithmetic we have

similarly in Algebra we have
ab_axb_Db
ac axe ¢
0
la.:z:y IQM_}(_MJ_j

18azy*® 18 a* =z v

(2]
w

1 2z

x _— =
y 3y
Hence, we see that to simplify a fraction or to reduce it
to its lowest terms, we divide both the numerator and denomi-
nator by all the factors common to both i.e., by thewr H.C.F.
36atcid?
5a’b?c®

X=X

and

UDII:O
=
I—‘[H

EXAMPLE 1. Reduce to its lowest terms.

The H.C.F. of the numerator and denominator is 9a%¢3.
36(5%“(12 ____36(1,"0“(3’ +9a’c® _4ad?
45a2b%c* 45abed ~9alc® 5bY
a?+ab
2 _bz'
a*+ab_ alea+d) _ «a
a?—b* (a—0b)a+0) a-0"

EXAMPLE 2. Simplify

NOTE. It isa common mistake with beginners to cancel terms of
the expressions from the numerator and the denominator. They should
note that if the factors of the numerator and the denominator are
compound expressions, they are taken as a whole and that a term cannot
be removed unless it divides both the numerator and the denominator
exactly. For example, a® or b cannot be removed from the numerator

2
Z ‘l‘““i’ as they do not divide them

and the denominator of the fraction

exactly. .
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. . . X-l _xy-l
E}LAI\IPLE 3- S%?Jl})z‘bfy ﬁi-égz -+-—y+‘-

aly—ayt _  ayle—y)la?tayt+y?) _ apla—y)
at ety byt (@F —zy+yt)@ttay+y?) 2t -ay+yt
EXAMPLE 4. Simplify l:j:fb"]j

b*—ab_ _ b{b—a)
a?—02 (a—D0)(a+b)’
Since b—~a=—a+b=—(a-0),
“bla—b) _ —b
THla—0)a+b) a+b’

the fraction

NOTE 1. Multiplying both the numerator and the denominator of
the fraction —° by—1 hav
245 ¥ ~1, we have

—b_ b __ b
a+b —a—-b —(at+d)

that is, the value of a fraction 18 not altered if the signs of the
numerator and the denominator are interchanged.

NOTE 2. Both —2 and _0o are usually written in the form
, a+b —la+b)
T et

EXAMPLES LXXIII

(Exzamples 1 to 16 may be {aken orally)

Simplify
da? a? a’b? a®h?

1. . . . . 4, .
Se® 2 ab® 3 a?b? a'b?
2a2b%¢* Bax Sxyz 3xiytz?

5. ~. 6. =" Lo . 8. =,
3abic? 10z 7 15x2y22? 1222 312"

ipzad g8 2.3 ,7%

9. % 10. :.l?Pga?cfflcil_' 11. iggz*?)“(jzd'
3a*biciay® 21lab?c*a?ylet 31?

12. Thctays 13. SBaTb i ay izt 14. _2_7;1:*;:;'

15 (—2)2ab3c* 16 (—38)ta?b2x? 17. «?

4¢q*bdc* T T 9%acixiy a* +ab
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abh ady? 3xy
. . 19, < 20, ——=
18 a*—ab a4ty a2y — Gay*’
a*—ab a* —ab |
) . 22. . 23.
21 a? +ab a* —b* (1-—1]-‘
Ga? —9ab a?—a*b* i? +3a
e, 25, —. 26, ————.
24 10ab — 1567 (@+ab)* ¥ =9
a't+n? 5z — 30 a4+
. . 28. . 29, T —~
27 at—1 2* —-30 ("L+?f)'
s0. =¥ 33 =3 32, 27O
JO' apt — gl 7/.. 9—'3.'2 25 —rx=
a+T et —wiy? g 9x*—20ax
33. =z 34. Wiyt 35. SoaT 357"
11 (x+2)(x+3) (x—=1){z+0)
36. L —-. 37. : _ :
a®*—1 (x4+1)(x+2) 38 (x+6)(z+7)
9. (x43)(x—1), . $2+45L‘+_-3. a1, at—1 '
3 2 —1 40 2 4-5x+4 a?+2e+1
) x? +9xy+ 1442 43 1—-5x+40a*
T4 S5ay—1dyt " 1-8Sa+15x*
43;:—-1 N ot Fatyt 4ot
44 1-—9:L‘+ 1422 . 2 tay+y®
46. -yt a7, (@ owt)(x o)
(:c"—y Nz +y) (x® =)t —y*)
48 x? +(a+b)r+ad 49 (a+D0)2 —(c+d)*
Coatt(a—blz—ab " {a+d)2—(b+e)*
50 (@+b)% —4c®

a*—(b+2c)?’

136. When we cannot easily find the factors of either
the numerator or the denominator of a fraction which we
wish to reduce tc its lowest terms, we first find their H.C.F.
by the rule given in Article 129, and then divide both
the numerator and the denominator by their H.C.F.

9x? 4+9x* +19x+415

== to its lowest terms.
xt Fdx? +9x2+8x+5

EXAMPLE, Reduce

The H.C.¥. of tlie numerator and the denominator is z*+3x+5.

Dividing the numerator and the denominator by z*+3z+35, the
quotients are 2243 and z* 4z +1 respectively. '
22"+ 92 +19x+15 _ (2z+3)(x2 4+ 32+ 5) 2x4-3

Z 4z +00° + 8245 (2’ +o+1)(z*+32+5) o teti
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EXAMPLES LXXIV

Reduce the following fractions to lowesb terms :

' —23x4+10
3a® — 1322 —da+4
3x? —22* —-19x -0
6T —1322 — 142 -3’

2 ' —3x+2
T a3z 4"

42 +222 +2r 41"
6 ¥+t — 43 —12
C o at+2e7 42— 16

2 +xt+Te—15
ot —2x* — 13z +110°

Multiplication and Division of Fractions

137. Multiplication of Fractions. To multiply two
or more fractions, multiply together the numerators of all the
fractions, and the denominators of all the fractions, and

cancel factors common to the product of the numerators and
denominators.

ab ?
Thus, to find the product of == and ==, we have
2z /)
2 2
(Lb __(be —_];xi;x_lzxm_=;l:xlxlx£=£,
2;:: - b Qza*b 2 a«® b x 2 a 1 1 2a
; . 3advye Sb“\y 5c0x® v
‘r.‘_ A . L} . E_ L ———,
EXAMPLE 1. Simplify 4beix®  10afoy? . Gathe
. 3xXBx5 a® b® e? _aXat  urXuyxXy
AN DICSS = x x - X X 5
The exprossion = X0 “ afxa? bxbI e Xo « a? %?
=ix Lol Ll vt
3 ¢ b 1 1 1 3ab
i | . t—b? af-—c?,  a
EXAMPLE 2. Sunplify 2o (b b asn
U (% o 1) | (7R ) (ate)le—c) _a? =G=(ﬂ-+i‘-)'
The expression = o) (@ +D) {a—0) b

138. Division of Fractions.
by another, first invert the divisor,
numerator and the denominator
proceed as in multiplication.

17

To divide one iraction
t.e., interchange the
of the divisor, and then
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D)
Or

3ab b 9ab?

Thus, ln leldln(" E‘} y 8562 , We h}lVB
_aib_:_Qabz:Sabew I:’ 3>(8 _X-i—)-x—zx?j
dzy Sziy 4dzy 9ab® 4x9 o ¥ =z ¥
_2,1, 1z, 1 22
3 1 b 1 1 30

5a%b%x , x*z _ 9x?zt
1. Sumplifi - X .
EXAMPLE unphify Gayz®  Ob*y?  15a%b?
50702 T 9b* P/' Qm=z+
D(U-?" zhz 15(:,'-’2)*
' 2 2 L 3 2 2
=5><9><2er>(3: Ny VI @ xb X b

_The expression=

6x15 @'y Xz axa® b+
1 1}5(1)(1)(1)(1

17171717171
=1¢'

NOTE. When all the factors of the numerator and the denominator
cancel, the result is 1 and 7nof zero.

a—h)?—c2 abe ac+bc+c-
XAMPLE 2. lify B X ~
EXAMPLE 2. Swunplify b b T hs a7 ab “ac (b+c)~
. (a—b+c)la—b—rc) abe (a,—l—b+c)(n—b—c)
Th (pression = X
© EXpressiol bla—b+c) a(a—b—c) cla+b+c)
=a—b—c.

EXAMPLES LXXV

Simplify

1. abx'r. 2 a,?g xb.cf’ 3 2a-x9c-.
32 «* a*b b~' 3¢ 4
da®* _ 3b* Y . TYyz . TYZ

L=, 5. . 6. .

1 3be dac ab ” b h2 abe  abe
2a* . 3ab a.ece a b_c

7. = .=, . = XX

be c 8 b d 9 b ¢ d
2 b2 a* b c? Qv . 4(1 Ga
10. “_x_x_ 11, ©x2 x<, 12. .
x* bt at be ca  ab’ ‘BU 5b Ta
¢ 9
13. i_x;_;’_qﬂ 14. ax®. W_xi

ze  z¢ G y" 3



15.

17.

19.

21.

23.

25.

27.

29.

31.

33.

35.

36.

37.

38.

MULTIPLICATION AND DIVISION

OF FRACTIONS 259
Tab*c®  —8x'y%z 16 5ab*c® , ~10a’b®c
Bay<z> Ta'bic T 9xye’ 6xlyz
- 3Z:Tn‘inf‘ « —Spqv_" 18. —lg.rj’y‘:'zj - -;1:2?;‘.322
dp*gEr*  Ylnn 2Tz ytz" Bry'z®
—le_“ k.lm. nﬁnj_-- 20. v—-y_x :‘:’:+y___
3im* w'nt  —4k*| U"+’L‘J x*—xay
Y =y op, dri-1,2y+1
z?—z¥y ayta 4y —1 JL—l
;152+5.1;+G+:r—3. 24. :U+1x;r+2 r+3
r*—25 x—5 x+2 x+3 a44
;t2—3‘7;+2+:cj:_5_.ri6_. 26 '177-—1; Lt/
¥ —56r+4 a?-—-Txd-12 '1:-—4J~ r+2y
-yt CLJ -y 28, rP—r—-6 r*4r-—2
P R PP Rk et
a® = b? aﬁ’—lr- 30. at+b ;a'-*+b9xa4—b"
a'+b* (a—0)* (a—06)* " a*—0* (at+b)®
x+4 +:v2+23:—8. 32 ;1;3—a:—12xm3+4:n+16.
-9 a*+2—0 —64 x*+x—0
w*—23—24+m'-’+6.1:+_2. 34 (a—D)* —c? b-‘—(E:a_,)E.
r*—16 =~ af—x—12 (@—c)*—b* ¢*—(a—0)*
a?—(b+e)? . b2 —{a+e)?
at—(b—c)* b*—(a—c¢)-
1+1x1,-—'c 6 x?+r—06 _
x—1 x*+2x+1 z*-—132*+306
P—a—2 a*—ba.a*—2a—8
a3—2a, a?—1 'a,”+(n-—2'
as4at+1, -1,
2t 1 at-1 :L"—l
z* —3x4+2

Lat—4r—5 x*—-8x+15

2+ Tr+12  a*+5z+4 a*—5z+G

.1'."*—8_._(.1:—2x 9x® )
r+5  \dv: zr45x

at —bs Xa”-l-f)f_:_
al +2a2b* +0 a* =07
a°+b“xa"+a"l) 404 a—b_
@t -0 a* —a*b* +b “axb
a? —ac+e? —b? . at—b* —c*—2be
b2 —2bc+ct —a® T af42ab+ bt —c*
;L'g—(y_—_?:)“ (z+2)* —u*

e o

a? —ab+b?
atb

2t —(x—u)?*
(x+y)* —2*
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Addition and Subtraction of Fractions

139. The method of adding or subtracting fractions in
Algebra is precisely the same as that in Arithmetic. As we
have seen in Arithmetic, when we have to add or subtract
fractions which have different denominators, we first reduce
all the {ractions to equivalent {ractions having the same
denominator. For this purpose we reduce all the fractions to
their lowest common denominator which is the L.C.M. of
the denominators, then divide this L.C.M. by the denomina-
tor of each fraction and multiply the quotient by the corres-
ponding numerator, and proceed as 1n Arithmetie.

Thus, to simplify £+ 3+ ~%, we first take the L.C.M.
of the denominators 7, 14 and 9, which is 70. Now to reduce
the denominators of the {ractions to 70, we divide 70 by the
denominators 7, 14 and o respectively and get the quotients
10, 5 and 14. Then multiplying both the numerators and
denominators of each {raction by 10, § and 14, we have

6,11 _4_6x10_ 11x5_4x14_60, 55_56

7 14 5 7><10 14x5 5x14 70 70 70
_60+55-56_239

70 70

i : i R Z ? by e U
EXAMPLE 1. Simplify - +O\ o

The L.C.DL. of the denominators is 6z.. Dividing 6z by z, 22 and
3, the quotients are 6, 3 and 2. Now multiplying the numemtom and

the denominators of thc fractions by these, we have
a. b c _G6Xa 3xb _2%xe¢ _6n 30 _2¢ _Ga+3b-2c

- Jr 8z GxXa 3X2 T 9x32 6z Gz 6w Ga:

-y X—2v_ 3
y  Axy®  4xy’

. . X
EXAMPLE 2. Simplify 3

The L.C.M. of the denominators is 4z*y°.
;— (2 —2 a1
the expression= 4yla _-'_f) _2z(a -'{); _ X3
Ay Xy 2wX2xyc  wy Xdzy
___4_:;(3: —y) 2a(x—2y) _ Baxy _ dyla— ?)_r} — 22(z —2y) — 8zy
iy T 4xy? day® 422y
_day— 4y* —2x® + day —3ay _Say—2x° — 4y°
4:1:23/3 4%y ’
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EXAMPLE 3. Simplify &—%.

NOTE. When no denominator is given, the denominator 1 may be
understood.

a-t=C_a_axb_a_ab_a_ab-a_ald-1)
b1 b 1xb b b b b b
EXAMPLE 4. Simplify Y 4Y 2427 X
' Xy Y2 zZX

The expression =22 (z~y) +IX (y—2) +£?.<..(?_—_'T}

z X2y Xy Y Xzx
=YETYZ ywy—xz  yz—ay _wz—yztay—xztyz—xY
ryz TYyz xyz Yz
-0 _
=

NOTE. If the numerator of a fraction is zero, the fraction is equal
to zero.

EXAMPLES LXXVI

Simplify
. ' . . s 2 1. 1
) B oozt ez i o111
2 3+4 2 P 4 +8 3 a 2 3z
1,1,1 a da a a« O ¢
4., 44—, 5. T 42%, 6. “+242,
x y+z b 2b+30 a:+y+z
b ¢ x+1 , x24+2 , x+3 a—1 a—2 6 a—-3
7. ¢-°2_¢ 8 . 9. .
T Yy z 2 - 3 + 4 2 9 + 3 + 5
b ¢ TY , Yz , EX T 1 z
10, & 4+24°¢ 11, W YR 12. % 4+ 1L :
be ca+ab z + x + i 2 a2b+ab2+a2bz
13, *_z+1.2x g, a—-b_a—c 15. 'Q:E—?/_?I—-Qa:‘
4 6 9 b c Ty Yz
‘16_ 'B—S_.’D—G é- ﬂ. _(_L
90 52 +6 17. 1+b 18. 1 5
19. a+% 20. o-2 21, -2,
: b b a
2 L2 .__b —_ —
22, a+2 477, 23, ®zb b-c,c-a
b «a ab be + ceL

2_12 2 —_
20, CoVLVSC ot ps asbiat b etob
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140. 'When such factors as ¢ — b and b — a hoth appear
in the denominators of fractions which are to be added or
subtracted, much labour is saved if only one is included in

the common denomina,tor, for E‘: —a=—-ag+b=-{(a-
EXAMPLE 1. Sumplif; b
The expression= @ + b = . 2 b _‘?'-b=1_

(a—0) —(a—0) (@—0) (a—0) a—2b

NOoTE. When the numerator and the denominator of a fraction arc
the same, the fraction is equal to 1.

EXAMPLE 2. Swunplify —b—l- x
i —
The L.C.M. of a+b and e~ b is (a+b)(a = b).
1 + 1 . {o=d) (a+d) _{a—b)+(a+d)

a+d a—b (a+d)(a—b) (a+b(a—0) (a+b)(a—>)
_n=b+a+t+d 2a
T {e+b)(e—0) Tar—br

141. Tt is sometimes advisable to arrange the denomi-
nators of {raetions which are to be added or subtracted,
according to descending or ascending powers of some
particular letter, bhefore p]roceedinﬂr with the simplification.

EXAMPLE 1. Simplify - ? "lx xi? 14:;\‘
X=— h o —x

Here the denominators of the first two fractions are arranged in
descending powers of x, thevefore if the terms of the denominator of the
third fraction are also arranged in descending powers of x by altering
the sign, the expression
=% xr+3_ = 4

2t —1 a+4+1 —(c—1)
_ xfz—2) _{(z+3), 4z
(x+1}2z—-1) (z+1) (x—1)
_ wr—2) _(r+3)(z-1) dx(z+1)
(@+1){z—1) (z+1)z—1) (e+1){z—1)
_2(r=2)—(a+3)a—-1)+da(z+1)
(z4+1)(x—1)
L2 —2r—2*—2zx+3+4x® 4w
) (x+1)(z—1)

41 +‘3

:1.-—-1
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NoTE. It should be noted here that in the fourth line, the common
denominator is written only once. When this is done, the multipliers
of the mumercators must be placed within brackets, otherwise a wrong
sigh mav creep in. The student should also note that the line of a
fraction is really a bracket. '

i . . 1 1 1
EXAMPLE 2. Simplift -
Y et T a6 T o Tey

1 1 1
GErET?) @3 @5t

(=8 +{z+1)+(x+2)
(x+1)(z+2)(x—3)
- 3
{(z+ 1)}z +2)(x—3)

The expression=

EXAMPLES LXXVII

Simplify
s B S 2. Ty 3. ¥ _q
r—1 1-=x z+y x4y
4. & T =Y 6. &+ _ 2.
2+l Tzt > e y+s a—b atb
1 1 2 3 a4y y—=a
7. . 8. . 9. T
(1.((L—b}+a(a+b) 3(a—b)+2(b‘—a) a:—g,r+'y+rc
10. wt5 x-5 11. rz.+3b_a—-3b- 12. aj+b‘j_a+b.
z—5 z+5 a—3b a+3b a*=—0% a-—-b>
x 1 T 1
D = . 14. .
13 (x-38)2 -3 m2—9y2+3y—w
1 r+1 aitayt+yr, Y
15. — . 16. S+ .
1T e+l a4y z—y
17. {2 2(‘&.1' . 18. Hh _—?jr .
a—2m+(a—2a')9 (x+y): a—y?
19 (Ls—-bn .,.L:]_!_bﬂ 20 aﬂ"l"b (L—'b___il(t,b .
" oat+tab+br a?—ab+b? " a-b a+b a®-0?
1 2 Sx—7y 2(a+b) 1 2a
21. - . 22. - — .
:r—y+:v+y x?—y a*—ab  3(a+d) +3(a-— %)
23 2 4ayty? x?—xyt+yt 24 1 1 2

. x+y x—y 2 +2x0t V2’ —2z®  @°— 4T
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3 3 ,
25. % ,?I-i'.;i/ _yBBwu_qu—a
26. wf2+:r2if3_ﬂ:2+1w—6' 27. 3293:1:_3:?3_'_9;30—9'
28, 1+ 2. _* o9 (z+a)? ~at
rx+y ax—y 2?—a® " az—a?
30 ;"_}i_ ! +?U%)' 31 l_a-:fa:ﬁ(aj-xa:)”
32. H-!_ 2 +%}; 33. a—'*_ﬁ(-;fl-bz +aib_ac£?“——;?).
34. :L(:L:'L—l) 3;32—1-!- (:1,'3+1)
> xf!f+w13/+wfy_mfy' 36. i?;i_i”ti+ﬁm—1
' 2 o x +5r  2a— 5 4
37 - mricl - 14—1.@' 38. 3: — ?i-gﬁ+gz+25fﬁa=-

x+Ty =Ty x? +49y?
39, Tl Z— 1 ¥,
o—"Ty a;+7y+ x? —49y*

40. r+3 B x+2 + ¢
(x—2)(x—3) (z—2)(x—T7) (x—T)Hx—3)
1 2 3
41. = ,
@=1)@=-3) " (5-a)=5) (B-aj@=1)
42- 2 1 +- 2
wf—dr+3 w?—3a+2 2?-52+6
13, S W S
x*+2z2+1  2*+5x+0 x*+4x+3
14, 1 1,
?—9%z+1" a*—52+6" a®—da+3
45 a—1  x+d 2+5
7z +10 a2 +dw—5 aitz—2
1 1 1
46. 1+ tetatz—a =z

Fractions in Cyclic Order

142. In simplifying the fractions which follow, it is
best to preserve the cyclic order of the letters from. the
beginning and adhere to it throughout simplification.
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EXAMPLE 1. Simpli S ; I ‘
Simplify (&_b}(a_c]—i-(b_c)(b_.-,],)‘*'(c—a.)(c—b)

Changing the signs of the factors of the denominators so as to put
them in cyclic order, the expression

— a b c
—{a—b)(c—a)-l' —(b—c){a-—b)+ —(c—a)(b—r¢c)
_ a b ¢
{a—0}{c—a) (b—cjla~b) {c—a)lb—c)

_ G b c

o {(rr,—b)(c—a,)—!-l:b—c)(a—b]+{c—(£)(b—c)}

_alb—a)+ble—a)+cla—10)
{c—=0){b—c)(c—a)

_ab—ac+bc—ab+ac—bc
(c—=0)b—c)le—a)

_ 0

T a=b)B—0)lc—a)

=0.

. . a’ b? c?
EXAMPLE 2. Simplify (a—h)(a—c)+(b—c)(b—d) = &)(c By
The expression
_ @? _ b* c®
T (a—0b)lc—a) (b- )(a.—b) (c—a)(b—rc)
a® b2 c*®
{{a b)(c—a)-l-(b—c)(a b)+(c—a)(b—c)f

_a*(b—c)+b*c—a)tc? (e — D)

(a—b)(b—c)(c—a)
"o _z(a=b)b=d)le=q) [See Example 1 of Article 126]
" (a—0){d—c){c—a)

—a+1 bz—b+1 “crt—e+1
EXAMPLE 3. S%ﬂlpl‘l«fj( b](m—c) B=a)b=0) (c—a)(c—b)'

The expression

=1.

2 b2 C'Z
- {(a—(:3(0,—c)+(b—a)(b—c)+(c-—a.)(c—b)}
€ b e e
B {(rL—O)(a—c)+(b—a)(b—c)+(c—a.)(c—b)}

1 1 1 _
+ {(a—b)(a—c_)_l_‘(b—a}(b— c)+(c—(c)(c—b) }
(See Examples 1 and 2.]

=1-0+0



266 ALGEBRA

EXAMPLE 4. Simplify
a e h T c .
(a—b)(a—c)(x—a) (b—a){b—c)(x—Db) (c—a)(c—Db)(x—c)
The expression
0 i + b + ¢ 1
Va=b)(c—a)m—a) (a—0)b—c)(x=0) (c—a)b—c){z—c)]
_ _a{b—c){e=0)(x —c}+ ble—na)(x—a)(x—c)+cla—D)(x—a){x— b)'
(a=b)(b—c)e—a)(r—a)(z—=D)(z—¢)
The numerator
=a(b—cHx —0)(x —c) +blc—a)x—a)(x—c)+cla—Db)(x—a){xz—Db)
[Removing the brackets and collecting the coefficients of x? and ]
=z*(ab—ac+bc—ab+ac—bc)
+z(—ab?+abe—abec+ac? —abc+a?b—be* +abec—a*c+abe —abe
+b2¢c)+(ab?c—abe? +abec? —atbec+abec—ab3c)
=z2*(0)+z(e*b—a*c—ab? -+Lac?+b2c—bc?)+0
=g{a?(b—c) —a{bd? —c?)+be(b—c)}
=z(b—c)(a®—ab—ac+bc)
=z(b—c)(a—c)(a—0b)
= —p(b——c)e—a)(a—D).

—z2(b—c)e—a)(a—0)
(a—=D)(b=c)e—a)(z—a)(x—0){z—c)
=(a:—a)(a;—b)(:c—c)'

the expression= —

EXAMPLES LXXVIII

Simplify
1 1 1
(e —b)(e—c) +(b —e)(b —a)+(c —afc—10b)
b+e + c+a a+b
(a—b)a—c) (b—c){b—a) (c—alc—0b)
b—e c—a a—2b
3 :
(@ — b} —c} (b—c)(b—a)+(c—a)(c—-b)
be cn ab

(a—b){a-c¢ +(b—c}(b—(a)+(c—a)(c—b)'



5 a? 4+ be b ten c*+ab
" (a=ba—c) (b—c)(b—a) (c—a)c—0b)
6 z+ao x+b T+c .
" (a—=ba—c) (b—-c)b—a) {c—a)ic—0)

a—b—c b—c—a c—a—>
7 (a—b)(rr.—c]+{b-—c)(b—a)+ (e —ct){c—D)
8 at41 b241 czjl—l .
" {a—bla—c) (b=c)b—a) (c—a)c—D)
9 a?—1 b —1 + c®-1 .
" {a=b)(a—c)  (b—c)b—a) (c—a)c—0b)
10. ax bz c _
(a—0){r—c) (b—c){b—a) (c—a){c—D)

11 a?—be + b2 —ac c? —nb )
" Aatd)ate) @+o)b+a) {(c+a){c+b)
12 (x —=b)x—rc) , (x—c)x—a) (:c—(t.)(a::_b)-
" (a=da—-¢) (b—c)(b—a) {c—a)(c—b)
13 .1 1 N 1 .
Cale=b){a—c) Bb—c)b—a) clc—a)c—0)

1 1
Sk oy s oo S s oy e » LA i T e

15, ar L

COMPLEX IFRACTIONS

(a—b)(a,—c)(a:-—a}+(b—c}(b—a}(m-5)+{c—a}(c—b)(a:—c)'

Complex Fractions

143. A fraction which has a fraction in its numerator

or denominator or in both, is called a Complex Fraction.
Thus

a a
b, &, b
¢c £ ¢

a d

are complex fractions. To simplify such fractions, we proceed
as In Arithmetie, i.e., we simplify the numerator and the

denominator separately, and then divide the numerator by
the «lenominator.



268 ALGEBRA

ol
aTiye

EXAMPLE 1. Simplifyy .

o
jatfle

Tl 1merator =(-71+f_,__ g
e C =T A va e

_ad  be_ad+be

bd

n_c_ad_be_ad—be

The denominator—=--—== Y=
b d bd bd

ad+ be

the fraction =

bd

bd __ad+be . ad—bc

ad—be bd
bd

bed

:rlcl—.l—bcx bd _ad+be

bd ad—be ad—be

Q
x+3——
x+ x+4

10 °
X—3+—

x+4

EXAMPLE 2. Simplify

The fraction
2 {(z+3){x+4)-2

2 +T2+12 -2

_ ' (x44) (x+4) x+4

(z—3) + 9 “(@—3)x+H+10 22+x—12+10
(x+4) (z+4)

_a*4Tx4+10  2?42-2 (e+2)(xz+5) (x+4)

S ati T a4d T (@dd) X @+2)w=1)

x+3

-1

Simplify
1 1+1
) 2. __11‘
p—E& 1—=
a a
o) L1
Qa+ 3 -
4. —2. 5. —.
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3z 2 —p*
x*—+3 < —.;‘{)“ 2 4 L
7. 2 __. 8. . 9, atl a—1
2w+%—3 n:—'i a _
@ b? a—1 a+1
8z, 1-3z -+l a—1
10. 1432 3z 11. 9;—1+5L'+l_
dx l—3ux 2+l a—1
(a+b)2_(n--b)2 w4y &y®
12 a—10 i+ b . 13 9 _:1'2+4IJ'_‘:l
(a+b\’=+(a—b 2 22+ 4yt Ot
a—b, a+d Sy = at+4y?
x—2 2 2z —1
14, —Z3. 15, —_ T3E=d
G 3
rt+4+ —— 2z — 1)+ ——
x—3 (@ )+2(.T-—3)
1 1 1 1 1
“_'1 l;a’—.-s - .9_ .__—_
16. 42 (. 17. %__3%¥ a2y 3z
d + : x
l +1 }-a,-'-’- 1 l 1 l
ate ¢ x 32z ©—3z 32y

Continued Fractions

144. The method of simplifying Continued Fractions
in Algebra is precisely the same as that in Arithmetie, z.¢.,
we begin the work at the bottom and simplify step by step

upwards,

EXAMPLE. Simplify 11 .
1+——
1+
1+
X
The fraction= ! T S —= 1 - = ’rl-l-n
1+ 1+ 14+ —— l+;£x'a
; g T
14t 14% 22+a
x+a z+a z+a
@
1  Yx+4a

T3zt dz+oa
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EXAMPLES LXXX
Simplify
1. ..LU_ 3. 141 3. ate—ie. 4 =l
a=r 1+ 1 at 2 at—
a a 1
a——"-
(2
— 2
5. 1-—2=b0__ 6. "‘3“1 .7 14
a~-b+- b2 z+1— +1 3___4_
atb a1+ s+ 6
-~ s
‘—__-
T
8 a——01>=1 . 9 S |
a a a
10. z — z
1-= 1+ -2
1+ 1-*
1—x 14+=x

Harder Cases of Fractions

145. When there are several fractions to be added or
subtracted, it is best not always to combine all of them at

once, but begin by combining fwo only, if they happen to

correspond.
EXAMPLE 1. Simplify 43 3 1
a*—3 a*+1 a*—1 a*+3

The expression= )
e expression={ — _3 = +3) (ﬁ5 P sy |
"3_)

(e +3)—(a? 3(«* —1) —3(a* +1)
(2 —3)(a?*+3) (a*+1){a*~—1)
__ 5 —G ) Gra —6—6at+54_ 48
=9 at=1 (@ =9){a*-1) (' =9)(«’ 1y
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1 2 4

EXAMPLE 2. Sitmplifi - .
: P it T

The expression

_ _ 4
_(w_—l-l m—1)+a:=+1+a'*+1

_ —2 9 _ 2 4
1+a, ‘41 a,"'+1 (a,-—l x® +l)+a;*+1

_ —22*+1)+2(x2 1) 4 _ —4 , 4
(% —1)(z>+1) a4+l ad—1 azd+1
_oHet oy -8 8 8
(z* —1)(z*+1) x® —1 g*—1 —(z°—1)
__8
1—a%

2x+3y _ 2x—3y g*_{_S_y
2x —3y  2x+3y . 3y 2x
'.‘2}:—';-33-'+Qx -3y " 2x 3y'
9x—3y ux+3y 3y 2x

EXAMPLE 3.  Sumplify

The expression

(2e4+3y)2 — (22— —3y)* da* —9y?

(22 —8y)(%2+3y) . 6ay
(Q:L+‘3:/) + (22— 3?;) T da? 49y
(22 —3y)(2z+3y) Gy
4o + 1%y +9y* —4a* + 122y — 9y°
dar? —9y* . 49:2—-9,1;2)( Gay
4r~+12,'u;+9q +4a® =12y +9y* Gay 42 +9y*
da? — Qy*
_ 2dzy
da? '—QJ"' (42?—9y* | 2day | dat -0y x4a:2+9y!
‘J(4L +9;/) Tagt 49y da?—9y* 24wt +uy®) da®- yy®
da? —9y*
12xy

T 4g? —_955
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as—l,_ 1—1
. . a” a
EXAMPLE 4. Simplify 1 1 ® .
(a—~)(a~1+—) 14142
Q a a a?
The expression
a“—l a- 1
(a-—l)(a-—a+1) a-_-l-.:_’t+1
a?
(a+1)a-1){a*+a+1)(a* —a+1)
a’ a—1 az
- X X -
(@t )@ —D{a* —at1) T Era+l

2

_la+1Ma-1)a*+a+1)a® —a+1la? x (a—1)a
a*(ae-+1a—1a® —a+1) a*+at+l

=a—1.

EXAMPLES LXXXI

Simplify
L 1-:-_).3; 1—12:1: 1—24::;3' z 1—:.35';-‘-‘3:1:1—-1_!-1“13:1:2
3. 1-I—-Zf+2jfi+14j(_ﬁ 4. 1ia-_ lflz-a,—l—:a'-'_l.a"ail'
> 90;’1— 2 9(1,-2—1-'_9(1 2+1 971_45
6. 1+%— b i 2a*

5a+b_ab-—lJ'-'+a'-'—b'-"

va 1 +.'r'.3+1_ 1 _mf+1_

z—1 a'+1 a+l a°-—1
8. LIRS SR —
1—a+2? 14ata® 1+z*+a

o a+tx a— 227

a? +(£"L-i—‘t‘ n® —ar+ax® a-l_.|_a'za‘.2+z.|,'




10.

11.

12.

13.

14,

15.

16.

18.

19.

20.

21.

22,

23.

24.

a8

HARDER CASES OF FRACTIONS

1 .1 1 1
—y wty at-yt o ateyt
1 x4y +a,'2+:ryiy_2
— at— 2 ma_yu
— b2 a’ —b? a+3b
a?+ab+b? " a*+4ab+3b* a®—2ab+b*
Ttetl at-a4l w-1, a4l 2= +1)
at—1 e+l x2—1 zi-1

41
(-’C" _w"—a"y+w.v=—:f/°) v
cty

xt =y

+atytay?+y°
%=y

_xltetytay® +y°

’l,!'

m!
(mgy’+y

1 1 1 i 3

-+ + - .

z z—1 a4+l az*—1 axfz*-1)

a+b I_b"‘a w_l..y-l—:r-_l,_y-
—b b—ua r—1y xr—y*

y)'

zt+x?

17.

a+b_b+a' :1_'-|-'£‘Jr_:1;“+j;,«:’T
a—b b—a —y oz’ —y°

at 1_1
¥y T

((m:z' —ay®+ Qbmy) ( by?
x* +y°
4yt

(z+y)2 +(x—u)?
(+y)*—(z—y)

(T'+1/~_1) x? 492
2z
lr

—ba?+2 aa.u)
z* +y* '

‘lr./( —y)
x® —xy+y*
4st,y(m+y) '

zy*

(aj-b) z }

Hivaks)

] "I- _
a-+b+{a+b)" } {1

a:l
{1 h(a+b)-"'
18

. (-’L"+03y+:rf’)"‘

x+y
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25.

26.

28.

29.

30.

31.

32.

33.

34.

35.

ALGEBRA

> at
1+(b+c}“+(b+c)* . 1
J a® (,, " Y7 ,_ af
V' (b+c)? }L T+ ! (b+c)?

a+y _ x+2z

l4ay 1+xz. r? =yt Ty a:“+ys-+:v+y
‘ 27 L 3 . a4 .

_ (w+yHat:) ety aty/\t—yt x—y
(14 2y)(1+zz)

(ED) -G G G5 1
(.—-t-—:z:———— (1—:+x— )

T

() er() )
ooz z @ T Yy

(-1 11y, (11

”*(g ;)’“ff(z q,) (3 y)
(Qa—Bb)z—a:_i_ —(3b~—a)? 952 —a?
402 — (3b+a)? ( *—0?) (2a+3b)2 —a?’
(y—=2)ut+2)+(z—a)z+a)° +{z—y)x+y)*
('J+~”)(*l—2)“+(-’+'-r)(: x)* Hat+y)e—y)*

—(n=2)2 gy —(z—m)? 2—(x—y)° .
(-+be —y* (e+y)*—z* (y+z)?—a?

@=w)+y=2)", (y=2)+(z=2)* , —a) +(@—-1)"

=2

- z—y

(§+ﬂ)2+(ﬂ+f’)z+(f+t’f’)"_(i°+?1)(£!+5)(§+_ _
y o« z Y Lz y o xf\z y/\x =

).



CHAPTER XXIV
IDENTITIES

146. As we have seen in Article 55, an identity is an
algebralc statement, which asserts that the fwo expressions
on either side of the sign of equality are always equal for all
values ol the letters involved thevein.

In proving an zdeniily we commence with one of the
sides and show by successive transformations that it can he
made o assume the form of the other.

EXAMPLE 1. If x+-]-'=a-,provc thai x-"-+---1.,-—-m°—_3a..
X x

First Method.

L1 1\? 1 1 ‘ " 3
x +a.‘u_ 5”+5c — 3. . $+:.L') [Sce Article 115]
2
=(:c+:-l) —3(5c+1)
' T T
=a” —3a.

Second Method.

a! +1 =(:r;+1) (2:2 - El-i-%) [Sce Article 111]
% X z a’

(e e
x &



276 ALGEBRA

EXAMPLE 2. If a+b+4c=0, show that

L e s (e aet)
(a+ec){b+c) (atbiatc) (a+b)(h+c) a b ¢
Since a+b+c¢=0,

a+b=—c,b+c=—a, cta=—-Db.

Hence the left side

—r — —h —c, —a ,  ~—b
—— - -]-‘—:.,%-{—_H‘ _—
T(—~b)(—a) (—c)(=0) (—c)(—a) ba ¢ ca

( ca by _ e*+a+b?_ (a+b+c)2—2{ab+letea)
= L+ 2+ )= T = !

b ¢b ca abe abe
_ _—2labtbetea) g(“b -[-_br:_ﬂ—_c_{r_) =Q(ﬂ+ be +.L“’)

abe abe abc abc abc

=9(1+1+1).

a b ¢

EXAMPLE 3. If 2s=a+b+c, prove that

g—a s—b s—c¢ 82
(T06=0) GG =a)E=b) T (=a)s-b)(=0
a?+b*+c?

(s—a)(s—Db)(s —¢)’
The left side
(Suﬂ)g +(s—b)® +{s— c.)f_-l—_s'i'

T(s—a)(s—b)(s—c)
The numerator=s2—2as+a?+s5>—2bs+ b2 +s*>—2cs+c? 452
=452 —2s{a+db+c)+a*+b24c?
=45 ~2sX2s5+a*+b*+c?
=a?*+b*+c?.
ar+b*+c?
(s—a)(s—b)(s—¢)

Heucee, the left side=

EXAMPLE 4. Show that
(x+y+2)°—(x+y—2)*—(x-y+2z)* —(y+z—x)" =24xy2.
If we put =0 or y=0 or =0 in the left hand expression, it

vanishes, thevefore by Article 126, (z—0), (y—0), (z-0) i.c., z, ¥, 2
arc the factors of the expression. o
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Since the expression is of the third degree in z, ¥, 2, it can have no
other factors, excepb some numerical coefficient. Suppose the numerical
coefficient is k.

(z+y+2)° - (@+y—2)°—(z-y+2)° - (y+z-z)° =kzya.

Now to find %, we put x=y=z=1 in the above, we have
27—-1-1-1=F,
h=24.

Hence, the left side is equal to 24zyz.

EXAMPLES LXXXII

Show that, if

1
m?

1. z41=3, 2417 2 p-l=q, a'-.
@ aZ T

3. (z+})’=3. z* + L =0.
HH L

If 2s=a+b+ ¢, prove that

4. 2s—a)(s—b)(s—e)Fa(s—b)(s—e)+b(s—c)(s—a)+ecls—a)(s—1)
=abc. -

5. 16s(s—a}(s—0)(s—c)=(a+d+c)b+c—a)c+a—-D){a+b~c).
6. (s—b)(s—c)+(s—c){s—a)+(s—a)(s—b)+s?=bc+ca+tab.
7. 1 1 + 1 1 abe

s—a s=b s—c¢ s s(s—a){s-b)(s—c)
8. .é“—(s—rr)"—(s—b)“—(s—c)"‘=3abc.
9. s{s—a) _2be+(b2+c*~a?)

(s=b){s—¢) 2bec—(b2+ct—-a?)

1 1 1 8

10. (s—b)(s—c) +(s- ¢)(s~-a) +(s —a){s—0) {(s—a)(s—b)(s~¢)
11, b+e c+a . a+b _ a?+db2+e?

(s-—b)(s—cj_}_[s_—c)(s—n} (s—a)(s—b) {s—a){s—b)(s—c)
If a4+b+c=0, prove that
12, a?+b"+c*=3abc.
13. a?tab+b2=b*+bec+c?=c*+catal.
14, a?—bec=0—ca=c®— ad.
1%, (~a+b+ca-b+c)la+bdb—c)=—8abe.
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16. a(b—c)*+b{c~a)*+cla—b)* +9abe=0.
17. % 4+ b 4. o

a*—bec b*—ca c*—ab

1 1 1 .
18- (12+lb_=——cz+bz+cl"—(l-2+('."+(£=—bz_

19 a?+b2+e? | 2 ad+betca) _
T oatHbF 4 3rtbe

0. 20 ot )0

Prove that, if

21. 2s=a+d+c,
d{ab+-cd)? = (@ + b2 —¢?—d2)* =16(s—a)ls— b B)(s—c)(s—d).
22, aidytdzi=agytyztin, (y—+(z—x )2+ (e—y)*=
a\* % z\*_3anz
23. z=alb—0c), y=0blc-a), z=cla—b) : (;{) +(5) +(;) = b
X +u +z* —‘-}u;_
a*+ b5 +c* —3abe
a3y 427 —83xy:z

p— . — L o — . ! gt =9,
25. a=b+c, y=cta, z=a+b; T b7 o7 = Babe

24, w=b+c—a, y=cta—>b, z=at+b—c;

Prove that

2 2 2 (a - D)2+ {b—¢)” —I—(c—-n)
26. (iw—ib_[_b—c+c—a (a—0b)(b=rc)c—a)
1 1 1 1 1 1 )"’
27. - 4.4+ — = _ 4+ + .
(ra—b)”+(b—c)'-'+(c—a)’- (ra-—b b-—c¢ c—a
og. LU WTEpzTEL oY NZE IR0
= X Y z < "

29. (a—b)24(b—c)*+(c—a)?
=9(a - b)(a - c)+2(b—c)(b— a)+2(c—a)(c—b).
30. (a+b—20)*+(b+c—2a)" +(c+a—2D)°
—3(a+b—2c)(b+c—2a)(c+a—2b).



CHAPTER XXV
SIMPLE EQUATIONS INVOLVING FRACTIONS

147. 1In solving an equation involving fractions we first
try to clear the fractions. This is done by multiplying both
sides of the equation by the L.C.M, of the denominators.

3x _ X
x+6 x+5
The L.C.3L. of the denominators is (+06)(2+5). Multiplving both

the sides of the equation by this L.C.M. we get rid of the fractions,
and have

=9,

EXAdPLE 1. Solve

3x(z+5) — x(z+06)=2(x+6)(z+5),
3x?+15x—2a?* —Gax=2x*+2%2x1G0,
3x? —e? - 22?4152 — G — 222 =00,

—13z=00, *
13 13
1 2 3

EXAMPLE 2. Solve +—=—.

The equation can be written as
1 2 2 1
b + = + L]
rx—1 -4 x—3 x—3

By transposition, we have

1 1 2 o

z—1 w-3 -3 -9

Simplifving each side of the equation separately,
(x—=3)~(z-1)_2(x—2)—2(z—8)
(z—1)(x-3) (w—3)(z—2)
-9 2

(x—1)(x—3) (v-3)(x—2)

4
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Multiplying both the sides by (m; 3),

-1 _ 1

(z—1) -9
—(z—-2)=x—1,

— a+2 =x-1,
-—rx—a=—-1-2,

—2r=—3,

3 i
- r=-=1x.

2 2

EXAMPLE 3. Solve .+ * =1 1

x—3 x—5 x—2 x-6
Simplifyving each side separately,
(z—=5)+(z—3)_ (2~ 6)+(z—2)
@=3)@-5) (@—2)(@~6) "
22-8 _  2r—8§
(—5)(x—38) (z—2)(z—06)
Dividing both the sides by 2,*
il S . SO UNUUUOUSURNUR RPN (1)
(x-38)(x-5) (2-2)(z—86)
Alultiplying both the sides by the L.C.)M. of the denominators,
(- 4)(z—3)(x—5){z—-2)(x—-06) _(x—4)(z—38)(x—5)(x—2)(z—6)
(z—3){x—5) (x—2)(x—6) ’
(z—4)z—2)(xz-6)=(z—4){z—3)(x—5) errerrrenerne. (2)
Removing brackets, we have
a®— 1220+ 442 —48S=x*—-122*+ 472 — GO0,
442 —47x=— 00148,
—3r=-12,
x=4.
Comparing (1) and (2) we see that multiplving both sides of the
cquation by the L.C.M. of the denominators is the same thing as
multiplipng the nwmnerator on the left side by the denomanator on the right

side, and the numerator on the right side by the denomunator on the left
side. This process is called cross-multiplying.

* NOTE. Students should note that they should not divide both
sides of an equation by any term or expression involving the unknown
quantity. For instance, here we have divided both the sides of the
Lquatlon by 2, which is a conqtant factor and not by 2x- 8§, whlch
involves the unknown quantity z.
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H

EXAMPLE 4. Solve >—
X

1_
-

y

2
x—3

Since by division

14

and m—’?—l + —

x—9

(

_g'
142
x

=)~

=

1 +a,__5

2
_1__
r—23 r—>5

2 2

1+

—3_
-5

=11 ¢n

x—"7

x—9

142
T—95

HKH

m—5=

r—i

w

—5

|

=1+

-

a

9
x—T a:—9’

2 2

-3 z—5
1 1

“z—7 z-9

1 1

T—8 xz—bH
(x—5)—(z—8) _

z—7 ©—9
(x—9)—(x-1)

(z-38){z—5)
—9

@-N@=9) ’
—2

(z—3)x—8)"

“ &= @=—9)

9]

-

81

2
1+ —=.

thercfore the equation can be written as

(i

=14-—=_—1

1
—7)(@-9)

1 -
(@—3)(x—5)
Cross-multiplying, we have

(z— T}z —9)={(x—-3)(x—35),
—162+63=x%—8x+15,

—16z+8x=15—63,

- 8x= —48,
r=06.

(z

EXAMPLES LXXXIII

Solve

6 _
r—9 2—3
1
5z — 1 Sr+1

r _4
0r+3 9

z—1 _ 2»-—3
Tr—14 TF2—926
x—3 a-—92L
x=2f w—2}

5

H‘—('J.'

— 2
Qu+3

1

10.
0 2(31-+2)

2(2x:+3)



b3
CD
o

13.

15.

17.

19.

21.

23.

25.

27.

28.

30.

32.

34.

36.

37.

38.

39.

40.

ALGEBRA
1 3 1
+ = . 12.
a+3 dr+1 4(x+3) 2
1 1_ g
T+3 ® x+7T 14.
3 3 5 5
— = - . 16.
a—=2 a24+3 r4+3 -0 6
1 5 G
4 = . 18.
xr+5 x+8 «+7 8
4 T -1'2
— = . 20.
42 -2 4—2°
G 1 53
- =. 22.
r—=9 x»-53 r-=8
3w+4=4r+5LGr+4 24
r+1 dr4d 341 '
$+2¢3w—1=8m+9 26
r+1" 8r+41 da+4 ’
1 + 3 _ Tr4+1
2x—2) a—5 z2-Tz+10
1 1 1 1
- = - . 29.
r—2 r—4 x—-06 w—-8
1 1 1 1
= . 31.
m+2+m+3 m+l+w+4
1 .t 1 1 33
r—3 r4+3 r+2 248
T +m+4=m+1 r+3-35
r+1 r+5 r+92 r+4
20+3_2x+5_%+7_2x+9
4+1 r+9 43 ;?,‘+-':L.
2w—15_m—824r—47 r—4
r—8 =9 a—-12 a—5
e 4x+17=2r+5 3»L110
r4+1  a+4 r+2  x+3

(x+1){(r+9)_(x+06)(x+10)
(x4+2)(x+4) (x+5)0a+T)
1

L

14—t

1+ L
€T

=0, 41.

T —

1 1 _ 2 2
“+4 w45 145 a+0
2 1 3
P v S
1,1 _ 2
r—1} " a—2 z+3
3c+8, 5+3_ 5
Jr+1 1-3r 1-—92°

r—1

9 1 S{z+1)

r+3 a+7 a+4 w0
a—1 a—-2_xr—3_a—-4

-2 r—8 a—4 a~5
@ +9—m_m+} S—u
=2 T—uxr a—1 06—

)
- =0.
3
1-
1— 2
1-2_



CHAPTER XXVI

SIMULTANEOUS EQUATIONS WITH THREE
UNKNOWN QUANTITIES

148. We have seen in Article 68, that if we are given
one equation in fwo wunknown quantities, we can tind an
indefinite number of solutions. Similarly, if we are given
one equation in three unknown quantities or two equations in
three unknown quantities, we can also find an indefinite
numhber of solutions. As there should be two independent
equations in two unknown quantities to determine the
values of those unknown quantities, similarly there should
be three independent equations in three unknown quantities
to determine the values of three unknown quantities.

The method of solution of equations involving three
unknowns is precisely the same as that applied in the
solution of equations involving two unknowns. As we have
seen in Article 69, in solving two simultaneous equa-
tions in two unknowns, we eliminate one of the unknowns
and geb one equation in one unknown. Similarly, in solving
three simultaneous equations in three unknowns we first
elininate one of the unknowns from any pair ol the given
equations, and then again the same unknown from a different
pair of the given equations and thus geb two equations in-
volving two unknowns. These two equations, can be solved
as in Article 69. The value of the third unknown can be
obtained by substitubting the values of the two unknowns
thus found in any of the original equations.

The above is the general method, but if the student
examines the three equations carefully he will find that by a
little intelligent variation in the above method, he can
obtain the solution much more easily.
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EXAMPLE 1. Solve the equations

X+y+z=T,
3x+3y—-2z=1,
ox—4y+7Tz=25.

Suppose we wish fo eliminate z from the first and the second and
then from the first and the third equations, we multiply the first
equation by 2,

2x+2y+2z=14.
Adding this to the second equation,
5x+5y=15,
R e T T N (1)
Again, multiplying the first equation by 7,
Te+Ty+Tz=49.
Subtracting the third equation from this,

QEFL1y=24d i e e (2)
Now to solve (1) and (2), we multiply (1) by 2,
2x+2y=6.
Subtracting this from (2),
9y=18,
S y=2.
Substituting this value of  in (1)
z+2=3,
ox=1.
Now substituting these values of # and ¥ in the first equation,
14+242=17,
oz =4.

Hence the solution is =1, y=2, z=4.

NOTE. The value of z can be obtained directly by subtracting (1)
from the first equation.

Sx+2v_ Tx—z _fa—4dx_ .
1z x42y+2 Ox

The above can be written as

hr+2y

1z

fr—z

g+oyt2

Sz—dx_

TGz

EXAMPLE 2. Solve

1,
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Clearing the fractions by multiplying both the sides of the equations
by their denominators,
S5x+42y=4=,
f To— z=a+2y+2,
bz — dx=0ax.
Writing the above as

Bz4+21—42=0 . (1)
B2 =21~ 2=0 it (2)
10T AFBZZ0 e (3)
Adding (1) and (2),
11z —5z=2.
Adding this to (3),
z=2,
Substituting this value of z in (3),
—20+452=0,
vooz=4.

Substituting these values of © and z in (1),
5% 2+2y—-4x4=0,
2y =06,
=3,
Henee the solution is #=2, y=3, z=4.

EXAMPLE 3. Solve the equations

1+2+:§'=3,
X Yy %
2,3,1_45
X Vv 2 G
§+1+5_2_=4_{
X VvV 2 6
Multiplying the first equation by 2,
g+%+ﬁ;=6,
xT Yy =z

Subtracting the second equation from this,
T TR (1)
¥ z 6

Again, multiplying the first equation by 3,

. 34649,
xT y =z



286 ALGEBRA

Subtracting the third equation from this,
Multiply¥ing (1) by 5,

Subtracting (2) from this,

18X 6=306x z,
. oz=3.

Substituting this value of z in (1),

1,5 18
y 36
1_18_5_3_1
y 6 3 6 2
o y=2.

1,2,3_4

L+2 3
}=1,
L
r=1.

Hence the solution is x=1, =2, z—3.

EXAMPLE 4. Solve the equations

Xtz_T1 2ty 8 y+x._ 5
zx 100 yz 15 xy G

Fauations can be written as
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Simplifying, 1,1_7
z x 10
1,1_8
§+E_1E
1,1 5
;::+;:}_6'
Adding the three equations,
2. 2,2 62
:u+§ z 30’
1,1, 1 31
e iR 1
X y+z 30 1)
Subtracting the first equation from (1},
1_10_1
y 80 3
y=3.
Subtracting the second equation from (1),
1_15_1
x 30 2
x=9
Subtracting the third equation from (1),
1_6_1
z 30 5
z=25.
Hence the solution is =2, y=3, z=35.
EXAMPLES LXXXIV
Solve .
1. r+y+z=T, 2. x—y+z=2, 3. r+y+2=0,
4r—3y+2:=0, 42+ OGy+5z=31, 2r+4+3y+dz=—13,
S5.43y—4z2=-29. Tr—11y+9:=12. Sx+4+8y—z=06. -

4. x+2y+:=12,
Qr—y+z=3,
de—3y+z—1.

6. 3Br+2y+2:=8,
Qr4-4y+z2="T7,
Tr—4y+4:=15.

8. u+3y+4z=3,
4r+0y+122=85,

 Bu+Ty—132=1,.

5. a+2y+3:=20,

Qv+3y—Tz= —15,
dx—5y+Tz=21L.

7. a+2y—4z2=T,
3a—0y+2z=1,
Sur—Ty—11z=42,

9. 2u+45y+10:=129,
S5r+ 8y —z=40,
S5x+2y+2=30.



288

10.

12.

14.

16.

18.

20.

22.

24.

25.

ALGEBRA
x4+ 2y=3, 11. 24-3y=26,
7 +3z=4, 2+ 5z=59,
z+4r=>5. dz+4-Tr=02.
3x4+2y+z=72, 13. F2+9y+:-=40,
3y+22=48+z, 3a=2y,
3a+2z=00. r=ytz.
x, Y,z r LY, 2 .
— - —:12 . - - _='2,
Q.+3+6 , 15 2+3+4 3
Yy2_T—g TiU L2 99
2+3 6 3+4+9 ’
r .,z XYL E g
~4--=10. -S4 =2
573 PRSI S
2 z P €
e+ 4iog, 17. 2243 _y
3 2 z—1
dr x4+ 3
— 4y -92z=- 33, =
3 Y y+z O
T _U43,=49l ztdr
4 2 4 3r—>5y
a—2u 1 1,1 1,1 1
L =, 19, “4-=z+41==C
3(y+=z) 3 -'b+y y+z z+
dy—z _1
Bz+ax) 5
i+2x _1
Tlx+y) 7
1 b
L 3 21. 142=1p,
Y @y
1,1, 4,3 19
Y 2 y oz
1+}=G, §+§=99
z @ z
2,1 3., 23, 131l41_g
x Y z T Yy oz
2_3__, 2,3, 4_
y oz vy oz
1,1_% 3_2.1_,
x z 3 z Yy =z
et _q ytz_1 ztw 1
xY oyz 8 =z @
Ty _o ytz_1l zve 1
2y Coyz 2 oz 2



CHAPTER XXVII
EQUATIONS WITH LITERAL COLEFFICIENTS

149. 8o far we have been dealing with equations having
numertcal quantities as coefficients. In this chapter we
shall take up some equations whose coeflicients will be
denoted by letters or symbols whose values are supposed to
be known. Such coefficients ave called literal coefficients.

The method of solving such equations is the same as
that of solving equations with numerical coefficients.

Simple Equations

150. In solving a simple equation with literal co-
efficients, we first express the letter which represents the
unknown quantity in terms of the letters which represent the
coefficients (denoting known quantities), and then proceed as if
the coefficients were numerical quantities. This can be done
by collecting together the terms involving the unknown
quantity, say z, on one side and the other terms on the

other side, and then dividing the other side by the collected
coefficients of z.

EXAMPLE 1. Solve X

X
—=]1.
b

Clearing the fractions by multiplying each ferm by the L.C.M. of
tlhie denominators, we have

o

be—ar=ab,
x(b—a)=ab,
ab

rT=—".
— &

EXAMPLE 2. Solve x——2-="4%
P—4 Pp+q
Multiplying both sides by p*—¢q?,

. a(p? —q*) —plp+q)=qx(p—9).
19
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Removing brackets,
PP —QPr—p?—pg=pgr-—qti.
Colleeting terms involving 2 to the left side,
pir—qir—pgr+qir=p+ugq.
Bracketing the coefficients of z,
(p*=—pg)v=p*+pq,
p(p—qlz=p(p+aq).

Dividing both sides by the coefficients of x,

p=bp+e)_pt
prp—q) p-gq

EXAMPLES LXXXV

Solve
1. t+Z=1. 2. YT, 3. ar+b=ba+ta.
a b I m
4. av—b=cx—d. 5, ard+br=a*—bz. 6. ar+di=bzxteaZ.
x = _b a -, x2—4a x—0a
7 T_ZT_0_ & oz — ,
a b a b 8 a, + Qa 3a
9. T4 T % _Gtbte. 10. {(z—a){(z-0)=(z-c)(x—a).
ab be ca
11. (e+b-a)la—b+x)+(a+2)(d+2)=a’.
2, ¢ .- % 13. 2= 2
2—0 z—a x xz—01a
et )] x4-b x->)
— ) 15, ¥ro_x-0
14. be—e ax—c > a—b a+b
16. (a—{-?.b:(z.—ﬂb. 17. r+a__ a+4+3a .
t—a Tta z+b zda+bd
18. @« _ b =a-—b_ 19. a:+rb+:i£):2
x—a x—10 o -6 z—a
20, % 4. b _aetb 21, _ 1 1 _ 1
a+b xz4a @ ab—ax be—bx ac-ar
20 n(m—}-a)_}_b{:r-!-_é):a_l_b_
4d x+

r— 1t —3b  ®—"Ic
23, T_4 r7o0 =3.
b+ d¢c Scta a+3b
24 r—rt :r:-_b__+ r—c  _
b+ce+2a c+a+2b atbd+2e
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Simultaneous Equations

151. We know that every simultaneous equation of the
first degree in « and ¥ can, by collecting together the terms
involving x and ¥, be expressed in the form

ax+ by =c,

where a represents the collected” coefficients of z, b the
collected coelficients of ¥, and ¢ the terms independent of
Z Oor .

Hence, in order to solve a pair of simultaneous equations
of the first degree in z and ¢, we first reduce them to the

above form and then proceed as if the coefficients were
numerical quantities.

EXAMPLE 1. Solve the equations
ax+by=c,
dx+ecy=H{.
Here both the equations arc given in the standard form, therefere
multiplying the first by d and the sccond by a, we have
adz+bdy=cd .coooiiiiiiiii (1)
adxFacy=af ..cciieiiiiiiiiii (2)
Subtracting (2) from (1),
(bd — aely=cd — af,
y=cl=af
bd ~ ae

Similarly we can cobtain the valuc of z by multiplying the first
cquation by e and the second by b and then subtracting onc from the

other. The value of 2 is [—)f—i
bl — ae

Ilence the solution is o = bf — ce 9y = E‘:Z.lftf

bd —ae’ bd—ae

EXAMPLE 2. Solve the equalions

+
1

Y. —,
+b
_Y

b

=1
E

"

—b.

L ]

=
I

o
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Clearing the fractions by multiplying both sides by the L.C.M. of
the denominators,

(A +D)x+ay=a(@+Db} it e (1)

Dr—{a—Dy=—ba—D). et (2)

Since both the equations are in the standard form, therefore multiply-
ing (1) by ¢ —b and (2) by «,

(a+b)(a—D)r+ala—D)y=a?(a+D)(a—1D)........... PR (3) -

abr—ala—b)yy=—ab?*([@—D) ..ocerverriieienenininnnen (4)

Adding (3) and (4},
(a+b)a—b)x+abr=a*(a+b)(a—D)—ab*{a—1D),
x(a?=b>+ab)=a*—a?b? —a*b>+ab®
=a*—2a*b?+ab?
=afa® — 2ab? 4+ b7)
=ale—b)(a®+ab—02),
z=ale—1D0).

Substituting this value of 2 in the second equation,

‘ ala=b) _y_ _,
a—b D '
1
Y— b,
a=7
i/
Y=a+0b,
2 a -+
y=bla+D).

Hence the solution is r=a(a—10b), y=0b(a+Db).

EXAMPLES LXXXVI

Solve
1. a-.r+by=1, 2. (’t.’L‘-by=O, 3. ,1;-{—1 _—.(L-|.b
Le+my=1. aty=c. ax+by=2ab.
4. ax+by=2ab, 5. letmy=Ill+m), 6. ax—by=a-0,
—br+ay=a®—b*. rly=
vt+ay=a my 4Ly =mn(l+m). ba+ay = 2ab 2ab
a+bd
7. pxt+qu=p*—gq*, 8. aty=p+yq, 9w, y_,
Qx+py=p* —q*. PX—qy=q*-p=. =%

ax—by=q*—p2,



10.

13.

15.

17.

19.

22,

24.

26.

SIMULTANEOUS EQUATIONS

R
a+b ' 11.

Tyl=
F+e=1.

(a+8)z+{a—b)y=2ab,
(a—-d)z+(a+d)y=ab.

@40 g
x Yy

ax+by=1.

(a+b)z+(a - by=a+0,
(a—b)x+(a+Dd)y=a—0.

ar+by=1, 20.
by+cz=1,
cztax=1.

R ...

F’_+°_3,3,=1,

M,
y =z
'J_?.+§= .
z z
rt+y+z=1,
ax+by+cz=0,
a’r+b3y+clz=abe.

i BiqA
=ie o wag

1
-

I
=

16.

18.

let+my=mn,
my-+nz=I1,
nz+lx=m.

23.

25,

27.

293
12. qﬁ P—q

2y —p.

r+y—3z=—a,
ﬂ,"—3y+2=—'b,
Jr—y—z=c.

N
=
_i-
I
=

I
—

ol R 8
+  + 4
IR OIN o
I
H

z Y

y oz
'1+l=c+a.
z X

1,23 atou+3e
Tz Yy 2
‘ff:+_l?+f=¢'-’+bz+cz,

=

31
=

+>=% —b+3c¢.

8 /o
N IR W

SN

2+ y+z=a+d+te,

Ta¥i%=3
a b ¢

ar+bytecz=a*+b%*+c>.
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Rule of Cross Multiplication

152. Sometimes the following method is very uselul 1n
solving cerbain simultaneous equations.

Take, for instance, the equations
a1x+by+ecz=07
s+ boyy +co2=0,
asx+byy+esz=a.
Multiplying the first equation by ¢» and the second by ¢,

Calt1X +bICQ’y +c1c02=0

crasx +bhsciytercoz=0 ..o (2)
Subtracting (1) from (2),
/ (cras —~caar)z+ (bscy —brea)y =0,
(craz —csar)a= —(bsey — bycs)y,
. =(b1ce — bacy )y,
x 2 .
P =claz-iml ..................... (i)

Again, multiplying the first equation by @» and the
second by @,

1T+ asbiy teraaz=0 .. ..o (3)
((:1(&23}'"(61[)2?]4'62(61_.:0 ........................ (4:)

* In thesc equations coefficients of the same letters are distin-

guished by a numerical suffiz, such as @, as, a; ; by, b2, bi... (read as
‘e one’, ‘a two’, ‘a three’...). There is, however, no connection bebween
the values of ay, a1, @, ; or by, by, by ;...which are quite dificrent as
other constants, but this notation only shows that the same letters,
though with different suffixes, have the samec property. Thus in the
prescub example, a,, @», ay are the coefficients of x; by, ba, by, the
coefficients of 7 ; and c¢1, ¢z, ¢4, the coefticients of 2.

Sometimes instead of suffixes, we usc dashes, such as a’, ', a'”’

b', b”, brr: .

b}
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Subtracting (3) from (4),
(arba —asd )y + (cacy —c1a2)z=0,
(@103 —asbi)y=1(c1as—caa,)z,
y _ z
C1ls — Cally - a10a —aqby
Hence, from (i) and (ii), we have

T _ i z

= .. (iii)

Z)]_Cg_bgcl Ci1dts —Cally (leg_ﬂlgbl

Thus we see that when we are given two equations of
the form
arx+byy+ei2=0
and aez+ boy +ca2=0,
we can write down the ratios z: ¥ : 2z in terms of the
coefficients. Now equating each of these ratios to any
constant quantity, say %, we can express the values of z, ¥
and z in terms of %, and then substituting these values of
z, ¥ and 2 in the third equation, we can find the value of k,
and when the value of & is known, we can obtain the values
of z, ¥ and =.
The result (iii) is very important. It can be written
down at once from the given equations thus.

Write down the coefficients of %, z and z from the first
two equations, as given below

z Y z

i . |l |
b, c1 Gy b1
b Ca o D

To find the denominabor of @, multiply b; by c2 and
bo by ¢, and subtract the second product from the first.
Similarly, to find the denominator of ¥, multiply ¢, by @2
and ¢» by @y, and subtract the second product from the first.’
Again, to find the denominator of 2z, multiply -a1 by b2 and
as by b, and subtract the second product from the first.
Thus we obtain the result (iii).

«This is called the Rule of Cross Multiplication.
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ad

153. If we put z=1 in the first two equations of the
previous article, we have

12+ 0y tey=0
and asz +boy+¢,=0,
and result (iii) becomes

x 1 1 .
= Y - (iv)
blcg—bgcl C1G2 — Call lebg_(Lgbl

which gives us the solution of the above equations.

The result (iv) may be regarded as a formula and can
be used with advantage to find the solution of any pair of
equations with numerical coefficients of the first degree In
z and .

NOTE. The beginner is advised not to use this formula in solving
equations.

EXAMPLE 1. Solve the equations
5x —3y+ 2=0,
Tx44y —30=0.
Result (iv) gives
T " 1

(3= 30)— (+8)(+2) (+(+7)—(~30)(+5) (+5)(+4) —(+7)(—3)

. _ oy _ 1
90—-8 144150 20421

— T —— T —

B2 164 41

Multiplying by 41,

r_v__

—_—— il =

2 4
r=2, y=4.

EXAMPLE 2. Solve the equations
9x+y—22=0,
Ix — 13y + 5z=0,
4x+5y+06z=062.
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From the first two equations, we have

T _ i _ z
Ix5—(—2)(—18) 9(—2) —2x56 2(—~13)—9x1’
xr i . 2
5—26 —18—10 —26-9

x oy _ oz

—21 -—28 -85
Multiplying by —7,

z_1_2z2
34 5
Lect each of the ratios be equal to %, then
x_u_z_p
3 4 5
=38k, y=4k, 2=5k .. (1)

Substituting these values of 2, 7 and z in the third equation,
4 X 3k+5x4hk+6x5k=62,
S 124205430 =62,
62k=062,
k=1.
Substituting this value of & in (1}, the solution is
r==3, y=4, s=05.
EXAMPLE 3. Solve the equaticns
x+y+z=0,
bex 4 cay +abz=0,
ax+by+cz+4(b—c){c—a)(a—b)=0.
From the first two equations, we have
rx _ 0y _ =z
ab—ca bc—ab ca—be

Equating cach of the ratios to &, we have

r=alb—c)k, y=0blc—a)k, z=cla~ D)k «ervvevrnilonn (1)
Substituting these values of x, ¥ and 2z in the third equation,

a(b—cYk+bd* e~ a)k+c*{a—b)k+ (b —c)(c—ala~b)=0,
a2 (b—c)+b2(c—a) +c2(a—b)}+(b—c)(c—a)(e— b)=0,
~kle=0)(b—c)lc—a)+{a—b)(b—c)c—a)=0,
[See Example 1 of Article 126]
k=1.

Hence the solution is 2 =a{b~c¢), y=0b(c—«), z=cla—b).



EXAM
Solve

1. 8x+7y+13=0, 2.
Sr—21y—-5=0.

4, br+ay—2ab=0,
ar+by—(a*+b2)=

6. r—2+tz=
Jr+3y—>5:r=
r+y+z+6=0.

8. 16 +Ty+10z=

13r— 20!]1‘9.: —O,
Sr+Ty+11z428=0.

10. x4+ 2y+22=0,
Sr+9y+10:=0,

Ly2ypo2

z ¥y z T

12. a2 +y+:z=0,
(b+c)x+{c+a)y+(atd)
T,z 1 .

14. G&‘--I-b]f—!-cz:O,
a*r+02y+c22=0,

ALGEBRA

PLES LXXXVII

dr—"Ty+24=0, 3. 4x+3y=0,
T+ 5y—T70=0. 11x - 13y +85=0.

5. r+y—z=0,
9r—O6y+2=0,
2r+3y+ 5:=23.

7. 2r—4y+52=0,
3x+y—3z=0,
4r+35y+6z=155.

9. 13x—2y—-3:z=0,
9x+3y—5z=0,

-+-+'—’=3.
x Yy z
11. x+y+z=0,
+ +-—0
b
0
— —-—l
(t-+b"+
13. x+y+z=0,
= ar+by+cz=0,
bex+cay+abz+{a—b){b—c)lc—a)
=0.

15. ar+by+cz=0,

alr+b*y+ciz=0,

r+y+z=(a—0}{b—c){c—a). a*r+by+ciz=abelat+b+c).
16. x+y+2=0,
(L3:r+b3y-'—cgz=0,_
x Y _
+——+ - =3.
b*—c? c¢*-a* a” —b-



CHAPTER XXVIII

HARDER PROBLEMS

154. The method of solving problems has already been
explained 1n Chapter XIII. In this chapter we shall give
examples of harder problems. Students should remember
that from the conditions of the problem he has to find as
many Independent equations as there are unknown quantities.

LEXAMPLE 1. The denominalor of a fraclion exceeds its numerator

by 17. If its nwmnerator be increased by 8, or denominator be diminished
by G, the fractions thus formed are equal. Find the fraction.

Let z be the numerator, then z+417 is the denominator. If the
x+3
@
the denominator be diminished by 6, the fraction is

numerator be increased by 3, the new fraction is Similarly, if

Since these

r+11
fractions arc equal,

*+3 _ «x
x+17 x+11°

By cross-mulbiplying,
(x4+3)z+11)=nx(r+17),
a*+14x+33=2*+17z,
2 —x*+ 14— 17x= — 33,
—3r=-233,
J.ooa=11.

Hence, the numerator is 11 and the denominator is 11417 2.e., 28 ;

therefore the fraction is E

EXAMPLE 2. If the numerator of a fracéion be increased by 1 and
the denominator be diminished by 1, 4L becomes equal to ) ; and if the
nwmerator be diminished by 1 and the denominator be increased by 1, i
becomes equal to ;. Find the fraction.

Let 2 be the numerator, and 7 the denominator. Then the fraction
T

15
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Now from the first relation we obtain the equation,
r+1_1
y—1 3

and from the second relation we obtain the equation,

x—1_1

y+1 5

By cross-multiplying, we have
3(&}‘-}—1) = ('7!’ - 1)1
and 5{(x—1)=(y+1).

Simplifying,

Br—y=—4 .,
Sr—y=0 .
Subtracting (1) from (2),
2x=10,
oo =3,

Substituting this value of x in one of the equations,

Hence the fraction is 15—9

EXAMPLE 3. How many pounds of len at Re.

we get y=19.

1. Ba. per 1b. be

mixed with 16 Ibs. of tea at Re. 1. 3a. per lb., so that the miziure may

cost Re. 1. Ga. per 1b. ?

Let x» denote the number of pounds of ten at Re. 1.
is mixed with 16 1lbs. of tea at Re 1. 3a. per Ib.

The price of 16 1bs. of tea at Re. 1. 3a. per 1b. is Rs.
And,, ,, ,, % ,, ,, . ., Re.1.8a. ,, ,, ,, Rs.

S o s 1,{1642) 1bs. of mixed tea is Rs. (19+32).
. 194-3x
.o LB} 1y " 1 19 | X ] 13 1 X R . .
* 1otz
But this is equal to Re. 1. Ga. or Rs. 1.
19+ 32 _11
164+z 8’

8(19+3r)=11(16+x),

152+12x=176+11z,

122 —11x=176—152,
r=%4,

8a. per 1b. which

16 x }: or Rs. 19.
3x,

Hence the required number of 1bs. of tea to be mixed is 24.
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EXAMPLE 4. Two passengers going to the same place together have
1 mawnd and 20 seers of luggnge with them and are charged 10a. and
Re. 1. 14a. as freight charges jor the excess above the weight allowed frec.
If the luggage had belonged to one person, he would harve been charged

Rs. 8. What amount of luggnge is each passenger allowed free of charge
and how much luggage had cach ?

Let x seers be the luggage which cach passenger is allowed free of
charge.

Then the two passengers can take 2@ seery of luggage free of charge.
Thercfore 10a. +Re. 1. 14a. or Rs. $ is the charge on 1 ind. 20 srs. minus
22 seers or {60 —2urx) seers of luggage.

4 5
the charge of 1 sr. of Inggage is Rs. —=— or Rs. ————.
e B8RS 60 — 9z 4(30— )
Again, if the luggage had belonged to one person, only x seers of
Iuggage would have been allowed free of charge, therefore Rs. 5 is the
charge on 1 1ud. 20 srs. minus « seers or (60— «) seers of luggage.

5

the charge of 1 scer of luggage is Rs. 60—

5 _ b
4(30—-2) 60—z’
5(60—a)=20(30 — ),

60— =120—- 42,
3x=00,
2=20.

Ience cach passenger is allowed 20 scers of Inggage free of charge.

' f1 R 5 = Re S
o . 8 R . Jatas b 3 N 3 _ ., ———
Now since the charges of 1 seer of luggage are Le. 50 —2 60—20
=Re. é%-——Rc. é—— 9a, and the first passenger is charged 10a. and the

second Re 1. 1l4a. or 30a., therefore the weight of the first passenger’s
Inggage which he carries over and above that allowed free is LL grs. or
5 srs., and that of the second passenger is #%* srs. or 15 srs.  Hence the
two passengers have (2045} srs. or 25 srs. and (20+15) srs. or 35 srs.
of Inggage with them.

EXAMPLE 5. A swmn of money is to be distributed equally winong
certain nuwmber of men. If there was 1 man less, each would reccive
exactly Rs. 400, and if there were 2 move, each would get only Rs. 280
How much money is there for distribution and among how mamny men s 1
to be dastributed ¢

Let x be the number of rupees to be distributed equally among
2 1men.
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Then each man will get Rs. ¥ If there was 1 man less, each would
)

get Rs. , fl ; and ‘if there were 2 more, each would get Rs. ’E‘l‘T—)-
Hence from the first relation, we have
¥ =400,
y—1
and from the second relation, we have
L =280,
y+2
The equations can be written as
2=400(1 = 1) ciririiiiiiir (1)
and =280(FF 2} cerrrireeini (2)

Subtracting (2) from (1),
0=400(y — 1) — 280(y+2),
0=10(y—1) - T(y+2),
—10y+Ty=—10—14,
—3y=—24,
7 =38.
Hence the number of men is 8.

Substituting this value of y in (1),
2= 400(S — 1) = 400 X T =92S00.

Hence the sum of money is Rs. 2800.

EXAMPLE G. A nwumber consists of three digils whose sum 18 9. The
sune of the digits in the tens and hundreds places exceeds the digit in the
units place by 1, and the digit in the tens place equals half the sum of
the digits wn the units and hundreds places.  Iind the number.

This problem has threc unknown quantities 4.¢., the digit in the
units place, the digit in the tens place and the digit in the hundreds
place, therefore to find the vulue of these, we should have threc
independent equations.

Let @ be the digit in the hundreds place, ¥ the digit in the tens place
and z the digit in the units place.

EHYHZ=0 (1)

Since the sum of the digits in the hundreds and tens places i.e.,
2+ exceeds the digit in the units place i.e., z by 1,

Xy -r=1 e, .(2)
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Again, since the digit in the tens place y equals half the sum of the
digits in the hundreds and units places,

y=1ie+2),
2y=x+tz,
=2+ 2=0 i (3)

Now solving (1), (2) and (3) for x, y and z, we get =2, y=38 and

==

Hence the number is 234.

EXAMPLES LXXXVIII

1. The denominator of a fraction exceads its numervator by 3. If
both the numecrator and the denominator be increased by 1, or if the
numerator be diminished by 1 and the denominator by 3, the fractions
thus formed ave equal. Find the fraction.

2. The denominator of a fraction cxceeds its numerator by 8. If
the numerator be diminished by 1 and the denominator be increased
by 3, or if the numerator be diminished by 3 and the denominator
by 1, the fractions thus formed are cqual. Find the fraction.

3. A fraction becomes equal to § if 2 be added to the numerator,
and equal to } if 2 be added to the denominator ; find the fraction.

4. 1If thce numerator of a fraction be diminished by 5 and the
denominator be increascd by 4, it becomes equal to § ; if the numerator
be increased by 5 and the denominator. be diminished by 1, it becomes
equal to §. Find the fraction.

5. The denominator of a fraction exceeds twice its numerator by 1.
If the numerator be increased by 2 and the denominator be diminished
by 1, the fraction becomes equal to 1. T'ind the fraction.

6. The sum of the numerator and the denominator of a fraction
is equal to 12. If 1 be subtracted from both the numerator and the
denominator, the fraction thus formed becomes equal to §. Find the
fraction.

7. If the numerator of a fraction be multiplied by 4 and the
denominator increased by 2, the fraction thus formed becomes double
the original fraction, and if the denominator be multiplied by 4 and the
numerator inereased by 1, the fraction becomes half the original fraction ;
find the original fraction.

8. How many.pounds of tea at Re. 1. 10a. per 1b. must be mixed
with 24 Ibs. of ten ut Re. 1. 4a. per Ib., so that the mixture may cost
Re. 1. Ta. 9p. per 1b. ?

9. In what proportion must two kinds of grain at 12 sr¢. per rupee
and 16 srs. per rupee be mixed, so that the mixture may cost 14% srs.
per rfipee ?
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10. In what proportion must o shop-keeper mix two kinds of oil at
12a. a scer and Re 1. 2a. a seer, so that by selling the mixture at Re. 1.
d4a. a scer he may gain 20% on his outlay ?

11. If a seers of water are added to b seers of milk,
(i) What fraction of mixture is water ?

(ii) ‘What fraction of mixture is milk ?
(ii1) How much water is there in a seers of mixture ?
(iv) How much milk is there in 2 seers of mixture ?

12. Two passengers going to the same place together have 1 maund
and 9 seers of luggage with them and are charged 10a. and Re. 1. 12a.
as freight charges Tor the excess above the weight allowed free. I the
luggage had bclouded to only one person, he would have been charged
Rs. 4. 4a. What amount of luggage is each passenger allowed flee of
charge and how much luggage had cach ?

13. Two passengers going to the same place fogether have 2
maunds and 12 seers of luggage with them and are charged Re. 1. 2a
and Re. 1. 14a. as freight charges for the excess above the weight allowed
free. If the luggage had belonged to only one person, he would have been
charged Rs. 3. 13a. What amount of luggage is each passenger allowed
free of charge and how much luggage had each ?

14. A sum of money is to be distributed equally among a certain
number of men. If there were 3 men Inore, each would receive exactly
Rs. 100, and if there were 2 men less, each would get Rs. 200. How
much money is there for distribution, and among how many men is it
to be distributed ?

15. A sum of money is to be distributed equally among a certain
number of men. If there were 4 men more, each would geb Re. 1. less,
and if therc were 5 men less, each would g(,b Rs. 2 more. How much
money is there for distribution and among how many men is it to be
distributed ?

16. A man bought some oranges. If each orange had cost 6 pies
more, he would have got 6 oranges less for the same sum, and if each
had cost G pies less, be would have got 12 more. How many oranges
did he buy and what price did he pay for each ?

17. The price of 3 seers of wheat equals 4 seers of gram, and in
spending Rs. 10, 30 scers more of gram is purchased than wheat ; find
the price of each.

18. A shop-keeper sold 3 mds. of wheat and 4 mds. of barley for
Rs. 13. 8a. to one man and 5 mds. of wheat and 3 mds. of barley for
Rs. 17 to another at the same rate ; find the price of each.

19. A dealer sold 9 horses and 7 cows for Rs. 3600 to one man and
G horses and 13 cows at the same rate and for the same price to
another ; find the price of a horse and a cow.

20. A number consists of three digits whose sum is 8. The sum of
the digits in the unite and hundreds places exceeds the digit in the tens
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pla.c-e by 2, and the digit in the hundreds place equals the sum of the
digits in the units and the tens places. Find the number.

21. A number consists of three digits. The digit in the units place
excecds the sum of the digits in the tens and hundreds places by 1,
three times the digit in the tens place exceeds the sum of the digibs in
the units and hundreds places by 3, and the digit in the hundreds
place is one-third the digit in the units place. Find the number.

22, A number consits of three digits whose sum is 10. The middle
digit equals the sum of the other two, and if the digits be reversed the
number is increased by 99. Find the number.

23. The sum of the digits of a number lying between 100 and 1000
is 12, and the sum of the cligits in the units and tens places is twice
the digits in the hundreds place. IF 99 be added to the number, the
digits are reversed. Find the number.

24. 4, B and C together have a certain sum of money. If A4 gets
half as much more as 3 and C together have, 4 will have Rs. 1150 ; if
B gets one-third as much more as 4 and C together have, B3 will have
Rs. 1000 ; and if C gets one-fourth as much more as A4 and B together
have, C will have Rs. 975. Find the amount of each.

25. Rama, Gopal and Krishna together have some mangoes. The
sum of Rama’s and Gopal's mangoes exceeds Krishna’s mangoes by 20 ;
the sum of Rama’s and Krishna’s mangoes exceeds twice Gopal’s
mangoes by 10 ; and five times the difference of Krishna's and Gopal's

mangoes equals three times Rama's mangoes. How many mangoes
have each of them.

26. The H.C.F. of two numbers in the ratio of 7: 2 is 715, Find
the numbers.

155. IEXAMPLE 1. If 2 men and 7 boys can do « piece of work i

14 days, and 3 men and 8 boys can do it i1 11 days ; in how many days
can @ man and « boy separately do it ?

Let « be the number of days in which one man can do the work and
4 the number of davs in which one boy can do it.

Thevefore in 1 day 1 man can do Lot the work, and 1 boy can do 1
€ Y
of the work, 4.¢., in 1 day, 2 men can do %z‘md 7 boyvs ;7 of the work
0 (3
or they together can do (l‘+i) of the work. But 2 men and 7 boys
T vy
finish the work in 14 days, therefore they do {; of the work in 1 day.
2, 7_1
x oy 14



306 ALGEBRA

Similarly 3 men and 8 boys can do (§+§ of the work in one day.
T Y
But 3 men and 8 boys finish the work in 11 days, therefore they do
Jv of the worlk in 1 day.
@ oy 11
Solving (1) and (2) for a and ¥, we get x="T7 and y==154. Hence one
man can finish the work in 77 days and one boy in 154 days.

EXAMPLE 2. A and B together can do a piece of work in 24 days,
B and C in 40 days, and C and A in 30 days ; 4n how many days can
each do the work ?

Let », ¥ and z represent the number of days in which 4, B and C

ecan do the work, then i, i and % represent their daily work.
Since 4 and B can do the work in 24 days, therefore they can do
»1; of the work in 1 day.

1,1 1
E;+§_24'
_— 1,1_1
Similarly §+; 0’
1, 1_1
and o=
m PRNEET
Adding the three equations,
2,2,2_1
t ¥y z 10
Dividing by 2,
1,1,1 1
e et = 1
r oy oz 20 (1)

Subtracting the second, the third and the first cquations respectively
from (1), we have

11 1_1 al-1
v 40" y 607 z 1207
r=40, y=00 and z=120. -

Hence A can do the work in 40 days, B in G0 days and C in
120 days.

LEXAMPLTE 3. A4 cistern has fwo supply pipes P and @, and one
waste mpe K. If R be closed, P and @ fill the cistern separately
e 10 and 12 hours respectively ; and if all the three pipes be opened
together, the cistern will be filled in 15 hours. 1f the cistern be full and
L and @ be closed, in how many hours will iR empty it ?

-
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Let x represent the number of hours which R would take to empty

. . . 1 .
the cistern, then in 1 hour it would empty - of the cistermn. But P and

Q fill % and 1—10 of the cistern in 1 hour,

1,1_1_1

1—-1.+£L_.1 7
¢ 10 12 15 60

4
r=— =8>,
[ 7

Henee R can empty the cistern in 85 hours.

EXAMPLES LXXXIX

1. If5 men and 12 boys can do o piece of work in 4 days, and 15
men and 16 boys can do it in 2 days; in how many days can a man
and a boy separately do it ?

2. If the work of 3 men equals that of 4 women, and 14 men and

7 women can do a piece of work in 10 days; in how many days can
1 man and 1 woman do it ?

3. If 5 men or 7 women can do a picce of work in 37 days ; in
how many days can 7 men and 5 women together do it ?

4. If 3 men or 5 women can reap a field in 17 days ; in how many
days will 7 men and 11 women reap four times that field ?

5. Twelve men and fifteen women can do a piece of work in 20
days. If there had been 10 women more, the work would have been
finished 5 days earlier ; in how many days can 1 man and 1 woman
separately do it ?

6. If a man can do a piece of work in z days, a woman in twice
that time and a boy in thrice that time ;

(i) What fraction of the work can 1 man, 1 woman and 1 boy
do in 1 day ?

(ii) What fraction of the work can 1 man, 2 women and 3 boys
do in 1 day ?

7. 4 and B together can do o piece of work in 12 days, B and C
in 15 days, and € and A in 20 days; in how many days can each do
the worlk ?

8. 4 and B can do a piece of work in 6 days. DBoth work at it for
9 days when s is called off and B then finishes it by himself in
12 days. In how many }[ilays can each do the work ?

-
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9. A man began a work and after working at it for 2 days he left it
and then his son completed it in 9 days. If he had left the work atter
working for 3 days, his son would have finished it in G days ; in how
many days could the man do it alone ?

10. Jlohan takes twice ns much time as Sohan and thrice as muqh
as Rohan to do a piece of work ; if they work together they can do it in
9 days ; in what time can each do it ?

11. Jatindra and Nagendra can do a picce of work in 20 days,
Nagendra and Satendra can do it in 30 days, and Satendra and Jatindra
in 50 days. They work at it for 8 days when Jatindra is called off, and
Nagendra and Satendra continue for 10 days more and then Nagendra
is called off ; in how many days will Satendra complete the work ?

12. A can do a picce of work in @ hours, and B in b hours ;

(i) What fraction of the work can they do in 1 hour when work-
ing together ?

(il} What fraction of the work can they do in « hours when worlk-
ing together ?

(iii) In how many hours can they finish the work when working
together ?

13. A can reap a field in o days, B in b days and C in ¢ days ;
(i) What portion of the ficld can each reap in 1 day ?
(ii) ‘What portion of the field can each reap in x days ?

(iii), What portion of the field can they reap in 1 day when
working together ?

(iv) In how many days can they reap the whole field when working
together ? i

14. A cistern has two pipes I’ and @ ; P is a supply pipe and @ a
waste pipe. If both the pipes be opened, the cistern is filled in 9
minutes, and if @ be opened 1 minute after P, the cistern is filled in 7
minutes ; in how many minutes can I fill the cistern and @ empty it ?

15. A cistern has three pipes I?, @ and B ; P and @ can fill it in
4 hours and 6 hours respectively, and £ can empty it in 3 hours. If all
the three pipes be opened together, in how many hours will the cistern
be filled ?

16. Three pipes 4, B and C can fill a cistern in4, 1% and 4% hours
respectively.  They are all turned on together and after § hour B and C
arc turned off. In how many minutes more will <A fill the cistern ?

17. Two pipes can fill a cistern in 5 hours and 6 hours respeetively.
Both the pipes are turned on together ; aftcr how many hours should
the first pipe be turncd off so that the cistern may be filled in 8 houry ?

18. Two pipes 2 and ¢ can fill a cistern in 1 hour and 13 hours
respectively, and a wasbe pipe £2 can empty it in 4 hours. If these pipes
be opened in succession for 2 minutes cach, in how many hours will the
cistern be filled ? .
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19. Two pipes P and @ can fill a cistern in p and g hours
respectively ;

(i) What portion of the cistern can 7 fill in 1 hour?
(ii) 1} LR 2y " 1y ¥ bOth i ] ?

LR 1 "
(]11) 1y 11 1y 1y ) 1) 19 1y 'y ﬂ,'hO'lll'S?

(iv) In how many hours can both the pipes together fill the
cistern ?

20. A cistern has three pipes A, B and C. A4 and B can fill it in ¢
and & minutes respectively and C can empty it in ¢ minutes ;

_ (i) In how many minutes will the cistern be filled if all the threc
pipes be opened together ?

{ii) In how many minutes will the cistern be filled if 4 and I be
opened together and after 10 minutes C be also opened ?

(iii} In how many minutes will the cistern be emptied if 4 and B

be opened together and after 10 minutes 4 and B be closed and C be
opened ?

156. IEXAMPLE 1. A train travelled a cerlain distance at a
uniform rate. If the speed had been 5 miles an howr more, the jowrney
would have occupied G hours less ; and if the speed had been 2 miles an
hour less, the journey would have occupied 3 hours more. IMind the
length of the Journey and the speed of the train.

Let x miles be the distance and y miles an hour the speed of the
train.

Sinco the train goes y miles in 1 hour, therefore it will go x miles in
¥ hours.
Y

If the speed had been 5 miles an hour more, i.2., (y-+5) miles an hour;

it would have taken s hours in going x miles. Therefore from the
¥To
first relation, we have

Y ?;+5—
Similarly, if the speed had been 2 miles an hour less, i.e.

, (r—2) miles

an hour, it would have taken —'—2. hours in going z miles. Therefore

j—-
from the second relation, we have
£z x

y=2
The first equation can be written as
ol +-5) =y
uly+5) ’
2.X
=0 e 1
yly+3) @

Qr
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The second equation can be written as
zy—x(y—2) _

yly—2)
08 =2 =8 e (2)

1

Dividing (1) by (2),
5x o )
- . =06-=+3,
yly+5)  wly—-2)
sv_  uly—2)_,
y(y+5) 2w

5(y—2) _

2y+s)

5y —10=4y+20,
77 =30.

Hence, the speed of the train is 30 miles an hour.

Substituting this value of y in (1),

5 _
80x35
m=30x35 X6=1260.

5
Henee the distance 1s 1200 miles.

EXAMPLE 2. A man rows to a place 30 miles distant and back in
10} howrs. He takes 9 howurs in going 40 miles down Lhe river and 20
miles up the river. Ifind the rate at which the river is flowing.

Let > miles an hour be the rate of the boat and 7 miles an hour the
rate of the river. Then (x+4#) miles an hour is the rate of rowing down
the river and {x— y) miles an hour «p the river. Therefore from the first
relation, we have

30 + 30 _ 21

xTy x—y 2
and from the second relation, we have
9
40 4 0
xt+y w-—u

=9,

Multiplying the first cquation by 4 and the sccond by 8,
120 120
=4 e
x+y &=y (1)
120 , GO
L P ool
r+y T—¥y ~-(2)
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Subtracting (2) from (1),

GO —15,
. Ty
e Y =4 e (3)
Again, multiplying the first equation by 2,
00 00 ot e, (4)
r+y Ty
Subfracting (4) from (2),
60 _
Tty
ol e T L OO P (5)

From (3) and (5), we have y=3.

Hence, the rate of the flow of the river is 3 miles an hour.

EXAMPLES XC

1. A train travelled a certain distance at a uniform rate. IE the
speed had been 4 miles an hour less, the journey would have occupied
5 hours more ; and if the speed had been 1 mile an hour more, the journey

would have occupied 1 hour less. TFind the length of the journey and
the rate of the train.

2. A train travelled a certain distance at a uniform rate. If the
speed had been 6 miles an hour more; the journey would have occupied
4 hours less ; and if the speed had been 6 miles an hour less, the journey
would have occupied G hours more. TFind the length of the journey.

3. A man travelled a certain distance at o uniform rate. If his
speed had been 1 mile an hour more, the journey would have occupied
2 hours less , and if his speed had been § mile an hour more, the journey
would have occupied § of the time. Find the distance and the rate of
the man.

4. A man is given 7} hours, including 13 hours for rest, in going
from one place to another and in returning. If he walks 1 mile an hour
faster both ways, he gets 23 hours for rest ; find the rate of the man
and the length of the journey. s

5. A man walks a distance of 35 miles, partly at 4 miles an hour
and partly at 5 miles an hour. If he had walked the distance he walked
at 4 miles an hour at 5 miles an hour, and the distance he walked at 5
miles an hour at 4 miles an hour, he would have walked 1 mile more
at the same time. Find the time he took to wall the distance of
35 miles.
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6. A train running from 4 to B meets with an accident 45 miles
from 4, after which it moves with {ths of its original speed and arrives
at B 30 minutes late. If the accident had happened 45 minutes further
on, it would have been only 12 minutes late. Find the original speed
of the train and the distance from 4 to 3.

7. A {train after travelling for 4 hours is detained for 40 minutes,
after which it moves with §ths of its original speed and arrives at its
destination in time. If the train had been detained for only 20 minutes
after travelling for 6 hours and then moved with §ths of its original
speed, it would also have arrived in time. Find the length of the
journey and the original speed of the train.

8. Two trains 110 yards and 73% yards long, are running on
parallel rails. The times of their passing one another when running
in the saane direction and in opposite directions are 30 seconds and 15
seconds respectively. Find their speeds.

9. A boat goes 30 miles up the stream and 44 miles down the
stream in 10 hours, and 40 miles up the streamn and 55 miles down the
stream in 13 hours. Find the rates of the stream and the boat.

10. A man rows 5 miles down the streamn and 3 miles up the
stream in the same time. If the speed of the stream had been 4 mile au
hour, the speed of rowing down the stream would have been double that
up the stream. Find the rate at which the man rows in still water
and the rate at which the stream flows.

11. A man rows in still water at the rate of & miles an hour and
the river flows at the rate of b miles an hour ;

(i) What is the speed of the boat down the river ?

(ii) What is the speed of the boat up the river ?
(iii} In how many hours will the man go x miles down the river ?
(iv) In how many hours will the man go x miles up the river ?

12. The fore-wheel of a carriage malkes 3 revolutions more than
the hind-wheel in going 60 vards ; if the circumference of the fore-wheel
be increased by one-fourth of its original size, and the circumference of
the hind-wheel by one-fifth of its original size, the fore-wheel would
make 2 revolutions mare than the hind-wheel in going G0 yards. Find
the circumference of each wheel.

13. 4 and B run a cycle race of 1040 vards. At the first heat 4
gives I a start of 120 yards but is beaten by 5 seconds. At the second
heat . gives B a start of 5 seconds and beats him by 120 feet. How
many seconds will each take to run the race ?

14. A man has to travel a certain distance by car. When he has
travelled GO miles, he increases his speed by 10 miles an hour. If he
had travelled the whole journey with this increased speed, he would have
arrived 30 minutes ecarlier ; but if he had continued at his original

speed, he would have arrived 20 minutes later. Find the length
of the distance.



CHAPTER XXIX
SQUARE ROOT
Square Root by Inspection

157. We have seen in Article 52 that the square root of
an expression is that expression whose square is equal to the
original expression.

Thus, the square roof of 36a? is 6a or — 6a, for
(6a)> =6a % 6a=36a?,
and (—6a)®=(~-6a)x(-6a)=236a".

Hence we see that the square root of a quantity can be
positive as well as negative, while the square of a quantity is
always posttive.

NOTE. In this chapter we will deal only with the positive root.

EXAMPLE. Ifind the square roof of 100a2b3.
A+ 100a2b? = +/10%a2b* =10ab.

158. We have seen in Articles 43 and 45 that
(a+0)*=a®+2ab+ b2,
and (a—0)?=a*-2adb+ 5>,

Therefore the square root of a®+2ab+b0? is «+b and
the square root of a®—2ab+d* is «—~b. Hencs, if a tri-
11911]13,1 can be expressed in the form «*+2ab+b> or
@’ — 2ab+ b, its square root can be written down at once
by inspection.

EXAMPLE 1. Find the squicre roof of a?+4a-+4.
Since a?+44dat4=a*4+2.¢.2+2% =(a+2)".
Hence the square root is a+ 2.

EXAMPLE 2. Find the squure vool of (a+b)? —6(a+b)e+9c?.

Since the expression = (a4 6)% —2(a+ b) X (3¢) +(3¢) 2
=[{a+b)-8c]?
=(a+db-3c)2.

Hegice the square root is e+ 56 —3c.
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EXAMPLE 3. I'ind the square roof of (¢m+ ) 4(3, _.1_)
a

a
The expression -—(a +24+— ) (a_];)
1
_(a- 941 )+4 4(a—-)
—(a,— —4(a,—=)+4
a
}o
= 2
t(“ a) J
= (a-1-9)"
@

Hence the squatre root is @ — 1o
a
159. We have seen in Article 49 that
(a+b+e)=a®+02+¢2 +2ab+2bc-r2m

Therefore the square root of a® + 47 +¢* + 2ab+ 2bc + %ca

isa+b +c Hence if an expression can he expressed in the
form a?+ 0% +c¢? + 2ab+ 2be + %ca, its square root can be
written down at once by inspection.

EXAMPLE. Find the square 100t of x*+9v? 42?2 +06xy —0vz — 2zx.

The expression= (2} + (33)* + ( —2)* +2(@){31) + 2831 - 2) +2(— =) (x)
=(r+3y—2)*.
Hence the square root is v+ 3y —=.

EXAMPLES XCI

(Examples 1 lo 12 may be taken orally)

Find the square root of

1. acyt, 2. Oxtyt. 3. 16z yizc.

[y 1-¥OL PP B 9174 AR IAY: )
4. 2dxTyzn 5 12 lf’qm n* 6. alibiiclr

Gdea2bict 9arb*c Slll”?f Trla
7. z*4+06Gx4+9. 8. 4x?—da+1. 9. a*+14ab+4902.
10. 4(L=—12(n'+93:'-’. 11. 1-6n+9«=.

z b
12. +121. 13. © -y,
+ b 16 2+
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14. Lo+ 15. 4% g, 9
2 az gy..'. 4‘1.2
CLB b-!
16. -2 = 17. (a+d)? +2(z+D)+1.

18. (a+1)?—d{a+1)x+422. 19. 100a* -2022(y+2)+(y+2)°.

20. (%ﬁ)—%(;—;—z . 2l (a+3b)3~—(a+3b)+i.
a 2 a

22, (5-1) —4(5—1)+4.

23. (a+d)*+2(a+d)(a—b)+(a—0)2.

24, (z+2)*—06(x+2y){x -3y} +9(x - 3y)*.

25. (a-0)'*+2(a*—0b2)" +{a+b)?t.

26. a*+0b*4c* —2ab—-2e+2ca.

27. a®*+b*+2ab+2a+2b+1. 2B. a4y det42vy—4dyz - dza.

29, a*+4y?+92% +dey—12yz—6zx.

30, x4y 4 pe? —day— 2z + 2.

31. (n.-+1)2 +8(m+1) +186.
X Ha

32. m2+1__,+10(m+?)+27. 33. (‘1'—5)2+4(,1'+})+8.
xT- oy T X

General Method

160. The method of finding the square root of com-
pound expressions in Algebra is similar to that of finding the
square root of those quantities in Arithmetic whose factors
cannot be easily obtained. For instance, to find the square
root of 441 in Arithmetic we proceed thus :

441)20+1=21
400

40+1=41)41
41

We first find the square root of 400 which is 20. We
write 20 to the right and subtract its square 400 from 441
leaving a remainder 41. We write twice 20 7.c., 40 to the
left*of 41 and divide 41 by 40. The quotient is 1. We add
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this 1 to 40, the sum is 40+ 1 z.e., 41. Now we divide 41
by 41, the quotient 1s 1 leaving no remainder. We add this
quotient 1 to 20. The sum is 20+ 1 z.e. 21, which is the
required square root.

Now since 441=400+40+1=4x10°+4x10+1, the
above work can be arranged thus :

4x10°+4x10+1(2x10+1
4 x 102

4x10+1)4x10+1
4x10+1

That is, we first find the square root of 4 x 10? which is
2x10. We write 2 X 10 to the right and subtract 1ts square
4 x 107 from4 x 10° +4 x 10 + 1 leaving a remainder4 x 10 + 1.
We write twice 2 X 10 7.e., 4 X 10 to the lelt of 4 x 10+ 1 and
divide 4 X 10+ 1 by 4 x 10. The quotient is 1. We add this
1 to4x10, the sumis 4x10+1. Now we divide 4 x 10+ 1
by 4x10+1, the quotient is 1 leaving no remainder. We
add this quotient 1 to 2x 10. The sum is 2x 10+ 1, which
1s the required square root.

Now 1f we replace 10 by z in the above, the work may
be arranged thus :

4r: +4z+ 12z +1

]

4z

drx+1 )4z +1
dz+ 1

That is, we first find the square root of 4z® which is 2.
We write 22 to the right and subtract its square 4z° from
4x° + 4z +1 leaving a remainder 4z +1. We write twice 2z
i.e., 4x to the left of 4z + 1 and divide 4x+1 by 4z. The
quotient is 1. We add this 1 to 4z, the sum is 4z +1.
Now we divide 4z + 1 by 4z + 1, the quotient 1s 1 leaving no
remalnder. We add this quotient 1 to 2z. The sum is
2z + 1, swhich is the required square root. ¢
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From the above we see that in order to find the square
root of a compound expression, first arrange the expression
according to descending (or ascending) powers of some letter
and then find the square root of the first term. This will be
the first term of the required root. Now subtract ils square
from the expression, and divide the first term of the remainder
by twice the first term of the root ; the guotient is the second
term of the requirved root. Complete the divisor by adding
this quotient with its proper sign to twice the first term of the
root. Multiply this sum by the second term of the root and
subtract this product from the first remainder. Now again
divide the first term of the second remainder by twice the first
term of the root ; the quotient is the third term of the required
root. Repeat the process trll there 1s no remainder.

NoTE. If there is any remainder, the square root is not exact.

EXAMPLE 1. Ifnd the square root of 4a* —12a"b+292%b* ~ 30ab?
+25b4.

dat—12a°b+29a20° — 30ab” +25b*(2a® — 3ab+ 50
4at

da®—3ab)—12a*b+29a20% —30abd® -+25b*
—12a654+ 9a?b?

4a? — Gab+56%)20a*b* — 30ab? +25b1
20¢:20* — 30ab® 42501

EXPLANATION. The cxpression is already arranged according to
descending powers of a. The squave root of the first term da* is 2a?,
and this is the first term of the root. Subtracting the square of this z.e.,
da* from the given expression, the remainder is —12a*b6+29a%b* ~30ab®
+25b%, Now doubling the first term of the root we obtain 4¢*. We
sct this 4a®, as a trial divisor, on the left ; and dividing — 120.{6 the first
term of the remainder by this trial divisor we get —3ab, which is the
second term of the root. Now we complete the divisor by annexing
— 3ab to it, and multiply the completed divisor by —3ad, and sulit.r.act
the product from the first remainder, the second remainder is 20a*bd® —
33ab*+25b*. Now doubling the terms of the root already found, we
sct the vesult as a sccond trial divisor to the left. Dividing 20a2d?,
the first term of the sccond remainder by 4a®, the first term of the
second divisor, we get 502, which is the {hird term of the root and
which we annex to the divisor. We now multiply the completed
divisor by 5b* and subtract. Sincc there is no remainder, hence the
squiwre root is 2a®— 3ab+5b2.
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EXAMPLE 2. What must be added to 4x* —20x°4+37x? —31x+10 fo
make 8 a perfect square ¢
4t —202° +372° - 3le+10(222 — 52+ 3
dxt -

4% —5x) — 200" +372* —312+10
— 202" 4+ 2522

422 —~10x+3)1222 - 312+ 10
12z —30x+ 9

—r+ 1

In order that the expression be a perfect square, the remainder must
be zero. Hence, & —1 must be added to the given expression to male it

a perfect square.
EXAMPLE 3. What value of a will make x* - 10x* +33x? —ax+16
a perfect square ?
xt—102°+332? —axr+16(2* — 52+ 4

w-l-

2x?—5x)—10x* +332* —ax+ 106

— 10342522
222 —10r+4) 8x*— ar+16
Sz —40xr+16
40x — ax

The expression is a perfect square if 40z —ax =0, t.¢., if a=40.

161. When an expression contains powers of a certain
letter both 1n the numerator and the denominator, for instance
. 9p? 4 3z, 2 1 . . _

the expression + - — ==+ —— — 1t 15 arranged iIn

1 16 8lz® 4 9z 12 S
descending powers of x thus :

z° 9

92° 3z _ 1 | .4

16 4 12 Yz 8lz*

The student will learn the reasoning for this arrange-
ment In Chapter xxxvi. At this stage all that he has to
remember is that in order to arrange an expression involving
a certain letber which occurs both in the numerator and the




‘denominator in descending powers of that letter, he should
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first arrange those terms in descending powers of that
letter which contain that letter in the numerator, and then

put the term,

if any, which is independent of that letter,

and then arrange the terms in ascending powers of that
letter in the denominator.

EXAMPLE. Find the square root of - +4‘ pE_4v 1
y*

9x* ¥ 3x 3

First arranging the terms in descending powers of x, we have

v y2r_ 14y 4yt
¥y 3 3x 92’

Now proceeding as before,

z PR Y
L__l_ﬂ_.’?.__!._éy_!_:l?j (J+1 _ 2y

¥* oy 3 3x 9Yad 3x
3:2
1)23, 1_ 4?] 47;"
3 3z UI:"
—+1
u
2 2y 4 4y 4y
- Q — Ly -2 — 2
i * 3.1:) 3 3;1:+':).1;2
4 4y, 4y*
__.___I_ hd
3 3xr Yz*
2y
Hence the square root is T+1-
Y 3z

EXAMPLES XCII

Find the square root of

1
3.
5.
7.
0.
11,

—4pr*+10x% — 12249,
4t 242 +122° + 16+ 2522,
Ozt — 2902+ 81— 30" +90x. a*—4a’b+6a?b? — 4ab®+bt.
et - 2aty—atyr ey 4t dat +8a*b—dab” +D*.
425 —drT +50° =20 424, 10, x'044o® 452 47 220,
a®—8a® +10a +28a® - Ta? — 12a4-4.

et 43224224 1.
dpt 440" - 3 —-2r+1.

@ ok
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12. a®+28n2b% +20a%bh? - 12ab° — 22a°b* — Sa*b+ 900"
13. a?(?+y*+27) H2v(y+ o)z —a®) +yzt.

JE
14. %+9$"+7:c2+1‘2.1'+9. 15. :1'°+‘2:r:"—:’c“+-'t"—ﬂ'+i-

rt 2r* 1lx® 9 x* 4x 2y, 1*
16. L - — dat. 17, T2y s 2N U
4 3 30 16 ¥y + x +4:1:2
4r? 4z 3y, M* DQ? | 4y* B2, 2 1
8 —+Z-1-—=+4=. 19. — 42 224
1 9y* 3y r o 4z 16y*  8Slz* 4-y'+9.-z: 12
U PN L1 3 , 10, .
20. at4— 22+ +T. 21, x4+ — 4102+ 2522 4+—+2.
X a® at r
4 4 912 Ot
22. Z4+lL g -2 _ 2
1A £ Y
1. .81, 8T o -w o1
23. EJ.fc" ~ 2r +-:3—1‘ 5 + Tr* — 22 +;. .

L)
&

24, attatyz+—9

4x* , 9y* |, 16x®* 16x* | Gxy x
25. + =4 - + =2 =
Oy? 16z 25z* 1dyz bz* =z
26. What must be added to z2*—223+5z?—4x+2 to make it a
perfect square ?
27. What must be added to 9% — 122" 48422 — 232+ 24 to make it
a perfect square ?

28. \What must be added to 9x*+12x%y—38x*y* —20xy” +49y* to
make it a perfect square ?

29. What value of @ will make 4x*+42°+52°4+3r+4 a perfect
square ?

30. ‘What value of @ will make 9x* - 302" +672* — 702 +a a perfect
square ?

31. What value of @ will make 4x*+12z°+13x* +2ax+1 a perfect
square ?



CHAPTER XXX
QUADRATIC EQUATIONS

162. An equation which contains the square, and no
higher power of the unknown quantity, is called a Quadratic
Equation.

Thus 2z2 + 3z +4 =0 is a quadratic equation.

A general quadratic equation in z contains a term in 23,
a term in z, and a term independent of z.

163. In the following examples we will take up the
solution of those quadratic equations in which the terms of
the first degree are missing.

EXAMPLE 1. 'Solve the equation x*=25.
Taking the square root, we have
r=1=15,
for if x=25, then x* =25, and if x= -5, ﬂ’f:hen again x?*=(-5)2=25.

NOTE. The square root of z* is Xz, but it is not necessary to
write £x = + 5, for this means

N SOOIy (1)
e s T PP (2)
e e ot SO O OO P P S (3)
e It S PP (4)

But (1} and (4} mean the same thing as x=+5, and (2) and (3) the
same as ¥= — 3.

EXAMPLE 2. Solve the equafion 5x*—8a?=x*+a’.

Sx*—Ba*=x*+a?,
Sz —x*=8a*+a?,

4% =9a?,
a*=3a?,
x= =+ 3a.

EXAMPLE 3. Solve the equation (x+5)2=7.
Taking the square rook, we have o
e+5=%T,
’ Soox==51 47,

21
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EXAMPLES XCIII

{Examples 1 to 11 may be taken orally)

Solve

1. a*=4. 2. z*—9=0, 3. a2*+4=40.

4. x*—-10=90. 5. 422-100=0. 6. Ta?=343.

7. at*=da’. B. a*+4a®*=10az. 9. ax?®=a’.
ar® _a’ Irs . 1%

10. LA 11. =TS

12. 3x?—-3a?=a%—a’. 13, 3z*+b2=x24+902.

14. 4(22% —1)=2(x*+25). 15. 2(z*—25)=(25—a?).
2 x? z_1_ a2t

16. .1-~—100=8—§. 17. 5 —§_§+1_

18. (z—2)2=3. 19. (r+3)2=1

20. (v+1)2=16. 21. (w_-;)z:‘lg.

Solution by Factorization

164. It is evident that +f the value of a product be zero,

the value of one or other of the factors of that product must
be zero.

Thus, if a x b=0, then either a =0, or b=0.
Similarly if abc=0, then either a =0, or b=0, or ¢=0.

And if (z —1)(z —2)=0, then eitherz~1=0, or z—2=0,

e., the equation (z— 1)z —2)=0 will be satisfied if either

z~1=0, orz—2=0, t.e. if =1, or =2, so that the roots
are 1 and 2. ‘

Similarly the equation z{z — 1)(x —2)=0 will be satisfied
ifx=0,orz-1=0,0r 2-2=0, 2.e.,if =0, 1 or 2, so that
the roots of the equation are 0, 1 and 2.

Hence we see that the solution of a quadratic equation
can be written down by inspection if the equation is given

i the form of a product of factors of the first degree equated
lo zero. .
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EXAMPLE 1. Solve the equation (x—1)(x+2}=0.

The equation is satisfied if 2 —~1==0, or if £+2=0, i.c., if =1, or
r= =9,

Hence the roots of the equation-are 1 and —2.

EXAMPLE 2. Solve the equation x(2x—3)(3x+4)=0,

The equation is satisfied if =0, or 20—3=0, or 3x+4=0, i.e., if
=0, orz=3, or r=—13.

Hence the roots of the equation are 0, 11, — 11,

165. Since all the terms of an equation can be trans-
posed to one side and if these terms form an expression
whose factors can be easily found, the roots of the equation
can be obtained by equating each factor separately to
ZEro.

EXAMPLE 1. Solve {he equation x*=5x,

Bringing all the terms to the left side, we have
2®—5x=0,
x{x—5)=0,

=0, x—5=0;
=0, 3.

EXAMPLE 2. Solve the equation x*—5x+06=0.

Factorising the left side, we have
(x—2)(xz~3)
x—2=0,x—3

0,
0,
2, 3.

Il

EXAMPLE 3. Solve the equaiion G.—x_Qx—-H:x—S.
P x—3 6
Multiplying both sides by G(z —3), we have
3(x—38)(6—2)—0(2x—11)=(x—8)(z—3),
=32 4+27x - 54 — 122+ 060 =22 — 11x + 24,
—3z2 - x*4+2Te—122+ 11l — 54+ 06— 24 =0,
—42* +262—12=0,
2?2 —-183x+6=0,
(x—06)(2z—1)=0,
x—6=0, 2x—1=0,

x=0, 1.
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EXAMPLES XCIV

(Examples 1 to 29 may be taken orally)

Write down the roots of the following cquations :

1. (z-1)(z—38)=0. 2.

3. (x—-2)(z-3)=0. 4.

5. (14+x){x-1)=0. 6.

7. (x—a){x+0}=0. 8.

9. (2x—1){3z—-1)=0. 10.
11. (ax-+Dd)laz—5b)=0. 12.
13. (‘f‘:'+3) (‘3+4)= 14.
15. +1)(34— ) 0. 16.

m M
17. a(x—2)=0. 18.
19. a(r—1)(x—2)=0. 20.
21. az(az+0)(cx—ad)=0. 22.
23. (a—8)*= 24.
25. ax?(ax—1)*=0. 26.
27. fz+(a-b)}x—(a+b)i=0. 28.
29. (z—-p+q) ( Z-l-m) 0.
Solve the following cquatbions :
30. x*-3r+2=0. 31.
32, a?—6x+5=0. 33.
34. :1:2 —9=0. 35.
36. 2x*—-5r4+2=0. 37.
38. Gu*—5xr+1=0. 39.
40. Gz*-—-11r43=0. 41.
42, x(x+2)=15 43.
aq. x=3)_g 45
g6. *-8-1 47.
4 =z

(x—38)(z—-4)=0
(z+1)(zx4+2)=0
(z--a)(x—b)=0
{(x+D{x4+m)=0

(24 1)(x—5)=0.

(5-2)G-3)=o
2(‘5— 7)(‘?+2) =0.
(5;‘1)(””' 2)=0

x(2z+1)=

2(2x -1 (5.1,+1)
(z—1) (e~ 3)(m+5)=0
(2x+a)*=
fa—(a- 1)} =0,

(J.'_—p)(&r - a_;_b) =0,

x* - bdxr+6=0.
¥ —r—12=0.
224+ 06x—T7=0.

2z* +5x—-8=0.

Gx?+5r+1=0.
102 +130—3=0.

x(r—1)=12.
x, G

Rl =4,
2w
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48. "’L"*f{;"‘%s. 49. (x—1)(3z+1)=(2z - 5)(z+9).
50.. (z-1)(z—2)=2. 51, ;;J_Jr_sfzig.
52. 33;"_4=,1 +;J2;_2. 53, ":'.';:5‘;%1—2.
. St % Fatia e
s
58. x+g‘_%_1__l_ 59 g—-1.+6‘_‘=§.l1.

50—-2 4x+1" 13 ' g_H‘ ' g_l

60. T TR 41
.7;—4+:::—3 *

Solution by Completing the Square

166. When the factors of a quadratic expression are
not easily found, we can solve the equation by keeping all
the terms involving the variable to one side and then
completing the square as explained in Article 112. This
method is i1llustrated in the following examples.

EXAMPLE 1. Solve the equation x*+06x—T7=0.

Keeping the terms involving x to the left side and taking —17 to
the right, we have ‘

2?4 06r=".

Adding (3)? i.e. 9, the square of half the coefficient of z to both
sides,

r24+6x4+9=74+9,

(z+3)2=16,
r+3==+4,
T ox=—34+4,

Hehee the roots are —3+4 and —3—-44.¢., 1 and —7.
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EXAMPLE 2. Solve the equation 2x* —x+1=0.
The equation can be written as

2 —x=—1.
Dividing both sides by 2, the cocfficient of z?,

2?—lr=-—-13,

Adding (—1)*, the square of half the cocfficient of 2, to both sides,

.'.’,_1- _} — —]_')2—}
* é1+( 4) ( i ¥
1 1

2
(U—--)z=—1——.-=-—_7_
T4 16 2 16’

1 [=7
—_—e=4__ .
Ty T4
J_-=j_' + '\/Z'T:]E.ﬁ-:'r
4~ 4
Hence the roots are Hzﬁ and 1:_\/___’_

NOTE. Since there is no quantity, positive or negative, whose
square is — 7 (or any negative number), it is impossible to find any real
quantity to represent ./—7. Hence 1/ —7 is not a real quantity and
there is no real value of @ which satisfies the equation. In such a case
the roots of the equation arc said to be imaginary or impossible.

EXAMPLES XCV

Solve
1. z?2-42r+3=0. 2. a*—32xr—15=0.
3. x?—4x—-45=0. 4, x?—10x=21.
5 a*-x=2. 6. z*—3r=4.
7. x*+3x-18=0. 8. z*—2r—99=0.
9, a*—r=l. 10. a2 —a=T72.
11. z?—x=156. 12. z*—Tx=S8.
13. 2*-352x=200. 14, 32*—-10x+3=0.
15. 3z2410z—32=0. 16. 5ax*—-4x—1=0.
17. Gr?=2—=. 18. 4z2*=18-—-21x.

19. 38ax2=5-—4z. 20. 82°4+192—15=0.



21.
23.
25.
27.
29.
31.

33.
35,
37.
39.
41.
43.
45.
47.
49.

51.

167. EXAMPLE 1.

EQUATIONS WITH LITERAL COEFFICIENTS

20x? +ox=12.

3x* —21x+923=0.
x? —5nr=306a?.
92? —Thx —2k2 =0.

r{dx+1) =3a(r —3) + 24.
3z(x+4) + 2x(x +2) =25.

z—141=0.
T

_|..
o

10 2 2
+ =12

3z—-5 22+1 11

8x _b5z—2_ 8

r—2 a+5 2—zx
e+2Fy 3 1
r+2 x-2 a%-—4
rr+2_|_:1:—2_9£

t+1 x—8 35

22,
24.
26.
28.
30.
32.

34.

-36.

38.

40.

42,

44,

46,

48.

50.

52.

Gxr* —9x =8%.
z?4-dar=1%".
16x22? —8kx4-12=0.

8z(x —3) —x(2x —8) =91.

327

x? +5(50—12) — 3(z+5)=0.

(3 —4x) — 22(x+1) =22.

a:—%=1.
x

L, 1_5
rrTe
3:'[,‘—2:31,"—8
2r—3 o+4
T r+1 3

+__=1_
r+1

x4+1 1—z_ 5
xt—1 14z a*-=-1
w—1_etd_3
z—2 x+92 5

1 1 1

x4

z+1 x=+

8=

Equations with Literal Coefficients

Transposing,

ar: +bxr=—c.

Dividing by «,

- = -,

ct

Pl e

Solve the equation ax®+4bx+4-c=0.
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Completing the square by adding (2%’)2 to both sides,
e o () (2 e
¥ +al+(2a) (Qa,) a’

L BN _ 0 _ ¢
(:L+2—a) 4a® a

_br—4dac
4a2 '
b+ /b —dac
a'+2(1— 2a !
. m=—£i§&2_4‘w
2a 2
— —bx b2 —dac
2a
NOTE. Since az®+br+c=0 is a general quadratic equation,
— 22 _ 441
therefore r= bt Jb% —dnc

) may be- regarded as a formula from
a

which the roots of any quadratic equation may be obtained by
substitution.

EXAMPLE 2. Solve the equation =2
a—bh x-Db

Cross-multiplying,
z(x—0b)=ale—1b),"
2*—br=a®—ab,

2 T AN _b\2
& bl+( 5) =qa? ab+( "—i) H

0N e B2
(.l ) a (w+4

9
=4a'—'—4ab+b2
4
(2a—0b)?
4 y
b 9a—b
—_— =4
YToT = 2
O,2 -5
=Y _
¥=5E

O — Dy —
Hence the roots are £+"a'2 b and g—”—a’é—b, .¢., ¢ and b—a.

s
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EXAMPLES XCVI

Solve

1. z*+(a+d)r+adb=0. 2. z?—(a+b)z+ab=0.
3. az?+(a*—1)z—a=0. 4. x2+mx+n=0.

5. x*+bxr+c=0. 6. pz*—qx+r=0.

7. pa?-qxr—+=0. 8 1—1_3_1

- x c

9 Tyt m, 1 10. *_e.b_a

ol 1w " a b a ®
11, & 4+ % —4. 12, abx®— (b—ac)z—c=0.

a—-2 etz
13. z242v—q)z—q(2p—q)=0. 14. abz®*+(a®+b%)z+ab=0.

2 a2y 2 1Y — :L'+a_:r;—a___r.~:~l?_:r,+b'
15, (I2—m?}(x*—-1)—4lmz=0. 16. it s¥b 5 b

Nature of the Roots

168. We have seen in Article 167, that the roots of the
equation az® + bz +c¢=0 are
~b+ v b” —4qac and —b—1'b" —40,0’
20 At
in which the gquantity under the radical sign, ° — 4ac, may

be positive, zero or mnegative. ILet us mow examine the
nature of the roots under these three conditions separately.

(1) 1If b° - 4ac is positive, the roots are real and
unequal. Moreover,

(1) if &° —4ac is a perfect square, the roots are
rational and can be found exactly ;

and (ii) if 5% — 4ac is not a perfect square, the roots ave
irrational and cannot be found exactly. Their values can,
however, be found correct to a certain number of decimal
places if the numerical values of &, & and ¢ are known.

(2) If 5% -4ac=0, both the roots become — ‘)ia, and are
therefore real and equal.
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(3) If b° —4ac is negative, the roots are imaginary, for
the square root of a megative quantity is imaginary. (See
solved Example 2, Article 166)

EXAMPLE 1. Show that the equation 5x®—0x+1=0 has rational
700ls.
Here a=5, b=—06 and ¢=1 ;
b2 —dac=(—-06)*—4.5.1=36—-20=10G.

Hence the roots are rational.

EXAMPLE 2. For what value of k will the equation 4x* —12x+k=0
have equal roots ?

The condition for equal roots gives
(—12)2 —4.4.x=0,
16k =144,

Hence k=9.

Relation between Roots and Coefficients

169. TIf the roots of the equation ax®*+dz+c=0 are
added, the sum

_—b+ 102 — dac L= b—1/0% —4dac

- 2 2a
_ b+ 1/ —dac—-b—1/b* —-Irocz B 2_b= b
9% 2a a

If the roots are multiplied, the product

_ — b+ b —dac  —b- V' 0% — dac
2 20

_ (=b+1/b%—dacl —b—v'b* — 4ac)
da*

_ (_* D)2 —(1/b% = 4qe)? _b* = (bi— dac) _4ac _c

da* 4a* 4a’ @
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Hence, we see that
b _ _ coefficient of «

1) fhe sum of the roots= — -= . —
( a coefficient of =~

¢ __ constant term

and (ii) the product of the roots=%= —
a coefficient of z~°

If the given equation is written in the form
x? + (_) + ¢ — 0,
aa

the above relations may be stated thus :
If the coefficient of £ in a quadratic equation is unity,
(i} the sum of the roots is equal to the coefficient of =z
with the sign changed ; and (ii) the product of the 7roots
15 equal to the constant term.
Hence any quadratic equation may also be expressed in
the form
* — (sum of the roots) z + (product of the roots) =
EXAMPLE 1. Form the equation whose voots are 2 and —5.
The suin of the roots=2+4(—5)=—3,
and the product of the roots=92 X (—5)= —10.

Hence the equation is
a? —(—8)x+(—-10)=0,
i.e., «*+3r—10=0Q.
EXAMPLE 2. Form the equation whose roots are § and —
The sum of the roots=3 — =1
and the product of the roots=( ;3) —2)
Hence the cquation is
¥ — 5 — 5 =0,
t.e., 385x?—11x~-06=0.

"

EXAMPLES XCVII

Find, without actual solution, the nature of the roots of the following

equations :
1. 2*—-5x4+6=0, 2. 4r*—4r+1=0.
3. a*4+2+1=0. 4. 2*4a—1=0:

+ 5. Bx*=2%+9. 6. Ga*+4z—2=0.
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Find, without actual solution, the sum and the product of the roots
of the following equatious :

7. x*~—3ax+5=0. 8 =z?-241=0.

9. 2?42x—-06=0. 10. 2z?% —d42-7=0.
11. z24+bdbx+e=0, 12, Ix* —max+n=0.
Form the equations whose roots are
13. 2, 3. 14. 4, -3, 15. 0, —5.
16. 3, —1. 17. a+b, a—0b. 18. 1ip, —3p.

Solve the following equations and check your answers by finding the
sum and the product of the roots :

19. a?*—a—-06=0. 20. a2?+22x-—8=0.
21. x*4+4x—192=0. 22. @*—192x—9580=0.
23. a2*—(a+blz+ab=0. 24. z*—2ax+2adb—0b2=0.

25. For what values of a will the equation 2%?+axr+9-=0 have
equal roots ?

26. Show that the roots of the equation 3z*—z—1=0 are real and
different.

27. Show that the roots of the equation x?—3kzx+2ik2=0 are
rational.

28. Show that the equation 2?+2maxz+5m?=0 cannot be satisfied
by any real values of .

29. Show that the roots of the equation (z —«){x —b)=3 are always
real.

30. Show that the roots of the cquation ar?—(a+1)x+1=0 are
rational.

Easy Simultaneous Quadratic Equations

170. In this chapter, we shall consider chiefly those
simultaneous quadratic equations in which one equation is of
the first degree and the other quadratic. In solving such
equations, we express one of the unknown quantities in
terms of the other and then substitute this value of the
first unknown in the second equation, which will become a,
quadratic equation in terms of the second unknown. Since
for each value of this quadratic there is a corresponding
value of the first unknown, it follows that such equations
have two pairs of solutions. When both the equations are
quadratie, no general method can be given for their solution.
Different devices are applied in solving different questions.
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EXAMPLE 1. Solve the equations
x+y=5, x2+y*=13.
The first equation can be written as

T=5-—1%.

Substituting this value of 2 in the second equation,
(5—9)*+y* =18,
25 —10y+y*+y* =13,
2y* — 10y +12=0,
y* = 5y+6=0,
(- 2y —3)=0,

=2, 3.
Substituting the first value of » tn the first equation,
x+2=3,
x=3.
Substituting the second value of ¥ in the first equation,
z+3=5,
x=2.

Hence the solution is =2, y=3 and =3, y=2.
EXAMPLE 2. Solve the equalions
x+y=0, xy=8.

The first cquation can be written as

a=6—1.
Substituting this value of z in the second equation,
(G —2)y=8,
6y~ y* =S8,
y* — 6y+86=0,
(y—2)(y - 4)=0,
y=2, 4.
Substituting the first valuc of ¥ in the first cquation,
x+2=0,
z=4.
Substituting the second value of 7 in the first equation,
xr+4 =0,
=32,

Hence the selution is x=4, y=2 and x=2, y=4.

333
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EXAMPLE 3. Solve the equations
x2+y*=29, xy=10.

Multiplying the second equation by 2,
Qzy=20 .ciirennnn e rerrerrerernreneeanaae (1)
Adding (1) to the first equation,
x4+ 2ry+y? =49,
L (xy)? =49,
TR FY= T e (2)
Subtracting (1) from the first equation,
x¥—2ey+y* =9,
L~ (e—y)r =,
o= y=%3 i, PPTPPT (3)
Now (2} and (8) can be written as four pairs of equations thus :
(i) a+y=7, () z+y=7, (i) z+y=-7, (iv) a2+y=-T1,

x—y=3. T—1y=—3. x—y=3. z—y=—3.

Adding and subtracting each pair of equations, the required solution

is (i) x=5, y=2; (i) x=2, y=5; (i) z=-2, y=—5; {(iv)x=-35,
y=—2.

EXAMPLES XCVIII

Solve the following equations :

. a24y=3, 2. az+4+y=7, 3. x2—y=2, 4, 2—y=1,
2?4 y*=35. x®+y*=25. x* +y*=20. x* -ky*=41.
5. =z-y=10, 6. a+4+y=10, 7. x+2y=5,
x4 y?=58. P —y=—4, x® 42y =9.
8.  x+3y=10, 9.  z4y=3, 10, zx»—y=2,
o 4y =10. xy=2. 2y=15.
11, z+y=1, 12,  z*+4y*=10, 13. x*+y*=5,
ry=—2. xry=3. Ty=2.

14. x*+4+y*=05, 15. 5zx—3y+1=0, 16. 2z2+3y=T,

ry=28. ry=2. xy =92,
17. x*4y? =195, 18. a2*+y*=185, 19. z*4y%=181,
T+ y=15. r—y=3. z—y=1.
20. pr+qy=2, 21. x*4ay+y*=39, 22. x*—ay+y*=19,
pary=1. 2T y="T. r=y=—3,



CHAPTER XXXI
PROBLEMS INVOLVING QUADRATIC EQUATIONS

17]1. In this chapter we shall give some problems
which lead to quadratic equations. We have seen in the
previous chapter that a quadratic equation in one variable
always has two solutions. In some cases both the solutions
satisfy the problem and in others only one. The student is,
theretore, advised to see carefully whether both the solutions
are applicable or not,.

EXAMPLE 1. Find {wo consecutive even numbers, the swum of whose
squares 1s 100.

Let the numbers be 2 and 2+2.

oot (242)2=100,
2x*+4r+4=100,
x?+22—48=0,
(x—6)(z+8)=0,
. a=0or —8&.

If we consider only positive numbers, then G is the only solution,
hence the numbers are 6 and 8.

But if we consider negative numbers also, then —8 is also a
solution, hence the numbers are also —8 and —0G.

EXAMPLE 2. 4 nwmber consisls of two digits ; the digit in the unifs
place exceeds the digit in the tens place by 2, and the number is equal to
three times the product of the digils. Ifind the number.

Let 2 be the digit in the tens place, then the digit in the units place
is (x+2) and the number is 10x+ (24 2).
10z+ (2 +2)=3x(x+92),
10x+xr+2=3z"+0x,
Jx? —5x—2=0,
(x—2)(Bx+1)=0,
T oa=2,—-1%.
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Since the digits of a number are positive integers, the second value
of z is inadmissible. Rejecting this value we have z=2, hence the
nuinber is 24,

EXAMPLE 3. Divide a straight line 10 inches long into two parts
such that the square on one part is equal to twice the square on the other.

Let the length of one part be @ inches, then the length of the other
part is (10 —x) inches.

(10—x)* =2x2,
100 =202 +a* =227,
72+ 202 =100,
@ 4202+ 100 =100+ 100,
(x+10)2 =200,
x+10= + ,/200,
x=—104 /200
=—10+14'14...
=—10+1414..., —10—14"14...
=4'14...,—24'14...

If we consider only the positive length, then the length of one part
is 4'14... inches and of the other is 5°86... inches.

x’ A X B

In the figure, if AB is the straight line, AX represents this length.
The negative value —24°14...inches is represented by AX', which is
measured in the direction opposite to AX.

EXAMPLE 4. The length of a rectangle exceeds its breadth by 2 feet,
and its area is 48 square feet. Find the length of its sides.

Let the breadth of the rectangle be x feet, then its length is (v +2)
feet and area a(x+2) square feet.
a(x+2) =48,
z*+2r—48=0,
(x —0)(z+8)=0,
r=0, —8,
Since the negative value is inadmissible as the length of a rectangle

cannot be negative, thercfore rejecting ib, we have breadth=0 ft., and
length =8 ft. .
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EXAMPLES XCIX

“1. What is the number whose square exceeds six times the
number by 16 ?

. 2. What is the number whose square is less than-ten times the
number by 21 ?

3. What is the number whose square is equal to twice the product
of the number and 5 ? '

4. A number is such that five times the product of the number
and 3 exceeds its square by 36. ¥Find the number.

5. What number is less than the square of the number by 30 ?

6. Divide 7 into two parts such that the sum of their squares is
equal to 25.

7. TFind two numbers whose difference is 2 and the sum of whose
squares is 74.

8. The square of a number exceeds six times the sum of the
number and 9 by 1. Find the number.

9. Find two consecutive even numbers the sum of whose squares
is 52.

10. Find two consecutive odd numbers the sum of whose squares
is 130.

11. Find two consecutive even nuimnbers whose product exceeds
their sum by 62. :

12. Two numbers differ by 3, and the sum of their reciprocals is 31.
Find the numbers.

13. Find two consecutive even numbers the sum of whose reci-
procals is 5.

14. One number is three times another number ; if each he
increased by 1 the sum of the reciprocals is ». Find the numbers.

~~15. The numerator of a fraction is less than its denominator hy 1 ;

if both the numerator and the denominator be increased by 4, the fraction
thus formed exceeds the original fraction by 5. Find the fraction.

16. A number consists of two digits ; the digit in the units place
exceeds the digit in the tens place by 3, and the number is twice the
product of the digits. Find the number.

-17. A number consists of two digits ; the digit in the units place
excecds the digit in the tens place by 1, and the number exceeds twice
the product of the digits by 5. TFind the number.

18. Divide a straight line G inches long into two parts such that

the square of one part is equal to the product of the other part and the
whole straight line.

19. A straight line 4B, ¢” long, is divided internally at X.  Find
AX, when (i) AX*=248. BX; (ii) 4X*=20X"*.

22
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20. Find the length and breadth of a rectangle whose perimeter is
44 feet and whose area is 120 square feet.

21. The length of a rectangle exceeds its breadth by 10 yards, and
its area is 1200 square yards. Iind the length of its sides.

22. One side of a rectangle exceeds the other by 2 feet and is less
than its diagonal by 2 feet. Find the area of the rectangle.

23. 1440 bricks are required to pave the floor of a room 18 ft. long
and 10 ft. broad. TFind the length of a brick if its length is twice its
breadth.

24. The area of a rectangle is 154 square yards. If its length
were 2 yards less and its breadth 2 yards more, its area would be 180
square yards. Find the length of its sides.

25. The diagonal of a rectangle is 15 feet, and its area is 108 square
feet. Find the length of its sides.

26. The hypotenuse of a right-angled triangle is 13 inches and its
arca 1s 30 square inches. Find its sides.

27. How many bricks, each z inches long, % inches broad and =z
inches thick, will be required to build a wall @ yards long, b inches thick
and ¢ feet high ?

28. The length of a room exceeds its breadth by 2 feet and its
height is three-fourths its breadth. Find the dimensions of the room if
the area of the ceiling and the floor is less than the area of the four
walls by 132 square feet.

29. The length of a room exceeds its breadth by 5 feet, and S840
square feet of paper are required to cover its four walls. If its height
were 2 feet more and its length 5 feet less, the same amount of paper
would be required to cover its walls. Tind the dimensions of the room.

30. The perimeter of one square exceeds another by 24 feet, and the
area of the bigger square exceeds the area of the smaller square by 156
square feet. Find the sides of the squares.

31. A rectangular garden, 50 yards long and 40 yards broad, has
within it a road of uniform width running all round it. Find the width
of the road if its arca is 344 square yards.

32. The length, breadth and height of a room are in the ratio of
7:56:4. If each is increased by 1 foot, the area of the four walls wonld
increase by 124 square feet. Tind the dimensions of the room.

172. EXAMPLE 1. . molor car travels 420 miles with o untform
speed ; if its speed h-acl beenn 5 miles an howr more, it would have takén
2 hours less for the journey ; Jind the speed of the car.

Let the speed of the car be @ miles an hour, then the time occupied
49
is 20 pours.

x

If its spced were 5 miles an hour more, then the time occupied

)
would be :'-L—O— hours.
x+5
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z+5 - x o
420z =420{x +5) — 2z(z +5),
S 4202=420x42100—2z%— 10x,
9% -+ 102 — 2100 =0,
24 5xr—1050=0,
(z— 30)(z+35)=0,
=230, — 35.

The mncgaiive value is inadmissible, hence the speed of the car is
30 miles an hour.

420 _420 _,

EXAMPLE 2. Two pipes running fogether can fill a cistern in 11}
minutes ; if one pipe lakes 5 minutes more than the other to fill e
cislern, find the time in which each pipe would fill the cistern.

Let # minutes be the time talen by the larger pipe to fill the cistern,
then the smaller pipe would fill the cistern in (z +5) minutes,

Therefore the larger pipe fills —;-LJ and the smaller —1_ of the ecis-
5 i

tern in 1 minute, 2.c., they together fill 11’+—_:E—_) of the cistern in 1
lI i ] )

A
minute, which is equal to i(%b of the eistern.

1, 1 _9
x x+5 100
100(z +5) + 1002 =92(z +5),
100z + 500 + 100z = 922 + 45z,
92% — 1552 —500=0,
(x —20)(9x+25) =0,
r=20,—=,

Rcjecting the negative value, we see that omne pipe would fill the
cistern in 20 minutes and the other in 25 minutes.

EXAMPLE 3. A man by selling a horse for Rs. 144 finds that his loss
per cent. is one siazleenil of the numnber of rupees that he paid for the
harse ; for Tow mueh did he purchase the lorse !

Let Rs. 2 be the purchasing price of the horse,

then his loss on Rs. 100 is Rs. Ia'ﬁ,

R s R x?

13 LB 5. ¥ 15 5. '176&).
i . : e

the selling price is Rs. (1: i&)_())'



340 ALGEBRA

ft._
Hencee & 1-66'0— 144,

16002 — z* = 230400,
* —1600% + 230400 =0,

(z — 160)(x — 1440) =0,

2=160, 1440.

Since both the values satisfy the conditions of the problem, therefore
the purchasing price of the horse is either Rs. 160 or Rs. 1440.

EXAMPLES C

1. A man bought a certain number of goats for Rs. 240. If he
had got 2 gouts less, each would have cost Rs. 4 more. IHow many
goats did he buy and what was the price of each ?

2. A man bought a certain number of horses for Rs. 4800. If he
had got 4 horses more, each would have cost Rs. 40 less. How many
horses did he buy ?

3. A boy rode 150 miles on a motor-cycle at a uniform rate. It he
had ridden 1 mile an hour faster, he would have taken § hour less to
complete the journey. Find his rate.

4., Two trains run a distance of 200 miles, one at z miles an hour,
and the other at x+4+5 miles an hour. What time will each talke to
cover the journey ? If the second train covers the journey 2 hours
carlier than the first, find the value of .

5. A goods train, whose speed is 15 miles an hour less than that
of o pagsenger train, takes G hours lon ger than the passenger train to go
280 miles. Find the speed of the two trains.

6. An acroplane goes from Delhi to Caleutta, a distance of 900
miles, with a uniform speed. If its speed had becn 10 miles an hour
more, it would have reached Calcutta 3 hours earlicr. Tind its speed.

7. A man starts from Aligarh to go to Muattra, a distance of 35
miles on horscback, and on reaching Mutbra returns to Aligarh on a
cvele.  Find his speed on horseback, if his speed on the eycle is 2 miles
an hour faster and if he takes 2 hours less in returning.

8. Two cars start at the same time from two places 600 miles
apart and travelling in opposite divections meet after G hours. If onc
takes 5 hours more to do the jowrney than the other; find their speed.

9. Two trains start simultaneously from two stations 4 and B,
450 miles apart, and travel in opposﬂac directions, The train from A
reaches /3 8 hours, and the train from I vcaches 4 124 hours after they
mect ; find the speed of each train.

10 A train starts from a station 4 to go to a station B, a disbance
of 1374 miles. An hour lafcr another 1:.11111 starts from A, and in 4
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hou.rs comes to a point where the first train had passed 12 minuntes
earlier. The second train then increases its speed by 5 miles an
hour and overtakes the first train just on entering B. Find the speed
of each train.

11. The circumference of one wheel is 2 feet more than that of
another, and the larger wheel makes 440 revolutions less in a mile
than the smaller. Find the circumference of each wheel.

12. T the front wheel of a carriage is 2 fect in circumference, how
many revolutions can it make in 1 mile? If the hind wheel which
1s 2 feet greater in circumference makes 132 revolutions less in a mile
than the front wheel, find the value of .

13. TIf a cyvcle wheel 8 feet in circumference takes »'5 second less to
malke one rc¢volution, the rate of the rider increases by ¢ mile an hour ;
at what rate is the rider going ?

14. 2Mohan and Sohan start from the same place and at the same
time to travel a distance of 30 miles. Sohan’s speed is less than
Mohan's by 2 miles an hour. If Sohan reaches the destination } hour
later than Mohan, find the speed of each.

15. A boy was sent to buy eggs for Re. 1. 8a., but by breaking 6
eggs the price of cach egg was increased by 4 pies. Find the price of a
dozen eggs.

16. A man purchased some horses for Rs. 3000. Three of them
died, and he sold the rest at Rs. 65 more for each horse than he paid
and thus gained 6% on his outlay. How many horses did he buy ?

17. A man purchased some goats for Rs. 800. He kept 20 goats
with him and sold the rest for Rs. 720 and gained Rs. 2 per goat. How
many goats did he buy ?

18. I bought some yards of woollen cloth for Rs. 125. I kept 5 yards
with me and sold the rest at Re. 1. 12a. per yard more than I paid and
gained Rs. 10 on my outlay, How many yards of cloth did I buy ?

19. I bought some cricket balls for Rs. 30. If T had paid Re. 1.
less for each ball, I would have got 15 balls more for the same money.
What is the price of each ball ?

20. 4 and B together can do a picee of work in 24 days. If 73 takes
20 days more to do the work than A, in how many days can 4 do it
alone ?

21. Three men and scven women can do a piece of work in 2 days.
If a woman takes 3 days more than a man to do the work, in how
many days can one man do the work ? .

22. Two pipes ruuning together can fill a cistern in 12 minutes ;
if one pipe takes 10 minutes more than the other to fill the cistern,
in what time would each pipe separately fill the cistern ?

23. A labourer undertakes to do a work for Rs. 40 in a certain
number of days. He takes 4 days more to finish the work and thus
receives 5a. 4p. less as his daily wages. In how many days did he
undertake to finish the work ?
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24. Two labourers arec emploved on different wages. On the
completion of the work, one labourer gets Rs. 25 and the other, who
worked for 4 days less, gets Rs. 16.  If the first labourer had worked
for as many dayvs as the second, and the second had worked for as many
days as the first, their total wages wounld have been cqual. Find the
number of days cach worked and the daily wages of cach.

23. A tradesman finds that by selling a cvele for Rs. 75, which he
had bought for Rs. @, he gains #%. Find the value of x.

26. A beats B by x vards in a race of x yards. If A’s speed is z
yards per sccond, find 43's speed.

27. Two men have 60 goats between them ; they sell them at
different prices, but rcceive the same sum of money. If the first had
sold at the sccond’s price, he would have received Rs. 640 ; and if the
sccond had sold at the first’s price, he would have got Rs. 490. How
many goats had each ?

28. A man finds that by selling a cow for Rs. 5G his percentage of
profit is the same as the number of rupees he paid for the cow ; for
how much did he purchasc the cow ?

29. A Doy by selling an inkpot for 4a. 8p. finds that his gain per
cent. is the came as the number of pies he paid for it ; for how much
did he purchase the inkpot ?

30. A man finds that by selling a goat for Rs. 16 his percentage of
loss is the same as the nwnber of rapees he paid [or the goat ; for how
much did he purchase the goat ?

31. A man by selling a watch for Rs. 72 finds that his gain per
cent. is onc third of the number of rupees that he paid for the watceh ;
for how much did he purchase the watch ?

32. A man sold an article at a gain of 6%,. If he had hought it at

4%, less and sold it for Re. 1. 3a. more, he would have gained 12%.
Find the cost price of the article.

33. T spent z pounds in purchasing oranges at the rate of 2 oranges
for # pence and sold them al the rate of ¥ oranges for x pence. How
many pounds did I gain ?

34. A man gets Rs. 2 a week. He worked for (x—9) weeks. If he
had received Rs. 5 a wezk less and wotked 4 wecks more, he would have

received Rs. 400. Tind his weekly wages and the number of wecks
he worked.

MISCELLANEOUS EXAMPLES III
_ A
1. Recsolve into factors
x?*—Tr+12, 6x* +54—06, 2" —8.
2. Of whieh of the exwressions 3, 3z, Gc®, 9ay, xy®, 3a 'y, Cx?*y?,

12xy* is 3x* a factor 2 Of which of (he expressions 2x, 3x*, 3xy?,
Gy, 9xy* is Ga? a multiple ?
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3.  What values of & will make 922 4 azy+25%4* a perfect square ?

4. Fill in the blank in —*—L= — .
xoy oy
5. Solve the equations
ar+by=1, bx+ay=1.

6. A train travels m miles in . hours ; how many seconds will it
take to travel f feet ?

B
1. Resolve into factors
3x* —10x—38, Sla* +064b*, 9t —82x2y? +9y1.
2. Write.down (i) the square root of {2 +2y)* —6(x+2y)+9 ; and
(ii) the square of z —2y+5.
3. If 2s=a+b+c, show that {s—a)+(s—b)+(s—c) —s=0.
4. Simplify
a*+3a+2 . a?+5a+4 _
a*+2¢+1 a*+T7a+10
5. Solve the equations
x—2y=>5, 3y+4z=0, 5z+6x=2L1.
6. A train goes at the rate of a feet per minute,
(i) How long will it take to go a mile ?

{ii) How many yards will it go in an hour ?
{iiil) How many miles will it go in & hours ?

C

1. Resolve into factors _
39x* —Te—22, x4+ 2% +9, 3 —106%°.
2. Of which of the pairs of the expressions (i) Gx* and 127 ;
{ii) 8ay and 4z2y ; (iil) Ga'y? fmd 102° 1;‘* is 222 a common factor ?

3. Tind the square root of & +4a’ +é%;_§'
. Simplify £ -—¢ :_fjf;_
4. Simplify =T +—D
12

5. Solve 2a —?"=5

6. Finda fL'lctlon such that if 1 be subtracted from -its numerator
the value will be 2, and if 6 be added to the denominator the value
will be 3.
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D

Shew that x —z is a factor of (x—y)* +{y—2)3.
2. Is2r?y? a common factor of 222 and »* ? Why ?

=

Is 22*y%2*% a common multiple of 2xyand yz? Why?
3. Find the square root of «? + = ')((z—l—l) +3.

(1-2)(1+? |

4. Simplify

a4 by
b a
5. Solve 6 1 2

33:5'1:59..1—

6. The average of four numbers is « and the average of three
numbers 1s b ; what is the fourth number ?

E

1. Prove that {(a—0), (b—¢c), {c—a)} are factors of «*(b*—c?)+
D (e? —a?)+¢? (a* — b?).

2. It :1'+i=p, prove that %+ l___—__p'-* -9,
. e

24e 2=z | «
2w+1) 2x—1) 27+1
4. Solve _1_2__,7_6_2(3;1;4_2).
w2 z+1

3. Simplify

3. Solve the equations

(—Il-i-{):O, az+by=c.
2y

6. A boy bought a number of oranges for Rs. 2. If he had bought

8 more for the saime sum, he would have paid 4 pies less for each. How
many did he buy ?

F

1. Resolve into factors, and thence find the L.C. “\I of a®*+06adb+
50%, a® —a’b—-ab?+ 03, « +5ab Gb2.
2. Find the H.C.F. of ®* — 2% —8x412 and 322 —2r—8.

3. Find the square root of a{x+1)(x+2){(x+3)+1.

4, &mﬂﬁy( r .=z )+(” ——10.
r—y x—:z y—x z—x

. Iv x+1_ol
5. Solve — + . 5
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6. A number consists of two digits.,  When the number is Qivided
by the sum of the digits ; the quotient 15 7. The =um of the reciproenls

of the digits is 9 times the veciprocal of the product of the digits. Iind
the number.

G

1. Factorise =ty Lyt —p 4y -1,
2, Find the L.C.M. of 202 —8, 322 =9246 and O+ 18pr4-12,
3. Trove that (a~d)24(b—c)? +le—a)*+2a=D)(L—ec)+2(h=1)
(e~a)+ 2(c~a){a—b)=0.
4. Simplify a + il —{({'—:U)z.
zle—x) alr—a) ax

: 1
5. Solve the equation 1_ —1+ 1 _ 1 =0,
1 ! =1 2 m+4 x+3
6. If 12 men do as much work as 2 boys, and 7 men take @ days to
finish a piece of work, how long would 4 boys take ?

H

=

Factorise a?x—~0*z—aty+h2u.
2. Find the L.C.M. of 2" +a?, x° ~a®, 2t + 222 +a’, 2* —zata?.

. . 1 1 1 x 1
3. Simplify =4+ —+ . ~_ T 4
ey Z rc-—1+;r:+1 a:"—1+a;(:?32—1)

4. Solve the equation JESTRNE SO

zt+a a+b ztatb
5. Solve r+y—z2=3,
z+z—y=35,
ytz—z=T.

6. A farmer bought an equal number of two kinds of sheep, one kiud
at Rs. 6 each, the other at Rs. 8 each ; if he had spent his money
equally on the two kinds, he would have had three sheep more ihan he
did. How many of each kind did he buy ?

L
&

I

1. If ;,;_1=1, prove that =7 — -;-a=4.
z @

2. T1f the product of £4+1 and z—10 is equal Lo the product of x-+2
and xz—9, what is the value of = ?

3. simplity {14 4 12 LS

_ 12 )
¥ r—1 x—=2511

st 4)

1+

1
x+1
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N "B
4. Solve the equation 5?m+4?m=m+2'

3 2
5. Solve }+§——=G,

x Y oz

Tz

2,5 16

yoE

6. How many seconds will a train trav elling at x feet a second take
to pass through a station platform -y yards long, the length of the train
heing ¢ vards ?

1. Factorise a® —aylcty)+u".

2. I y+z=%2, z+2=2b, r+y==2, cxpress v, . 2 in terms of
. b, c.

A
3 Simvlif (z4y)2Flr—9y)2 . at—f
TP @ ) = —w)? 21m1~m

4. Solve the equation (v —a)(»—b)=abd—x*.

5. Solve Jr4-4y+2:=19,
7.1'—3y=15,
—4y=—1.

6. A man is paid r annas for cach day that he works and is fined
7 pies for each day that he is absent. He wovks for 4 davs out of 6 in
a weck. What are his week’s wages in annas ?

K

1. Factorise {a?—582)2—-2(a?+b%)+1.
2. TFind the H.C.F*. of 2* +06x*+11xr46 and x°+ 92 +27x +27.
3. Simplify 27— {4z 22)? 1622 — (20 —3w)" | 4x* = (3y —42)*

(31+3u)-—167- (37;—!—4?)3-—41'2 (42—1—71) — Oy’

.1'—-1
5. Solve (a+0)x+{e—b)y=2a,
(@—d)r4(a+D)y=20b.

6. An officer can form his men into a hollow square 3 deep and
also into a hollow square G deep. but the front in the latter formation
contains 4 men less than in the former : find the number of men.

. 1
4. Solve the equation - 3( )
r—1 3 10('-' - 1)
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L

L. If flx) =2 — 2x* 43z — 4, find the values of f(2), f(- 8) and £(0).

2. Find the H.C.F. of z*—15xr>+4282r—-12 and 22" —15z+14, and
4 1522 +98pr —1¢
hence reduce the fraction “—- 1527 +28x —132
2x* —15x+14

2 2 2

3. Simplify — -5 _ 4 W 4 2 .
JELLER (@ =)@t =28 (=) (y? —a?)  (zF —x)(z* — 4?)

-8 _r-5_a-T_ x—4

x—10 x—7 x-9 z2—0

to its lowest terms.

4. Solve the cquation

3 4 3
5. Solve - = = =4
2x+3y 2a-3y T

7 1

- + — =13,
2rx+3y 2r -3y

[Leb 224 8y=n and 2z ~ 3)y=r, and then solve for « and v.)
6. Two persons started at the same time from 4, one rode on horse-
back at the rate of 74 miles an hour and arvived at B 30 minutes later

than the other who travelled the same distance by train at the rate of
30 miles an hour. Find the distance between 4 and 5.

M

1. Recsolve v” —4x*+a+406 into factors. TWrite down the values of
x for which the expression vanishes.

2. Tind the L.C.AL. of a*—82*+32—1, a*—z*—a+1, 2! —22°
+2x—1.

3. Drove that (a*+d2+¢?)2 —2{at +b* +c?)
={a+b+c)(b+c—a)e+a—Db)lat+b—c}.
4. Simplity 2EFDHL | w1 e+l

(k=) —2) w—a)y—2) (—alz—1)

6 93 '
5. Solve _----+ _ =2
Qx4 37}' 3 — .ﬂ:y 9
4 1 1

+ =1_.
2v+3y 3x—4y 23
6. The sum of two fractions which are reciproeals of each other
is 21, Tind their difterence.

N
1. Factorise a(b®—c*)+bc(d?—c*)+0*(b—rc).

2 Find the H.C.F. of Gr*+22®+192?+4+82+21 and 4x*-22°+
10x* 4+ +15.
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‘3. Can vou find by inspeetion a rost of the equation
(2r+30x—4)=(x—4)?
How do vou know this is root ? Solve the equation completely.
4. Show that (a+b+c¢)* —a®*—0*—c*=8(a+L){(b+c)(c+a).
. . P—(b—c)? 02— (c—a)?® ,e*—(a—0)*
5. gy @7 —=¢ " 4 .
S ) a=a) T —c)o—a) | =a)le—b)

6. A mixture is made up of a gallons at » rupees per gallon, &
gallons at ¥ rupees per gallon and ¢ gallons at z rupees per gallon ; what
is the value of the mixture per gallon ?

O

1. Factorise (a—d)*+{b—c)*+(c—a)”.
2. Find the H.C.F. and L.C.Al. of 2*4+rt—dx?42224+0x—9.
2t =124+ 06x—-9 and 2*+2* —-5x*—GCx+9.

3. Prove that

(y—z )(If+7—.l)+(_':—'1](z.+‘L—?,f)-l-('b— N(r+y—z)=
. . a( )( blz—c)x—a) , clr—a)l —b)
4. Simphify be(a—b)(e— +c.a(b—c) b= a)+ab(c_—-&J_(}:—_—)

5. Solve the equation
ate _bte _a—c _ b—-c
2—20 r—2a x+26 z+2

6. A man buys a certain number of oranges at 3 for 2d. and one-
third of that number at 2 for 1d. ; at what price must ke sell them to
get 20% profit 2  If his profit be 5s. 4d., find the number bought.




CHAPTER XXXII
APPLICATION OF GRAPHS IN PROBLEMS

173. In Chapter XVII we saw that the relation
between two variable quantities z and ¥ given by an equation
could be represented graphically by a straight line. Hence,
we can conclude that 2 problems which 1nvolve two variable
quantities suclh that @ change in one of them causes a propor-
tronal change in the other, the relation between them can
always be represented by means of a graph..

EXAMPLE 1. If 1 maund of rice costs Rs. 8, construct a graph from
which you can read off the price of any nuwmber of maunds and from
your graph vead off the price of 2% maunds of rice.

Y I
514 P
T i"//
. A
40 Q
R ) .
///
W
|
o216 2
(Y pd
= P
-
S p
» P
.S g
,_E:‘ -~ P
Ql P
P
/’/
L
’ - X
xXI_o 1 ) oll.
O YA I L P S 2
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This problem has two variable quauntities ‘maunds’ and ‘rupees’,

such that a change in one produces a corresponding change in the
other.

Take XOX' and YOY' as the axes of co-ordinates.
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‘Measure ‘maunds’ along OX, taking 1 inch to represent 1 maund ;
and ‘rupees’ along OY, taking one-tenth of an inch to represent 1 rupee.

Since the price of 1 maund of rice is Rs. 8, first measuve along 0X
a length equal to 1 inch to represent 1 maund aund then & distance
equal to ‘8" to represent 8 rupees parallel to OY and mark a point
I’ there. .

Join OP. Then OP is the required graph. Since the straight line
can be produced to any length, we can read off from the graph the
price of any number of maunds of rice, though our range of maunds
and prices is limited owing to the small size of our diagrain.

To find the price of 2} maunds of rice, measure a length of 23}
inches along OX to represent 22 maunds and then draw a straight line
parallel to OY to meet O produced in Q. From Q draw QR perpendi-
cular to OY. Then OR represents the required price which is Rs. 20.

NOTE. The graph can also be drawn by first expressing the relation
between ‘maunds’ and ‘rupees’ in the form of an alegebraic equation
thus :

Suppose the price of @ maunds of yvice=y rupees,

1
,, 1maund ,, ,, =Y

@
Y_g
x

/ . y=S8x.

This is the equation of a straight line which passes through the
origin. Again, when x=1, y=8§, the point (1, 8) also lies on the graph.
Now taking the scale 1 inch to 1 maund along OX and 1 inch to

10 rupees along QY, we plot the point (1, 8), which is P in the figure.
Joining P to the origin we get the required graph.

BEXAMPLE 2. Gven that 1 nch=92'54 cenfwmetres, construct a
graph to convert any nwmber of inches into cenfimetres, or centimetres
nto mches. Express 1% inches in centimetres and 5 centimelres in inches.

This problem has two variable quantities ‘inches’ and ‘centimetres’
which increase and decrease proportionally.
Take XOX' and YOY' as the axcs of co-ordinates.

Measure ‘centimetres’ along OX, taking ‘5 inch to represent 1
centimetre ; and ‘inches’ along OY, taking 1 inch to represent 1 inch.

Si}:ce 1 inch=2'54 cm. first measure along OX a lengih equal to
1'27 in. to represent 2°54 em. and then a distance equal to 1 in. to
represent 1 in. parallel to OY and mark a point P there.

Join QP, then OP is the requited graph.

To express 13 inches in centimetres, measure a length of 1} in. along
OY and then draw a straight line parallel to OX to meet OP in Q.
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From Q draw QM perpendicular to OX. Then OM represents the
required number of centimetres which is 3°8 em, approximately.

YL
23'gg?--“f-='--r'--P"---"---f-- “f;#f
v
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R Q
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N //
T —AP
— |
S .
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}
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Again, to express 5 em. in inches, measure a length of 2'5 in.
along OX to represent 5 cm., and then draw a straight line parallel to
OY to meet OP in R. From R draw RN perpendicular to OY. Then
ON represents the required number of inches which is 196 in.
approximately.

NOTE. The relation between ‘inches’ and ‘centimetras’ can also be
expressed in the form of an algebraic eqnation thus :
Suppose £ cm.=y in.,

T
1 cm.==‘-’1n.
x

2-54 cm.r-""'j@~r in.
£
254y .
- _—1',,.,‘_ e
P
T

This is the equation of a straight line which passes through the
origin. Again, when =254, y=1, the point (2°54, 1) also lies on
the graph.
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Now taking the scale 1 inch to 2 centimetres along OX and 1 inch
to 1 inch along OY, we plot the point (2°54, 1) which 1s P in the figure,
and joining it to the origin we get the required graph.

EXAMPLE 8. A man starts at noon {o walk at the rate of 4 miles an
Twur. Draw the graph of his motion and from your graph read off ]u-s
distance at 2.30 p.mn., and also find at what time he will be 18 miles
from the starting point,

Y

P
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I
Z

o
2
ey 1 |

/

Noon |£ IR !
o 5 10 15 20 25 X
Distance in miles

Let OX and OY be the axes of co-ordinates. Along OX fake 1 unit
to represent 1 mile and along OY 6 units to represent 1 hour.

Since the rate of the man’s walk is 4 miles an hour, first take 4 units
along OX to represent 4 miles and then 6 units parallel to OY to
represent 1 hour and mark a poiut P there. Join OP. Then OP is the
required graph. .

To find the distance at 2.30 p.m., first take 15 units along OY to
represent 2.30 p.m. and then draw a straight line parallel to OX to

meet OP produced in Q. From Q draw QR perpendicular to OX. Then
OR represents the required distance which is 10 miles.

Again, to find the time when he will be 18 miles from the starting
point O, first take 18 units along OX to represent 18 miles and then
draw a straight line parallel to OY to meet OP in M. ¥From M draw
MN perpendicular to OY. Then OY represents the required time which
is 4.30 p.m.
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LXAMPLE 4. P siarts on @ cycle af 8 miles an Lowr stopping for half
an hour at the end of every howr ; after 2% hours, Q starts from the same
place and motors without stopping at 20 miles an howr. Draw the graphs
of their motion and from your graph find (i) when and where Q overtakes
P ; (i1) at what times they are 6 miles apart.
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Take OX and OY as axes of co-ordinates and measure distances
horizontally along OX, taking 1 unit to represent 1 mile and time
vertically along OY, taking 6 units to represent 1 hour.

Since P has gone 8 miles in 1 hour, therefore OA is the graph of his
motion for the first hour. In the next half hour he malkes no advance,
therefore AB is the graph of his first stoppage. Similarly BC is the
graph after the first stoppage and CD is the graph of his second
stoppage, and so on.

NOTE. It should be noted that during a stoppage the time advances,

while the distance from the starting place (measured horizontally along
OX) remains the same.

Now Q starts 24 hours after P ; we mark a point G along OY to
represent this time, and as he motors at the rate of 20 miles an hour
without stoppages, the graph of his motion is GH.

Since the two graphs intersect at K, therefore the abscissg of K gives
the place and the ordinafe gives the {ime of their meeting.

23
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Hence Q overtakes P 20 miles from the starting point, and 31
hours after the start of I.

To find when they are 6 miles apart, we have to determine when the
horizontal distance between the graphs represents 6 miles.

Take GM horizontally equal to 6 miles, draw MD parallel to GK to
meet the graph of P’s motion at D. From D draw DNL horizontally
to meet GK in N and OY in L.

Since ND=GM=6 miles, therefore OL represents the time which is
3 hours after P’s start when they are 6 miles apart.

Again, take a point H on GK where it passes a corner of a square
and measure HR horizontally equal to 6 miles. Draw RE parallel to
HK to meet the graph of P's motion at E. Draw ES horizontally to
meet HK in 8§ and OY in T.

Since ES=RX =06 miles, therefore OT represents the time, which is
4 hours after I's start, when they are again 6 miles apart.

EXAMPLE 5. P starts on a cycle at the rale of 12 iniles an hour from
Allahabad to go to Benares, a distance of 76 miles. After 1 hour, his

7 l\! A ! 7
K I‘~:; a i K"
(5] . 6
! : '
! ] {
5 ’ E }1. ‘1 S
1 1
s T
e Eiss
afD n a
Esa '\ L 1 ; Ez?
o Q
- -
3 a
A i | I h
| : :
T i m
2 T 1 2
A -
b | [& > 1
i I 1 i 3
A—>P 20 G 40 60 Q@ — B

Miles

cycle gets punctired ; he then walks back to Allahabad at the rate of 4

males an hour. In half an hour he gets the puncture reparred and then
cycles again for Benares at the rate of 12 miles an hour. Q starts from
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Benares to Allahabad at the same time as P first started from
dllahabad and travels on lorseback at the rate of 8 miles an lowr.
Draw the graphs of their motion and find when they will meet.

On squared paper take two points A and B to represent Allahabad and
Benares, 7.6 em. apart, wherc 1 cim. represents 10 miles. At A and
B draw AK and BK’ perpendiculars to AB and take 1 cm. to represent
1 hour along these lines.

Since P starts from A and goes towards B, AC is the graph of his
first hour's eycling ; CD is the graph of his walking back to Allahabad ;
DE is the graph of his half hour's stay at Allahabad ; and EF is the
graph of his cycling again to Benares.

NOTE. It should be noted that when he walks back to Allahabad
his direction is reversed.

Now @ starts from B and rides towards A, therefore BF is the graph
of his motion.

The two graphs intersect at F. From F draw FG perpendicular to
AB, and through F draw KFIK' parallel to AB to meet AK and BK' in
K and K’ respectively. Now AK or BK' represents the time when they
meet and AG and BG the distances from Allahabad and Benaves where
they meet. '

Hence from the diagram, we find that they meet after G} hours at a
distance of 24 miles from Allahabad or 52 miles from Benares.

EXAMPLES CI

1. If 4 seers of rice cost Re. 1, construct 2 graph from which you
can read off the price of 6 seers of rice and the quantity of rice that can
be purchased for Rs. 2. Ba. What is the equation connecting the price
of rice in rupees and the number of seers ?

2. If Re. 1 is worth 1s. 6d., construct a graph from which you
can read off the value of any number of rupees in shillings and pence.
Read off the value of Rs. 3 in shillings and 3s. in rupees.

3. Given that 1 em.="39 in., construct a graph and read off the
number of centimetres in 1 inch and the number of inches in 31
centimetres.

4. 1If G oranges cost 4 annas, construct a graph and from your
graph find the number of oranges that can be had for Re. 1, and the
price of 20 oranges. What is the equation connecting the number of
oranges with their price in annas ?

5. A train travels uniformly at the rate of 40 miles an hour, draw
the graph of its motion and from your graph find how far it will go in
15 minutes and the time it will take in going 25 miles.

6. If Krishna runs at the rate of 100 yards in 30 seconds, draw
the graph of his motion, and from your graph find how far he will run in
25 seconds and the time he will take in running 110 yards.
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7. A labourer gets Rs. 14 a month, construcht a graph of his
weekly wages and from your graph read off his wages for 5 wecks.

8 If 1 vard of cloth costs 12 annas, construct a graph from
which vou can read off the price of cloth in fcet, and from your graph
find the price of 5 fect of cloth and the number of feet of cloth that can
be had for Re. 1.

9. If 1 cubic inch is cquivalent to 16°4 cubic centimetres, con-
struct a graph and read off the value of 70 cu. cm. in cubic inches and
the value of 8 cu. in. in cubic centimetres.

10. A man walks at the rate of 3 miles an hour, draw the graph of
his motion and from your graph find the time he will take in walking
12 miles.

11. A hoy cvcles at the rate of 10 miles an hour, draw the graph of
his motion and from your graph find (i) how far he will go in 2} hours ;
and (i1) what time he will take in going 34 miles.

12. A man starts at the rate of 3% miles an hour. An hour later
another man starts from the same place and cycles at the rate of 10}
miles an hour. Draw the graphs of their motion and find when and
where the second man will overtake the first.

13. A train goes from Allahabad to Pyzabad, a distance of 98 miles,
at the rate of 25 miles an hour ; after half an hour another train leaves
Fyzabad for Allababad at the rate of 32 miles an hour. Draw the
graphs of their motion and find when and where they will pass one
another.

14. A ship goes from Bombay to Karachi, a distance of 560 miles,
at the ratc af 31 miles an hour ; at the same time another ship leaves
Karachi for Bombay at the rate of 25 miles an hour. Draw the graphs
of their motion and find (i) when and where they will pass one another ;
and (ii) at what times they are 28 miles apart.

15. A man starts from Bareilly and cycles to Shahjchanpore, a
distance of 42 miles, at the rate of 8 miles an hour ; after # hour,
apother man starts from Shahjehanpore and motors to Barecilly at the
rate of 32 miles an hour. Draw the graphs of their motion and find
(i) when and where they will meet ; and (ii) at what times they are 10
miles apart. '

16. A starts on horseback at the rate of 16 miles an hour stopping
for half an hour at the end of every hour ; after 23 hours, B starts
from the same place and follows him in a motor car without stopping
at the rate of 40 miles an hour. Draw the graphs of their motion and
find when and where B will overtake 4.

17. A starts from Lucknow at noon and motors to Roorkee, a
distance of 300 miles, at the rate of 50 miles an hour ; after 2 hours he
meets with an accident and has to stay for 1 hour, after which he starts
again at the rate of 30 miles an hour. At 2.40 p.m., a sccond
man motors from Roorkee to Lucknow at the rate of 40 miles an hour
without stopping. Draw the graphs of their motion and find (i) when
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al?d where they will meet ; and (ii) at what time before meeting they
will be 35 miles apart.

18. P goes from 4 to B, a distance of 35 miles, at the rate of 10
miles an hour. On reaching B he rests for half an hour and then starts
-back for 4 at the same rate. After one hour he meets @ who had
started from 4 one hour after P had left 4. Draw the graphs of their
motion and find the rate of Q.

- 19. P starts from 4 and cycles to B, a distance of 30 miles, at the

rate of 6 miles an hour. After 1 hour his cycle gets punctured ; he then
walks back to 4 at the rate of 3 miles an hour. In half an hour he gets
the puncbure repaired and then cycles again for B at the rate of 12
miles an hour. @ starts from B to 4 at the same time when P first
started from ‘4 and walks at the rate of 4 miles an hour. Draw the
graphs of their motion and find (i) when and where they will meet ;
and (ii) at what times they will be 8 miles apart.

20. At noon 4 starts to eycle at the rate of 12 miles an hour from
Moradabad to Saharanpore, a distance of 120 miles. After 2 hours his
cycle gets punctured. At 2.6 p.m. a motorist going to Moradabad at
the rate of 263 miles an hour picks him up. On reaching Moradabad
he starts at once for Saharanpore again on another cycle at the rate of
16 miles an hour. DB also starts at noon on a cycle from Saharanpore
to Moradabad at the rate of 16 miles an hour. After going 2 hours, he
rests for half an hour and then resumes his journey in a motor car at
the rate of 48 miles'an hour. Draw the graphs of their motion, and
find (i) when and where they will meet ; and (ii) at what time before
meeting they are 32 miles apart. ‘

21. The following table shows the distances (in miles) of certain
stations from Agra, and the times (in hours and minutes) of two trains,
one going from Agra to Tundla and the other from Tundla to Agra.
Supposing each run to be made at a constant speed, draw the graphs
of their motion and find when and at what distance from Agra they
will pass one another :

Distance 7.02 arrive Agra depart 6.00
2 6.55 {ﬁepm't Jumna Bridge | arrive } 6.08
6.50 arrive depart 6.11
8 {depart . Kuberpore arrive } G.40
arrive 1\ depart G.42

v
12 {depa-rt Etmadpore arrive ]_ 6.50
arrive depart | 6.52
15 6.22 depart Tundla arrive 7.00

22. The following table shows the distances (in miles) of certain
stations from Bareilly, and the times (in hours and minutes) of two
trains, one going from Bareilly to Kasgunj and the other from Kasgunj
to Bareilly. Supposing each run to be made at a constant speed,
draw the graphs of their motion and find when and at what distance
from Bareilly they will pass one another :
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Distance 13.35 arrive Bareilly depart 8.45
a7 11.30 depart, l Budaun arrive } 10.25
11.10 arrive 4 depart 10.40

55 8.35 [depart | Soron ¥ arrive } 12.95
8.30 arrive [ depart 12.30

64 7.30  depaxt Kasgun] arrive 13.15

174. EXAMPLE 1. A4 can do a piece of work in 15 days and B

can do it in 10 days.  Find graphically an how many days both of them
will do it together.
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Let OX and OY be the axes of co-ordinates. Along OX take 2 divisions

to represent 1 day and along OY fake 16 divisions to represent the
whole or one 'work.

From QY measure OS equal to 16 divisions and draw SP parallel to
OX. Now SP will represent one work. Since A can do the work in
15 days, OP will represent the graph of A’s rate of work and similarly
OQ will represent the graph of B's rate of work.

To find the graph of their combined rates of work, take any point
L on OP and draw LK perpendicular to OX and produce KL to meet

OQ in M. Now in time OK, the amount of work done by A is KL and
by B is K2

Produce KM to N so that MN=KL. Then KN will represent the
combined work of A and B in time OK.

Join.ON and produce it to meet S’ in R. Then OR is the graph of
their combined work.

From R draw RT perpendicular to OX. Since RT represents 6 days,

hence the time required for both of them to do the work jointly is
6 davs.
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EXAMPLE 2. The expenses of a school are partly constant and partly
proportional to the nuamber of students. If the expenses are Rs. 4200
Jor 120 students and Rs. 5000 for 150 students, find graphically the
expenses for 330 students and also the consiant expenses.

Let OX and OY be the axes of co-ordinates. Along OX take one

small division to represent 10 students and along OY one small division
to represent Rs. 200.
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Since the expenses for 120 students are Rs. 4200, first measure a
distance equal to 12 divisions along OX to represent 120 students and
then vertically upwards a distance equal to 21 divisions to represent
Rs. 4200 and mark a point P. Similarly mark Q. Join PQ and
produce it both ways.

To find the expenses for 330 students, first count 33 divisions along
OX and then draw a straight line vertically upwards to meet PQ
produced at R. From R draw RS perpendicular to OY to meet QY in S.
Since OS represents Rs. 9800, hence the expenses for 330 students
are Rs. 9800. )

Again, since P’Q meets OY in T and OT represents Rs. 1000, hence
the constant expenses are Rs, 1000.

EXAMPLE 8. 4, B and C run a race of 500 yards. A and C start
from scratch ; A runs the distance in 50 seconds and beals C by 100 yards.
B has 20 yards’ start and beats A by 4 seconds. If they are rumning
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with constant speed, find graphically by how many yards A beais B and
B beats C in the race and how many seconds after 4, C reaches the

winning post.

Y
A B C
S00 T T T T2 AT T TA
: == T 4
Fd{= P
B 'Y 17
/ /.
T y |
7 TS
Y /
400 4 n)
/
i /
/7 / |
/ /
/ /
y, i
7V
300 /// Jd
Z i
/7 ;
7 £
2 7
o V
=
e 4 /
A
I
200
/
/
A
Al -
pana an
i00 ﬂ y
//'
1 |
J L] ;
Y/ 7 )
47 i
s 1
P?/ 1%
10 20 30 40 50 60 X
Seconds

Let OX and OY be the axes of co-ordinates. Along OX take 1 inch
to represent 20 seconds and along OY take 1 inch to represent 100 yards.

Let O be the starting point of A and C. Along OY measure OP equal
to *2” to represent 20 yards. Then P is the starting point of B.
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Now measure horizontally along OX a length of 2°5” to represent
50 seconds and then vertically upwards parallel to OY a distance equal
to 5" to represent 500 vards and mark a point A. Join OA. Then OA
is the graph of A’s motion.

Measure AQ from A vertically downwards equal to 1" to represent
100 yards and mark a point Q, then OQ is the Umph of C's motion.

Along YA measure a length AB equal to 2" to represent 4 seconds.
Join PB, then PB is the graph of B’'s motion.

Let AQ meet PB in R. Now when A reaches the winning post, B
will be at R. Since AR measures 3'55" or 35°5 vards, therefore A beats
B by 354 vards.

Produce OQ to meet YA at C. Since AC measures 625" which

represents 12} seconds, thervefore C reaches the winning post 123 seconds
after A.

From B draw BS parallel to YO to meet OC in 8. Now when B
reaches the winning post, C will be at S. Since BS measures 68"

or 68 yards, therefore B beats C by G8 yards.

EXAMPLES CII

1. 4 can do a piece of work in 3 days and B can do it in 6 days.
Find graphically in how many days both of them will do it together.

2. Two pipes can fill a tank in 10 hours and 30 hours respectively.
In how many hours will both of them fill it together ?

3. Two pipes 4 and B can fill a cistern in 3 minutes and 5
minutes respectively, and C can empty it in 7 minutes. If all the
pipes be opened together, in what tine will the cistern be filled ?

4. In a race of 200 yards, 4 beats B by 20 yards, and B beats C
by 8 yards. Find graphically by how many yards A will beat C in a
race of 250 yards.

5. 4 runs a mile in 4 minutes, and B in 4 minutes and 24 seconds.
Find graphically, bow many yards' start 4 can give B in a racc of 220
yards that there may be a dead heat.

6. A, B and C run a race of 400 yards. 4 and C start from
scratch ; A runs the distance in 40 seconds and bea.ts C by 80 yards.
B has 16 yards’ start and i1s beaten by . by 33 seconds. If they
are running with constant speed, find graphically () by how many
yards 4 beats B ; (ii} by how many yards B beats C ; and (iii) how
many seconds after 4, C reaches the winning post.

7. A, B and C run a race of 150 yards. 4 and B start from
scratch ; A runs the distance in 20 seconds and beats B by 30 yards.
C bhas 6 }ards start and beats 4 by 2 seconds. If they are running with
constant speed, find graphically the positions of 4 and B when C
reaches the winning post.
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8. The expenses of a hospital are partly counstant and partly
proportional to the nuimmber of patients residing therein. If the
expenses for 105 patients are Rs. 2600 and for 180 patients Rs. 4100,
find graphically the expenses for 150 patients and the constant expenses.

9. The expenses of a hotel are partly constant and partly propor-
tional to the number of persons staying therein. If the expenses for
50 persons are Rs. 1200 and for 85 persons Rs. 1725, find graphically
the expenses for GO persons and the constant expenses.

10. In printing a book it costs a publisher Rs. 600 to prepare the
type and Rs. 2 to print each copy. Find graphically (i) the cost of
printing 2500 copies ; and (ii) the number of copies costing Rs. 6200.

11. Two clerks are appointed on fixed monthly salaries and they
get fixed increments every year. The first clerk gets Rs. 130 p.m. at
the beginning of the third year and Rs. 190 p.m. at the beginning of
the seventh yvear of his service. The second clerk gets Rs. 165 p.m. at
the beginning of the fifth year and Rs. 195 p.m. at the beginning of
the eighth yvear of his service. Find graphically (i) in what year they
will get equal salavies ; and (ii) their starting salaries.



CHAPTER XXXIII
GRAPHS OF STATISTICS

175. We have already seen that if two quantities ave
50 related that a change in one causes a corresponding change
in the other, the relation of the two may be set down in the
form of a graph. So far we have dealt with only those
cases in which this variation between the two quantities was
based on some mathematical law and we could find as
many points on our graph as we pleased. In this chapter
we shall consider those cases in which the values of the two
quantities have been obtained by direct observation or experi-
ment. Thus we shall have to consider only a limited
number of corresponding values of the two quantities.

~ EXAMPLE 1. The following table gives the average monthly rainfall
(in wnches) of Meerut. Construct a graph to illustrate the fluctuation in
the rainfall from month to month :

Jan. | Feb. |AMar. [April | May |June | July | Aug. [Sept. | Oct. |Nov. | Dec.

1'1 ‘8 6 "3 7 36| 94|76 | 46 ‘4 "1 4

Let years be represented along OX, taking "3 inch to represent each
interval of one month beginning with January, and let the rainfall be
represented along OY, taking 1 inch to represent two inches of rainfall.

Here the left hand vertical line OY represents the month of January
and the rainfall in January is 1'1 inches. We show this by marking
on it a point at a distance of ‘55 inch above OX.

In February the rainfall is '8 inch. On the fourth vertical line from
the left which represents the month of February, mark a point at a
distance of "4 inch above OX,

Similarly on the verticals for March, April, May, ete., mark points
atb distances of '3 in., "15 in., "35 in., etc., above OX. Now join these
points consecutively by straight lines, the first point being joined to the
second, the second to the third, the third to the fourth, and so on.
The resulting broken line is the required graph, which shows the
fluctuation in the rainfall from month to month.
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EXAMPLE 2. In a certain hospital, the temperature of an indoor
patient was recorded as follows :

At  5a.m. 99°0° F. At 1 p.m. 104°2° F.
7 a.1m. 99°G° F. 3 p.m. 104°0° F.

9 a.m. 100°6° I 5 p.m. 102°4° F.

11 a.m. 103°0° I, Tp.m. 100°2° F.

" T Draw a graph showing the temperatuce of the paticnt at different
hours of the day and from your graph read off the temperature of the
patient at 10 a.m. and 4.30 p.m.

h'd
104 . )
74 \
\
. \
o
103 . \
102.8°}F
o D
g /
Q
§ 102 " 7
§-101-9° £ \
N . / \
1 / \
\
-] ’{ il
100 /
i
ag LA~ A -
o § £ £&§ £ £ £8 £
§ N8 8§ _ <~ & &§§ &
Time Y

Let hours be represcnted along OX, taking liinch to represenb o
hours. 4.e., '2” to represent 1 hour beginning at 5 a.m., and let the
temperature (in degrees) be represented along OY, taking 1 inch to
represent 2°, beginning at 99°.

After plotting the points given in the data, sve join them by a
continuous curve which will be the required graph.
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NOTE. In the previous example consecutive points were joined by
straight lines. In this example, consecutive points are joined by a
continuous curve, because a meaning can be given to points intermediate
to those that have been marked. For instance, anytime between 5 a.m.
and 7 p.m. has a corresponding temperature in degrees. This is not
the case in the previous example, for there can be no rainfall figure for
any point between May and June, say, since there is no month between
May and June. A

Students should remember that in drawing observational graphs they
should consider whether any meaning can be given to intermediate
points ; if there is a meaning the plotted points should be joined by a
continuous curve ; if there is no meaning, the points should be joined
by a broken line.

We know by actual experience that the changes in the temperature
are not sudden or abrupt, but gradual, and moreover it is probable that
the maximum temperature would have occurred at some time between
1 p.m. and 3 p.m. and that the temperature would not have remained
constant between these hours, hence the most probable graph is the
curve as drawn in the figure.

To find the temperatures at 10 a.m. and 4.30 p.m., we take points
A and C on OX representing 10 a.m. and 4.30 p.m. and through these
points draw vertical lines AB and CD meeting the curve at B and D.
From B and D draw straight lines parallel to XO meeting OY in E and
F. Now the temperatures required are 101°6° F. and 102'8° F'.

EXAMPLES CIII

(Scales should be so chosen that (he graphs should more or less fill up
the paper used)

1. The following scores were made by a student in a series of 8
innings at cricket :
10, 24, 0, 3, 76, 32, 55, 12.
IExhibit these graphically.

2. The average monthly rainfall (in inches) of Simla is given in
the following table :

Jan. | Feb. |[Mar. |April| May | June| July | Aug.| Sept.| Oct. | Nov.| Dee.

32 (31 |25 |23 (37 |78 ;184|179 62 |12 ¢ | 1°3

Draw a graph to represent the variations.
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3. The following table gives the annual rainfall (in inches) of
Dehra-Dun from 1915 to 1926 :

1925 ’ 1926 | 1927 ‘ 1928 \ 1929|1930 (1931 [ 1932 | 1933 ! 1934 | 1935
| |

70°1 {69"1 750|674 ] 919 |109°4 !105‘1 751

811 | 764 [104°5

Draw a graph to represent the variations,

4. The mean monthly temperature (in degrees} of Agra for twelve
months is given in the following table :

.' ]
Jan. | Feb. | Mar. Apuli May Junei July Nov.
|

Aug.| Sept.| Oct. Dec.

60°1164'8|76°8 88'1 3401934860 84°2| 842|794

687 l 61°2

Represent the variations graphically.

5. The following table gives the temperature in degrees Fahrenheit
taken at different hours on a certain day :

Tam. [9am. |11lam. | lpm. [ 3pm. | 5pm. | 7 p.am.

450 51°5 59°0 69°5 68°0 60°5 50°0
f

Exhibit the variations graphically.

6. The premium (in rupees) of life insurance for Rs. 1000 payable
at death are given for various ages in the following table :

GO

Age 25 30 35 40 45 ‘ 50 55

——

Premium | 20 23 26 31 36 43 55 71

Exhibit these graphically and find the premium at the ages 32
and 53.
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7. The following table gives the average weight (in pounds) of
children at different ages :

Age in years 6

VWeight 43 60

Exhibit these graphically and find the average weight of a child at
ages 7 and 13.

‘ 8. The following table gives the census returns of the population
(in crores) of India in the years specified :

1

1881 1891 1901 1911 1921

2574 287 29°4 315

Rl sl |
| ! | |
T | e

Represent these graphically and from the graph read off the popula-
tion in the years 1886 and 1906.

9. Exhibit graphically the following scales of charges as quoted by
the manager of a hotel :

I !
No. of guests| 300 | 400 500 GO0 | 700 800
|
i . J
Charges } | Rs. Rs. ' Rs. . Rs.
per head | Rs. 6 | 4. 14a. | 4. 2a. | 3. 10a. . 8. 4a. | Bs- 3.

Estimate the charges per head of 350 and 750 guests.

10. The times of sun-rise (in hours and minutes) of Bombay on

the first of every month are given in the following table :

; I |
Jan. | Feb. | Mar.: April: May Sept.; Oct.
: |

Nov.!i Deec.

June!July [ Aug. 5
|

: | |
I. i ! [
7-19 1 7.13 G-59]G-33|G-11| 6-1 | 6-5 i

|

.
6-15 | 6-23  6-29  6-89

|
 6-55

Represent the variations graphically.
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11. The average monthly rainfall (in inches) of Allahabad and
Patna is given in the following table :

L ! ' i - |
Months lJu,n.!Feb.i Mar.| April|May June'Jul}'\Aug. Sept. .| Nov.lDec.
Alla"' i . i . | . - ) . ' . . H . ". . I ] | .
habad | S 18| 41 1 "3 )51 122109 63 |24 3 | -2

! ' ' SIS i

N " |
Patna | 7 | 5 4 3 |17 T8 '11°4110°7| 78 2'9i 2 11

T | | | |

Represent these graphically on a single diagram.

12. The mean monthly temperature {in degrees) of Benares and
Bombay for twelve months is given in the following table :

i ' |
! Months |Jan. \Feb. Mar. April (MayiJune |[July|Aug. Sept.| Oct.| Nov.|Dec.

-
55}

Benares 600‘653 T6°6|86'8|91°3 | 89°4(64°1|83°1| 830 |7 67°8 |60'2

74" 5| T4'8| 780|821 (84°6G) 82°4 [T9°5|79°4| 794|807 ) 793 |76°4

Bombay/|7

Represent these graphically on a single diagram.

13. The following table gives the population (in millions) of two
countries P and Q for the years specified :

Years| 1851 [ 1891 | 1901 | 1911 | 1921 | 1931

ity 44 4'6 50 56 G4 T'd

Q 65 | 59 | 54 | 50 | 47 | 45

Represent these graphically on the same diagram and find when
the population was the same in each country and the year in which
this happened.

24
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14. The following table gives, in inches, the average height of a
boy, and of a girl, at various ages :

Age | 0 9 4 G 8 10 { 12 | 14 | 16

Boy | 18 31 373 | 42 46 50 53 563 | 62%

Girl | 18 301 | 36} | 403 | 441 | 49 531 | 573, Ol

Exhibit these graphically on the same diagram, and find the ages ab
which the average height of a boy is the same as that of a girl.

15. The annual income (in rupees) of a man is given in the
following table for the years specified :

Years 19922 | 1923 | 1924 | 1925 | 1926 | 1927

Incomel 1700 | 1800 | 2100 | 2600 | 3300 | 4200
!

Represent these graphically. If his income goes on increasing at
the same rate, find in what year his income will be Rs. 6600,



CHAPTER XXXIV
GRAPHS OF QUADRATIC EQUATIONS

176. We have seen in Chapter XVII that graphs of
simple eqguations can be obtained by plotting a number of
points whose co-ordinates satis{y the equations and then
joining them. In this chapter we shall consider the
graphs of quadratic equations and shall confine ourselves to
some special cases. The method is precisely the same 1.c.,
we plot a number of points whose co-ordinates satisfy the
equation and then join them in order. In particular cases,
however, the work may be shortened, as shown in the
following examples.

EXAMPLE 1. Draw the graph of y=x*.

1 Y. »
{-5,25) (5,25)
\
A J
\
]
\ ]
(-3 p1e) (4718)
\‘ L
\
\ /
==3r9) (379)
3\ /
\ /
- (-iz. 5] (274
N
S wel U
X’ O (0.0) X

Giving diffcrent integral values to z, we have,
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when
t . ! I i ||
D ] T T
y=]2 16 ;9 4 {1 .0 1. 4 9 16, 25
- ' | i -

Taking 2 divisions aleng OX and 1 division along OY as unit, we plot
the points (3, ‘25),‘[4, 16), (3, 9),... Joining these points, we get the
required graph, which is a continuous curve.

Tlhe students should observe that :

(i) For every value of 2, positive or negative, ¥ is always positive,
1.e., the curve lies entirely above the axis of .

(ii) Forvalues of & which are equal in magnitude but opposite in
sign, the value of ¥ remains the same, i.e., the curve is symmnceirical
about the axis of #.

(i1i]) As x increases, 7 also increases hut more rapidly than z, 1If
7 becomes infinitely great, » also hecomes infinitely great, t.e., the
curve is unlimited in size and extends indefinitely in the two directions.

This curve is called a Parabola.

EXAMPLE 2. Draw the graph of xy=1.

The equation can be written in the form =1,

it

Giving positive values to z and y, we have, when

' ? l | | !
e= ol 3l ), 1le i8] 1w
e E ]
y=: o | 3 | 3 | 2 ] 1 ’ SRS B { 0
; i . - I i :
Again, giving negative values to x and ¥, we have, when
| , | |
a:=i -0 =% | —% —-é-i -1| -2 —-31 -3 -
y=!—w+ —3| =3 -2 -1] -3 —%! -3 ~0
i j i
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NOTE. We know that when the denominator of a fraction becomes
smaller and smaller, the value of the fracticn becomes greater and
greater. When the denominator becomes infinitely small or zero, the
value. of the fraction becomes infinitely great. This infinitely great
value is called infinity, and is denoted by the symbol @,

Taking 1 centimetre as unit, first plot the points (3, 3), (3, £),... and
then the points (—%, —8), (—%, —4%),... Joining them in order we get
the required graph which has two distinct branches, one lying in the
first quadrant and the other in the third, as shown in the diagram.

)
N
—
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1
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II
i

§=J 1T,

Tl

h |

fRasey

iy

1
1 L.

=Y
gt

‘=V_J

We also notice that as z increases, y decreases, and, when « is
infinitely great, % is infinitely small, .., the graph continually
approaches mearer and nearer to the z-axis and that it does not
actually meet the z-axis, however small & may be, until z=m.
Similarly when ¥ increases, x decreases, and, when ¥ is infinitely
great, z is infinitely small, ¢.e., the graph also approaches nearer and
neaver to the y-axis and that it does not actually meet the y-axis
however small ¥ may be, until y=c,

This curve is called a hyperbola, and the axes of co-ordinates which

continually approach the branches of the curve are called its
asymptotes.
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EXAMPLE 3. Draw the graph of x*+v?=169.
The equation can be written as

y* =109 —2x?,

y =+ J169 —z®.

Giving different integral values to @, both positive and negative, we
have, when

! '
g=|-18| 12| -9 =5 ] o 5 ‘ 9 12
|

Y= 0 5 | £92] £12 | +13

I+
=
O]

H
0
b0
H+
o
o

Y
‘ (0,13)
F-5.12). - 5 (5.12)
(-profeit ! <algi=2)
P A
7
N
(-12,8) ; (12,57
i 1
(-13,0)
! o] ga,0) X
{12, -5) {12.-5)
N
N Va
(-o[35203 A (3l-0:2)
[~ 1 |
. o .2\ ™ "/rfﬁ )
N ~51 1 1 , (OI _13)
Y

From the above we notice, that for every value of z, ¥ has two
values, equal in magnitude but opposite in sign i.e., the curve is
symatelrical ahout the axis of .  Similarly, writing the equation in the

form 2=+ ,/169— y?, we can say that thc curve is also symmerrical
about the axis of y.

Ploiting the points (—13, 0), (—12, 5}, (—12, —=5)}, (-9, 979),
(=9, —9°2),...and joining them we see that the curve is a circle whose
centre 1s at the origin and whose radius is equal to 13 units.

NOTE. Students should note that the greatest possible values that
can be given to @ or ¥ are £13, i.e., the graph is enclosed between the
lines =13, = —13, y=13 and y= - 13.
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177. EXAMPLE. 1. Solve the equation x*—3x—10=0 graphi-
cally.

Putting the expression ©2®—-3z—10 equal to ¥, we first draw the
graph of the equation y#=x*~32—10 and then find those values of =
which will make the ordinate ¥ zero. The value of the ordinate is zero
at every point on the axis of x, therefore the absciss® of the points
where the curve cuts the axis of z will be the roots of the equation.

To draw the graph of y=22—3x—10, we give different values to =
and find corresponding values of ¥ thus :

When

r=|—-4|-3!/-2]1-1| O 1 2 3 4 5 6

=1

y=|18| B 0O |—-6({-10|—-12| —12| -10 -G | O B | 18

Now plotting the points (—4, 18), (-3, 8), (-2, 0),...and joining
them, we get the graph. Since the graph cuts the wz-axis in points

_{.4_‘13} {7,13)
] T
i J
(=3.§) f?aﬂ)
\1
v
1] Ji
X0 EXIHE
(z1ore) (4157
| Fi
] y,
(o[-0} (ap-10)
- 111,‘_{4) {(Z]172
1, ] [
Ay [ |

whose co-ordinates are (5, 0) and (-2, 0), therefore the roots of the
equation are 5 and - 2..
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EXAMPLE 2. Solve graphically the equations y=x* and y=2x+8.

We have already drawn the graph of y==z2, (See page 371). On
the same diagram and to the same scale draw the graph of the straight

A |
I

—-—
]
I\

-

=
—y
s

| ]

i

]
2

RN

o _ n
X! (OXCH-)) X

line =2 +8, convenient points on the graph being (0, 8) and (5, 18).

The two graphs intersect at the points P and Q whose co-ordinates are
(4, 16) and (-2, 4).

Hence the solution is x=4, y=16 ; and z= —2, y=4.

EXAMPLE 3. Solve graphically the equations x*+y?*=169 and
xv =00,

A
= =1 15,12 T
A TN
pd NEK
/ s
-
\'\ I
Ly(121s5)
f oL TH
u | =0
X: (©] X
A\l !
; P
('1-21‘5"\, | "‘\
AN L
N g A
L\ —
e od [ 1"
T ,
[T11] [V
L

We have already drawn the graph of z®+y*=1069. (See page 374).
On the same diagram and to the same scale, draw the graph of zy=00.
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The two graphs intersect at the poiﬁt.s P, @, R and S, whose co-ordinates
are (5, 12}, (12, 5), (—12, —5) and (—5, —12).

Hence the solution is ¢=5, ¥=12; =12, y=5; z=-12, y=-35;
and ¢= -5, y=—12,

EXAMPLES CIV

1. Draw the graphs of
(i) y=4=z2. (ii) 4y=22. (iii) y=16z%. (iv) y=25z>.
2. Draw the graph of y=az?, when
(i) e=1. (ii) a=8. (iii) a=10. (iv) a=—-1. (v) a=-5,
3. Draw the graphs of
(i) z*=y. (ii) z*=10y. (iii) 3z*=y. (iv) z*=2y.
4. On the same diagram and to the same scale draw the graphs of
y*=dax and y*= —4ax. . What is the relation between the two ?
5. For values of g from —5 to +5 and with 1 inch or 1 centimetre
as unit for both the axes, dvaw the graphs of
(i) y=1+=2. (ii) x=3y—y. (iii) y=2*-4. (iv) y=3iz2.
6. Draw the graphs of
(i) zy=4. (ii) zy=16. (iii} 2y=40. (iv) zy=-—1.
7. On the same diagram and to the same scale draw the graphs of
zy=1 and ®y= —1. What is the relation between the two ?
8. Draw the graphs of
(1) z2+y2=1. (ii) z*+y*>=4. (iii)) 2*+y*=25. (iv) z*+y?
=100.
9. On the same diagram and to the samne scale draw the graphs of
y? =4qx, when _
(i) a=1. (ii) a=2. (iii) a=4. (iv}) a=3%. (v) a=1.
10. On the same diagram and to the same scale draw the graphs of
z?+y*=a*, when
(i) a="8. (ii) a=1. (iii) a=1'2. (iv) a=1"5.
11. With 1 inch as unit for both the axes, draw the graphs of
(i) 9¢? +4y*=30. (ii) 36x*4-100y* =225.
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12. Solve the following equations graphically :
(i) z*~1=0. (ii) =*—5z+6=0. (iii) z*+Tr+12=0.
(iv) 2* +22—15=0. (v) 6x?2—5zx+1=0. (vi) 2x* —5x—3=0.
13. Draw the graph of ¥==z?—=z, and thence find the roots of the
following equations :
(i) 22 —x—06=0. (i1) 2®—x—20=0. (iit) z* —z—2=0,
(iv) x* - r=0. (v) 92 —9x—4=0.
14. On the same diagram and with the same scale draw the graphs

of y=38x* and y=6z, and find the co-ordinates of the points of intersec-
tion of the two graphs.

15. On the same diagram and with the same scale draw the graphs
of @* 4 y*=25 and 4x=3y, and find the co-ordinates of the points of
intersection of the two graphs.

16. On the same diagram and with the same scale draw the graphs
of *+y*=100 and ay=48, and find the co-ordinates of the points of
intersection of the two graphs.

17. Solve the following pairs of equations graphically :

(i) e+y=5, (ii) z*+y*=16, (i) y=2*-1, (iv) Z2w=y*,
a1y =0. T+y=4. y¥—x=35. 2r+3y=4.
(v) y=e*, (vi) z?+y*=10, (vii) y*=8z,
ry=1. Ty=2. y=x°.



CHAPTER XXXV
RATIO AND PROPORTION

Ratio

178. When two quantities are compared, their compari-
sion may be obtained either by finding their difference or
by finding how many times one is conta.lned in the other.
The second comparison shows more clearly the relative
magnitude of the two quantities compared. The relation
which one quantity bears to another with respect to magni-
tude, is called the ratio of the one to the other.

Thus, to find the ratio of Rs. 2 to Rs. 5, we see how
many times Rs. 2 is contained in Rs. 5 or ‘what fraction
Rs. 2 is of Rs. 5. This is expressed arithmetically by the
fraction 4. Thus the ratio of Rs. 2 to Rs. 5 is 2. Similarly,

the ratio of a to b is % This is also expressed as ¢—=b or
a: b

NOTE. It is necessary that the two quantlbles to be compared must
be of the same kind, or can be expressed in the same denomination.
Concerete quantities of dlffercnt kinds ean have no ratio to one another ;
for we cannot compare the magnitude of 3 yards with 10 days, but we
can compare 3 yards with 10 feeb_. if both are expressed in terms of yards
or feet. Thus the ratio of 3 yards to 10 feet is the same as the ratio of
9 feet to 10 feet, z.¢. %.

179. In the ratio a : b, the quantity @ is called the
first term or antecedent of the ratio, and b the second
term or consequent of the ratio.

180. -Since a ratio may be taken as a fraction, ib
follows that whatever has been proved for fractions is also
true for ratios.

Thus, as we have seen in Article 135, a fraction is un-
altered if both its numerator and denominator are multlphed
by the same number, similarly & ratio is unaltered n
value if eacl of its terms ave multiplied by the same quantity.
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b ab
Thus, since == —, hence the ratio d : ¢ and ab : ac are
¢ ac

equal.

Similarly the ratios 3:4, 9:12 and 3m : 4m are all
equal.

NOTE. We shall not commit any mathematical error if we work
with fractions instead of ratios, though strictly speaking the idea of
ratio is not quite the same as the idew of fraction.

181. To compare two or more ratios, we express the
equivalent fractions with a common denominator and then
compare the numerators.

Thus, to compare the ratios 5 4,17 : 15 and 7 : 6, we
express the equivalent fractions %, 4% and § with a common
denominator 60 (“h](}h 1S Uenera,lly the L.C.M. of the
denominators) as 2, €% and % Now the ratios can be
arranged in descending order of magnitude as 5: 4, 7:6
and 17 : 15.

EXAMPLE. Whiclh is the greader ratio 3 : 5 oy 11 : 19 ?

The fractions representing these ratios are § and }4. These can be
expressed with a common denominator as % and $3.

Hence £ is the greater ratio.

182. The inverse of a given ratio is the ratio which
has for its antecedent the consequent of the given ratio, and
for its consequent the antecedent of the given ratio, i.e. it
can be obtained by inverting the given ratio.

15 3 and that of < is —32

9 a

Thus the inverse of the ratio

LoD

183. When two or more ratios are multiplied together
they are said to be compounded.

Thus the ratio compounded of & a,nd = is —, and that of

b bZ

tt C e . d{dace

A el S ¥ T
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184. When a ratio is compounded with itself twice, the

resulting ratio is called the duplicate of the given ratio.

L]

=

Thus Zb—z 1s the duplicate of the ratio %’
When a ratio is compounded with itself thrice the
resulting ratio is called the triplicate of the given ratio.

3

Thus g_'f is the triplicate of the ratio %’

The ratio T—b is called the sub-duplicate of the ratio & X

If 2 and b denote concrete quantities then «a?, b2 ; a®, b? ;

NoTEk.
A, «/b have no meaning, so that the duplicate ratio, the triplicate
atio or the sub-duplicate ratio canunot be defined as a* : b*, a® : b or

1
Na o AJb.
. v N .
185.- A homogeneous equation in two variables can give

us the ratio of the two variables.
Thus, the equa,tionﬁm2 +zy — 6y* =0, can be written as
(z +2y)(2z - 3y) =

r= — 92y, %92=3y ;

T 3
Z= =9 =,
- or2

186. EXAMPLE 1. Find the walue of x, if the duplicate ratio

3x+1 .
is equal to 25.
of x—1 1

. e 3x+1 . (32+1)*  9z*+06x+1
The duplicate ratio of 1 18 CEE or T —ar 1

9-.1!"’+Gm+1___25'
w?—2x+1
922 406z +1=252" —50x 1+ 25,
162 — 562+ 24 =0,
2z —Tx+3=0,
(x — 3)(2z —1)=0,
. x=3orj.

.«
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EXANMPLE 2. If B_E?l:?’ prove that each of the ratios is equal to
a+c+e
b+d+f'
= _=‘=],,,
Let & b d

then a=20bk, c=dk, e=fk.
atcte bk+di+fl_kb+d+f)_, _a_c_¢

btd+f b+d+f  b+d+f b d f

EXAMPLES CV

Which is the greater ratio

1. 2:30rS8:4° 2. 3:50r10:17°

3. Arrange the ratios 2:5, 4:7 and 13:21 in descending order of
magnitude.

4. Express the ratio of Rs. 3, 12a. to Rs, 10. 10a. in its simplest
form.

5. Express the ratio of 2 md. 5 sr. to 3 md. 7 sr. 8+=hk. in its.
simplest form.

Find the ratio compounded of
6. 2:3,0:7, 7:8. 7. ab, bic, c:d, d:e.
8. (a+b):(z+y), (a—b):i{x—y), (x*—y*):(a®-b%).
9. (x®*-—2zy+y*)i(z*+2zy+y?), (2 +3z*y+3xy* +y°)(z® - 322y
+3ay? ~ ).
10. Find the duplicate ratic of 2:3.
11. Find the triplicate ratio of 4:5.
12. TFind the triplicate ratio of z:y.
13. Find the sub-duplicate ratio of 9:25.
14. Find the sub-duplicate ratio of 16:9.
15. Find the ratio compounded of the duplicate ratio of 10:3 and
the triplicate ratio of 2:5.
16. Find the ratio compounded of the duplicate ratio of 2:3 and
the sub-duplicate ratio of 36:49.
17. Find the ratio compounded of the triplicate ratio of z:y and the
sub-duplicate ratio of 4% : Oa*t.
18. If «:5=10:3, find the value of (@ —3b): (2a - 5b).
19. If (2a+7b):{9a—0)=5:8, find the value of a:b.

gty ; s -
20. If ﬂ?—y=?, find the value of .

drx—3y Y
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21. It -Sm—_-_yl -——'l, find the value of Z.

42 +5y 2 Y
22. If 9z* —6zy+y* =0, find the value of z:y.
23. 1If 42* —20azy+25y? =0, find the value of 3

24. If 2 —5zy+6y%=0, find the value of z
Y

25. What number must be added to each term of the ratio 3} to
make it equal to £ ?

26. What number must be taken from each term: of the ratio g% to
make it equal to § ?

27. What number must be taken from each term of the ratio 33 to
make it equal to § ?

28. Divide Rs. 4. 4 a. into two parts having the ratio of 1:3.

29. Divide Rs. 13. Ta. into two parts having the ratio of 2:3.

30. Divide 20 into two parts in the ratio of a:b.

31. Divide 5 into two parts in the ratio of 1:%.

32. Divide a straight line a inches long into two parts having the
ratio of 2:3.

33. Divide a straight line @ inches long into two parts having the
ratio of p:q.

34. The perimeter of a rectangle is 18 ft. 'If one side is double the
other, find the length of the sides.

35. The sides of a triangle are in the ratio 5:6:7. If its perimeter
is 108 yards, find the length of each side.

36. The angles of a triangle are in the ratio 1:2:3. If their sum is
180°, find the value of each angle.

37. 1f tha ratio 2:3 is equal to the sub-duplicate ratio of 2—~1 : z+4,
find z.

1f %=%=;, prove that each of the ratios is equal to
a—cte 39. 2a+36+48. 40. ,\/ca=+c= +e?
b—d+f 204+ 3d+4f b4z _I_,r.:
41. Va“+c“+e“ 42. ,{/2ac'~’+3ca2+5mz.
b*+d +f? 2bc? +3dr* + 5f0%

Proportion

187. Four quantities are said to bhe _in proportion
when the ratio of the first to the second is equal to the

ratio of the third to the fourth.
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For instance, 2, 3, 4, 6 are in proportion, for 2 : 3=416.
Similarly «, b, ¢, d will be in proportion if ¢ : b=c¢ : d i.e., if
a_c

b d

This is sometimes expressed by the notation a:b::¢:d,
and read “a is to b ascis tod.”

When four quantities are in proportion, the first and
the fourth are called the extremes, the secorid and the
third are called the means, and the fourth is called the
fourth proportional.

188. If four quantities @, b, ¢, d are in proportion,
a_ ¢

b d
Multiplying both sides by the L.C.M. of the denomina-
tors, we have

Qxb —~Cx
7 a 7 bd,

ad = be,

i.e., the product of the means 1s equal to the product of
extremes.

Conversely, if ad=be, then a, b, ¢, d will be in proportion.

From the above we see that if any of the three terms in
proportion are given, the fourth may be found. -

Thus, to find the fourth proportional to 2, 5, G, denote it
by an unknown quantity z,

then 2 _ g,
5 =z
Q2 =30,
x=15.

Hence the fourth proportional is 15.

~ 189. Quantities are said to be in continued p.ropor-
tion if the ratios of the first to the second, the second to the
third, the third to the fourth, ete., are equal.
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Thus a, b, ¢, d, e,...will be in continued proportion, if

d e

If three quantities «, b, ¢, are in continued proportion,
then & is called the mean proportional between @ and ¢,
and c is called the third proportional to ¢ and b.

When «, b, ¢ are in continued proportion, we have

a__b

b7

b = ac,
or b =1 ac,

1.e., the mean proportional between itwo quantities is the
square root of their prodict.

Conversely, if ac=102, then a, b, ¢ will be in proportion.

190. If four quantities are in proportion, we can form
many other propositions from them. Some of the important
ones are given below.

(i) If %=(—§, then 2=% [Invertendo]
It ¢=¢
Qb d
1= b 1 d
b_d
a ¢
(1) If %=£§, then %’=§ [Alternando]
d
f 4=¢
! b d
C_b > Z_)': E x Z_),
b ¢ d c
a_b
¢ d

1D
n
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(iii) If %=§, then azb=c;d,
a_c
If b d
a c
Cr1=C4+1,
) 1 d
at+tb_ct+d
b d -
(v) If §=5, then b=‘3'z"z
c .
If ¢=€
b d
a c
b 1 d L
a—b_c—d
b ad
: l
7 g:::g' y a+b=c+c_
(v) If b d e a—b c¢c—d
It ¢=¢
b d
from (iii) we have atb_ot d.
b d
and from (iv) we have a-b_c- Cl.
b 72
Hence by division we have et b=c+d.
a—b c—d
191. ExaMPLE 1. If %—':1-;, shew that i—l’=§—z.
. a_b
Since 5=
a_a_b_a
576 o b
a_a
b2 ¢

[Componendo]

[Dividendo]

[Componendo and

Dividendo)
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EXANMPLE 2. If F-":(E;, shew that ma-+nb__ma—nb

b mc+nd mec—nd’
. a ¢
Since -=
b d
My a_m, f,
1w b n o
ma__me
nb mnd

ma+ndb_mc+nd
ma—nb me—nd

ma—+nb_ma—nb

[Componendo and Dividendo]

me+nd  wmec—nd’ (Alternando]
EXAMPLE 3. If 2=5=¢
fb i~ shew that
atc? +ce? +e?a’ 1 /b d?+ A3 +12b® =ace : bdf.
a_c e
Let _=..:=.-_=f’
“ra g "

so that a=0bk, c=dk, e=fk.
Ma*c® +cle* +e*a” _ A (bk)* (dke)? +(dle) * (k)2 + (£k)*(bk)?

VO AT+ A b NOPAP A + e
_ ﬁ/b“d“k“ +-d?f* 1S +fi§)“k° =E§/_Egiq_“’_+i“jf”_+fjbj — 5o,
Nlibud:_l_dufu_'_faba :\/budu—l'dﬂf:‘—l‘fabu
Ang @ce =§Jc.c3k.fk. =?c".bdf=k:,_
bdf bdf bdf

Hence sfa*c®+c'e®+e'a’: \/6°d° +d°f° + [0 =uace : bdf.

EXAMPLE 4. If a, b, ¢, d are in coniinued proportion, shew that
a’*+b*+c*:b'+c*+d?=a:d.

so that c=dk,
b=clk=dk?,
and a=bk=dk?.
a®+b*+c? _{dh®)® +(di*)? + (dk)® _ A*k° +d°k° +d°k°
b¥+e*+d® (cre®)? - (dkc)? +d3 d*k®+d*E*+d?
ARk +1)
A3 (i + k> 41)

—1.3

Hence a?4-b*+c? : b¥ 4+ +d7=a: d.
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EXAMPLES CVI
Find a fourth proportional to
1. 1,2, 5. 2. 3,13, 19. 3. a, b e
4. 92a®b?, 3bc, 4ab. 5. a*-02, (a—0)?, (a+D)2.
Find a third proportional to
6. 3,6. 7. 1, a. 8. «?, ab. 9. (a+d)?, a®2—02.
Find a mean proportional to
10. 2, 8. 11. 16z, 9z*y2. 12. 27a®, 3abt.
13. 4(a+b)2, 49{a—1)2.
It C}=E’ shew that
14. ﬂ+b=6+d' 15. a,—|—c___b—|—t‘l' 16. a2d?=>b2¢?.
b da c d
17 2a+3b__2c+3d 18 ma+nb _me+nd
' b a A b a
ma+ndb__patab sg. (€ _c® ab_a?
19. me+nd pctaqd T obd At el cd e
a* a®-—0b2 a*+c¢®  ac
. _— ., 23. ——— T —
22 ¢* . c?—d? b:*4+d? bd
ma?+tnc? _a® Qa+5c 2b+45d
CoEE R =T 25. = .
24 mb*+nd? b2 5a+2¢ 5b+2d
(at+¢)? _ala—c)® oy a’+b*_ac+bdd
26. (b+a)®* b(b—d)* " a*=b® ac—bd
28 .\jarz_jjcz =(—L. 29 J\/a+3c= p‘j3a"|:¢
Jbi+d* b NO+3d  A/3b+d
30 a+3b+5c+15d=a—3b—l—5c—-15fl
" a+3b—5¢c—15d a—8b—5¢c+15d
31 at+ab+b? =c’ +ed+d?
" oa?—ab+b? cr*—cd+d?
If a, b, ¢ arc in continued proportion, shew that
2 =02 a 2+ 30 __5a— 3b
2. a =- 33. = —,
3 b*—¢c* ¢ 2064+3¢ 5b—-3¢
34 ($2+bi=(ﬂ-+b)= 35 a(a"’_b):b(b—(b)
T obider (b+c)? " b{otce) cle—0b)
36. a?—5ht . b2

a?—c? bP4c?
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1 2=°=¢
5=a shew that
37 20— 3(:+5e.=g. 38. 3a’~5ace+7e"f=@_
20—3d+5f d 3b% — 5baf+Tf*  bf
39 @'t3clet+et_alc? 40, Nattet+et _ace
B3 A brar BN T

41 2 +c*te’ _abtcdtef
ab+ed+tef bE+drA4f2
If @, b, ¢, d are in continued proportion, shew that
(_.\1:(1_3‘ 43, a+b_b+c
d b bdc ctd
_ a__la® +mb® +net
44. (b+o)(d+d)=(c+d)(c+a). 45. 3= B e T ndE

X+y+z+w____x—y+z—w’ shew that
X+y—z—w X—y—z+Ww

192. ExamMPLE 1. If

_Z
y w
Since TX¥tztw_x—y+z—w
zty-—z—w m—'y——;y..l_.!U’
2$+2’y_22,‘—-2y . o
0213w 8z—0u [Componendo and Dividendo]
?ifﬁiﬁ%zfﬁﬂ [Alternando]
i—j“ iz [Componendo and Dividendo]
w
.2,
',Tj w
EXAMPLE 2. If M z . shew that
2b+‘)c—a. “2c+% —b 2Zatdb—c
a _ b _ c
9y +2z—x 2z+2x-y 2X+2y-—z'
Le i — Y _ z -7

b 2b+4¢c—a 2c+2a—b 2a+20—c
so that x=%(20+2c—a), y=Kk(2c+2a—1), z=k(2a+2b—c).
2y+2z—z=k(dc+4a—2b+4a+4b— 2% —2b~2c+a)=9ak.
Similarly 2z+2x— =90k,
and 242y —z=9ck.
a _ b _ c 1

2y+22—m_23—|—2m—y_2m+2y—z Ok’
Hence the three ratios are equal.
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10.

11.

12.

13.

14.

ALGEBRA

EXAMPLES CVII

c+e 20a—38e_atc—e Jn3+02

If g—%-:} prove that each ratio
a
_patqgetre_va—qgctre__pa—gc—re
pbt+qgd+rf pb—qd+rf pb—qd—1of
It = =¥_2 prove that each ratio
a b ¢
m+'.r/+z letmy+ne _ rm:r+br,j+c.4
T a+btc latmbtnc a +bz+c-'
It T=Y_2 that 2 0 _{zty+2)’
a b o PrOVERE b ¢ (a+b+c)?
< - +ce+ea
£ 8=C-2 ach r s equal t acmec e,
I A prove that each ratio is equa O/\/bcl+df+fb
T_Y_z . .
If ==c=2, prove that each ratio is equal to
a b ¢
,\/2312—}-33:2-{—4@/'
2bc+3cat4ad
+y_ytz _z+cx
It Z=Y =2 oprove that TT¥ Y72
! m »n’ prove tha I+ m+n n+l
If -‘—-1=§, prove that al+am _ C‘_L))+CC([.
T Y bl+ . bp+ug
It “=C py that 72@ =10 _ ma e
b d prove Lia mb—nd mb+nd
If bf(::cfaq__az—b' prove that z+y+2z=0.
If T =¥ =2 , prove that
b+c—a c+a—-b a+b—c P
(b-c)z+(c—a)y+ (a—b)z=0.
I L —=_ ¥ =_2 , prove that z - 2y+2z=0.
2a¢a+b a+b+c +2c
If z = L =. z , prove that 2+ 4-2=0.
p—g—r 2q—r—p Z2r—p-—yg
1 broey_cx—az =ay-=ba:' prove that T2z
a b € a b ¢
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a b c b4+c—a cta—-b a+db-¢
16. It T =¥ - ¢ prove that each ratio is equal to
zty+z
a+b+c
17, 1t % __ y* __ 2 oy
o iy xR xS Sy prove that
(i) @*+y2+422=0. (ii) ez +ay®+0222=0,

193. ExaMrLE. Two numbers are in the ratio 5:7; 2f 4 be

subtracted from each, the differences are in the ratio 2:3. Find the
numbers.

Let the numbers be represented by 5z and 7.

5r—4 2
Tx—4 3

152~ 12=142—8,
r=4,

Hence the numbers are 5 x4 and 7x4 i.e., 20 and 28.

EXAMPLES CVIII

1. Two numbers are in the ratio 3:4 ; if 4 be subtracted from the
smaller number and 3 be added to the greater, the new numbers are in
the ratio 4:7. Find the numbers.

2. Two numbers are in the ratio 3:4 ; if 6 and 5 be added to the
two numbers respectively, the sums are in the ratio 4:5. Find the
numbers.

3. Two numbers are in the ratio 13} : 22 ; if 15 be added to each,
the sums are in the ratio 13 : 21. Find the numbers.

4. The numbers of scholars in two schools are in the ratio 3:5. If
there had been 50 more scholars in the first® school and 80 less in
the second, the numbers would have been in the ratio 5:6. Find
the numbers of scholars on roll in the two schools.

5. In a certain examination the number of those who passed was
four times the number of those who failed. If there had been 8 candi-
dates less and if 4 more had failed, the numbers would have been in
the ratio 2:1. Find the number of candidates.

6. On a certain map a road 3500 yards long is represented by 1°75
inches. Determine the scale of the map. What area on the map
would represent 5 square miles ?
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7. A man has to pay a debt of Rs. 10500 to four of his creditors 4,
B, C and D. The debts due to 4 and B are in the ratio 2:3 ; those
due to B and C in the ratio 4:5 ; and those due to C and D in the ratio
6:7. What sum will each get ?

8. A sum of money is divided into two parts in the ratio a:b.
Two persons divide between themselves the first part in the ratio 2:3,

and the second part in the ratio 5:4. If they reccive equal amounts,
find the ratio of @ to b.

9. A quantity of milk is increased in the ratio 4:5 by adding water
to it, and after selling 5 seers, the rest by being mixed with 1 seer of

water is increased in the ratio 2:1. How many seers of milk were
there at first ?

10. Two vessels contain mixtures of milk and water, the first
in the ratio of 1:3 and the second in the ratio of 3:5. What quantities
must be taken from each vessel to form a mixture which shall contain
5 seers of milk and 9 seers of water ?



CHAPTER XXXVI
INDICES

194. We have already seen in Article 28, that when
powers of any quantity arve multiplied together the index of
the product s the sum of the indices of the factors.

3 3+ o 47 ,

Thus ¢° X at =a

and @ X A =@ (1)

‘We have also seen in Article 39, that when one power of
a quantity is divided by another power of the same quantity,
the index of the quotient 1s obtained by substracting the
index of the divisor from that of the dividend.

Thus a® +a?=a®"2=0qt.

If, however, the index of the divisor is greater than the
index of the dividend, z.e., if there are more factors of the
same quantity in the denominator than in the numerator,
the factors of the numerator will cancel with those of the
denominator, and the index of the product of the remaining
factors in the denominator can be obtained by substracting the
index of the dividend from that of the divisor.

a aXaXagXaXaXa
1 1

==

axXaXaxXa

23
. a” X
Thus «°—=af= =

Similarly if m>n, we have
A A=A T i, (2)

and if m<n, we have

195. 1In Article 28, o" is defined as the product of =
factors each equal to @, when = is a positive integer. TUsing
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this definition and assuming the indices m and n to be
positive integers, we have established results (1), (2) and (3)
of the previous article. We shall now extend the meaning
of &" so as to include fractional and negative values of 2 and
in doing so we shall assume that the Index Law (1) of the
previous article 1s true for all values of the indices, whether
positive or negative, fractional or integral.

NOTE. The principle on which we have extended the meaning of
the index is based on the assumption, that a law in Algebra, which is
true to certain restrictions, is generally true provided that the removal
of the restrictions is not inconsistent with the truth of the law.

196. Since a" xa"=a™"" has been assumed to be true
for all values of m and n, we have
1 1 1 1

+ =
atxa=a®" =g'=q.

But Nax Na=aqa,
2
a®=1/a.
1 1L 1 14l.l
stetas_ 1=

In the same way, a° xa®xa’=q¢
and Vo x VYo x ¥Ya=q,

L
cooad =Ya.

Similarly o _y/,

EXAMPLE. Swmnplify 8%.

§Y=3/8=1/2.2.3=2.

. — . a
197. Since a’=a¢"""=a¢"+a"=—==1

Hence a° is always equal to one whatever the value of a
may be.

NOTE. 0°is nob necessarily equal to unity. It s an indeterminate
quantity.

L

EXAMPLE. Simplify 2°x277,

L% [

2¥x2 T=92%" ¥=00=1,
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198. Since ¢" xa"=a™"™ has been assumed to he frue
for all values of 7 and =, replacing m by —n, we have

a "xa"=q " =¢"=1,
P
e

1
and a"=-—"—7.

et

Hence we see that any quantily can be transferred from
the numerator to the denominator, or from the denominator
to the numerator of a fraction by changing the sign of s
ndezx.

EXAMPLE 1. Simplify 27%.

2"5=i =l_.
2° 32
EXAMPLE 2. Simplify o7 .
27—’}=i= 1 _ 1 =1

or¥ 2/37 /333 3
199. Sincea™ xa"=a™"" has been assumed to be true

for all values of m and =, replacing both m and n by g we

have
P » pp 20
a’fI b a'(lzall-!'fl--_—a'q .
Similarly, ®_ ®_ & opep dp
]

_ _— . 4=+ =
at X a3 X gl=q1"09=,49,

Proceeding in the same way for ¢ factors, we have

P p D
atXat X atx .,....... to g factors
| LIS L i M
—garatatee e to g terms
an
=a'=a".
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Therefore, by taking the g root,

r
4 __q_ /" 5
& ="V a®.

p
That is, a* is the ¢ root of a®.

{{-

[E1

EXANMPLE 1. Simplify 27
2

78 /97T =3/97 x27=3/8.3.3.3.3.8=3.3=09.

O]

EXAMPLE 2. Simplify (E)

2 2 2 .
(8) T_8T o yare_9_ 1
27 or—% gb gr 4 4
-
. . 3 )]
EXAMPLE 3. Sumplify }/“T_E__,
) 4 XH_ 1 xl’.‘-
¥ 3+ 2 1 11 1
. r- . € ot -1z —11
The expression=" - = —= =z YW_g T__—_
3 1) a +_§- 115 }%_
at L x? ot ' x

1 1 1 1 1
EXAMPLE 4. Find the value of 4*—9% +16% —25* +36>.

The expression = A/4 — /94 &/16 — A/25+ o/36=2—3+4—5+05=4.

EXAMPLES CIX
(Examples 1 to 22 may be taken orally)

Find the value of

1

3 2. 95t 3. g7 4. 32%. 5. 36
6. 5 . 3’ 4972 g3, 10, sf
11. 165, 12, 4% 13. 27*.  14. 16% 15 100%.
16. ). 17, f. 18 (1) 19, (P 200 @p
21, L. 22, L

o
i
-
Lo
I
o
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Express with positive indices

-1 _2
23, z72, 24. 2273, 25. 8z *. 26. 2a %,
27. 9+a-l. 28. 52477, 20, L 30. 1L
da~* -y
ox
ar. %, 32 L 33, 3Py’ 34 2yT
3-.1:-% as 4a™b2 a” b~
35 2a? )
5 ot
Express with radical signs and positive indices
36. at. 37. &% 38. 9zt 39. 3a .
. )
g0. L. a1 2 42 L 43. an.
303 578 .
44. ag.
Simplify
45. a ¥ xa3. 46. o ¥xoq7 47. 2a~*=3a’.

48. dgr1+og Y, 49. .Jax3i/a.
, -

50. 3a% 51. . 52. Y2

4(1._% Sa 3 :L_;
53. &/a®x aJa’. 54. 3/ah-+3a 29, 55. 22,27, 979,
56. 3%.3-7.3°. 57. J5.5.%5. 58. Ja.Ya. Y.
59. 7o. 771, 7%, g7 T 7S, 60. at. a%. at. a’.
61. o ¥ a . a4 ok 62. 2+ /2.
63. 9-+./9. 64. 8+-3/8. 65. A Jx®. Yz®. 13/x°,
66. zA/yz.yszx. N 67. 57*+571.
68. 2-1+os 69. Az ¥z o e Yar

- T Y 12/p7

A amys e 79 atbe. ,\/ab_’c abe?

7L AL ’\/Ty NoE

73 .{/:1:33/"’2 . ;'{/:r:zy"z'
Ywryis®
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Find the value of
74, N1+ N4+ SO+ 16+ A/25. 75, 3/1-—3/8—3/27+3/G4.
. 1 a 1 -2 -5
76. 0% +16% +81% — 65t 77. 43168+ (%) T —(3) %

[

1.
6. 10% . 127,

-1

1
Z 3
78. 3 4471~ L +(—1) 4972 79. 9% . 5
3 49

80. 273 . 4% . 10%.a7F

200. To prove that (a™)' =a"™ for all values of m and n.

CAasE 1. Let n be a positive integer.
Then, whatever m may be,

@™ =a"xa" xa™x . ........ to n factors
— (Lm"i'm'f'ln'f """"" ta m terms
min
=a™.

CAseE II. Let n be a positive fraction, say ’2, where p

and g are positive integers.
Then, whatever m may be,

»

(™) = (a™)" =V (") [Article 199]
=% 4" [Case I]
— g [Article 199]
— a’mn.

CASE III. Let n be negative, say —7, where 7 is a
positive quantity, fractional or integral.

Then, whatever m may be,

(@) = (@)~ = —=_ [Article 198]
(a”)
= 1,1.1- [Case I or IT]
a
=a,—mr [Al‘ticle 198]

= (Lm(-r) = a]mn_

Hence (¢™)"=a™ is universally true.
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EXayMPLES. (i)

201. To prove that (ab)"=a"b" for all values of n.
CASE I. Let n be a positive integer.

Then (ad)" =ad. ab. ab...... to 7 factors
={a. . dq....... to n factors)
x (b, b. b....... to n factors)
=a'b".

CasSE II. Let n be a positive fraction, say jé, where p
and g are posibtive integers.

The ¢ power of (ab)"

P .

= {(a,b)” }“ = {(ab)q}" = (ab)" [Article 199]

=a’t’. [Case I]
Also the ¢"™power of «"b"

— (ar,“b"‘)rl = (agbg)q - ((ﬁ)q % (bqu [Case I]

= q"8".
(ad)"=a"b".

CaseE III. Let n be negative, say —r, where 7 is a
positive quantity, fractional or integral.

Then (ab)®=(ab) "= —— [Article 198]
(ab)
— _3_-_1_ [Case I or II]
a'b
T [Article 198]
& b
=a"b".

Hence (ab)" = ¢"8" is universally true.
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EXAMPLES.

EXAMPLE. Simplify

—r—

qm

hi) 3=

1
T

The e}:pression{=(:c Sy 358

3, b
=-;cy"2 =

e~
| 8

&l
(5]

Yt

202. To prove that (%)]

ALGEBRA

'\/(X %y z")"}—"“.

(@

I'I.

bll

2

ﬂw

2
-

J Z

)7

for all values of n.

From the previous article, we have

n__ {f e b)“= (@)n w b'u
“ (z; b '

1.6,

C&_u _ (g)n
b \b/

1 1[) ::
EXAMPLE. Sumplify ) (
y Tu
()3 (9 i b
z x y 27
The expression= e - AY Y =— 3><J .
G @D R o
3+9 -2+1 #- 6.3 .~% wﬁyg
=gty T T 1”=ﬂ: Yz T = V.
2%

EXAMPLES CX

(Examples 1 to 24 may be taken orally)

Write down the square of

1. 102, 2. 45,

5. . 6. =V,
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VWrite down the cube of

9. 22 10. 2°. 11, 5-°
13. =z, 14. am. 15. g
Write down the square root of
17. 62 18. 8. 19. a=*
21. a™ihre, 22. a?b'o. 23. g

Simplify and express with positive indices

25.
29.
33.
36.

39.

42.

45.

47.

50.

- 52.

54.
57.

59.

61.

@)% 26 @)% 27 @)
4a2)®.  30. (16a'7)%. 31 (8a) %
(9z~s)" ? 34. (:13%)2 35.
(x_%;?/g)-}% 37. (r:v’sz:)%{(a:cz)lf. 38.
(wa)’ 0. ()7 a4
(ax?)* a*b
8p=? ‘} / 3
z 2\ 2
ST 43. (\_) 44,
( |-J—.i .J!/
('\/’wz?ja)s_ 46. (.’L‘“?j—m)a % (.7:3y2)‘".
i |
16a* T P\
(1_,) . 48. (“‘Tr,) . 49.
x- a?y\ - _ 1
(a b“) :m/ ) 51. (a2b)* x{ab”
\/(L) (\/b (\_’l) ’ 53. (2?

(x™ X (gM)m x (z~Mm)0, 55, GJI_T\/?T? 56. (k/b

JEFnt xery)d. 58.
{(ﬂ_b)_z}u+{(a+b)“}2. 60.

(1 i "'""-”_2)“- 62. (
¥IAY T Nt b a

26

401

12. 10-*

_n
16. = 7.
20. a3
24. g3v
28. (a® b)%.
32. (Oa:s) .
(=),

(a=2D)"2(ab)-3.

(f6e9)"
()"

am-i- m, m
{L“_ :

)3,

)n_ (113_2)'“’. (mS)-'ln.

Yar

)1 m

(e b(yz) " (zz) ",

J@Tr x (a2 —b%)"%.

7)< VE
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203. IExamples on multiplication and division of com-
pound expressions involving fractional and negative indices
are worked out in the ordinary way as if the indices are
positive integers. If root symbols occur, they should first
be changed 1nto index forms.

NoTE. In Article 161, we pointed out that the terms of the
92 4 3z, 2 1

recs] +———-—+4 = — . were arranged in ing powers
expression 3E T e T T on T g i g descending j

of x thus :
Ox? _3z_ 1 -I—E 4
16 4 12 9x Siz®

A reason for this arrangement may be seen if we write the terms of
the expression thus :
1 2 4

Sopo Ll -1 E o2
121 +91. +81L

R
16 4

- 2 1
EXAMPLE 1. Multiply x "+2x-3x" by x*—1.

Arranging the two expressions in descending powers of z, the
product

2 LA 1
=(2x~ 32 +a “)x(2*-1)
L z L -1 L F3 .
=9rxx' -3z xxr¥+a TxaT—-22+82 -2 *
1 ) _1
=3%2% =8x4+x* -2 +3x =2 7
4 2 _1
=9%2*—5x+3x " +v—a °

b 2 -1
=2 —5r+3x"+1 -2 *.

1 3 L2
EXAMPLE 2. Divide 3—9x"—12—x¥ by 3x+x%43.

First arranging both the expressions in descending powers of z and
then dividing, we have

z 1 2 1 3

¥ 43 +8)x~ 2 — 927 -12(2"—4
2 1

r+3x°+ 3z’

2 1
— 4t —122%—19

2 1
— 423 —19x% —19

1
Hence the quotient is 2* —4.
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EXAMPLES CXI

Multiply
1. J/7—A/5by /7. 2. 3.J24+1 by /2.
3. x-Sy by Jz. 4. A/5-- /3 by A/5+ 4/3.
5. Jre—=JJyby e+ . 6. /34472 by 3+ /2.
7. Nzt Jyby Jed . 8. ~z+2./y by Jet+3Jy.
9. Ja+b+Ja-bby Jat+b—fa—b.
10. A/eFd_Afa=b Afatb Afab
NV A/L yy A/aEb
11. 2242 *+1 by 2?4z 2-1.
2 1 L
12, 72 =2 +1 by 3x"+1.
1 -t 2
13. 3¢®-3a 'I“'+9r.-,“ by ba®+4.
2 2 1
14. 2z —42" —5 by 32" 44z - 2.
1 1, 1 ]
15, a*43a*+2 by «* +3a'} +2.
Divide
3 1 1
16. ¥ —Tx'4+12 by 2’ —3.
2 1 2 b 1
17. 9-.1:“+65u”-y}‘—35y"' by 3z*+Ty°.
2 1 3 1
18. 2x-32*—-0a”—1 by 22" —5z* — 1.
a 1 1 } 1
19. z+4a*+T2* -0z +8 by .'u'}+‘_3.1;"+8.
3 2 2 1
20. .1‘-—-5.2:%+9:).:5 - Ga?® —.L'}+2 by z° —3x°%+2.
1 1 1 a 1 1
21. a+b4c-3a’b*c® Ly a4+ 0" +e”.



CHAPTER XXXVII
SURDS
Simple Surds
504. The root of a number or quantity which cannot

be exactly found is called a surd or irrational quantity.

Thus, 12, v'5, ¥3, ¥4, ¥/4,...are surds, for the square
roots of 2 and 5, cube roots of 3 and 4, filth root of 4,...
cannob be exactly found, though we can obfain their values
to as many decimal places as we Dlease.

If the root of a quantity can be exactly found, it is called
a rational quantity.

Thus, v'4, V9, 3/8, i/gi,...a,re rational quantities.

tol.-

205. Since V2, V5, X3, ¥/4,...can be written as 2

1 1 1
5%, 33 4°,... hence we see that surds can he expressed as
quantities with fractional indices and are therefore subject
to the principles which govern other algebraical symbols.

r

206. The degree or order of a surd is denoted by its
root symbol. Thus 172, v'6 are surds of the second order,
3/3 is a surd of the third order and V4 is a surd of
the fifth order.

1 5 _

207. Since V2=2%=2T%=12/96
'i/3=3§= 3f12= 12\/"‘3;1‘,

1 2 -

and Y¥7=70=791%=12/7%

hence we see that surds of different orders can be trans-
formed mito surds of the same order.
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EXAMPLE. Ezxpress J/a®, 3/a®, i/a as surds of the same lowest
order. :

The L.C.M. of 2, 3, 4 is 12. Thercfore e_xﬁressing the given surds as
surds of the twelfth order, we have

3 18 12/ 18

g 2z
Mdat=a"=a'’= Vg ,
— & £ 12/ &
2 s
Va*=a =a'*= VYa ,

1 3 12 /.3
Va=at=a"?= Ya®.

Hence '£/a's, *3/a®, '3/a? ave the required surds of the same lowest
order.

208. Since z=1'z>=¥z’= .. =Vz"

Hence we see that any quantity which is not a surd can
be written in the form of a surd of any order.

209. Sometimes surds are simplified by the help of
factors. Thus

(i) 1/192=1/8.8.3=8173.
(ii) ¥500=%/5:5.5.4=53/4.
(iii) /32”012 =1%/2%.4°. b*°. 0% =2ab* . Vb".

NOTE. Students should rtemember that J/ab=i/a. /b, but
AJa+1b is not equal to 1/a-+ /.

210. Sines 37372=1"9.172= 1/?3,
2%'3=18.%3=1992,
allb="a" . Nb="%a"b,

hence we see thab the product of a rational quantity and
a surd can be expressed in the form of a surd.

EXAMPLES CXII

Express in terms of the smallest possible surds

1. ./98. 2. .J150. 3. ./288. 4, 3/256.
5. 3/1020. 6. 3/-448. 7. .J49«*. - 8. J12a*D°.

9. JTatxl. 10. 3/32a7. 11. 3/32.
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12, Y117¢%. 13. /7108x %y, 14, Yz
15. /gyt 16. J{a+b)®. 17. Ja@® —dab+ab*.
Iixpress as entire surds

18. 5./2. 19. 8./7. 20. 8./3. 21. 23/5.
22. 103/5. 23. a./2a. 24. 5r./3z. 25. 2u°. i/z.
26. ab*a/3ab.27. 3a?b.2/2a%b.28. al/a. 29. a*. Wa®.
Express as surds of the twelfth order

30. /. 31. \/z®. 32, J2xo. 33. /2.
34. 32 35. sayc. 36. /3277 37. {Baty.
38. {2x#y. 39. G/t 40. ilabc.

Express as surds of the n*? order

41. /. 42. /a. 43. 222, a4. Yxzye.
45. /2070,

Iixpress as surds of the same lowest order

46. .Ja, ¥a®. 47. ja, Ya*. 48. Ja, 3/a*.

49. Ja, Ya, i/a. 50. 3/a®, a®, Ya*.
51. JJar®, ez, atz?. 52, Jay, YziyE, Yatyt.

211. Surds are said to be like or similar when they
have, or can be reduced to have, the same irrational factor,
other factors being rational.

Tiltli_]{’Q, 3.2, 5172 and 4172 are like surds. /3, 1727
and 17147 are also like surds, for they can bhe reduced to
173, 3173 and 71/3.

Surds which are not like or similar are said to be unlike
or dissimilar.

Thus, ~2 and ~5 are unlike surds, and ~/3 and 3%/2 are
also unlike surds. '

EXAMPLE 1. Simplify /20 - J45+ /125,

Since A/20=./2.2.5=2,/5,
and /125=./5.5.5=54/5.
Therefore the expression =2./5 — 3./53+5./5=4/5.
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Hence we see that to find the sum or difference of the
surds of the same order, we first reduce them to their simplest
Jorm and then find their sum or difference by affizing to their
wrational part the sum or difference of their coefficients.

NOTE. The sumn or difference of unlike surds eannot be simplified.
EXAMPLE 2. Multiply 4./2 by 5./8.

The product=4,/2 X 5./83=4 X5 X /2 X /3 =20./6.

EXAMPLE 3. Sunplify 23/53x5. 3/6 x4, /7.

The expression=2 x5 x 4 X /5 x 3/6 x 3/7=40.2/210.

From Examples 2 and 3, we see that to find the product
of the surds of the same order, we mulliply separately their
rational factors and irrational factors.

EXAMPLE 4. Multiply 44/5 by 5. 3/2.
Ixpressing as surds of the same lowest order, we have
4 /5=4.50=4.5° =4.8/57,
and  5.3/2=5.97=5.95=5.5/37,
the product=4.5/5% x 5.5/27 =20.5/5°22 =20.%/500.

Hence we see that to multiply swurds of different orders,
we first reduce them to the surds of the same order.

c. . , 20
212. Suppose it is required to find the value of ;—Q
It can be written as 20 and then by division its

141421
value can be found.

A much shorter method of finding the value is to
multiply both the numerator and the denominator by 12, so
as to make the denominator a rational quantity. Thus

20 _ 20 ., 1/2_20J2 _ -
= 2Y V2 =10/2=10x 1'41421...
=14"1421...

This process of removing surds from the denominabor of
a fraction is called rationalising the denominator.

EXAMPLE. Rationalise the denominator of '\_j?
— ¥
The fraction= i\/_l w i-'.f: }/i’_/
Sy Ny
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Compound Surds

213. A compound expression involving two or more
simple surds is called 2 compound surd.

Thus /2~ 3.5, 2Ja+5Ub, ¥z —7%/y are compound
surds. '

The product of two compound surds is found by

multiplying each term of the first by each term of the second
as in ordinary multiplication of compound expressions.

214. When two binomial surds of the second order
differ only in the sign which connects their terms, they are
said to be conjugate.

Thus /3 + /2 and /3 — /2 axre conjugate surds ; 2./a —
3./0 and 2./a + 3./b are also conjugate surds.

Let us now consider the product of /3 + /2 and /3 — /2.
The product = (/3 + /2)(/3 — /2) =(3)% = (J2)?
=3-2=1.

Similally the product of 2./a—3./b and 2./a+ 3.6 is
(2Ja)® — (3J0)° =4a— 9b.

Thus we see that the product of two conjugate swrds s
rational.

215. In simplifying a fraction involving a compound
surd in the denominator, it is advisable to rationalise the

denominator by multiplying both the numerator and the
denominator by the conjugate surd.

EXAMPLE 1. Simplify %jg;—m.

Multiplving both the numerator and the denominator by the
conjugate of the denominator, we have the fraction

_54/3-34/2 543-34/2_(54/3)2+(34/2)" —05J33 /2

T 5./3+5./2 5\/3 32 (5./3)? NAE
_75+18-30./6_93— 30\/6_31—10\!'_6
75—18 57 19
14+x2 1—x
EXAMPLE 2. Rationalise the denominator of “‘/1+l +24/1 =

23/1 %2~ J1—x2
The conjugate of the denominator is 2./1+ 22+ /1 —a2.
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Multiplying both the numerator and the denominator by this
quantity, we have the fraction

=_.\i1+:t:’+2~,/1—a~;’>(2~;"1+rz:3+,“/1—:1:2

2 1+at— /122 214z 41—t
214 4 1 b2t 1 -2 J14et 1 -2+ 2(J1 —2?)?

2J1Fet) = (Ji-a?)?

_21+2?)+54/1 —2t 421 —2%) 44512
o 41427 - (1—22) EE

EXAMPLES CXIII

Simplify

1. J/8+50. 2. ./50—./18.

3. 2Ja+3Ja+5/a. 4. JI2+./27+J48.

5. asz+2a/z+3azx. 6. /50— ./18+./8.

7. 16+ 2/54+ /250, 8. Ja’b+~Jab®.

9. ifa‘b-3/ab*. 10. J175—./63+/28—4 /7.

11, 4./1842./32-3./8-5./2.

12. 5. 2/34+33/16 - /2—2%/128.

13, ./202° —.J462° +~/B0z" — /12527,
14. 5bJa*b+2a/ab® +/a’b’ —ab AfOab.

15. V2oV L 16. VL4 yiar v,
17. Jle+y)2z+J(z—y)2 2+ Ju2z—Jytz.
18. _1-+\/i3+\/$. 19. 3./5.4./45.

HH xTr ;

20. 2./27. 6./6. 5./2. 21. 5../32../48.3/54.

22. 5. 3/12. 43/18. 23. 1/168. 3/147.

24. Ja. Ya. 25. 2/a. iad. 26. . y.
27. 4. 4/3.33/4. 28. 2¢/5.53/2. 29. Ya."a.

30. Ja+b. Ya—b.

Rationalise the denominators of

5 5 1 34. .
31;\/ gl 32- 7'?- 33 2+ Nf’g. ,\/D-‘l

L
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3 1
35. . 36. —__. 37 1 4+3./2
l+\/9 1_,\/.1: ' A\/a '\/2- 38. m.
3/2+2./3 fg— ]
39. M oaE 40, Na—afb 1
3V2-23 N N
42, _}_/fl+b+\/a,—b‘ 43 1+\/1___E 44, _ xr? '

45 JiTE—JITE
Vitat+/1—a?

Square Root of Compound Surds

216. To prove that the square root of a rational quantity
cannot be partly rational and partly irrational.

If possible let vu=a+ Jm.

Squaring, n=a’+m+ am,

2]
/ Tt
N = ——
2a

That 1s, a surd or an irrational quantity is equal to a
rational quantity, swhich is absurd. Hence the proposition.

217. Ifx+y=a+ b, where x and a are rational and
Ny and ~b are irrational, then x=a and y=Dh.

If x is not equal fo a, let z=a +¢,
then a+c+ Ay=a+ /b,
¢+ Ny =W/b,

which is impossible (see Article 216), unless ¢=0, in
which case z=a and therefore ¥ = b.

NOTE. If a4+ /y=a+ /b, it follows that a—./y will be equal
to a— A/b.

218. If ~a+ b= vx+ Ny, then will Na — b= Vx — N
Since ~a + Vb= Jz + .
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Squaring, a + Nb=z+y +92 Jc—v'—g:,
a=z+y and ~Jb=2zy. [Article 217)
a— Jo=x+y— 9~/cm_u/,
Na - Vb= Jz - Jy.
219. Find the square root of a+ Jb.
Let 1‘/EL+—~/jb = Jx + Ju.

Then, squaring, we have
a+ Jb=x+vy +21\/:Uy.

L UTU e i (1)
and 2~zy = Jb.
S -y =(z+y)? —dzy
=a® - b.
m—y=~/a_é_—_b .................................... (2)

Adding (1) and (2), we have
2e=a+ v’m
x=3%a+ J(F_—_b).
Subtracting (2) from (1), we have
2y=a— Nar — b,
S y=3a—~a®-b).

NOoTE. From the values we have obtained for x and ¥, it is evid_ent
that this process of finding the square root of a+ 4/b is of no practical
usc unless a* —b is a perfect square.

EXAMPLE 1. Find the square root of 5+ 24/6.

Let /54+2./6=./a+ /y.

Then  5+424/6=x+y+2./ vy,

z+y=5 ...oo...... et et e (1)
and 9./ Ty=2./G.

(x—2)* =(2+y)° —day
=95 —24
=1.

=1 e (2)
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Now from (1) and (2), we have 2=3 or 2, and y=2 or 3. Hence
J5+2/6=+/3+ 2.

NOTE. In the same way we can shew that /5 —2/6=+3- 2.
EXAMPLE 2. Find the square rool of 5/2+2/12.

Since 5./2+2/12 =52+ 2./2.4/6 =/2(5+2./6),

52 +212=JJ2(5+2.76) =4/2./5+2/6.
From Example 1, we know that JEF2U6=1/344/2,
V324212 =1/2(J3+ V2).

EXAMPLES CXIV

Find the square root of

1. 4+42(/3. 2. 3+2./2. 3. 8—24/15.
4. 124+2./35. 5. 5—2./6. 6. 11462
7. 16+54/7. 8. 2./8—2./6. 9. 3.5-2./10.
10. ./80+ /60. 11. z-2z—1. 12. 2+ Ja®—ux2.

Equations involving Surds

220. Here we shall consider only those irrational
equations in which unknown quantities appear under the
square root sign. In such cases by the process of squaring
both the sides, we can get rid of the radical signs and
ultimately reduce the equation to the {form of a rational
equation,

Since 1n the process of squaring, roots may be introduced
which do not satisly the original equation, it is therefore
necessary to test whether each solution obtained does, or
does not, satisfy the given equation.

EXAMPLE 1. Solve 2/x—./3x—11=2.

Transposing 2/z —2=4/3z —11.
Squaring both sides, 4v - §/z+4=3x—-11,
8\/113:3-:'}‘15.
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Squaring again, 64x=x2+30xr+ 225,
z? —84x4-225=0,
(z—25) (x—9)=0,
=95, 9.
Since both the values satisfy the equation, hence the solution is
x=25, 9.
2Jx—3_ 4Jx-1
3Jx T(Jx+4)
Multiplying across, we have 7
(2Vz—38) x T(Jx+4)=3/x(4/z —1),
. ldr+35./r—84=122—8/x,
2r+384/2~84=0,
x+19/2-42=0,
S (Ve -2)(We+21) =0,
S AJz=2, —21;
.o ox=4, 441,

EXAMPLE 2. Solve

—~ 3
EXAMPLE 3. Solve 571+x+.\/1 L:é-
J1+x—/1—x

By Componendo and Dividendo, the equation can be written as
23/1tx_3
2/1—x 1

1 4+2=25— 25,
96xr =324,
p22_12
“ a6 13

EXAMPLES CXV

Solve the following equations :

1. Jz—6=2. 2. 34+ Jr-3=T.
3. 15+ /o —T7=19. 4. z+2+ Jr+3=5.
5. z+Jz2+9=9. 6. AJor+16+ Jr=8.




414 ALGEBRA

7. NJaw—1—aJBx—-2=1. 8. Jo—z+ J3Ffr=4/5+ /3.
9 v+ /.'._1'__2_ 1 — 2
CowEtNE-l=T 0. \/’a:+,\/4+a;=:7;,-

r—ax_ J

1. 2(x+2)=1+ 427 +9u+14. 12.

NAS xro
3x—-1 _ 30 —1
13. —m—ﬁH-\T- 14, o= +2ab+ 0=z —a+b.
\ u -
—— 1-Ji-2_1
. ERTINE T =4, 16. —_ ¥ ==,
15. JJa*+at4 Jar—z TFoAiTe 3
17. Nat+at \/(c-.c___:_l- 18. 4z \/_af:_l:z=5’-
Jatz— Ja—z 2 a4x—Jaz—x* %
19. ~prtaa_ptaa 20, ~a—~a—Ja'-azx_1
Npe— e Ve Ja+ Na— Jat—ax 4

MISCELLANEOUS EXAMPLES IV

(Most of these examples have been selected from the question papers of
the Indian Universtiies).
A
1. Resolve into factors :
(i) Ga*+45x—4. (1) a?~-2ab+b2—a+0.
2. lfa:b=c:d, shew that
(i) a:b=axc:dEtd. (i) a?’Fxc*:0*Fd*=(atc)2:(bxd)z.

3. Find the square root of 4w* —122%a— 11x%a? +302a® + 25a7,

4. Simplify

i at+d _b—a\. /a b
) (a—b a+b) ) (5+a)'
(3) 1 Qa+Db | a*Fal?

a—0 a'*’—bz+ at =0t

5. Solve
(i) aax+dy=dbxr—ay=a*+0b2.
(1) DRr—b)+c¢2=c(2r—c)+b2.

6. Two persons started at the same time from A. One rode on
horsebaek at the rate of 10 miles awn hour and arrived at 13 40 minutes
later than the other who travelled the same distance by train at the rate
of 30 miles an hour. Find the distance between . and B.
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B
1. TResolve into factors :
(i) 8a*4+270%. (i) (ax+Ddy):—(bz—ay)2.
2. Solve
(i) alz~c)—clz—a)=bla-c¢).
(1)) z—cy=cz—y=c.
3. Find the square root of

(2_3 +1_7_‘3_b+b_q.

b 4 a at
4. Simplify

(i) ( a o« )_.__2_[3_1_
a—b a+b/)  a®-07%

(ii) 2 _ : € + 1 )
z+3 a*+oz+0 z*4+Tr-+12

5. A man starts from a place and travels uniformly at the rate of
10 miles an hour, but rests 3 hour at the end of -every hour. After 1}
heour, another man starts from the same place and overtakes the fivsh

man in 18} miles. Find graphically the rate at which the second man
travels.

6. A man bought a certain number of eggs at 4 for 5 annas. Two
of the eggs were broken, and on selling the rest at 3 for 4 annas, he
lost 2 annas. How many eggs did he buy ?

C
1. Resolve into factors :
(i) 22*-—3z+1. (1) a*—ex—cd—d>.
2. (i) Tind the H.C.F. of a* —9a*2* 4+ 10’z and az® — a2z —dal.

(ii) Find the L.C.M. of JJuv—  Ja, fBax, 2?24ax, 22 —a? and
Sazx?+3a*x.

2 nc+bd
It “=£ prove that ©F
3 po g PYOVE M e T e b

4. Simplify
. 1 3 1
AT e T
N 22 ) fa_ 2ax 1
(i) lrz+a[b— l)J e zb+a))
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5. Solve
(i) az—by=c, bzx4-ay=c.
(i) zt+a_ z+3a .
z+b x+a+d
6. A man rows 44 miles down and 30 miles up a stream in 10 hours

and 55 miles down and 40 miles up in 18 hours. Find the rate of his
rowing and the rate of the flow of the stream.

D
1. Resolve into factors :
(i) a*-—x-—20. (ii) «*—16a°. (iii) a*+ca'z'+z°.
2. Solve
(i) az+by—c=0, a?z+b?y—c*=0.

.. r=—1_ a—2 _x— 3_x-—-4
(ii) :
7 x—2 -3 x—4 a—5

3. ¥ind the H.C.F. of «? ++06z*+4 11246 and 2° +2x* =8z —10.

4. Simplify

. 6r+5 3x—4 T
i) ==~ - ——.
2z+3 z+1 (sc—l)(.z.z,+.3}
(11) z+(:L'+10 fﬂa+12 r?—-r—06

T 102+ 24 r},- — 93 —35 " xr:—13x+42'

5. 4 sfarts at 2 p.m. to drive along a road from a point P at the
uniform rate of 6 miles an hour ; B starts at 1.45 p.m. to walk along
the same road at 4 miles an hour from a point ¢, which is 4 miles in
advance of P ; find graphically when and where 4 will be 4 miles in
front of B.

6. A boy buys a certain number of oranges at 3 for 2 pence, and
one-third of that number at 2 for 1 pence ; at what price must he sell
them to get 20 per cent. profit? If his profit be 4s. 2d., find the
number bought.

E

1. Find the H. C. F. of 2x'—22°+3z%2--z+1 and 3z®—5z2
+5r—- 2.

2. If ?=%=% shew that cach ratio is equal to 2¢+¢
b a f b+d+s
I (L_—i-b—c bt+c—a_c+a—-10 . | ‘
a+b  b+e P and a+b+-c is not equal to zero,

shew that a=b=c.
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3. Solve
N 6,4 .9 1_.3 oy —— —
(i) 5+§—3, :-I—:—'ﬁ—-ﬂa- (ii) ;\/52:—1=1+4\/5CL'—2.
4. Prove that
a{b+c) blc+a) cla+b) +1=0.

(a=d)a—c) (b—c)o—a) (c—a)c—0)
5. Shew that (z—1)(z—2)(z—3)(zx—4)+1 is a perfect square.
6. A challenged B to ride a bicycle race of 1040 yards. He first

gave B 120 yards start, but lost by 5 seconds ; he then gave B 5 seconds

start and won by 120 feet. How long would each take to ride the
distance ?

F
1. Resolve into factors :
(1) Sla++64b4. {ii} 20%c?+2c?a?4+2a?b?~a* ~bht —cA,
(iii) a?(b+c)+b2{c+a)+c2{a+b)+ 2abe.

2. Solve
(i) a(2z—a)+b(22c—0)=2ab.
(i) 2c+3 2 —3:1'=2_5.
z—1 1+a 4
3. Find the square root of
4n? —12ab—0bc+4ac+9b% +c?
4a® +9c® —12ac T

4. Simplify

(i) (z—p)*+&+y)*+3(z—y)*(z+y) +3(z+y)*(x—y).
c a

a—c¢ a+c
el

{11) (L+c+c—a. (a“_cz)
a C
5. If Q—9=9, shew that
b d

o ma—+nb_b%e o 2 .2 2. p2 212
(i  md —de (i) a®4c?4e?: b2+d*+f2=ce: df.

6. The dimensions of a rectangular court are such that if its length
were inecrcased by 3 yards and breadth diminished by 3 yards, its area
would be diminished by 18 square yards, and if both length and breadth
were ‘increased by 3 vards, its area would be increased by 60 square
yvards ; find the dimensions.

G

1. Resclve into factors :

(1) (a+bd)2+3(a*—02). (i) (a?—be)® +8b3c3,
(iii) 2ab+cd)—a?—-b2+c?+d2.

27
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2. Solve
() x+b_x-b
a—b a+b

(i) a+y—3z=—a,z+rx—3y=-"0, y+z—3x=—c.

3. Ifz=b+e¢, y=c—a and z=a—b, prove that

x?+y?+z?—2uy—2zx+2yz=407.

4. Prove that

be(b—c) +calc—a)+abla—b)+(b—c){c—a)(a—b)=0.

5. The distance from a place P to another place @ is 3% miles ;
two persons A and B start together from P to go to @, the former by
carriage which travels at the rate of 6 miles an hour, the latter walking
at the rate of 3 miles an hour. If 4 remains at @ for 15 minutes,
and then returns by carriage to P, find graphically where he will
meet B.

6. A tradesman sells two articles for Rs. 46 making 10 per cent.
profit on one and 20 per cent. on the other. If he had sold each article
at 15 per cent. profit, the result would have heen the same. At what
price does he sell each article ?

H

1. Resolve into factors :
(i) z*+zy—z—y. (i) 14z (y—2z?)—z y=.
(i) z°—Gz*+1la? —G.
2. If a=plp+g)—alp—q) and b=plp—q)—glg—p), prove that
a®—0=4dpq®.
3. Solve
-+ =2.
(i) z+a—b xz+b—c
(ii) 8x+4y—11=0, 5y—06z+8=0, 72—8z—13=0,
4. Simplify
2 .1 + 3z ax
at+z a—x a’-—2® a4z
5. If a=a+b—2, y=b+c—2a, z=c+a—2b, find the value of
' +y*+2° —3xyz.

6. Divide 834 into two parts such that 30 per cent. of the one
exceeds 40 per cent. of the other by G.

1

1. Resolve into factors :
(i) (x+1)(c+3)(z+5)(z+7)+15.
{ii) z*—(a® + 22y 4y,
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2. Simplify
a’ b3 c?
(@=b)la—a  p=—o)b-a) C-ale—5)
3. Find the square root of
(@02 4c?) (e +y* +22) = (bz—cy) 2 — (cx — az)? — {ay — bx) 2.

4. If (L—b+b—c+c—a=1’ and a-+0b+ ¢ is not equal to zero, prove

c a b
a b ¢
5. Solve
. , X x 1,92 4 3 2 3
A SO S iiy =+-=10, =+=-=18, =+==16.
(i) a:—1+.1'+2 2. (i1) z y Y 2 z+.L

6. A man bought some eggs at the rate of 2 for 1 anna and half the
number at the rate of 3 for 1 anna. He sold them at the rate of 5 for
2 annas and lost 4 annas. XMow many eggs did he buy ?

J

1. Find the square root of (:z:+§'_)2 —4(:c-—1é).

2. Find the H.C.F. of #*—82243zx—1, 2° —z?—x+1 and
et =234+ 22 —1.

3. Solve
(i) (z—alz—b)=(x—c){z—d).
(ii) ax+dy+c¢=0, a’z+d'y+c =0.

4. Simplify
_1_ _ 1
(i) a—b a—c
T 1
(a—0)* (a—c)*
@ 1 T
—r—— —_——tr——
(i1) j 1 s 1
Ll el 1—a J 1+4= 142
i T
5 It g=%=;-, prove that each ratio is equal to
0
o ka+lctne . (a_c_g)-}
O asmy W )™
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6. A man walks the distance between P and @ in a certain time.
If he had walked 1 mile an hour faster, he would have reached @ 30
minutes earlier. and if he had walked 1 mile an hour slower. he would-
have reached ¢ 45 minutes late. I'ind his speed and thes distance
between P and Q.

K
1N\2 1
1. If (a+5) =5, shew that a®+-,=2./5.
a

2. Simplify

be(x—a) ca(z—2>) ab(z —c)
(a-b)la—c) (b—a){b-¢c) (c—a)(c—b)
3. Solve

(i) a+y+z=0,
bex+cay+abz=0,
ax+by+cz+{b—c)(c—a)(a—b)=0.
(ii) 16((1—:1:) ! _a+tzx

atzc

a—a
x Y 2
. = _ "
o (b—c)(b+c-2a) (c—alc+a—2b) (a—0)(a+b—2c) nd the
value of z+¥y+=2.
5. Draw the graphs of z?+44*>=25 and 3z +4y=25, and shew that
the second is a tangent to the first. Find the co-ordinates of the

point of contact.

6. In a quarter-mile race, 4 gives B a start of 22 yards and beats
him by 2 seconds ; and in a 300 yards race, he gives him a start of
9 seconds, and beats him by 10} yards. Find the rate of each.

L

1. Simplify
(\/:s-i—a_}/:v—a}x N
|Jz—a Aztal @+a)?—az
2. Solve
be(nx—1) , calbz—1) , ablcz—1) _ .
W e cra T agp otbte
(|1) l_)-i—a_—t‘.::nz.' a'_._c-|-.é=n.
X ] & Yy
3. Shew that
(L—b_l_b—c c—a _ (a=0)(b—clc—a)
T+ab 1+be 1+ca (L+ab)(1+be)(l+ca)
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4. If z=b+c—a, y=c+a—-b and z=a+b—c, find the value of
z°+y%+2° —3ayz
a’®+b*+c¢®—38abe’

5. Find the square root of

4 4 I 3 2 2z
(Z+1 _2(£+?f_,)+a(£+?f_ _4(=E+-1f)+5.
¥ y' ozl y* w? y @

6. A number consists of three digits. The middle digit is equal to
the sum of the other two digits ; the square of the middle digit is less
t_hEm five times the product of the other two digits by 1; and five
times the digit in the hundreds place is equal to twice the digit in the
units place. Find the number.

M

1. Find the H.C.F. and the L.C.M. of 2?4 (Gp—10g)z—30pg
and 3xz* —3(3p +5¢)x +45pq.
2. Solve
(i) 1 _ 1 1 1
(a=b)(x—a) (c—d)(z—c) (a—b){z—=b) (c—d)(x—d)
(ii) x+y+z=a+d+e,

T4V 2=3,
a b ¢

ar+by+cz=a?4b* 2.

3. Simplify

z* —a? 4 r? ~b* + x?—c?
+(d—a)x—da = 2*+(d-blx—db a*+(d—c)x—dc’

4. If a+b+c=s, prove that
(as+be){bs+ca)(es+ad)=(a+b)*(b+¢c)*(c+a)s.

5. Simplify
D n N _:UQ-II.
14— | —— = _—_
(:C i ) uty V(;L_—l)—u'

6. Two vessels contain mixtures of wine and water ; in one there
is twice as much wine as water, and in the other three times as much
water as wine. Find how much must be drawn off from each to fill
a third vessel which holds 15 gallons, in ovder that its contents may
be lialf wine and half water.
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N
1. Resolve into factors :
(i) (a+b)*+(at+c)*—(b+d)* —(c+d)2.
(ii) (a+b—3c)>~-a—b+3c.

2. Simplify (z— )(q_c)_‘.( Mx—a), (»—a)(xz—b)

{a=0b)a—c) (b—rc)b—a) (b;fb)((—b)

3. Solve
(i) c(b+a)—ac=d(b+2)—ad.

(ii) az+dy=1=bxr— ?—l—ay —(
a b

4. If .1"=a(b—- ¢), y=0b(c—a) and z=c(a —b), prove that
w2 _Bxyz _ .
b ' abe
5. Shew tha.t (/—7) +(x—1)*+3(z—7)(y—2)z—2)=(x—2)°.

6. The denominator of a fraction excceds the numerator by 4, a:nd
if 5 be taken from each, the sum of the reciprocal of the new fraction
and four times the original fraction is 5. Find the original fraction.

O

=0.

1. Resolve into factors :

(i) a®-0*-ala®-0%)+0la—0b)>.

(ii) 2°+(p—q~r)z2+(gr—pg—pr)z+pgr.
2. Simplify

(2z-3y)* —2* 422 —(8y—2)*, 9y’ —z®
42° - (By+a)? O(z?—y?)  (2x+3y)*—a®
3. Solve
(i) a—m’_b—:r___c—:c_b—-a:’
bx ¢ ] ex
(i1) 2*+y*=a?, xy=02.
I ¥ =¥

z
: S f d tl lue of (b—c)z+ (c—a)y
b o= stach ati—c [ndtheva ue of (b—cjz+( )y

+(a—0)z.

5. A man first gets = of Rs. 100 and thenJ of Rs. 100. If he
Y

spends Rs. 200, how much has he spent from 1115 poc]\eb ?

6. Two men A and B arc employved on a piece of work which has
to be finished in 14 days. In 3 days they do } of the work, and then
A’'s place is taken by €. B and C work for one day and do %5 of the
whole work, and then B's place is taken by 4. 4 and C finish the
work a day before the appointed time. Find the time in which the

work could have been done (i) by cach working separately ; and (ii) by
all working together.
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5. (a) Find the L.C.NM. of 42 +1622—8x—45 and 1023 +63z2*+
119z + 60.

(b) Find the H.C.F. of 27a* —d45a*—16 and 18a’ —45a% —5a
- 14,

6. (a) Solve the equabion
2-3'5_3r-15
2x+5 2x—1
(b) Simplify
(a+8)2—ab  (b+c)®— (c+a)*—ca
(b-c)c—a}) (c—a)la— b) (@=b)(b—c)
7. (a) ‘What number must be added to
xt44z* +102* 4122+ 3
to make it a perfect squave ?

() 4 says to B, 'T am twice as old as you were when I was as
old as you are."”” The sum of their present ages is 63. Find their ages.

8. 0° Centigrade =32° Fahrenheit. 100°C.=212°F. Draw a graph,
showing the relation between the Centigrade and Fahrenheit scales,
and find the Centigrade reading corresponding to 73° F.

Or,
Coustruct the graphs of the equations
(i) 4z+06y=24 and (ii) 22+ 3y=0.
Find graphically the co-ordinates of the points of intersection of
4z — 3y =0 with (i) and (i1).

1932

(b) Simplify

(a:-{- a—m)xg;fl a(a — 'r}[

l+az/ a L 14ax |
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5. Resolve into factors ;
(i) x°—0648°. (ii) 22 —-1—2a—a2. (iii) (a+2b)a®—(b—2a)b’.

6. (a) A man distributed Rs. 100 equally among his friends ; if
there had been five more friends each would have received one rupee
less. How many friends had he ?

(b} If :c+1=5, find the value of :r3+la.
x - @

7. Using the same axes and unit, draw the graphs of (i) y+x=0,
(ii) 5y=3z, (iii) y=3x+12. Find the co-ordinates of the vertices of the
triangle formed by the straight lines (i), (ii) and (iii).

1933
5. Resolve into factors :

(i) z*+3x—y®—3y. (ii) z*(y—2)+y°(z—z)+2(x—y)-
(1) 125z%42—27x2y".

6. (a) Simplify

a b ¢
(@-t)a—0) B-a-a) le—a)e=b)
(b) Solve 3 + 4 7

Z+8 6 z+11
7. (a) Solve azx+by+c=0, 4x+By+ C=0.
(b) Divide the number 77 into three parts such that the sum

of the first and second multiplied by 3, the sumn of the second and third

diminished by 8, and the sum of the first and third increased by 3 may
be all equal.

8. Plot the points (4, —3) and (0, 3) and write down the equation
of the straight line joining them. Draw the graphs of the equations
20—-3y=12 and z=1. Find the co-ordinates of the vertices of the
triangle formed by these two lines and the axis of z.

1934
5. Factorise

(i) a*(db+c)+d(c+a)+e?(a+d)+2abe. (ii) 3022 +97xy—28y2.
(i) (bx+ay)?+ (ax - by)2.
6. (a) Simplify

a®—be b* -ca c? —uab
+ + .
(a—b)(a—c) (b—c)b—a) (c—a)(c—D)
(b) Solve
: 9,8
3y+4r=3xy, -+-=T.
x Y

7. At an election there were two candidates 4 and B. £ of the
electors voted for .4 who was elected by a majority of 200 over 13, while

7 of the electors did not vote at all. How many electors were there
altogether ?
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8. A walks at the rate of 4 miles an hour and rests for 18 minutes
at the end of every hour. Two hours later B runs at the rate of 6 miles
an hour. Find graphically when and where they will mect. Find the
equation of the inclined portion of the graph betwecen the first and
second haltage. o

r,

Draw the graphs of the following straight lines :
(i) 4z —y=10, (ii) 2z—y=4. (iii) 2=3. (iv) y=2.
Solve graphically the first two simultaneous equations.

Draw a straight line which cuts off intercepts of 3 and 4 on the axes
of & and ¥ vespectively and find its equation. (The same units are
taken in all cases.)

1935
5. Factorise

(i) (2z—38y)°*+(By—2)"+(z— 2x)3.
(ii) az(b—c)+b2(c-a)+c?{a—b).

(iii) m’—(a+i)w+1

6. Solve
9r—T7 9x—15 18-27 3zx—5
Gi) *+T7=99, 34111,
T ¥ ¥ o

7. Tin appears to lose one-seventh of its weight when weighed in
water. Lead appears to lose one-twelfth of its weight under the same
conditions. An alloy of tin and lead, which weighs 270 lbs. in air,
appears to weigh only 240 1bs. when weighed in water. How much of
each metal does it contain ?

8. Explain clearly what you understand by the graph of an
equation.

Draw the graph of the equation L§+g=1, and measure its intercept

between the two axes.

1936
5. Factorize '
(i) x'+4, (11} ax*+(a*+1)z+a.
(iii) a®(b—e)+b3(c—a)+c*(a—10).
6. Solve
. B 9 _ 7
O ot ar

(ii) x+Gy=>5z,
T +z=0y,
S5t +06y - 4:=24.
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7. A certain number between 10 and 100 is eight times the sum of
its digits and if 45 be subtracted from it, the digits will be reversed.
Find the number.

8. A can do a piece of work in 6 hours and /3 in 8 hours. Find
by means of a graph the time they would take in finishing it working
together.

Board of High School Education, Central Provinces.

High School Certificate Fxamination

1931

5. Find the factors of
() a*(b—c)+b*c—a)+c2(r—0). (i) x*—ay—2+z+y.
(iii) «®—Tx—0C.

6. A4 walks a distance of 24 miles at the rate of 4 miles per hour,
and 3, starting one lLour later, walks the distance in 4 hours. Draw
graphs of their motions and from the diagram determine when and
where B will overtake 4.

7. Solve the following equations :

4 9 2 . 2r ,89z—1_5rx—11

1] —~—==5, 4x+54y="23x7. ii + = .

@) Ty 4 i (i) r—1 x+42 T—32
8. FEither,

(@) If (z+y+2) (]Z+]—‘+l) =1, prove that
r oy z
(e +y)(y+2)(z+2)=0.
Or,

(b} In a mile race between a bicycle and a tricvele, the rates of
which are as 5: 4. the tricycle bad a minute’s start but was heaten by
176 vards. Find the rates of each in yards per minute.

1932

5. Simplifx
. a ) a? 2
(i) 1+5 at+d ab—b* «®-0%

.. Qay L et =g )
1-— - - L o—3xy ).
(i) ( w’+y’) ( x— y

6. Tind the factors of z*+4+4 ; and apply the Remainder Theorem
to show that

2t —4rd 422 4o +0
is exactly divisible by ? —5z2+6. TFind the quoticnt.
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7. Solve the equations :

() e+y=3, 2+i=2. (1) attay=28, ay+y?=2L
z Y
8 Tia:b::c:d, show that
4{a+b){c+d)=bd (‘%%C;‘Z‘)z.

9. Solve either (a) or (b).

(a) 4 and B compared their incomes and found thiat 4’s income was
tc_: that of B's as 5 : 7, and that one-half of A’s income exceeded the
difference of their incomes by Rs. 85. Find the income of cach.

(b) The cost of printing the first 100 copies of a book is Rs. 25,
and for each additional 100 copies the cost is Rs. 5. Draw a graph to
show the cost of printing any number of copies up to 500 ; and find
from the graph the cost of printing 363 copies and the number of copies
printed for Rs. 81.

1933
5. Resolve into simple factors :
(i) (z*+5z2)z2+5x—2)—24, (i) 22*—52"+6a*—5r+2.
(i) (-9 +(p—2)"+(z—=)°.

6. Solve any two of the following equations :

. 9 3 _ 5
® m+4+m+16_x+8'
(i) =7
a+.J2—-a r—./2—x° =«
2 3 3 10
111 =2, =4
() m+1+y+‘2 '9.'+1+’.’_!+2

7. The salary of a person is increased each yvear by a fixed amount.
After 5 years of service his salary is raised to Rs. 125 and after 15 years
to Rs. 165. Draw a graph from which his salary may be read off for
any vear and determine (a) his initial salary, and (b) his salary at the
end of 20 years.

8. FEither,

If 9:—1='n-. prove that
T
a:3+a:z—:z:+1+-l_—lﬂ=(n+1){n”+2).
T at
or,

Ifa:b::c¢:d, prove that
(+1)- (b41)—la=Dla=0)
a d b ¢

abe
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9. Two bags 4 and B contain together 100 balls ; half the balls in
4 are transferred to B and then half the balls that B now contains are
transferred to 4 which has now the same number of balls that B had
at first. Find the number of balls in .1 and B at first.

1934

5. [Either, (a) Apply the Remainder Theorem to find the remainder
when 4z*—122*+25x?+ 132 — 106 is divided by =+ 3.

Factorise 2v* —11x? +20x2 - 17z +6.

Or,
(b) Factorise

(i) a®+b"+c* —38abc. (ii) b2(a+c)—c?(a+b).
6. Either, (a) Simplify

4 -
2+ =
l-z
What will be the value of « if the above expression is equal to 2 ?
Or,
dab
b) If x=—"2 f alue
(b) x > nd the valus of
T+2a £ +2b
r—2 x—2b

7. Solve the following equations :
() 82+40, dr—2i_ 30432
3z+1  2z4+1 z+2

oy 2
n) -—-=1, =4-=3,
) 3y 4y
8. A sum of money has been distributed among 4, B and C, such
that 4 gets half of the whole amount, .4 and B together get Rs. 76, and
‘4 and C get Rs. 62. What does each get ?

9. Rither, (a) If =S =fq, prove that
¢

a+d_c+d

_ 2a*+c* _2c*te?
a-b c—d

9 +d? 2d4% +f*

Or,

(b) A square room is carpeted with a square carpet, leaving a
bLorder all round, two feet wide uncarpeted. If 'z’ feet is the length of
the side of the room. and ‘%’ square fecet the area of the uncarpeted

border, draw a graph showing the relation between ‘y’ and ‘z’. Write
down the value of ‘2" when y=120.

nd
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4. Simplify
1,1 z+1 _Zx*-+z+12
r—3 z+3 =2*—3z+9 x?+27
5. Solve the following equations :
. 1 1 1 1
(i) m+a+m+b_m+a-{Tb+5'
4(1!—1):3(;:;—_3_)
4r-5 3y—8°
8. A train left 4 for B, and at the same time another train left B
for 4. The trains crossed each other after four hours. If the train
coming from B to A travelled 16 miles per bour faster than the first,

and the distance between 4 and B is 216 miles, find out the speed of
the trains,

Show the motions of the trains on a graph, and find, from your
graph, their distances from 4 five hours after the start.

(ii) x+20=4y-10,

9. TFactorise
(i) a*(b+c)+b2(c+a)+e?{a+0)+2abe.
(1) azlz+1)(z+2)(z+3)+1.
10. (i) Ifa+4b: bte:: ¢+d: d+a, prove that
either a=c,
or a+b+ci+d=0.
(i) If 2+-=3, find the value of z? +-L.
z ) x®
11. If Cis the H.C.F. of two expressions 4 and B, prove that C is

also the H.C.F. of A+ B and 4 — B.

Find the H.C.F. of %2*—T2?+8x*—-102+3 and 3Sz*—10x%+48x?
—Tx 44,

1936
1. (a) Factorise
(@?+2a)? —(a® +2a)—06.
(b) Simplify
1 1, % _ 4z
a—-z atzr a*—z* at-—zt
2. Bolve the equations :
(a) r+l xz+2_z+4 z+5
z+2 =z+3 z+5 a+6
2 3 3 3 10
®) FityeT e Ty o
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4. A man leaves a town 4 at 9 a.m. and walks at 4 miles an hour
towards town B which is 20 miles from .{. At 10 a.m. his friend leaves
B on a bicyele and comes to meet him, cycling at 8 miles an hour.
At 10-30 a.m. the walker rests for 15 minutes and then proceeds to walk
as before. Draw a graph to show when and where they meet, and
verify your result by calculation.

Board of High School and Intermediate Education,
Rajputana, Central India and Gwalior, Ajmer.

High School Examination

1934

6. (a) Factorize any two of the following :
(i} x°4+27. (ii) (x—y)?—(1—2zy)>.
(iii) 15(z? —1) —72x.
(b) TProve that
(e—0)+(b—c)*+(c—a)*=3{a—b){b—c)(c—a).
7. (a) Find the continued product of
a+b+e, btec—a, c+a—band a+d—ec.

(b) If x+5y exactly divides z*+3z*y+5my®, find the value
of ni.

8. Solve any two of the following equations :
(i) yla+T7)=a(y+1), 1-2y=20-3r.
s 7 4 _1 3 5 _ 8
S v s R W) gt i s

9. A man walks a certain distance at a certain rate. Had he
walked 3 mile an hour faster, he would have taken 1 hour less time ;
but if he had gone 1 mile an hour slower, he would have taken 3 hours
longer. Find the distance.

10. Eitier,

(a) Exhibit graphically the following data showing the scale of
charges ns quoted by the Manager of a hotel :

No. of . )

guests 150 200 250 300 | 350 | 400

.h I —
p(;r hea || Rs. G. |Rs. 4. 14a.{ Rs. 4. 2a. |Rs. 3. 10a.|Rs. 3.4a.| Rs. 3.

and estimate the charge per head for 175, 225 and 375 guests.
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Or,
(b) Using the same unit for both the axes, draw the graph of the
 line 4z+y=0, and plot the points (3,—4) and (-2, 6). Find the
co-ordinates of the points in which the line joining these points meets

(i) the above line, and (ii) the axes of co-ordinates.

1935
6. (a) Factorize (i) 4a2b* —(a®+0>—c?)2. (i) a®—22y—zy> —2y°.
. . a? b? c*
(b) Simplify (a—b}(a—c)+(b—c)(b—a-}+(c—a)(c—b}'
7. (a) 1lfa:x2=b:y, prove that
(2% +y2)Na®+ %) =(ax+dy)?.

{b) What number must be subtracted from each of the numbers
9, 5, 18 and 8, so that the remainders may be in proportion ?

8. Bolve any ftwo of the following equations, and verify your
results :

122417, 1527
0 Sers Toa—2
(ii) (:c—G](y+4)=.1:y—a:—1}

yd-—a)=2—ay-2y }°

=T.

(i) - 4EFHl_ol

z+1 T 6

9. A man travels a certain distance, and finds that if he had gone
one more mile per hour he would have saved an hour and a half ; but
that, if he had gone slower than he did by half a mile an hour he would
have taken one hour longer. Find the distance and his rate.

10. (a) A boy was measured on his 12th, 14th, 16th, 18th, 20th,
22nd and 24th birthdays, when his height was found to be 43ft., 4ft.
10% in., 51ft., 5ft. G} in., 5ft. 8% in., 5ft. 10} in. and 5ft. 11§ 1in.
respectively. Exhibit his growth graphically, and estimate his height
at 134 years of age. At what age was he just 5 feet high ?

Or,

(b) Find graphically the co-ordinates of the vertices of the triangle
formed by the straight lines

{i) 2y+xz+8=0, (i1} z=0, (iii) 8y=3{x+1).

1936
6. (a) Factorise any two of the following :
(i) a®~b2+4+8bc—106c>. (i) (a®+2a)*>—(a®+2a)—2.

(iii) 2°—8y"+272z°+18xy=.
(b) If2s=a+b+c, shew that
alb —c)(s—a)* -|_-b(c—a.)(s —0)* +ela—Db)(s—c)2=0.
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7. {a) Solve
x+a x—b_2a+d)

r—a x+b x

Or,
%+1—0=2 and % g=1—9
T Y x v 20

(b) State the relations between the roots and the coefficients
of the general quadratic equation.
Find the values of  which satisfy the equation
2(8z—1)_ 5x _

tr—3 x+2
8. (a) Simplify
1

1
r+a 2 —l-l-:r:—‘-g,/a:2 -1
(b) Find the square root of

( ‘ ) (l )-
xr 1

{ (am)m_'%} =1,

(b) A man bought oranges.at 4a. a dozen. He found 50
of them spoiled, and selling the remainder at 9 for 4a. made a profit of
Rs. 6. 4a. How many oranges did he buy ?

10. The average weight in pounds of a boy and of a girl at various
ages In vears atre shown in the following table :

Age 6 8 10 12 14 16

Boy's weight | 425 | 525 | 64 | 75 | 87 | 110

Girl's weight 41 50 60 73 | 92'5 | 108

Exhibit this graphically on the same diagram. Find the average
weights of a boy ‘and of a girl at the age of 9. Also find how old they
are when their weights ave the same.

Or,
Draw the triangle whose sides are represented by the equations

3e+y=13, 3y—x=Y and x+T7y=11; find the co-ordinates of their
vertlces.
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34,
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41.
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56.
59.
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35.
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ANSWERS

PART I

EXAMPLES I. -

aXb. 2. aXy. 3.

z+y+z. 6. abe. 7.

9-7=2. 10. 8z—2x=z. 11.

a+b=z+y. 13. 10-6=8-4. 14

Yes. 16. Yes. 17.

10a+b. 35. 10z+y. 36.
100a+10b+c. 39.

(i) 3, (i1) 1, (iit) 100, (iv) 3. 42.
(i) 6, (ii) 1, (iii) 20, (iv) 3. 46.
1760a yd., 5280a ft., 63360« in.
10y dm., 100y cm., 1000y mm.
9z sq. fb., 1296 sq. in. 50.

4y miles. 53. ay miles. 54.
9;'&. 57. a+b+c; 17.

a—b; 35. 60. x+y+z+w; 22,

EXAMPLES II.
Ta+12z, 24. 3a+T7b.
7a+10b+Bc. 27. Txy+9u=.
ety 30. a+bd+ec.
x+y. 33. z+y+ez.
10z, 36. 4x.

192412z 4. 39. 240z+12y+=.
A—1

Page 4

5Xa. 4. 1=b.
8+7=15. 8. a+ta=2a.
10+8=13+5.
z—y=a—>b.

No. 18. Yes.

10+ ; 10x+y.

100z+10y+x ; 100z4+10y+-=.
(i) 8, (ii) a, (iii) abe, (iv) 10p.

G0z min.

, 3600x sce.

12 miles. 51. 3a miles.

z
Rs. .
6

Page 8

25,
28.
31.
34.
37.
40.

55. 1bsq. yd.

58. z-y; 15.

4a+9b+12¢.-
12ab+15bc+ 18¢a.
ab+be+ca.
z+y+5.

2052.

3x+y+3.
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13.
17.
20.
23.
26.

‘29,
32.
35.
38.
41.
44,

3a+3b.
Ta+11b.
3x+8y+13z.
10a+1Gb.
l4a+24b-+33c¢.
714171 4 20n.
a+b+te.

3xy+ 3yz+ 3z,
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EXAMPLES 1II. Page 11

2. 3z+8y. 3. 4x+7.

5. 6xz+6y. 6. 3z-+4y+5z.

8. Tab+Tzy. 9. 6a-+90c.
11. Ga+6b+6e. 12. 9d+15f+14.
14. 923a+24b+31c. 15. Ga+90+8c.
17. 2a+2b+42c. 18. 2ab+2bc+2ca.
20. 2a-+42b+42c. 21. 2lab+25¢.

23. 11pg+15qr+19rp.

12¢+4b+9¢+8. 25. 6+11z+3y+11zy.

a+2b.

3b.

sx+ iy,
Ba+3b+ec.
ab+be.
2mn+np.
a+b+ec.
ab+ be+ 3ca.

18. 2.
x—y+z. 6.
—z+5y. 10.
Q. 14.

2b.
—2n—m—).
2z —32y+2z.
Tb~G6ec—ax—2,
23,
xr+2y—3z.
10.

EXAMPLES V. Page 14

2. 3a. 3. a+d

5. 2. 6. 0.

8. jx+iy. 9. z+y+-=.
11. a+3d+35ec. 12, Jz+iy+ 2z
14. zy+Tyz+ 5ez. 15. 3ab+c+6.
17. c+2d+3. 18. 2z44y.

20. 4. 21. 2l4-m.
23. Iy+i= 24. Bay+izz.

EXAMPLES VII. Page 31

7. 3. 8. 4. a+y-—z.
20. 7. a-b—c+d. B. 3z+y.
41— 8. 11. —2m+2. 12. —a-—0b.
—3a+2b. 15. —-3x+2y. 16. 2a.

18. 2ab+2bc+ 2ca. 19. 0.

21. —0Gc—d. 22. —9%2a—b.
24. 4x+Ty—2z. 25. —z+10y+3-=.
27. m—n—11p. 28. 18,

30. a+b+c—d. 31. at+b—c+d.
33. 0. 34. z—yt+z—a.
36. 8+3x—12y—3y-. 37. o.

39. b5a. 40. 2l—4dm+4n.

42. 432, 43.
45. r+y—z—u+w.

16.
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ba —bec+ bd — be — Uf. 47. 2a. 48. y~—9z.
4a—120+24c—24d —32. 50. 8m+4Bn+48p+Bg—324.
. 52. bx+z. 53. S5m+mn.
a—bt+c—d+e—f. 55. —4a+6b. 56. 2m.

—a. 58. 0.

EXAMPLES VIIl. Page 32

7, —5, 11, —15, 15. 2. 7, —192, 16, — 26, 30.
-6, 3, —4, 14, —11. 5. —6,9, —7,18, —25.
EXAMPLES IX. Page 34

20a. 2. 3lex. 3. -—-15a. 4.

— 25m.
—10a. 6. = 7. —uxy. 8. —9ab.
3. 10. 2a. 11. 2a. 12. Gmu+5.
-1 14. 8xz-8y-—T7z. 15. GCa. 16. 2a.
8x. 18. —3ab. 19. 1Gmn. 20. adb.
r+1. 22. 7b. 23. —4zy+8ab. 24. -—10zy.
iwx. 26. iz, 27. 2z. 28. 5a.
2. 30. 5a+920. 31. 2a+d. 32. 5a-—2b.
a+3b. 34. a—b. 35. a+b. 36. 5a—0b.
z+ 5y. 38. 11z—16. 39. 9-—4ax. 40. x+y.
S5a—b. 42. —-3jz+ty. 43. Z2ax. 44. 0.
20, 46. ba. 47. —4azx—Ga. 48. Ga+0d.
s5z+y.  50. 9. 51. 5a+T7b. 52. —2m—10n.
a+b+c. 54. 9a-3b—0c. 55. 4a+0Gb+2c.
Te+5y. 57. 9a+3b—5e. 58. 2. 59. 4¢~2r.
—dz+2y+16z. 61l. 4l—m. 62. =3c+0Ge. 63. 0.
13az+Gby—10cz. 65. pg+qr+rp. 66. Ga+2e.
Ga+ 90 = 10c¢. 68. —lz+y+iz 69. fa+ib—ie.
Gab — be. 71. —3ab. 72. 3a-—320+8c—d.
2z +2y—Cz+4w. 74 da—0-be—5. 75, 4dx+2y.
jie—\hy—z+4.

EXAMPLES X. Page 37

. 2. a—30. 3. 3a-b. 4. 2b.
- 2. 6. 10c+13d. 7. ‘a—-b43c. 8. 4l-9m+tin,

—-p+Tg+3r. 10. Q2x+2y+2-. 11. 4da-+4b—c.
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19.
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10.

19.
21.
23.
25.

—Ba—4ec. 13.
2a—2b—3c¢. 16.
2be+2da. 19.
—4a—11b+10c. 22.
a+3b+4c. 25.
3x—3=. 28.
3b—2e¢. 31.

Qy—z ; first class, 14
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2z —2z.
Ga—+4b—Ge.
a—06b+1%c.

6a —15b.

- 9r+11ly—2z.
—15d+e.
—5a—b+ec.

14.
17.
20.
23.
26.
29.
32.

a+c.

—2xy—2:zr.

— 10z +y—9=.
—8a—Gb+1lc.

a+ b+ 4e.
3x—3y—38z.
r+2y— 8z ; 36 ; 12.

second class, G7 ; third class, 193.
z—0Oy+06z ; 240, 220, 320.

EXAMPLES XI1. Page 38
14, 2. 15. 3. -1 4. 97. 5. -30. 6. 2.
10. 8. -—17. 9. 5L 10. 2. 11. 8. 12. 16.
-390.14. 2¢. 15. -3 16. 192. 17. 41. 18. -—-1.
—GS. 20. 5.

EXAMPLES XIIl. Page 46
@'s. 17. —a's. 18. —1+4=2®* 19. a*btct.
—zllytez?, 21, 24. 22. abe. 23. —=z°.
— s, 25, =xte. 26. a'. 27. -8a°.
—x3y®. 29. a?b?c?z’. 30. PPw’n®. 31. —12a%bct.
zryz?. 33. -z, 34. a'dc:. 35. abicaiy’se,
PmAntvp®.

EXAMPLES XI1V. Page 46
()1, —1,4,8,4, —4, -8, 4, —8. (ii) 0,5, 6, —3, -8, 7, —15.
0,1, —11,5, =3, —1. 3. 49,25,51,26. 4. -—24,0, 146, 18.
32, 132, 16, 1286. 6. -5,19, 35, 97.
4, 8, —216, 1, 1216, —4. 9. 6,2, 0,0,12, 20, 30
16, 9, 1, 1, 36, 64. 11. —12, 3, 54, 9, 66, 159.
1, 1,1, 9, —5,121, —119.

EXAMPLES XV. Page 48

mzyzz+$y232 +alyz?.

20.

—10a?b?*c+15ab2ec? ~20a2bc?, 22.

atbetab’c+abe®.
Qa4 —0x? 4+06x* 4+ 2.

24,
26.

—a*b?*ctabc? —abe2.
x°+ 2z y+xy2.
—3x+4+6x249x? — 3z,

_3m7 +6wa

—Ox®.
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12.
15.
18.
21.
24.
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28.
31.
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10.
13.
16.
19.
22.
25.
27.
29.
31.
33.
35.
37.
40.
42.

FANSWEERS

Qltmn+2hmin4-2lmnt, 28.

— roalbic+Rabiec+ Zab?c®.

‘r

302¢y%z4+06x 'y 2zt —d4xy* 2°.

- lO}_;“(lr“:r"‘t +12p2g®1® —Hrprg?yC.

EXAMPLES XVI1. Page 50
27a*425¢. 2. 1la®-—5b°, 3. 0. 4. 16a—13a2.
2z +12z°. 6. 12¢*+4+15zx+18. 7. Ga*+3a+8.
«® —a. 9. =z24-9p2. 10. 2z2. 11. 2a%-202.
4a* +Ta~6. 13. —3a®-8a*+8a-7. 14. 42*4-5x*~5x—3.
1142¢2 —2x4. 16. 2a2+4Ta—2. 17. 5x*—3.
3x2+9. 19. a*—2ab—4b? 20. —a’+tab-02,
—3ab—0b2. 22. 4a®—0a*+8a—10.23. Ga®—2a—25.
a’—=3a*+5a+4. 25. —-Tr*+9zx*—-11z>+13z—06.
— 32 +9x¥y— Oy —Ty . 27. 227 +%x*y+3xy°.
x. 29. 3a®. 30. 12xy.
0. 32, 22y —2uay?. 33. x*—y2.
3 -y, 35. 2z*4=x. 36. =z
3 —3a*. 38. (0z?—3x—37. 39. 2zT—2y* —2:2%.
—1+a+ta®

EXAMPLES XVII. Page 55
2 +3u+9. 2. x2*—52+40. 3. z*—x—0G.
z?+2—0. 5. 2*411z+24. 6. x>—xz—42.
x* +da+3, 8. a*+11z+30. 9. -1
1—dx—21x°. 11, =z*-9. 12, 49—=*.
T+ 2z + 2. 14. @*+5ax+06a’. 15. =z* —4y°.
22 — By 2. 17. a®* —ab—0Gb*. 18. —20a*+49ab-02.
6r? —x - 12. 20. 16z*-25. 21. prfat—g*.
c?a® =42, 23. a*-0". 24. pr+prie*-12g°.

at—a’bt —ab+ 0. 26.
abx? +br—ax—1. 28.
¥ Fatatra’ ta®. 30.
ab—b*+2bc—ac—c*. 32.
tot —8x? -5z —1. 34.
L0+ 2784+ 27. 36.
— ¢ —de*d —bHed? —2l”. 38.
a'—0Ca’+1la*—-Gae+1. 41.
Tt =y =22 Ay 43.

ey +ay—py—1.
pr4+pig—3p*r—3gr.

2 —axla—za*ta®.

w® —3x* 432 —1.

xz*+a’.

2z® —11a®* 4 5a+25.

' —y®. 39. a*—=b*4+4b—4.
a’>+b*+¢? +2ab-+2be+2ca.
4z? —y* +Gyz—9z*%.
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EXAMPLES XVIIl. Page 57
Rs. 80z. 2. Rs. ba. 3. Rs. 10z. 4. Rs. Ty.
22:% miles. 6. Rs. ay. 7. x® annas. 8. Rs. 5z,
Rs. z°. 10. Rs. 6z 11. Rs. (5x+4y).
50x 4 GOy. 13. Rs.(x?+y*+2?). 14. Rs. l4z.
2x! annas. 16. 923z? miles. 17. 2° sq. ft.
(@® —b2) sq. ft. 19. Rs. a{3z+y).

EXAMPLES XIX. Page 60
5. 35. 2ab. 36. a. 37. §z. 38. 1.
xy’. 40. -} 41. . 42, -—14. 43. 4j.
V3. 45, -1 46. 1.%. 47. —13. 48. 10}.
—1. 50. &. 51. —43. 52. 357%.

EXAMPLES XX. Page 62
1-5a*43a*. 16. -2 3+1—0a®. 17. —a—b-abd.
1-2zy+3z*y*. 19. —Umn*+lmn—m. 20. xzyz—yz—z.
—a&—T—azx. 22. —1-5ab+3b. 23. —zxy*+2*yr472%y.
—Tg*rt—5p3gt+2ptrs. 25. 1ixz+1L.
s+ 8. 27. —3la413i 28. jxz—-25.
—fa+ . 30. dz2-—3iz+:z. 31, —3z*+iz-3.
25T — s 33. —z+6%y 34. lxz-i%. 35. —§x+4

EXAMPLES XXI. Page 66
x4+ 2. 2. r+38. 3 z—4 4, x-1.
x—=". 6. 3z+2. 7. 2z-—1. 8. dx+1.
5+ 3. 10. 3z+4y. 11. 3z+5a. 12. 1+43z.
5—3a. 14. 5+=. 15. 22-2z+43. 16. z*-—4.
2z 41. 18. 3-4a+az. 19. 4 -z%. 20. 2*4+6x—3.
x®+11v—13. 22, Tx*+4z+S. 23. T2?+06zx+1.
Oz +Gxy+4y°. 25. 9-2z%. 26. 4a*—4ab4-02.
a*+2ab+b2. 28. z-2xy+yr. 29, Ta®—axy-9yc.
a* —a+1. 31. z*4=xz+1. 32. px+42.
ax+e. 34. 9xz+be. 35. 9k*+49L+5.
40? —12ab+ 9502, 37. a+bd+e. 38. a+b—c.
zi+x+1. 40, a'*'—a*+1. 41. zx+1, rem. 2x+7.



42.
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53.
56.
59.

13.

17.
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x—>5. 43. 4a-5. 44, z+3y.

3z — 2y. 46. a*+a'*+a*+a’ta+l.

3k —2. 48. 3p—4.

a®*+3a+2, rem. 2a+1. 50. m*+m+1.
z*+5x—3, rem. 4z +5. 52. 4ot -2yt -yt
272 +92* +3x+1. 54. a®+z’y*+yt. 55. 5a+2e*—4a+3.
z* + 14z, 57. 3+43x+a?. 58. 5x—4a.
3a?—4a+5. 60. z2-—3b°.

EXAMPLES XXII. Page 68

z 2. Rs. 20 3 100 4. %
5 v a Y
Rs. . 6. Rs. & 7. Rs. L. 8 Rs V.

x T 40a T
Rs. 1030-”. 10, @, 11. Rs. z*. 12. Rs. 9;;_”
a=b 14. Rs. 27V 15. XY 16. Rs. Trutez
35 z a a

£(x—2). 18. 5z*—1. 19. Rs. (2+y). 20. iz*+z+3.

MISCELLANEOUS EXAMPLES 1. Page 69

A

z+ytz. 2. 15; p+gq. 3. 9; p—q.

%a, 4a, 4a+5, 4a—5. 5. 0,0,0. 6. (i} 6,0,2,—4.

(ii) 11,5, —1, —7. (iii) 1, 2,5, —§, —1, —1. (iv) G, &, §, G, 13.
B

atbte, atc+d, b+a+te, btcta, ct+a+bd, c+b+a.

Rama goes @ miles west ; Rama owes @ rupees ;

Rama has x rupees. 3. (1) 16; (ii) 8; (iii) 48 ; (iv) 3.
(i) =6 (if) 6; (i) —3; {iv) 4, (v) —%. 5. zty-—-z
a+y; (2a+3y) annas.

C
15. 4. a+b. 5. —(a+d). 6. 4z feet.
D
(i) 5z, (ii) z*; 10,32, 2. 15. 3. a°, 32°.
xr, rxrre 3 T. 5 1. 6. 8.
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E

—». 2. 1. 3 a 4 () :’i;'(ii) 1.

() y+ay. (i) a?y—=z. (i) e+d-c. (iv) x*+2xy-3y°.
b sq. in.

F
(i) —1; (i) 0; (iil) -8. 3. The journey from Allahabad
to Jabbulpore ; the journey from Jabbulpore to Allahabad.
(@ + b +c) inches. 5. (21+420) feet.
(1) 11 ; (ii) 18 ; (iii) 15 ; (iv) 21.
G
a® —ab—20%. 3. (a+b)a—20). 4. At .
30 miles, 90 miles ; ? miles, %1—" miles. 6. 720 ; xy=z.
3 )
H
81,12. 3. (i) 12(x—y). (ii) & (z—y). 4. Go 5 miles west;
go 10 miles cast ; go 10 miles west. 5. (i) 16; (i) 15.
1
(i) Ba+11b+7c, 51. (1) 18a-+22b+20e, 117.
(iii) 1la—d4b-2¢, —3. (iv) 24a+120—19¢, —9.
(i) a+3b+5c, 35. (ii) Ta+b+e, 35.
(iii) —b—2c, —12. (iv) a+11b—8¢, —14.
fa—=b+%%c, 2a+ b4 Ye. 4. 2°42¢ 2 —da*z2®*+at.
T2 42y + 292,
J
26° —2b*+4. 3. 142z—a?+4bx’—a®—22°,
2r* —4z+3. 5. 2a—304+06¢+3ac, 2a—b—3¢+8ac ; 2b—9ec.
m . GOk
T
EXAMPLES XXIII. Page 76
10404. 27. 40401. 28. 11025. 29, 41209,
1002001. 31. 1004004. 32. 1000G0009. 33. 400400100.
10060°09. 35. 92520°04. 36. (40480°09.
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ANSWERS 1X
EXAMPLES XXIV. Page 78
29. 998001. 30. 249001. 31. 99980001,
33. 999G00°04. 34. B809280°16. 35. 9994°'0009.
EXAMPLES XXV. Page 81
27. 396. 28. 20000. 29. 280.
31. 39991. 32. 6391. 33. 120'75.
35. 3°9954.
EXAMPLES XXVIL. Page 87
32, Taty’z. 33. 5ab’. 34. ~—Ta'‘bc.
36. ab?. 37. % 38. 97,
40. 2a®bd. 41. g feet. 42.. Txy yards.
44. 4ry vards.
EXAMPLES XXVIII. Page 88
9. 3. 3. 4. 2, 5. 1. 6. ©.
G. 9. 2, 10. ¢. 11. 18. 12. 3.7
23. 15. 4. 16. 6. 17. 16. 18. G©.
~G. 21. 36. 22. 48. 23. -9, 24. —12.
0. 27. 5. 28. 1. 29. 1. 30. 0.
0. 33. —-5. 34. 10. 35. G.i/45. 36. 3i.
—92. 39. —41. 40. 413. 41. 2. 42. 2.
2.
EXAMPLES XXX. Page 95
10. 3. 4. 4. 1, 5. —G.
—7. 8. 2. 9, 9. 10. 8.
G. 13. S. 14. 28. 15. 18. ,
a. 18. “;”. 19. 1. 20. 91
-1. 23, —3. 24. 5. 25. —3.
5. 8. 921. 29, 7. 30. —5.
31. 33. 1. 34. :f. 35. 31
2:085. 38. -483. 39. -—5. 41. 3.
3. 44. -—13. 45. 5. 46. 1%
o 49. -—g. 50. 48. 51. 5.
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EXAMPLES XXXI. Page 97
—92 2. —%. 3. 12. 4. 12. 5. 11%
8. 7. 2% 8. 32 9. 1. 10. 12.
12. 12. 11 13. 17. 14. 8. 15. -—-1.
5. 17.  %. 18. 31 19. 3. 20. 13.
5. 22. . 23. 11 24. 5. 25. 18.
1. 27. 384. 28. 833% 29. 7. 30. -—9i.
1%. 32. -1} 33. 11. 34, 3%. 35. 41.
10. 37. 1. 38. 7. 39. 1. 40. T7i.
5. 42. 2. 43. 8. 44, —1.5. 45. B.
9. 47. 1. 48. 7. 49, ‘4. 50. 2.
14. 52. 4. 53. 6. 54. 7. 55. 43.

EXAMPLES XXXIII. Page 105

(i) 12,13, 14 ; (i) «, z+1, z+2;
(iv) x—2, x—1, .

(i) 11,12, 13 ; (i) 2—1, z, =+1.
(i) 12, 14, 16 ; (ii) 2x, 2z+2, 2x+4 ; (iii) §, 10, 12;

(iv) 2z —4, 22—2, 2z ; (v) 10, 12, 14 ; (vi) 2z —2, 2z, 2z-+2.
(i} 15, 17, 19 ; (ii) 2x+1, 22+3, 2z+5; (iii) 11, 13, 15;
(iv) 22 —3, 2x—1, 2z+1; (v) 13, 15, 17 :

(vi) 2x—1, 22+1, 22+3; (vii) 2v—5, 2z—8, 2z—1.

2x—5, 2xr—3, 2z—-1, 2r4+1.

(iii) 10, 11, 12 ;

2x —4, 2z -2, 2z, 22+ 9. 7. (i) 32 ; (ii) 10y+« ; (iii) 10z+y.
100+a, 10a+0. 9. 0z, %'z.
100z +10y+x, 100z + 10y + 2. 11. 124x, 421zx. 12. 9.

EXAMPLES XXXIV. Page 106
2 =19. 2. 3z=18. 3. ¥=¢ 4. T=s

3 4

‘§=15. 6. z+5=15. 7. z+a=b. 8. x=10a.
9z -10=8. 10. dr—a=24. 11. %’—ar.b. 12. 3x=2z+0.
'3.1-=§+18. 14. z—5=8. 15. 3z—~4=29z. 16. 4x—2x=06
x—20=u2+0. 18. x= &5 xX500. 19. z=;§sXy.
r= -t X 21. 2r=3(5z—10). 22. 2z=(5z—10)—20.



23.
25,
27.
29.
30.
31.
33.
35.
37.

QW

10.

12.
14.

et

11.
16.

21.
26.
31.
36.

40.

ANSWERS X1

2z =(4x+20) — 40, 24. (4x+20)=(52—10)+20.
4z+20=6z. 26. (4z+20)—10=5(2x—10).
2z+10=(5z—10)—10. 28. 2z+ (50— 10)=4z+20.

(42 +20) — 2z =52 —10.
(22 —5) + (52— 10 — 5) + (4 +20 — 5) =105.

5z+415=2 X 3x. 32. 162 —20=4¢ X3z,
3z + (50 +15)=45. 34. (52+15)-10=(3x+10) —5.
(16 — 20) — 30 =52+ 15. 36. 3z+(5x+15)+ (162 —20)=105.

(162 — 20) =3x+ (52 +15)+15.

EXAMPLES XXXV. Page 110

(i) 160 sq. vd.  (ii) 3 ft. (i1i) 21 ft., (iv) 108 sq. ft., 7 vd.,
20 m.

(i) 40 sq. ft. (ii) 16 yd. (iii) Tm. (iv) 15 sq. in., 4 ft., 16 vd.
(i) 132 ft. (ii) 14 mm. 4. (i) 384 sq. em. (ii) 7 yd.

(i) 1800 ft. {ii) 262 scc. (ii1) 44 ft. per scc.

(iv) 1320 ft., 30 ft. por sec., = scc.
y

(i) 22176 cu. in. (ii) ¥ m. (iii) 1 £ft. 7. (i) 616 sq. 6. (ii) 15 ft.
(ii1) 8 yd. (iv) 8 m. 8. (i) 6 cu. ft. (ii} "5 yd. (iil) 80 m.
(iv) 444 in. (v) 160 cu. in., 2 in., 6 em., 160 mm., 6z* cu. in.
(i) 20 ft. (ii) 38 £ft. (iii) 12 ft. (iv) 5 ft., 12 in., 12 yd., 10z cm.
(i) Rs. 60. (ii) 49%. (iii) 5 years. (iv) Rs. 600. (v) Rs. 120., 4 years,

Rs. 750, Rs. ‘%’. 11. (i) 18. (ii) 10. (iii) 15. (iv) 120.
(i) 84°64. (ii) 12. (iii) 17-32. (iv) 100.  13. (i) 96. (ii) 44.
(i) 5050. (ii) 40. (iii) 10. (iv) 10. 15. (i) 30. (i) S4.

EXAMPLES XXXV]. Page 118

12. 2. 51. 3. 250. 4. 40; 120. 5. 70, 40.
11. 7. 80. 8. 16. 9. 11. 10. 9.

20. 12. 4. 13. 15. 14. 7. 15. 25

21. 17. 13. 18. 4. 19. 52. 20. 90.

27. 22, ©. 23. 105. 24. 2. 25. 16.

5. 27. 3. 28. 45. 29. 6. 30. 10.

21. 32. G. 33. 20. 34. 10 vears. 35. 15 years.
30 years. 37. Rs. 450. 38. 54. 39. Rs. 1200.
Rs. 250. 41. 20. 42. 10 years.
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EXAMPLES XXXVII. Page 123

24,12. 2. 36,12. 3. 13, 26. 4. 11, 33. 5. G0, 90.
GO, 140. 7. 160,120. 8. 00, 10. 9. 100, 50. 10. 53%, 1335.
30, 66. 12. 25,13. 13. 52,13. 14. 20, 25. 15. 068, 17.

81, 59. 17. 9253, 241. 18. 60, 40. 19. 4, 5.
50, 40. 21. 150,100. 22. 16, 20. 23. 22, 38.
100, 60. 25. 56, 88. 26. 125, 64. 27. 94, 63.
Rs. 36, Rs. 20. 29. Rs. 11, Rs. 18. 30. 5, 10.
15, 5. 32. 8in., 41in. 33. IRs. 86, Rs. 43.
Rs. 84, Rs. 14. 35. 30 yr., 25 yr. 36. 35 yr., 15 yr.
24 vr., 12 vr. 38. 58 yr., 26 yr. 39. 30 yr., 15 yr.
15 yr., 5 yr. 41. 33 yr., 3 yr. 42. 25 yr., 15 yr.
GO yr., 40 yr. 44. 45 vri, 15 yr. 45. 70 yr., 35 yr.
15, 30, 45. 47. 6,12, 14. 48. 1, 3, 5.

G3, 53, 43. 50. Rs. 15. 10a. Gp., Rs. 6. 11c. Gp.

Rs. 24, Rs. 34, Rs. 42. 52. Rs. 100, Rs. 50, Rs. G5.

£ 68, £ 65, £ 53. 54. 8,12. 55. 6, 12, 36.
Rs. 15, Rs. 20, Rs. 105. 57. 13in., 14., 15 in.

20 em., 17 cm., 10 em. 59. (2° 440°, 78°.

30°, 50°, 100°. 61. 5,10, 15. 62. G, 10, 16.
380, 920, 1520. 64. 106 yr., 25 yr., 10 yr.

20 yr., 10 yr., 25 yr. 66. 26 yr., 35 yr., 40 yr.

12 yr.  68. 24 rupces, 48 cight-anna picces, 56 two-auna pieces.
50. 70. 18 pounds, 54 shillings. 71. 120.

10 rupees, 9 eight-anna picces, 30 four-anna pieces, 32 two-anna
pieces.

EXAMPLES XXXVIII. Page 128

7, 8, 9. 2. 11,19, 13, 14. 3. 12, 14. 4. 8,10, 12.
18, 20, 22, 24. 6. 13, 15. 7. 19, 21, 23.

7,9, 11, 13, 15. 9. 6,7,8. 10. 25,96, 27.
34, 12, 47. 13. 54. 14. G4.

30. 16. ¢u. 17. 48. 18. 96.

G3. 20. 30. 21. 246. 22. 531.

EXAMPLES XXXIX. Page 133

After 3 hours ; 30 miles from Cawnpore. 2. 2} miles per hour.
5 hours ; 190 miles from Cawnpore. 4. 40, 20 miles per hour.
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23 bhours after the start of the first train from -Aligarh ; 70 miles

from Aligarh.

‘6. 4 hours.

3 hours after the start of the second man.

10, 73. 9. 30 miles. 10. 48 miles. 11. 72 miles.
175 miles. 13. 2}1. 14. 3. 15. 4063%.
5. 17. 2. 18. 24 minutes.
Barley, 96 seers ; gram, 70 secrs.
Siik cloth, 30 yauds ; cotton cloth, 25 yards. 21. 20 1b., 25 1b.
15. 23. 144 sq. yd. 24. 500sq. ft. 25. 16 yd., 18 yd.
500 yd., 200 yd. 27. 50 ft. 28. £400, £500.
400. 30. 200. 31. Rs. 1200. 32. 24.
5. 34. Rs. 60, Bs. 45. 35. Rs. 500, Rs. 250. 36. 33.
EXAMPLES XL. Page 141
=5}, y=21. 2. xz=18, y=12. 3. =18, y=30.
r=135, y=106. 5. =2, y=13. 6. x=8, y=0
x=0, y=3. 8. =“T+b, _“";b. 9. =17, y=30
=3, y=1. 1. =z=1, y=2. 12. 2=8, y=2.
=3, y=2. 14. z=3, y=2. 15. z=5, y=4.
z=1, y=0 17. z=3,y=-3 18. z=3, y=4¢.
r=—4,y=-—1. 20. x=5, y=38. 21. =4}, y=-—11.
x=-3, y=—2. 23. z=13, y=5. 24. =2, y=1
x=43, y=33 26. 2=-30,y=-73.27. =9, y=T
x=4, y=3. 29. z=5, y=3. 30. z=1}, y=—21.
r=—21, y=53. 32. x=4,y=3 33. z=15,y=-5
e=—1, y=2. 35. z=—1,y=-1. 36. z=—55, y=G0
T=a, y=3a. 38. x=ea, y=a. 39. =306, y=-~72
x=3"5, y=0. 41. x='3,y="4 42. =02, y=29
EXAMPLES XLI. Page 146
x=12, y=0. 2. a=5, y=5. 3. =16, y=—24
=0, y=8 5 a=-0, y=2. 6. =2, y=3
x=—12,y=3 8. a=-2,y=—-3. 9. xz=-3,y=9
=43}, y=1i5. 1l. z=1, y=5. 12. z=2§%, y=1%3
=T, y=3. 14. 2= -—5}3, y=—4.
x=—1}1, y=—2,%% 16. =7, y=10
x=8, y=0. 18. z=10, y=4. 19. a=4, y=3
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z=18, y=48. 21. z=0, y=—4. 22. z=}, y="k
z=1, y=2. 24, z=4, y=1. 25. z=3, y=4.
r=1, y=%. 27. =2, y=3. 28. x=3, y=4.
r=3, y=4. 30. z=!,y=1. 31. z=1, y=-1.
r=3%, y=3. 33. a=1, y=13. 34, x=-1%, y==33.
=%, Y= —1i- 36. x="1, y=5. 37. x=2, y=T.
x=43}, y=—384%. 39. z=-%,y=—1
xr=2, y=>o.
EXAMPLES XLII. Page 150
24, 16. 2. 36, 27. 3. 19, 11. 4. 20, 15
19, 9. 6. 50, 30. 7. 26, 12. 8. 4,5.
15, 9. 10. 30 ft., 20 ft. 11. 14, 21.
60, 41. 13. 50, 0. 14. 7, 5. 15. 27,5
128, 98. 17. 75, 40. 18. Rs. 35, Rs. 28.
Rs. 60, Rs. 30. 20. Rs. 32, Rs. 28.
33, 7 22. 80, 40, 23. 55, 44. 24. 100.
48 vr., 24 yr. 26. 42 yr., 18 yr.
30 yr., 10 yr. 28. 33 yr,, 20 yr.
20 yr. 30. 16 yr. 31. 60 yr., 25 yr.
40 yr., 18 yr. 33. 28 yr., 15 yr.
G1.yr., 29 yr.
EXAMPLES XLIII. Page 156 o
73. 2. 65. 3. 43. 4. 36. 5. 72 6. 42.
Rs. 150, Rs. 30. B. IRs. 12, Rs. G. 9. 11, 4.
12a., Tea. 11. 7000, 3000. 12. 1800, 2200.
4%, 3%. 14. 33%, 3%. 15. 4%,3&%.
18, 24 ; 10%. 17. 960, 480. 18. 50, 4
20, 13. 20. Rs. 24, Rs. 8. 21. 15d., Gd.
7 miles per hour, 3 miles per hour.
4 miles per hour, 3 miles per hour.
EXAMPLES XLI1V. Page 167
(i) (10, 5), (5, 6), (0, 2), (-5, 5), (=10, 10), (=5, 0), (-8, —35),
((),—5)1 (5,-5), (8,—2), (6,—8), {10, —5).
(ii) (5, 2'5), (2'5,8), (0,1), {25, 2°5), (-5, 5), (—2'5, 0),
(—4, —25), (o —2'5), (2'5 —2'5), (4, —1), (3, —4), (5,—25).
i) (1, *5), ('5, "6), (0, -2), (-5, - )( 1,1), (—='5,0), (—'8, —'5),
(0, —5), (5,—5) (‘8, —-3) (6 —8).,(1.*'5)-
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(i) 18. (ii) 10. (iii) 18. (iv) 22. (v) 17. (vi) 44'8. (vii) 19.

9'84, 9'84, 8. 7. (i) 16 sq. units, (ii) 10 sq. units.
(iii) 44 sq. units. (iv) 96 sq. units.
(1) 50 sq. units. (ii) 52 sq. units. (iii) 42 sq. units.
{(iv) 50 sq. units. (v) 96 sq. units. (v1) 90 sq. units.
(i) 43% sq. units. - (ii) 73 sq. units. (iii) 83% sq. units.
(i) 180 sq. units. (i) 162 sq. units. (iii) 713 sq. units.
EXAMPLES XLVI. Page 179
(5, 33). 2. (7, —5). 3. (3, 0). 4. (5, 3).
(-3, —5). 6. (1, —2). 7. (2,1). 8. (2,3).
(—%, —4). 10. (53, 43). 11. (8, 2). 12. (3, 5).
(=3, 2). 14. (0, 8). 15. (5, 10).
(3, 13), (23, —3), (=4, —7). 17. (2%, 2%), (2, 1), (3, 24).
(2, 4). 19. (5, —-1). 20. 3x-—2y=0.
3z—y+5=0. 22, 3a+4y—12=0. 23. 2zr-5y+3=0.
2z—y+4+5=0. 25. 5z—y=0. 26. 4x—0Gy—5=0.
3x—5y—4=0. 28. z—y+3=0. 29. m=9, c=>5.
m=—1, c=1.

EXAMPLES XLVII. Page 182

—2z'+9an’ —14a*z* +9a’x — 2a ',
8a*+a'—17a*+13a*+16a—-12. 3. —1*+4m*+4m?n?+n’.

—2r*—112° +2x22+ 172 —0. 5. a*+a*—2a*+a®—5a+4.
k? =2k1+ 12 —m® +2mn—n>. 7. a'4+2:+a—-0b'4+2b7 —02.
x® 4y’ +2* — 3oy, 9. a®—8a*b*+3a?b —0",

xy’ +2ryzt+y s+ y2® — eyt —azt —yrzt,

a*b? —a* —0*41. 12. a*'—2a?b*+4abc®+b* —c*.
a* —b*— ¢’ —3abe. 14. «®+8b*+c*~—Gabe.

a®*+806" —27¢" +18abe.
EXAMPLES XLVIII. Page 186
4% +0x* =Tz +8x* —29x—36. 2. a'+22%y'+yt.

14z — x4 —2xb. 4. 1—8x*—9x".

26 —3zy +3uzyt ~ 6. 1-—0az®+52°.

25 —1. 8. z®+a+92!+2*+ 1L
z° — 6zt — 827 —1. 10. a'o—atyi+yte.

rt24 2yt 4yt e, 12, at—rx? izt
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izt iet -t i -
x® —dxiy+ Sty — Ayt — Ryt + 275, 15. z®—a®.
x®—16y°. 17. 8z*-—2zx+3. 18. -—-10z?+5z-1.
S¢® +106z4+17x3, 20. 3a°+8a®—19a".

EXAMPLES XLIX. Page 189

x® —2r+3.. 2. z*+2x-—3. 3. a2?42z*+3x+4.
v’ —Tx*—T2-8. 5. a*—2zx+4. 6. 1+3r—2a*—na'.
x’+3z—2. | 8. 4-3x+4+2x*-2% 9. a°-—-2y—4y°.
' —2a*x+a’. 11, a*—3z*y+2y°.  12. 3z2? —3z+1.
fax+2. ‘14, Zz® —5x*+le+9. 15. 1-lz+ 3.

z* - iar—2s.
"EXAMPLES L. Page 192
z*+y:+1-ay+z+. 2. a®*1+9b24+4c¢* ~3ab+ 2ac+ Gbe.

a?+y?+z2—aytaztye. 4. a+2b+3e.

32+ 5y2. 6.. 5z —2y. 7. zitaty+xyi4ay? 4.

Tt —2ty+ iy —xy? 4yt 9. x*+2x?y+2ay* 4y
z*+42%*+8. 11, z" —aby+x'y’ —a y+zy® —y7.

' Fatyt byt iyt +atys oyl 13. a®*—a®*+2a%*—2.
a’—a‘r+ta‘z?—at‘e’tatart—alet tax® —27, rem. 2x8.

1442 +2°, 16. 1+42z+4x*+8x°+16x*+ 3225,
142z +2x* 4+ 22°. 18. 1+a—a’—a*“.
2 +4z+ 8z + 162" + 32", 20. 10. 21. -3,
—10. 23. -3, 24. 8. 25. 1.
x4+ 2xy+y? —1. 27. xz+y+z+azye.
MISCELLANEOUS EXAMPLES II. Page 193
A
3x?48ax—2a*. 2. 100a+10b+c. 3. —92bmiles east
or 425 miles west of O. 4., 0. 5. 1. 6. 27 ft.
B
a. 2. 4w*+2%-3. 3. 4. 4. Rs. . 5 Rs. (1 /AY
v * 20 R ST
C
8a® —2a—1, 2. 3z -bra—12x%a? - xa® +8a, 4. 1..

(a+3) ft. 6. 16.
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D
1. ) Rs.Z¥. (i) Rs. . 2. 4
(i) Rs T (i) Rs Tas 2. da. 3. 14.
5. %‘l, 2z(32+ 7).
‘E
Ta+2¢—2d. 2. 1 3. 0. 4,
5. 2a—2b+2e. 6. Rs. £ Rs. 3% Rs. &
6] 10 2
F
1. 4a*+5a; G. 2. (z—y) vavds. 3.
5. (a+bd+c+3z) years. 6. 1271 sq. units.
G
1. (i) (2z—y) years.

(11} {2z —y+30) years.
{iv) ¥ vears.

2. =2z y=12. 3.
4. 10x?410z+10. 5. 2b. 6.
H
1. 32 —-3x*+3x—9. 2. 3x*4z?—-2z-5. 3.
5. (az-+by) miles. 6. 32 sq. units.
I
1. 'c-I—g 2. Ba?—a+1. 3. G. 4. 2a-2z.
6. =5, y=0.
J
1. =z*-2zx+185. 2., ct—z'y+xiy?—ay*+y'.
4. —3,-6,0,30, 4. 5. 4days. 6. O©.
TEST PAPERS. Page 197
|
1. a*+30% 2. 210. 3. 2a-3b. 4, 2.
6.

4, 10, 2, 19.

A—1A

XVl

Jx? — % — 4,

2a% —3axr+ax®,

(i1i) (2z —y - 30) vears.
4w — 5.

96 sq. units.

12. 4, 0.
5. Rs. 5.
3. 15.
91,
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11
1. 36 sq. units. 2. 3\, 3. 06—-"3x+ 2 —-2”; 031
4. a?4b5%+4c?+2ad+2c+2eca. 5. —23. 6. 138, 140.
111
1. -3 2. 100a+10b+c. 3. 2x+489. 4. -2,
5. =3, y=-4. 6. 11.
v

1. z*—-2x+6. 2. 0. 3. -18. 4. 3. 5. =12, y= —4.
6. 40 yr., 35 vr.

Vv
1. —8a24b%—c2, 2. —56. 3. % 4. -2
5. a=2, y=3. 6. 15, 42.
VI
1. 9, 2. z=3}, y=921. 3. —42. 4. 12, 5,
5. x=2}, y=L 6. 56, 67.
Vil
1. 1—-4x+42?; rem.15. 2. 15. 3. z=8, y=-3.
4. 2. 5. (z+8) years ; (x—7) vears ; 12 years,
6. 11 four-anna pieces, 17 pice.
VIl
1. 0. 2. 0. 3. —=1.5. 4. z=5, y=2,
5. xz=-2, y=4. 6. 91.
IX
1. 2y—z; first class, 14 ; second class, G7 ; third class, 193,
2. 5x—da. 3. =4, y=38. 4. 2, 5. 2=18, y=48.
6. 120 miles.
X

4. x? 34y ; 942, 5. 180. 6. x=5, y=0.
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4. 3lx+y).

8. alz+1).
12. 5a*(a—50b).
16. —a(3a—2).

PART 1II
EXAMPLES LI. Page 202
a(b+c). 2. a{r—y). 3. ay*-~z).
3(x— 2y). 6. a(a+2). 7. 3x2(1-3x).
z*(x—1). 10. p*(p-5). 11. ala-10).
13(3—-7@:]. 14. 2(i*=Gm*). 15. y2(xz-3).
be{fa+d).  18. wm(ln—pq). 19. Lien®(mn —12).

2a.x* (2 —3a.r?). 21.
x(y —z+w). 24.
bun{n+m—1). 27.

~zy(y—z+a—=z).

—2zy(z® —2y°).
—a(l—m+mn).

22.
25.

a{b+c—d).
la(la — xb+ayb).

Timn(ln® —31*m+5m*n).

EXAMPLES LII. Page 205

. (mAn)(z+y). 2.
(=13 —a). 5.
(x+)(a—b). 8.
(z+3)(2—4). 11.
(y2+1)(y—1). 14.
(> +1)(6x-7). 17.
(1+2) (a2 —w). 20.
(z+yHzz—yz). 23.
(c—1){a*b—1). 26.

(x*+z+1)a+0). 29.

(a—D){(I—1n), 3.
(L4+)(a+b). 6.
(2 +b2)(22—3y). 9.
(x—2)x+a). 12.
(0+1)(a+1). 15.
(z*+1){8z-1). 18.
{a+1)(a—0%). 21.
{x—yMc—8). 24.
(a—c)(2a—7D). 27.

(L —m—n)(z~y). 30.

EXAMPLES LIV. Page 210

(x+2)(x+4). 2.
(x+1){z+0). 5.
(a+2)(a+7). 8.
(r—38)x—T). 11.
{(n+8)(n+12). 14.
{z—=10y)(x—-12y). 17.
(cd —4)(cd - 10).  20.
(1—a)(17 - ). 23.

A—32

(x4 2)(z+ 5). 3.
(x—1){e—17). 6.
(y— )y~ 5). 9.
(x~1){z-9). 12.
(a+3z)(a+4x).- 15.
{e+110)(a+130). 18.
(pg - )(pg—17). 2L
(8—n){12 —n). 24.

(c+d)z—y).

(I —m)(x*+1).
(c+ad)(ab+x).

(x4 1z +1).

(22 +1)(3r—1).
{x+1)(xd+1).

(1* +4)(31—1).
{a—5)(a® - 5).
{a+b+c)(z+y).

(22 4y* +ay)(a+3).

(z-3)(z—4).
(e —1){ - 4).
(k- 4)(%k - 0).
(x—25)2.

(@ —y)x—~Ty).
(zy+3)(zy-+0).
(3+2)(7T+x).
(T—a).
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(22 45)(x? + 7).

(c® —5)2.
(y —%)°.
(x+a)(x+b).

(1 +2a)(y-+30b).

27. (a*+1)(a®+11)
30. (x+3)2.

33. (y+3i)y+i

36. (x—U)(z—m)
39. (x—p)(x—>59)

EXAMPLES LV. Page 212

(z—3)(x+4).
(x—2)(x+3).
(y+8)(y - 9).
(z—2)(z+12).

(x —3a)(x+5a).
(—=10m)(+11m).
(ab+4)(ab—12).
(@ +Tyz)(z—9yz).
(a+3)(a-13).
(x— Dz +m).
(z—2p){ax+5¢).
(@? +2)(a® —3).

(x* —2y*)(z* +4y°).

2.

5.

8.
11.
14.
17.
20.
23.
26.
29,
32.
35.

(p? +6g*)(p* —11qg2).

EXAMPLES LVL

(z*+y* Nz +y)a—1).
(14+a2)(1+a)(l - a).

(p2+492)(p+20)(p — 29).
— 3b2).

(5a%+3b2%)(5a®
(D +02) (9 — b?).

(100z?* +1)(10x+1)(10z — 1).
(Oz* +106y*) (32 +4y)(3z — 4).
(p2q?+2rs)(pq? —2rs).

(@%b +c*)a?b® — ¢).

(20+ab?){20— ab?).

96

(x+1){z—2).
{(x+2)(z—3).
(a—T)(a+8).
(b4 1)(b—21).

(x+4a)(x—Ta).
(xy — 1) (zy +5).
(ax—5)}{ax+T).
(z+2pg*)(x—5pg*).

(2 —3)(n+1).
(v — a)(y+20).

(2 +1)(z* —3).
(y*+1)(y* —2).

)
9. (a+7)(a—11).

12. (c+6)(c—183)
15. (z+5y)(x—6y).
18. (cd+7T)(cd —10).
21. (ab+4c}adb—9¢c)"
24. (z—3)(z+3).
27. (z+a)(z-0b).
30. (y—3a)(y+20).
33. (z*+1)(z*-5).
36. (xz?—2)(z*+5).

38, (2% —Twme2)(12+9m?).
40, (a®—-2)a®+8).
Page 214

22.
24,
26.
28.
30.
32,
34.
36.
38.

40.

42,

(a®+1Ha+1)(a—1).

(22 4+2m=)(1% — 2m?).
(4a®+02)(2a+b)(2a —b).
{@® +10z*)(a? — 10x?).
(8a®+02)(8a* ~ b2).
(25+y*)(5+ 1) (5~ ).
(1114pg*)(11L—pg?).

(y° +22°)(y* —227).

(@ + y° Wz + y? )} e® —y®).

(§+1)(5—1).
(5+9)(52)
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XXI1
Sz 5%
(1+"I)( e 44. +3)(4“ 3),
T, a\[/x 22 | 5a 5a
(_+‘)('_‘_)_ ae. (3J 45)(311 4b)
5a «15)(5& f:lg) 48. (a+b+c)(a+b—c).
(a—b+2z)(a—b- 23). 50. (z+y+a)(z—y-2).
(x+y—2)z—y+2). 52. (a—b+1)(a—b-1).
(L4+i—m)(1L—1+m). 54. (2m+n+p)(2m—n—p).
(+y-t+tat+d)(z+y—a-—0b). 56. (z—y+a-b)(z—y—a+b).
dab. h8. —4ab. 59. 24zy. 60. —T(a+b)(3a+b).
4z, 62. (ab+uzy)(ab—zy—2).
(e+y+z+a+bt+e)z+y+z—a—b—c). 64. 4z(x+y).
—dz(z—1y). 66. (a+b—c+l—m+n)latdb—c—l+m—n).
(2a¢ —2b4 3¢ — 3d){2a — 20 — 3¢+ 34d).
(Ta+Tb+dc+4d)(Ta+Tb—4c —4d).
(5a+5b—5¢+1){5a+5b—5c—1).
(10a+10b—10¢c+z —y+2)(10a+10b ~10c —z+ 3y — 2)-
(172 — 5y — 52) (17y~+ 172 —5z). 72, (z+ide+1).
(@+3)(@—1). 74. z(z-—3). 75, (y+3)y—1).
y(y+3)- 77. ablab—3%). 78. (il {k—40).
(41J q+ )(1 3'3 Z 80. (z+y+a)zty—a).
(1~—y+z(:z: ¥ —z). 82. (a—b+c)la—b—0c).
(I+2m+n){l +2m —n). 84. (atz+yla—z—y).
(z4+a—b)(x—a+Db). 86. (4a-+z+2y)(da—2—2y).
(3a —b+9¢)(3a — b —9¢). 88. (a+bt+ztyllat+tb—z—y).
(I—m+p—-q)(l—m—p-+gq). 90. (r—y+a—b)(z—y—a+b).
(e —b+ctd)e—b—c—d). 92. (2z*+5x—1)(22* —5z+1).
EXAMPLES LVII. Page 217

(2z+1)(z+2). 2. (2a+1e+1). 3. (2a-1){a+1)
(2a+1)(a—1). 5. {(y+1)(38y+2). 6. (2y—1)(y+2).
(5y—2)(iy —2). 8. («—2){3a—1). 9. (8z+2}Hz—2).
2am+1)(m+9). 11, (Qm+3){m+2). 12 (Sa —2)(a —3).

x—4)(dz+3). 15, (2z—7)(3z—1).

{
(32 —4){(4x+3). 14. ( )
( ( (2 ~1)(2k —3). 18. (2b—3)(b—1).

3% ~%7). 17
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(20 —-T)(b+4). 20. (3n—2)(n+3). 21. (Br+11)(n+4).
(2¢+5){(7c—3). 23. (Te+1)(7e+2). 24. (A +20(6+).
(1—2z)(3—2z). 26. (2+5z)(3+=). 27. (4—5z)(5—4x).
(5 —2z)(3 —=). 29, (3—-2yM1—-3y). 30. (3—4z)(4—32).
(8 —~72)(1L+2). 32. (2x4+3y) 6z —5y). 33. (2z+7)(xz—38y).
(B3z—2m(2e—y). 35. (z+Ty)(2z—8y). 36. (a+2b)(Ta—8b).
(5a—90){2a+0). 38. (ab+10)(ab—-6). 39. (ab—9)(ab+8).

(4ay —15)(8xy+9). 41. {5w+4)(4 :r,r— 5). 42. (3 —zy)(5+2zy).
(e +1)(x*+3). 44, (Bz*+1)(@*+2). 45. (3z*+1)}z*—17).
(522 —1)(x* —8). 47. (%n-—1N3L-—6) 48. (327 —11)(T22—8).
('Ta.—ab+'7b](rr,-|-'7rr.b+b). 50. (a+2ab+0b}(3a—ab+ 3b).

(2a+3b+3c}(3a —~b—c). 52. (x+y—-3a—30)(3xz+3y+2a+2b).
2(3x —2y) (v +3y). 54. (ax+bd){r+c).

{az—b)(x+c). 56. (lx—m)(nux+1).

(px—1)(q —1). 58. (ax+2){bz+3).

(ax+b){cx+d). 60. (lz—my)(nz —py).

EXAMPLES LVIIL. Page 219

(a+b—c)(a?+b*+c? +2ab+ac+be).
(c—a+Db)(c*+a*+b* —2ab+ac—bc).
(Im A 1+m)(2m? + 12 +m? —12m—lbn® +2n).

(2z+y)(dx? + 162y +19y72). 36. #(12z2®* —Guy+y?).
—2y(3x2 + 7). 38. 2(3z2%+1). 39. 449(3p>+492).
(@*+y2) (2 —2*y* +y). 41, (@ +1)(@* -z +1).

(1+a){l—z){{(1+a+a2)(1 —a+a2).
(a+D)(a —0Na®+ab+b*)(a® —ab+b?).
(2 +3)(z —3){@? +82+9){x? —3z+9).

EXAMPLES LIX. Page 222

(x—42)(z+4). 32, (z—3)(z-5). 33. (z+8){z—4).
{(z—9)(x+3). 35. (x+1)}z+4). 36. (x—5)(z—8).
(x+12)(2— 5). 38. (v+5)(z—4). 39. (a-12y)(z+11y).
(z—1Ly)(x+14y). 41. (2e+1)(2e+3). 42. (3z+1)(3x—2).
(bx—2)(5.r+3). 44. (dx-3y)(dz+5y). 45. (v+3)(3z-1).
(Sz—1)(x —8). 47. (2e+3y)(3z+2y). 48. (5v—2y)(Tz+11y).
(14— 131)(92+ 2y). 50. (12z-—13))(17x+11y).
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EXAMPLES LX. Page 223

(a®+ab+b2)(a* —ab+b2). 2. (a?4a+1){a*—a+1).
(z? +2x+3)(x? —2.0+3). 4. (x?42+4)(x?2—22+4).
(4a* +2z+1) (40 —2x+1). 6. (a*+3a+1)(a*—3a+1).

(x* +ay+2y° Ha® —ay+2y°).
(3a® —3ab+2b2)(3c? +3ab+202).
(3a? +4ab+507)(3a? —1ab+5b2).

XX111

(14+3y—2p2)(1—3y—2y42). 11.  (9z2+3xy+y*) (922 —3xy+y?).

(* +B3zy+4y?)(x? — Szy+4y?).

(x? + 32y —y°) (22 ~ 32y —y?).

(3x? —Say+4y2){(3z* + 52y +4y2).

(Ta? +13ax+11x*)(7a* — 13axr +11x2).

(x* + 2z +2)(z?* - 22+ 2). 17. (2z+2zy+y?) (222 — 2zy+y?).

(z®+42+8)(x? —4r+8). 19. (1+4a+8a?){1—4a+8a®).

(a?b2+2ab+2)(a*b? —2ab+2).

(282 +0k+9)(2k2 =6k +9).  22. (212 4+1014+25)(212 — 101 +25).

(.1.‘2 +$53I+Ll’2)(€l‘2 —-.ny-l—y’)(a:“ —.'1'-231" _.]_..y.;)‘
(z?+z+1)(z? —a+1)(z* —z2+1).
(1322 = 14y + 5y )(5a* — 14y +13y2).

EXAMPLES LXI. Page 225

(+y+2)a?+y* + 22 —2y—yz —2x).

(@+y—z) x>+ y* 42 —zy+yz+2z).
(x—y—z)(@?+y* +22 oy ~yz +zz).
(z+y+1)(x®+y* —ecy—2—y+1).
(1—a+0)(1+a*+b*+a—b+abd).
(e+b—=2c)(a*+b2+4e? —ab+20c+2ca).

(@ — 20+ 3c){a* +40% +9c* +2ab +6bc — Bcea).
(a—b—38cHa® +024+9c? +ab+3ac — 3be).

(20~ Ob+4c¢)(de® + 0% +16¢? +2ab+4be — 8ca).
(:C +'y —z‘}( "—]—1!/*+"'—’Ezy2+1;2"2+32$2).

(ﬂ‘|“b—(;)(ﬂ +b2+-- D+ac+ )

ab  Dbe
( )(a +~—+ +~3— —3—+rtc)

(r:+3b—3')(az +9b* +%—3ab+bc+ =)
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14.

15.
16.
17.

1. —(a=b)(b—c)r—a). 2. —(a—=0)(b—c)c—a).

3. (x—y)y—2)(z—ux). 4, (a+b)(b+e)(c+na).

5. —{z-n)y-2)z~x)(x+y+2). 6. —(a—=0)b—-c)lc—a)(ab+becHca).
7. —(a=0)(b—c)e—al(a+ b2 +c2+ab+betca).

8. —{a—b)(b—c)(c—ada+b) (b4 c+a).

9. —(a—b){b—cMe—a)(a®+b* +c3 +abrale+biatbic+catc2btabe).
10. —(a—b)(b—c)lc—a)a+b)b+c)c+a).

EXAMPLES LXIII. Page 229

1. alr-a)(z*+2a+a?). 2. 3az({z—a)(x*+xata? )

3. 2*x+y)(x?—ay+yt). 4. (:r,-{— )( 3')’ Y )

5. —92b(a+b). 6. (b—l)

7. (z+y—-32)(x+y—-8:—1). 8. (a-— b}{(L+b 1).

9. {a—-3){a+3)(a—4)}a+4). 10. (z—1){x+1}{a—38)(z+3).

11. Sax(z*+a?). 12. 2(z+1)(z+3)(z+4).

13. (z+9)(1+2x+2)(1 -2z -2y +4r2+8xy+4y?).

14. 9ax+1)(2®+2+1). 15. (r+)(y—yz+ 2x).

16. (a—-d){a-b-1). 17. {(ax+1)}(bx+1).

18. (z—){(x+1)(y—1){(y+1). 19. (a—bd)a+b)(a®+b2)(a*+b1).
20. (a—=0)a+b){a>+b*) e —ab+b2)(a®*+ab+b?){a* —a?b* +b).
21, (a— b)(a-i—b)(rﬁ-l-bz){a-"—}-b")(rcs+b5).

22, (a—3b)(a+3b)(Ba—b)(3a+Db).
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12.

14.

17.

20.

23.
26.

29.

12.

16.
20.

30.
34.
38.
42,
46.
50.
54.
58.

o e

13.
17.

21.
25.

ANSWERS

XXXV

2z +ax+2). 11. a®—4a*—3a+2,
a® —4a*b+2ab® —3b7, 13. z?—ay—yz -~z
z? , S ! x> 2 3
2+‘23,+3. 15. z°4u2 5 16. It
T o4 ¥ 18. 2®4q 3w 19, 5¢_1_2y
2y 2a 3y 2 4y 2 9
:r'~’+1+i,,. 21. a,2+5:c+—1; 22. T—: 1+?f::
a® x® Y x?
1.8 .2 1 2 _ o o U2 2v _4» _3y
EI 3-1 +23r Q. 24. T z + -L-)_ 25. 3_31_5_2__5'
2. 27. 3z+1. 28. —8ay".
- 3. 30. 49. 31. 3.
EXAMPLES XCIlII. Page 322
ta. 13. 26 14. +3. 15. +5.
+9. 17. +2, 18. 24+ ./8. 19. -3+ ,/11.
3, —8&. 21. 0, 14.
EXAMPLES XCIV. Page 324
1, 2. 31. 2, 3. 32. 1, 5. 33. —-3,4
3, —8. 35. 1, -7 36. 2,1. 37. -3, 1.
3, b 39. —i, -1 40. 3%, 13 4i. 3, —13
3, —5. 43. -3, 4. 44. 5, -2. 45. 9, 6.
—4, 8 47. 3, —3. 48. 5, —83. 49. 4, 11.
0, 3. 51. 0,.21. 52. 8, —8}. 53. 3,12
2, —5. 55. 1, 5. 56. T, 1% 57. 11, —12.
3, vir- 59. 4, —2f. 60. G, 3.
EXAMPLES XCV. Page 326
1, 3. 2. 5, —3. 3. 9, —5. 4. 5+ ./4G.
2, —1. 6. 4, —1. 7. 8, —G. 8. 11, —9.
lig‘ff’. 10. 9, —8.  11. 18, —12. 12. 8, -1
40, —5.  14. 3,1 15. 2, —53. 16. 1, —L.
L 18. 2,—6. 19, —2EN19 59 s g
3, —3. 22, 3}, —3. 23. 1%, 53. 24. 2a, —0Ga.
9a, —4a. 26. Ik, k. 27. k. =3k, 28. 13, —1.
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29.

32.
35.
39.

42.
46.
50.

12,

15.

® o=

12.

14,
16.
18.
21.
24.

— 8+ ./189
o, ~12. 30, 3, -25. 31 “SEMIS
1+ 3/ —527 33, —1xAf5 34. 2, —1
12 2
1,3, 36. 2, 1. 37, —1,2. 38. 1, 103.
+5. 40. ‘_1%4_—1"?. 41. 0, —33.
4, 13, 43. 2+ V3. 44, 17+ ./193.45. 5, —i.
4, 1%. 47. 4, 53. 48, 2, 3. 49. 5, —2%.
3, —43. 51. 13, 1. 52. 24+2./8.
EXAMPLES XCVI. Page 329
1 —mt Jm* —4n
—a, —b. 2. a, b 3. —a, = 4. o7
—b+JbP—1c 6 gt \/F_QLP’" v _Qi’\’{Q2+4PT_
9 . ' % ) 2p
_1 9. m il 10. o a? 11. +-2%.
€ c ’ "’ b T A2
1 c a b
- =< .G, g—2p, 14. —-= -2
o Ty 13. ¢, ¢—2p 5
I4+m m—1 —
. 16. 0, £+ ab.
L—am’ mtl » £ Ve
EXAMPLES XCVII. Page 331
Rational. 2. Equal. 3. Imaginary.
Real and unequal. 5. Iqual, but opposite in sign.
Rational. 7. Sum, 3 ; product, 5.
Sum, 1 ; product, 1. 9. Sum, —1; product, —0C.
Sum, 2 ; product, — 3. 11. Sum, —b ; product, c.
Sum, ’% ; product, ?’ 13. x2*-52+4+6=0,
2 —x—12=0. 15. z%2+452=0.
4% —-1=0. 17. z?—2ax+a?-0b2=0.
922 + 3pax — 2p* =0. 19. 3, —-2. 20, 1, -3.
12, —1¢G, 22. 39, —20. 23. a,b.

2a =0, 0. 25. 6, —6.
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13.
14.
15.
17.

19.
21.

=

13.
18.
20.
23.

26.

29.
31.

A

10.
13.

ANSWERS

XXXVil
EXAMPLES XCVIII. Page 334
r=1, 2; 7;——2! 1. 2. a=3,4; y=4, 3,
r=4, —2; y=2, — 4. 4. 2=5, —4; y=4, — 5.
r=3,7; y=-1T, —3 6. r=2, —-3; y=8, 18.
z=1, 2% ; y=2, 13} 8 z=1,1; y=3,3
z=1,2; y=2,1 10. z=5, —3; y=3, —5.
=2, —-1,; y=-1, 2.
x=1,3, -1, —-3; y=3,1, -3, —1
z=1,2, -1, —2; y=2,1, —2, -1,
x=1,4, —4, =T ; y=4,7, =T, —4.
z=1, —1} ; y=2, —1j. 16. z=2,1}; y=1, 11,
=10, 5; y=35, 10. 18. z=11, —8; y=8, -11.
=10, -9 ; v=9, =10 20. :1:=E : y:l.
» 1}
z=2,5; y=5, 2. 22. x=2, —5; y=5, —2.
EXAMPLES XCIX. Page 337
8. 2. 7,3 3. 100 4. 12,3. 5. G. 6. 3,4.
7,5. 8. 11. 9 4,6. 10. 7, 9. 11. 8,10. 12. 7, 4.
4,6. 14. 9,3. 15. 1§ 16. 36. 17. 45.
3708 inches ; 2292 inches. 19. (i) 4'392 inches ; (ii} 3'51Ginches.
10 it., 12 ft. 21. 40 yd.; 30 yd. 22. 48 sq. ft.
0 inches. 24. 22 yd.; 7 yd. 25. 9 ft., ; 12 1t.
5 inches ; 12 inches. 27, 43‘2(11;(:. 28. 14 ft.; 12 ft. ; 9 ft.
Yz
20 ft. ; 15 ft. ; 12 ft. 30. 10ft.; 16 ft.
2 yd. 32. 21 ft.; 15 ft. ; 12 ft.
EXAMPLES C. Page 340
12 ; Rs. 20. 2. 20 3. 15 miles an hour.
200 hr. ; 200 hr. ; 20. 5. 20 and 35 miles an hour.
€T xz+5
50 miles an houur. 7. 5 miles an hour.
60 and 40 miles an hour. 9. 25 and 20 miles an houur.

25 and 30 miles an hour. 11. G ft.; 4 ft. 12. 5280 8.

10 miles an hour. 14. 10 and 12 miles an hour.
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15. 12 annas. 16. 15. 17. 80. 18. 25. 19. Rs. 2.
20. 40. 21. 18. 22. 20 min. ; 30 min. 23. 20.
24. 20 days, 16 days ; Re. 1. 4a., Re. 1. 25. 50.
26. (3";_1’1)_5 yards per second. 27. 32, 28. 28. Rs. 40.
29. 3a.4p. 30. Rs. 20; Rs. 80. 31. Rs. GO. 32. IRs. 7S. 2a.
33. (;L - 1). 34. Rs.25; 16.

Y

MISCELLANEOUS EXAMPLES IIl. Page 342

A
1. (x-3)z—4); Ba-2)(2x+3); (¢v-2)(x*+22+4).

2. Gx?, 3x'y, Gx*y* ; 2z, 3z 3. +30. 4. —x_x”‘_-"'.
Y
o1 15fh
3. SR 6. 22m’
B
1. (3z+2)(x—4); (9a®—12ab+8b?)(92*+12ab+8b2) ;
(3z+)(3z — y) (& +3y){x—3y). 2. (i) z+2y—3.
(ii) x?-+4y? —day+10w~20y+25. 4. 21‘;
5. a=1,y=—2, 3=8. 6. (1) 22 min. (i) 20a  (iii) 22
a 88
C
1. (18z—11)(32+2) ; (2*+2z+3)(2* —-22+3) ;
(v +2y7) (@ — 207 Ma? + 22y +2p7)(@® — 2y + y°).
2. (i) and (iii). 3. };—zi’i—}) 4. % 5. 4,-1%. 6. g.
D
2. No; Yes. 3. (L-}-'}"l. 4. {')—(Eth—b) 5. 3. 6. 4a—3b.
a a{a+0)
E
A3 4 ace be
3. 2 4 -t 5 -0 _ b :
oy b Ty % rmmT s, 62
F

1. (a+D)(a+50), (@ =0)*(a+1D), (a—0)(a46b) ;
(a+0)(e—0)2(a+50)(a+GL).
2. x—2. 3. x*4+38r+1. 4. -—1. 5 2,-3 6. (3.
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G
(xy+1){zy —1)(x —y+1). 2. 6(zx2—-1){z*-4). 4. 3.
—13. 6. L2 days.
mg
H
(x—y){a+d)a—D). 2. x°—a’
Qx
. 4, —3(a+d).
2 3(a+d)
r=4, y=25, z=0. 6. 72.
I
—0. 3. 1. 4. 2, 4.%.
fc:]_] Ef=5, 2=,12._ 6_ .i(:lt_z.)_
T
J
(x-m)2(x+2y). 2. x=b+c—a,y=c+a—-b, z=a+b—c.
1
. 4. 0,1 (a+tb).
Tty 3} (a+1D)
=8, y=2, z=1. 6. 4:{:—2.
K
(a? —b? —1~2b)(a? — b2 —1+42b). 2, x+3. 3. 1.
_at+b® o _b*—a®+2ad 6. 600
] 5. 2ab Y 2ab ' )
L
9, —58, —4. 2. p—g; & +2e2—-112+6
2 +4x—T
0. 4. 8.
=92, y=1. 6. 5 miles.
M
(x4+1)(z—2)(z—3); —1,2,8. 2. (x—1)"(x+1). 4. 1.
=35, y=—4. 6. i§.
N
(a+d)(b—c)(d* +be+e?). 2. 2z*+2z+3. 3. 4, —T7.
4, 6. @Hbytez rupees.

at+b+e
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O
1. 8(a—b)(b—c)c—a).
2, M.CF.=2!'+z~3; L.CM=(r?+2—3)(v2—2+3)(x* —z+3).
Ll 5 200 6. 4 for 8d.; 512.
abe c
EXAMPLES CI. Page 355
1. Re.1l.8a.; 10 sr. ; x=dy. 2. 4s.06d.; Rs. 2.
3. 2'56 em. ; 1'30G in. 4, 24 ; 13a. 4p.; 2»=3n.
5. 10 miles ; 372 min. 6. 83% vd.; 33 scc.
7. Rs. 17. 8a. 8. Re. 1. 4a.; 4 ft.
9. 427 cu. in. ; 492 cu. em. 10. 4 hours.

11. (i) 251niles. (ii) 3 hr. 24 min.
12. 13 hours after the start of the first man : 5} miles.
13. 2 hours after the start of the first train ; 50 miles from Allahabad.
14. (i) After 10 hours ; 310 miles from Bombay.
(ii) % hour before and after their passing.
15. (i) 1 hr. 39 min. after the start of the first man ; 18{ miles from
Bavreillv.
(i1} 15 minutes before and after their meeting.
16. 3% hours after 4's start ; 40 miles.
17. (i) 5.40 p.m. ; 180 miles from Lucknow. (ii} 3 hr. before.
18. 6} miles an Lour.
19. (i) 41 hours after P's first start ; 12 miles from 4.
(ii) 4 hour before and after their meecting.
20. (i) 4 pm.; 16 miles from Moradabad. (ii) 3.30 p.m.
21. 6.38 a.m. ; 73 miles. 22. 10.50 a.mn. ; 30% miles.

EXAMPLES CII. Page 361

1. 2. 2. 73 3. 2% min. 4. 34. 5. 20.
6. (i) 2S4. (ii) 544 (iii) 10.

7. 15 and 27 vards behind winning post.

8. Rs. 3500 ; Rs. 500. 9. TRs. 1350 ; Rs. 450.

10. (i) Rs. 5600. (ii) 2800.

11. (i) Sixth ycar. (ii) Rs. 100, Rs. 125.
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'EXAMPLES CIII. Pagé 366

6. Rs. 24, Rs. 50. 7. 463 1b., 86 1b..

8. 271 and 30'5 crores. 9. Rs. b. 6a.; Rs. 3. 1a. 9p.
13. 524 millions ; 1905. 14. 11 vr.4 mo. ; 14 yr. 11 mo.
15. 1929.

12. (i)
(vi)
13. (i)

14. (o,
16. (6,

EXAMPLES CIV. Page 377

1, —1. (ii) 2,8. (i) -3, —4. (iv) 3, —=5. (v) 3, &.

3, —3.

—2,3. (i) —4,5 (i) —3 1% (iv) 0, 1. (v —3% 1%,
0), (2, 12). 15, (8, 4), (=8, --4).

8), (8, 6), (-8, —6), (=G, —8).

17. (i) (2, 3),(8,2). (i) (4,0), (0, 4). (i) (3,8), (~2,3).
Gv) (3 1), (8 —4). (v) (1, 1),
(vi) (309, '64), ("G4, 3:09), (—3'09, —°64), {—"64, —3°09).
(i) (0, 0), (2, 9)
EXAMPLES CV. Page 382
1., 3:4. 2. 3:5. 3. 13:21,4:7,2:5. 4. G6:17.
5. 2:3. 6. 1:2 7. a:e. 8. 1. 9 ax+ty:z-v.
10. 4:9. 11, 64:125. 12, =* : 3. 13. 3:5.
14. 4: 3. 15. 32:45. 16. 8:21. 17. 2z : 3y.
18. 1: 5. 19. 2: 3. 20, 1. 21. 3.
22. 1:3. 23. 3. 24. 3, L 25. 4.
26. 5. 27. 9. 28. Re. 1. 1a.; Rs. 3. 3a.
20  20d
29. Rs. 5. 6a. ; Rs. 8. 1a, 30, atb atb
5 5k 2a  3a pa qa
31 =, == 32. =, T2 33. £, 4.
1+% 1+% 5 5 pte p+tq
34. 12 ft.; G ft. 35. 30 yd., 36 yd., 42 yd.
36. 30°, 60°, 90°. 37. 5.
EXAMPLES CVI. Page 388
1. 10. 2. T, 3. be, 4. OGae.
a
5. a®*-=0% 6. 12, 7. a’. 8. b
9. (a-—0)*. 10. 4. 11, 122y 12. 9a?b®,

13. 14{a®-—0%).
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® N

23.

27.

31.

35.

39.

43.

47.
51.
55.
59.

63.
67.

71,
75.
79.

25.
29.

24, 32. 2. 30, 40. 3. 27, 48.
300, 500. 5. 50. 6. 3o, 3872 sq. in.
4, Rs. 1600 ; B, Rs. 2400 ; C, Rs. 3000 ; D, Rs. 3500.
5. 9. &. 10. 2 sr., 12 sr.
EXAMPLES CIX. Page 396
L 24, 2 25. 3 26. 2.
2 -.‘5—
%2a. 28. 509, 29, &, 30, ¥,
3 5
da¥ ;
4% n, 3a3y? a’b*
—_— 32. 33. <, .
3 @ dz2b* 34 zy’
i 1 LY
2a%b? c? 1 2
36. . 37. —. . =
5 Ve Nz 38 g
3 1 -
= 40. .. . 2z, :
Na 31 A W 2. Y.
/a 4. Ja~ 45, L. 46, —2_.
a® 13/a’
9 2 — 3
. 48. £ t /g _3_
B3 N 49. t/a*. 50. iJa
1 1 — -
E5) 2./({,‘ 5% fz:- 53. U[L 13, 54. .:'\/{a'“.
2. 56. 2187. 57. %/5%7, 58, 13/a'®
1
1 prE] 1
313" 60. ©Q/a’7. 61. T 62. ./2.
3. 64. 4. 65. 13/zrr 66. zrytsl,
1 1 — —
= 68. =t 69. 13/5°, 70. 13/g17,
1. 72. Ja’beo. 73. ay. 74. 15.

0. 76. 1. 77. —17. 78. 7242
94 /2. 80. o. H
EXAMPLES CX. Page 400
a2, 26, a*, 27. a*. 28. (L%b;:l!

8
> 30. 8a’. 31. L 32, 97q1,

ALGEDBRA

EXAMPLES CVIII. Page 391




33.

37.

41.

45.

49.

33.

57.

60.

ol

12.
14.
16.
20.

a
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12 n -3
h 34. o 35, ztyt, 36. =
27 e
Y
: o
atz™, 38. & 39. = 40, a'2p':
b* 75 ) )
» :
) € -
— 42. 3z, 43. = 44. 2%
256a 2y yt Y
1 -
vy 46. —; o= a7. —1 . 48
Y etz
o 4
am”. 50. . 51 _ L 52. 1.
b‘?; aﬁ'bf
zs", 54, gomn, 55. . 56. —.
mll‘l
(x+7) . 58. geobysmcphmn 50, __]'__Tn.
(a® —b%)
“tb 61 g 62. Y.
(a—d) 2 a’
EXAMPLES CXI. Page 403
7 — /35 2. 64./2. 3. 2—.Jzy. 4. 2.
x—y. 6. 5+2./G. 7. x+y+2/ay.
z+0y+5./xy. 9. 2b. 10. b. 11. z'+1+z-
21z +27 +a” +1. 13. 15a—38a* —2a ¥ +8a-1.
62 —dat —20x—Ta —20t+10. 15, a-+Gad+13cd +12a3+4.
254, 17. sad—55. 18, oF+1 19, H-azti
3 > 2 0 2 i 1
2¥ —22% +a +1. P TE B IV S /X DU X. P J .
EXAMPLES CXII. Page 405
7/2. 2. 5./6. 3. 12./2. 4. 431/4.
73/3. 6. —43/7. 7. Tas/a. 8. 2ab2/3b-
5ax®y/3az. 10 2a%/4a. 11. 3. 12, 34/3.
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13.
17.
21.
25.
29,
33.
36.

40.

43.

46.

49,
51.

=

10.
15.

18.

22.
27.

30.

34.

38.

41.

44,

ALGEBRA
—8z%y. 4y, 14, xy. 15.
(a—b)/a. 18. /50. 19.
1/40. 22. 1/5000. 23.
2/8z*. 26. A/3a*0°. 27.
Vari+2. 30. ‘i/a’. 31.
13/r'%. 34, 13/Sla’. 35.
13/272°. 37, '3/1252°y°". 38.

1;3\/aublsczl_
I n n
gIm’-'.

Ya?, §/a*.

12 G LY oy
at, ‘iat,

12/.3
Ve,

41.

n /S
s m'ﬂ'-

N /7an au
a4, N/t

, 18/at.
50.

17.

13/a

]2 = K ~ O e
-\/a"m‘s, 13adat, ‘3 ata”.

EXAMFLES CXIII. Page 409
TV2. 20 82 3. 10Ja 4 9B 5. 6ay/z.
4./2. 7. 10%/2. 8. .Jabla+b).9. i/abla—0b)-
0. 11. 92 12, 123/2.  13. —2z./5x. 14. 5abi/ab.
$J10. 16, Y /3a. 17. (3z—y)/=
1 (1+ +1) 19. 180. 20. 1080.  21. 4320.
N x
120. 23. 14.3/9. 24. /as. 25. %/a'®. 26. ‘2/z'y’.
12.13/6012. 28. 10.%/500. 29. mp/gmAu
Y@ (@a=0). 31 2 32 BT 33 9oy
J5+1. 35. 3(y2—1). 36. 1{*_-\1’”, 37. U3+ 2.
924 +174/2. 39. 5+2./6. 40, o= r‘;)“/"b
a—

({+.~\/(£qz--b2. 42 a+ fa-—b*. 43, 2—-:L‘+2\/ﬂ

b‘ ZJ e ] '
N S 45, LEV1-a

a?

52.

z?y. Yy, 16. {(a+bJa+0.
A/63. 20. /192.
24, 24. /752
y52abi. 28, Ha“th
1272t 32, 1}/64a°°.
1~/W

12/8z%y°. 39. 1%/dzle.

42, \/;
45. A/

48.

n
1 a-*‘“,

12./(15’ 10fa4a,

Gn 45 G0 48
Ja*?, a’s.

Rxty, Yy,

8/atyt.
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EXAMPLES CXIV. Page 412

1. J/3+1. 2. JJ2+1. 3. J5-.3. 4. J7+/5.
5 /7

5. J3-V2. 6. 3+J2 7. :/§+%/é. 8.  /2(/3-1).

9. i#/5(/2-1). 10. /3(/3+1). 11. J/zr—-1-1.

12. Ja+z+.Ja—uz

EXAMPLES CXV. Page 413

1. 10. 2. 19. 3. 23 4. 1. 5 4.
6. 4. 7. 3. 8 0,2 9. 1% 10. 3
11. 13 12, Lo 13 ey 14. 2
1-a
15. 2i/a®>—4. 16. 3i. 17. %’- 18. 2 /a-1.
| pE T G626
MISCELLANEOUS EXAMPLES IV. Page 414
A
1. (i) (2z—1)(3x+4). (ii) (a=bla—b-1). 3. 2z —3za-—>5a®.
4. (i) ﬂfi”;z. (i) o. 5. (i) w=bda, y=b—a (i) b+e
6. 10 miles.
B
1. (i) (2a+3D)(4a® —Gah+9b2).
(ii) {(a+b)z—(a—b)ui{(e—b)a+ (a+b)y}.
. R < __ ¢ a_3,0
2. (i) b. (i) 2 Tro ¥ Tro 3. ; 2+a'
Y T x+06 o Al
4. (i) b (ii) {-,_'_9)(1_*_4) 5. 17 miles an hour nearlv. 6. 8§
C

1. (i) (r—1)(2z*+2x-1). (ii) (x+di(z—c—4a).

2. (i) z-2. (i) 3ar(z®—a?). 4. (i) f”s‘(gz’i*l‘)‘%j“g. (i) 1.

. + ) cla—1)
(i) a=2latd) -, _ca=b)
ar+b" T arype
(ii) «—2b. 6. B8 and 3 miles an lLour.
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D

1. (i) (.’C+4..)(:B— 5). (ii) (z* +2a?)(z? — 2a2)(x* +2za+2a®)(x® —2za+2a®).
(ii1) (a2 4+az+2*)(a®? —az+2?)(a* —a2z® + ).

. clb—c) cla—c) ..
- rT = =, _ e 31. 3 i'+2.
2. ) = a(b - a) Y b(a —0) (i5) 33 *
(i) 102 — 24 . (i) 1. 5. 6.30 p.m.; 27 miles from P.

(2z+3)(z+1)(z-1)
6. 3d. an orange ; 400.

E

1. 22—r+4+1. 3. (i) =3, y=4. (ii) 3. 6. 2min.; 2 min. 10 sec.

F

1. (3) (92%+12ab+8b%)(9a? —12ad+8b%).
(ii) (a+b+c)(—a+bdb+cHa—d+c)a+b—c).
(iii) (d+c){c+a){a+b).

2. (1) 22 () £33 Q_ﬂgﬁ(’;"‘ 4. (i) 8z®. (ii) ac.

6. 10 yards; 7 vards.

G

Lo (i) 2(a+b)(2a—0). (ii} (a2+Dbe)(a* —4a2be+Th2c?).

(iii} (c+d+a—b)(c+d—a+b).
2. (i) —a (i) p= &tb+2e _3/=a+‘2b+c = 2at+b+te

L} . 4 Y T‘.
5. 2 miles from P. 6. Rs. 22; Rs. 24.
H

L) (+y)(=z+1)(z—1). (ii) (1 —zz)(1+zz+22y).

(iii) (- D(e+1){x*-2)(z2-3). 3. (i) 2a—b)(b~c)

c—a
(i) 2=1, y=2, z=3. 4. “ .
(@*+a)a—2z)
5. 0. 6. 4851, 3485.
I
1. (i) (»+2)(z+06)(z*+82+10). (i) (a? —-y* taxy)(x® —y® —axy).
2. a+b+e. 3. ax+by+tes.

5. (i) 4. (i) 2=}, y=}%, z=1. 6. 90.
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ANSWERS xlvii
J
1
|_2_‘. -
X N 2. (z—-1)2
: ab—cd .\ be' —b'e a'c—ac
i)y U ce =bvc —be
(i) atb—c—d (i) = ab' —a'd’ ab —a'b’
. b)(a—c) +1
(i) {a— e x
24 —b— o (if) z—1)(2c -1’
5 miles an hour ; 15 miles.
K
. 3. (i) e=a(b—c), y=0b(c—a), z=cla—0b). (i) g’, 3a.
0. 5. (3, 4). 6. 8and T} yards per second.
L
2a oy 1,11
— 2. (i) ~4+=+=
NZ B () a b ¢
.. b4 —al a®—c?—b*
p= 2 T TG ==_° - 4. 4.
(i) @ bm—an—en’ 0 am—cm—bn
G T N 6. 275
¥y z @
M
. h —cd
o et . . Bg). 2. s
(x—5q) ; Gla+3p)(x—3p)(x—5q) (i) Py ——
Be+a+b+r
= = =, _— 5. 1
(ii) a=a, y=0b, z=¢ poorap
9 gallons ; G gallons.
N
(i) 2(a—-d)(a+d+c+dad). (ii) (a+b—-3c){la+b—8c—1). 2. 1.
. . b a 8
—b. =2  gy=_% 6. —-.
(i a—b. (if) @ a(b- a) Y b — b} 12
o
o ac+b*.
(i) able—0). (ii) (@+p)xz—gq)(x—r1). 2. 1. 3. (i) R

(i) z=§{(Ja’>+202+Ja? —20%), y=34(Ja*+2b* —Ja*—2b%).

0.

(i) 20 days, GO days,

5. BRs.

30 days.

100( —y)®

xy
(ii) 10 days.
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EXAMINATION PAPERS

Board of High School & Intermediate Education,
United Provinces.

High Sclhool Examination

1931
(a) (Bx+4){dx®+16x? ~ 32 —45). (b) 3a? —3a+2.
(a) "5, —5'5. (b) 0. 7. (a) 6. (b) 36 years, 27 years.
23°.  Or, (3, 2), (2, %).
1932
(a) 5, +%. (b} a. 5. (i) (22 —4d)(z*+4bx?+1602).
(ii) (z+a+1){x—a—1). (iii) (@a*+ 02} (a® —b> +2abd).
(a) 20. (b) 110. 7. (0, 0), (-5, —3), (=3, 3).
1933
(i) (@—ux+y+3). (ii) —(z—ply—2)(z—a)(x+y+2).

(111) x2y?(5z —3y){(25x* +15zy+9y2). 6. (a) O. (b) —4.
._bC—Bc _aC—dc

(a) 2 ib=id VU aiTan (b) 8, 14, 55.
3x42y—-6=0; (1, 0), (6, 0), (1, —3%).
1934
(1) (e+d)(b+c){c+a). (ii) (2x+7y)(152 —4y).
(111) (e®+b2)(z* +y2). 6. (a) 0. (b) z=8,y=2. 7. 1500.

4 hours, 12 minutes after A's start ; 18} miles ; 5z —20y+G6=0.
Or, =3, y=2, 42+3y—12=0.

1935
(1) 3(2z—3y)(8y —2)(z—22). (i) —(a—=b)(d—c){c—a).
(iii) (a:—a)(a:—i). 6. (i) 2621, —254. (i) z=3, y=4.

Tin, 126 1b. ; Lead, 144 1b, 8. 5.
1936
(i) (v*+2z+2)(x*—22+72). (ii) (x+a)(az+1).
(i) —{a+b+c)(a—d){db—c)c—a).
(i) 13. (ii) z=4, =06, =8, 7. T79.
32 hr.
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ANSWERS xlix

" Board of High School Education, Central Provinces.

High School Certificate Examination

1931
(i) —(2—58)(b—c)(c—=m). (ii) (e+yz-—2y+1).
(iii) (x+1){x+2)(x—3).
3 hours after 4’s start ; 12 miles. 7. (i) 2=}, y=3.
(i1} 4, 13 8. (b) 220 and 176 yards per minute.
1932
. _2(7. .. B 210 2 . .
(1-) b (ii) Y 6. (2?+2+2)(2%—22+2); 2?+2+1.
(a) z=2,13; y=1,13.  (b). a==+4, y=1=%3
(a) 4’s income, Rs. 350 ; B's income, Rs. 490.
(b) Rs. 38. 2a. 4°8p. ; 220.
1933
(1) (2—1)(x+1)(x+4)(x+06). (i1) (z—1)*(222—x+2).
(ii1) 3{z ~y)y—2)(z—x). 6. (i) 2. (i) x./9.
(iii) =3, y=33}. 7. (a) Rs. 105. (b) Rs. 185. 9. 4, 40: B, 60.
1934
(@) 818; (z—1)(z-3)(2x2 - 3a+2).
(®) () (a+b+c)a?+b2+c2—ab—bc—ca). (ii) (d—cHab+be+ca).
(@) % 8. (b) 2. 7. (i) 0,—2 (i) =6, y=2.
4, Rs. 46; B, Rs. 30; C, Rs. 106. 9. (&) 17.
1935
1 . b
T—3 5. (i) _ca:_—;—_. (ii) 2= -2, y=17.
19 and 35 miles an hour; 95 and 41 miles.
(i) (@+d)b+c)e+a). (i) (z*+3zx+1)2
(ii) 18. 11. o2 —8z+1.
1936
L
2
(a) {a-1){a+3)a*+2a+2). (b) ir'&—i-bx‘
(a) —4. (b) 2=1, y=2.
11-25 a.m. ; 835 miles from 4.
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Board of High School and Intermediate Education,
Rajputana, Central India and Gwalior, Ajmer.

High School Examination

1934
6. (a) (i) {z2+3){z*—822+9). (ii) (x—1){z+1)(1 —x)(1+y).
(ii1) 3(x—58)(dz+1). 7. (a) 2a*b*+2b%¢c*+2c%a? —at —b* —cH.
(b) 10. 8. (i) z=T7,y=1. (it) 1%, —9. (iii)) 3. 9. 36 miles.
10. (a) Rs. 5. 7a.; Rs. 4. 8a.; Rs.3.2. (b) (-1, 4}; (0, 2), (1, 0).

1935
6. (a) (i) (a+d+e{—at+d+c)la—b+c){a+b—c).
(ii) {x—2y)(z* +ay+y>) (b) 1. 7. (b) 3. 8. (i) 3.
(ii) =7, y=2. (iii) 2,-3. 9. 45 miles; 5 miles an hour.
10. (a) 4 ft. 9 in.; 14 yr. Tmo. (b) (0, —4), (0, 3), (—5, —13.)

1936

6. (a) () (a+b—4c)(a—Db+4c). (ii) {a+1)2(a? +2a - 2).
(1ii) (z—2y-+82)(z*4+4y* 4+ 922 +2zxy —3az+6yz.)

7. (a) %1; x=4, y=10. (b) 4, 53.

8. (a) 22. (b) m--%—g. 9. (a) a™t. (b) 1100

10. DBoy, 5838 1b.; givl, 55 1b.; 12 yr. 7 mo., and 15 yr. 5 mo.
(3, 4), (-3, 2), (4, 1).



