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Lt
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(1+
x
1 )x,  

0x
Lt
→ x

1e x
−  ,

0x
Lt
→ x

x)log(1+
,

0x
Lt
→ θ
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1.1 mÂ ,a¦fÂj«mÂ ,a¦fÂj«mÂ ,a¦fÂj«mÂ ,a¦fÂj«mÂ ,a¦fÂj«

,§»yhªij rh®ªj r®. M®j® bf­È (1821-1895) v¬w

fÂjÉayh® Kj¬KjÈ± mÂf´ v¬»w gj¤ij 1858M« M©o±

m¿Kf¥gL¤½dh®.  j¦fhy¤½± ga¬gh£L fÂjÉaÈ±/ mÂfis¡

F¿Þlhf¡ bfh©L/ xUgo¢ rk¬ghLfis br«ikahd KiwÆ± gy

,l§fË± F¿¡»¬nwh«.

bghUËÆa±/ csÉa± k¦W« braÈÆ¬ M­î M»a JiwfË±

mÂÆa± ga¬gL¤j¥gL»wJ.  nkY« ,t¦¿¬ ga¬ghLf´ bgh¿Æa±/

clÈa± k¦W« r_f m¿Éa±/ tÂf nkyh©ik/ ò´ËÆa±/ k¦W«

eåd f£Lgh£L mik¥ò M»a JiwfË± ,¬¿aikahjjhf c´sd.

1.1.1 mÂ tiuaiwmÂ tiuaiwmÂ tiuaiwmÂ tiuaiwmÂ tiuaiw
v©f´ k¦W« rh®òfis/ br²tf mik¥¾± ¾¬tUkhW

F¿¥¾Ltij mÂ (matrix) v¬»nwh«.



























mnm2m1

2n2221

1n1211

....aaa

...

...

...

....aaa

....aaa

nk¦f©l mik¥¾± c´s v©f´ k¦W« rh®òfis F¿¡F«

a
ij

 -ia _yf§f´ v¬»nwh«.  m«_yf§f´ bk­ba©f´ m±yJ

¼¡fby©f´ Mf ,U¡fyh«.  Äif KG v©fshd m, n nk¦f©l

mik¥¾± Ãu±/ ÃiufË¬ v©Â¡ifia¡ F¿¡»¬wd.

vL¤J¡fh£lhf/

A = 








42

21
,   B = 














x
1

2

x

sinxx
 M»ait mÂf´

mÂfS«/ mÂ¡nfhitfS«mÂfS«/ mÂ¡nfhitfS«mÂfS«/ mÂ¡nfhitfS«mÂfS«/ mÂ¡nfhitfS«mÂfS«/ mÂ¡nfhitfS«
(MATRICES AND DETERMINANTS) 1
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1.1.2 mÂÆ¬ tÇirmÂÆ¬ tÇirmÂÆ¬ tÇirmÂÆ¬ tÇirmÂÆ¬ tÇir
m  Ãiufisí«/  n  Ãu±fisí« cila mÂÆ¬ tÇir  m x n

vd¥gL»wJ.

A = (a
ij
)

mxn
  v¬»w F¿Þ£o±/ 1 Kj±  m  tiu br±y¡Toa  i

Ãiwfisí«/  1 Kj± n  tiu br±y¡Toa  j Ãu±fisí« F¿¡»¬wJ.

vL¤J¡fh£lhf

A = 








654

321
 v¬»w mÂÆ¬ tÇir  2 x 3  MF«.

B = 








42

21
 v¬»w mÂÆ¬ tÇir  2 x 2  MF«.

C = 








θθ

θθ

sincos

cossin
 v¬»w mÂÆ¬ tÇir  2 x 2  MF«.

D = 
















−

−−

93878

6754

30220

 v¬»w mÂÆ¬ tÇir  3 x 3  MF«.

1.1.3 mÂfË¬ tiff´mÂfË¬ tiff´mÂfË¬ tiff´mÂfË¬ tiff´mÂfË¬ tiff´

i. rJu mÂrJu mÂrJu mÂrJu mÂrJu mÂ (Square Matrix)

X® mÂÆ± c´s ÃiufË¬ v©Â¡ifí«/ Ãu±fË¬

v©Â¡ifí« rkkhf ,U¥¾¬ m²tÂ rJu mÂ vd¥gL«.

vL¤J¡fh£lhf/

A = 








36

75
  tÇir 2-I cila rJu mÂ MF«.

B = 
















942

614

513

 tÇir 3-I cila rJu mÂ MF«.

C = 
















δβα

δβα

δβα

coseccoseccosec

coscoscos

sinsinsin

 tÇir 3-I cila rJu mÂahF«.
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ii. Ãiu mÂÃiu mÂÃiu mÂÃiu mÂÃiu mÂ (Row Matrix)

xnu xU Ãiuia cila mÂ Ãiu mÂ vd¥gL«.

vL¤J¡fh£lhf

A = [2  0  1] v¬gJ 1 x 3 Ãiu mÂ MF«.

B = [1  0]
 
 v¬gJ 1 x 2 Ãiu mÂ MF«.

iii. Ãu± mÂÃu± mÂÃu± mÂÃu± mÂÃu± mÂ (Column Matrix)

xnu xU Ãu± cila mÂ Ãu± mÂ vd¥gL«.

vL¤J¡fh£lhf

A  = 
















1

0

2

v¬gJ 3 x 1 tÇir Ãu± mÂ MF«.

B  = 








0

1
 v¬gJ 2 x 1 Ãu± mÂ MF«.

iv. ó÷Ía mÂó÷Ía mÂó÷Ía mÂó÷Ía mÂó÷Ía mÂ (Zero Or Null Matrix)

X® mÂÆ± c´s _yf§f´ mid¤J« ó÷Íakhf ,U¥¾¬/

m²tÂ ó÷Ía mÂ v¬wiH¡f¥gL»wJ.  nkY« m²tÂ 0 vd

F¿¡f¥gL«.

vL¤J¡fh£lhf

O = 








00

00
v¬gJ 2 x 2 tÇirí´s ó÷Ía mÂ MF«.

O = 








000

000
v¬gJ  2 x 3 tÇirí´s ó÷Ía mÂ MF«.

v. _iyÉ£l mÂ_iyÉ£l mÂ_iyÉ£l mÂ_iyÉ£l mÂ_iyÉ£l mÂ (Diagonal Matrix)

xU rJu mÂÆ± Kj¬ik _iyÉ£l _yf§fis¤ jÉ®¤J/

k¦w _yf§fË¬ k½¥ò ó÷Íakhf ,U¥¾¬ m²tÂ _iyÉ£l mÂ

vd¥gL«.

vL¤J¡fh£lhf

A = 








90

05
v¬gJ tÇir  2 -I cila _iyÉ£l mÂ
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nkY«  B = 
















300

020

001

  v¬gJ tÇir  3 -I cila _iyÉ£l mÂ MF«.

A = 
















−−

563

425

731

 v¬w rJu mÂÆ±/

1, -2, 5 M»ait Kj¬ik _yÉ£l _yf§fshF«. 3, -2, 7 M»ait

Jiz _yÉ£l _yf§fshF«.

vi. ½irÆÈ mÂ½irÆÈ mÂ½irÆÈ mÂ½irÆÈ mÂ½irÆÈ mÂ (Scalar Matrix)

xU _iyÉ£l mÂÆ¬ mid¤J _iyÉ£l cW¥òfS« K -¡F¢

rkkhf ,U¥¾¬ m²tÂ ½irÆÈ mÂ vd¥gL«.

vL¤J¡fh£lhf

A = 
















200

020

002

 v¬w mÂ tÇir  3 -I cila ½irÆÈ mÂahF«.

,§F K = 2.

vii. myF mÂmyF mÂmyF mÂmyF mÂmyF mÂ (Unit Matrix)

xU ½irÆÈ mÂÆ¬ mid¤J _iyÉ£l _yf§fË¬ k½¥ò

1 v¬W ,U¡F« nghJ m²tÂ myF mÂ vd¥gL«.  ,²tÂ  I  vd

F¿¥¾l¥gL»wJ.

vL¤J¡fh£lhf

I
2
 = 









10

01
 v¬gJ tÇir 2 -I cila myF mÂahF«.

I
3
 = 

















100

010

001

v¬gJ tÇir  3 -I cila myF mÂahF«.

1.1.4 X® mÂia ½irÆÈ bfh©L bgU¡Fj±X® mÂia ½irÆÈ bfh©L bgU¡Fj±X® mÂia ½irÆÈ bfh©L bgU¡Fj±X® mÂia ½irÆÈ bfh©L bgU¡Fj±X® mÂia ½irÆÈ bfh©L bgU¡Fj± (Multiplication

of a marix by a scalar)

mÂ A = (a
ij
) vÅ±/ K v¬gJ xU ½irÆÈ vÅ±/ KA v¬»w

½irÆÈah± bgU¡f¥g£l mÂ ¾¬tUkhW tiuaW¡f¥gL»wJ.
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KA= (Ka
ij
) mid¤J  i, j ¡fS¡F«

A = (a
ij
) v¬»w mÂia K (½irÆÈ) v¬w v©zh± bgU¡Fj±

v¬gJ/ m²tÂÆ± c´s mid¤J _yf§fisí« K-M±

bgU¡Ftj¦F x¥ghF«.

1.1.5 mÂÆ¬ v½®kiwmÂÆ¬ v½®kiwmÂÆ¬ v½®kiwmÂÆ¬ v½®kiwmÂÆ¬ v½®kiw (Negative of a matrix)

A = (a
ij
)

mxn
 v¬w mÂÆ¬ v½®kiwia/ - A = (-a

ij
)

mxn
 v¬W

tiuaW¡f¥gL»wJ.  mjhtJ m²tÂÆ± c´s mid¤J _yf§fË¬

F¿ÞLf´  + ÈUªJ − Mfî«/ − ÈUªJ + Mfî« kh¦w¥gL»wJ.

vL¤J¡fh£lhf

A = 






 −

650

752
vÅ±

- A = 








−−

−−

650

752

1.1.6 mÂfË¬ rk¤Jt«mÂfË¬ rk¤Jt«mÂfË¬ rk¤Jt«mÂfË¬ rk¤Jt«mÂfË¬ rk¤Jt«
,u©L mÂf´ ¾¬tU« Ãgªjid¡F c£g£lh± ,²Éu©L

mÂfS« rkmÂf´ vd¥gL«.

(i) ,u©L mÂfË¬ tÇirfS« rkkhf ,U¤j±

(ii) x¤j ,l¤½± mikªj _yf§fË¬ k½¥ò¡f´ rkkhf

,U¤j±

1.1.7 mÂfË¬ T£l±mÂfË¬ T£l±mÂfË¬ T£l±mÂfË¬ T£l±mÂfË¬ T£l±
,u©L mÂfË¬ tÇirf´ rkkhf ,U¥¾¬ (T£lY¡F

cfªjJ) mt¦¿¬ x¤j _yf§fis T£o bgw¥g£l mÂ/ nk¦F¿¥¾£l

mÂfË¬ T£lyhF«.

1.1.8 mÂfË¬ T£l± g©òf´mÂfË¬ T£l± g©òf´mÂfË¬ T£l± g©òf´mÂfË¬ T£l± g©òf´mÂfË¬ T£l± g©òf´
A, B k¦W«  C xnu tÇiríila mÂfshf¡ fUjî«.  mÂfË¬

T£l± ¾¬tU« É½fS¡F c£g£lJ.

(i) kh¦WÉ½ Commutative law :  A + B = B + A

(ii) nr®¥ò É½ Associative law : A + (B + C) = (A + B) + C

(iii) g§Ñ£L É½ Distributive law : K(A+B) = KA+KB,

(K v©iz¡ F¿¡»wJ.)
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1.1.9 mÂfË¬ fÊ¤j±mÂfË¬ fÊ¤j±mÂfË¬ fÊ¤j±mÂfË¬ fÊ¤j±mÂfË¬ fÊ¤j±
,U mÂf´ xnu tÇirahf mikí«nghJ k£Lnk mt¦¿¬

fÊ¤j± tiuaW¡f¥gL»wJ.

A,  B M»a mÂf´ xnu tÇiríilajhf¡ fUjî«. A - B v¬gJ/

B mÂÆ¬ _yf§fis/ A mÂÆ¬ x¤j _yf§fËÈUªJ fÊ¤J

bgw¥gLtjhF«.

1.1.10mÂfË¬ bgU¡f±mÂfË¬ bgU¡f±mÂfË¬ bgU¡f±mÂfË¬ bgU¡f±mÂfË¬ bgU¡f±
Kj± mÂÆ¬  (A) Ãu±fË¬ v©Â¡ifí«/ ,u©lh« mÂÆ¬

(B) ÃiufË¬ v©Â¡ifí« rkkhf ,U¡F«nghJ k£Lnk

(bgU¡fY¡F cfªjJ) ,²ÉU mÂfË¬ bgU¡f± A B tiuaW¡f¥

gL»wJ.

A = (a
ij
) v¬»w mÂ m x p tÇiríilajhfî«/

B = (b
ij
) v¬»w mÂ p x n tÇiríilajhfî« fUjî«.

¾¬ò ,t¦¿¬ bgU¡f± AB v¬gJ  m x n  juKila  C = (c
ij
) v¬w

mÂahF«.  ,§F C
ij
 = A-¬  i M« ÃiwÆ¬ _yf§fisí«/  B-¬  j M«

ÃuÈ¬ _yf§fisí« Kiwna bgU¡» ¾¬ò mt¦iw¡ T£o bg¦w

k½¥ghF«.

vL¤J¡fh£lhf

  A = 

2 x 3
76

12

53

















−    B = 
2 x 2

42

75









−

−
 vÅ±

  AB = 
















−

76

12

53

  








−

−

42

75

= 
















++

++

++

(4)7x  (-7)6x (-2)7x   5 x 6

(4) x (-1)  (-7) x 2(-2) x (-1)  5 x 2

5x(5)3x(-7)5x(-2)5 x 3

= 
















−

−

−

1416

1812

15
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1.1.11 mÂfË¬ bgU¡f± g¦¿a g©òf´mÂfË¬ bgU¡f± g¦¿a g©òf´mÂfË¬ bgU¡f± g¦¿a g©òf´mÂfË¬ bgU¡f± g¦¿a g©òf´mÂfË¬ bgU¡f± g¦¿a g©òf´
(i) mÂfË¬ bgU¡f± bghJthf kh¦W É½¡F c£g£lj±y.

mjhtJ A,  B v¬w ,U mÂfS¡F AB ≠ BA.

(ii) mÂfË¬ bgU¡f± nr®¥ò É½¡F c£g£lJ.

mjhtJ (AB) C = A(BC)

(iii) mÂfË¬ bgU¡f± T£lÈ¬ mo¥gilÆ± mikªj

g§Ñ£L É½¡F c£g£lJ.  mjhtJ/ A v¬gij m x n

tÇirí´s juK´s mÂahfî«/ B k¦W« C M»at¦iw n x

k  tÇirí´s mÂfshfî« bfh©lh±/ A(B+C)  = AB + AC

(iv) A v¬gJ  n  tÇirí´s rJu mÂahfî«/  I v¬gJ mnj

tÇirí´s myF mÂahfî« ,U¥¾¬/

AI = A  = I A

(v) AB  = O, vd mikí«bghGJ/ A m±yJ  B ,u©L

mÂfSnk ó÷Ía mÂfshf ,U¡f nt©oa

mt¼aÄ±iy.

vL¤J¡fh£lhf

A = 
2 x 2

22

11








   B = 

2 x 2
11

11









−

−
 v¬f

AB = 








22

11
   









−

−

11

11
 = 









00

00

,§F A,  B  ,U mÂfS« ó÷Ía mÂf´ m±y. Mdh± mt¦¿¬
bgU¡f± mÂ AB xU ó÷Ía mÂ MF«.

1.1.12  gÇkh¦W mÂgÇkh¦W mÂgÇkh¦W mÂgÇkh¦W mÂgÇkh¦W mÂ (Transpose of a matrix)

A = (a
ij
) v¬gij   m x n  tÇirí´s mÂahf fUjî«.

,²tÂÆ¬ Ãiufis/ Ãu±fshfî« m±yJ Ãu±fis/ Ãiufshfî«
kh¦¿ bgw¥gL« mÂ A¬ gÇkh¦W mÂ vd¥gL«.  n x m  tÇirí´s
,¥gÇkh¦w mÂ/ AT  vd¡ F¿¡f¥gL»wJ.

vL¤J¡fh£lhf

A = 
3 x 2

643

521








 ,  vÅ±  AT = 

T

643

521








 = 

















65

42

31



8

1.1.13 gÇkh¦W mÂÆ¬ g©òf´gÇkh¦W mÂÆ¬ g©òf´gÇkh¦W mÂÆ¬ g©òf´gÇkh¦W mÂÆ¬ g©òf´gÇkh¦W mÂÆ¬ g©òf´
AT ,  BT v¬gd A k¦W« B-¡fË¬ gÇkh¦W mÂfshfî«.  α

v¬gij X® v©zhfî« fUJ«bghGJ
(i) (AT)T = A,

(ii) (A + B)T = AT + BT

(iii) (α A)T = αAT

(iv) (AB)T = BT AT (A,  B bgU¡fiy mDrÇ¡F«bghGJ)

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 1

A = 








1026

695
,  B = 









−− 384

706
 vÅ±

A + B ,  A-B -ia¡ fh©fia¡ fh©fia¡ fh©fia¡ fh©fia¡ fh©f
Ô®î :

A+B =  








−+−++

+++

)3(10)8(246

760965
 = 









− 7610

13911

A-B =  








−−−−−

−−−

)3(10)8(246

760965
 = 







 −−

13102

191

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 2

A = 








29

63
vÅ±vÅ±vÅ±vÅ±vÅ±   (i) 3A   (ii) -

3
1

A -ia¡ fh©f.ia¡ fh©f.ia¡ fh©f.ia¡ fh©f.ia¡ fh©f.

Ô®î :

(i) 3A = 3 








29

63
 = 









627

189

(ii) -
3
1 A = -

3
1










29

63
 = 











−

−−

3
2-3

21

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 3

A = 
















461

974

532

,  B = 
















− 726

524

213

 vÅ±vÅ±vÅ±vÅ±vÅ±

5(A+B) = 5A + 5B  v¬gij ÃWîfv¬gij ÃWîfv¬gij ÃWîfv¬gij ÃWîfv¬gij ÃWîf
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Ô®î :

A+B = 
















1147

1498

745

  ∴ 5(A+B) = 
















552035

704540

352025

5A = 
















20305

453520

251510

   5B = 
















− 351030

251020

10515

∴ 5A+5B = 
















552035

704540

352025

 ∴ 5(A+B) = 5A + 5B

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

A = 
















963

642

321

  B = 
















−−−

−−−

421

421

421

 vÅ±

AB k¦W«k¦W«k¦W«k¦W«k¦W« BA  ia¡ fh©f k¦W«ia¡ fh©f k¦W«ia¡ fh©f k¦W«ia¡ fh©f k¦W«ia¡ fh©f k¦W«
AB ≠≠≠≠≠ BA v¬gij ÃWîf.v¬gij ÃWîf.v¬gij ÃWîf.v¬gij ÃWîf.v¬gij ÃWîf.

Ô®î:

AB =   
















++++++

++++++

++++++

9x46(-4)3(-4)9(2)6(-2)3(-2)9(1)6(-1)3(-1)

6x44(-4)2(-4)6(2)4(-2)2(-2)6(1)4(-1)2(-1)

3x42(-4)1(-4)3x22(-2)1(-2)3(1)2(-1)1(-1)

= 

3 x 3
000

000

000

















,J ngh¬nw BA = 
















−−−

−−−

513417

513417

513417

∴ AB ≠ BA

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 5

A = 








−

−

43

21
vÅ±vÅ±vÅ±vÅ±vÅ±  A2-5A + 3I-ia¡ fz¡»Lfia¡ fz¡»Lfia¡ fz¡»Lfia¡ fz¡»Lfia¡ fz¡»Lf
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Ô®î:

A2 =     A.A = 








−

−

43

21
  









−

−

43

21

= 








−

−

109

65

5A = 5 








−

−

43

21
 = 









−

−

2015

105

3I = 3 








10

01
 = 









30

03

∴ A2 - 5A+3I = 








−

−

109

65
- 









−

−

2015

105
+ 









30

03

= 








−

−

3024

1610
+ 









30

03
= 









−

−

3324

167

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 6

                 ¾¬tU« mÂfis¡ bfh©L¾¬tU« mÂfis¡ bfh©L¾¬tU« mÂfis¡ bfh©L¾¬tU« mÂfis¡ bfh©L¾¬tU« mÂfis¡ bfh©L (AB)T = BT AT  v¬gij ÃWîf.v¬gij ÃWîf.v¬gij ÃWîf.v¬gij ÃWîf.v¬gij ÃWîf.

A = 

3x  2
104

241








 −
   B = 

2x  3
24

10

32

















−−

−

Ô®î :

AB  = 






 −

104

241
 

















−−

−

24

10

32

= 








++++

++++

1x(-2)0x14x(-3)1x(-4)0x04x2

2x(-2)(-4)x11x(-3)2(-4)(-4)x01x2

= 








++

+

2-012-4-08

4-4-3-8-02
= 









14-4

11-6-

∴ (AB)T =  

T

144

116









−

−−
 = 









−−

−

1411

46
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    BT AT = 








−−

−

213

402
   

















−

12

04

41

=  








−−

−

1411

46

∴  (AB)T = BT AT

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 7

xU ÃWtd«xU ÃWtd«xU ÃWtd«xU ÃWtd«xU ÃWtd«  A, B, C M»a _¬W tif thbdhÈ¥M»a _¬W tif thbdhÈ¥M»a _¬W tif thbdhÈ¥M»a _¬W tif thbdhÈ¥M»a _¬W tif thbdhÈ¥
bg£ofis c¦g¤½br­»wJ.bg£ofis c¦g¤½br­»wJ.bg£ofis c¦g¤½br­»wJ.bg£ofis c¦g¤½br­»wJ.bg£ofis c¦g¤½br­»wJ. A, B k¦W«k¦W«k¦W«k¦W«k¦W« C tiffË± KiwnatiffË± KiwnatiffË± KiwnatiffË± KiwnatiffË± Kiwna
500 /  1000 /  k¦W«k¦W«k¦W«k¦W«k¦W« 200 v©Â¡iffË± V¦Wk½v©Â¡iffË± V¦Wk½v©Â¡iffË± V¦Wk½v©Â¡iffË± V¦Wk½v©Â¡iffË± V¦Wk½
br­a¥glî´sJ.  ,j¦FÇa bghU£f´ k¦W« ciH¥¾¬br­a¥glî´sJ.  ,j¦FÇa bghU£f´ k¦W« ciH¥¾¬br­a¥glî´sJ.  ,j¦FÇa bghU£f´ k¦W« ciH¥¾¬br­a¥glî´sJ.  ,j¦FÇa bghU£f´ k¦W« ciH¥¾¬br­a¥glî´sJ.  ,j¦FÇa bghU£f´ k¦W« ciH¥¾¬
msî (bghU¤jkhd myFfË±)  Ñ³tU« g£oaÈ±msî (bghU¤jkhd myFfË±)  Ñ³tU« g£oaÈ±msî (bghU¤jkhd myFfË±)  Ñ³tU« g£oaÈ±msî (bghU¤jkhd myFfË±)  Ñ³tU« g£oaÈ±msî (bghU¤jkhd myFfË±)  Ñ³tU« g£oaÈ±
bfhL¡f¥g£L´sJ.bfhL¡f¥g£L´sJ.bfhL¡f¥g£L´sJ.bfhL¡f¥g£L´sJ.bfhL¡f¥g£L´sJ.

ciH¥òciH¥òciH¥òciH¥òbghU´bghU´bghU´bghU´

tiftiftiftif

tiftiftiftif

tiftiftiftif
          

9      12

5      8

20      10

   

C 

B 

 A

















mÂfË¬ bgU¡fiy¥ ga¬gL¤½ / nk¦F¿¥¾£L´smÂfË¬ bgU¡fiy¥ ga¬gL¤½ / nk¦F¿¥¾£L´smÂfË¬ bgU¡fiy¥ ga¬gL¤½ / nk¦F¿¥¾£L´smÂfË¬ bgU¡fiy¥ ga¬gL¤½ / nk¦F¿¥¾£L´smÂfË¬ bgU¡fiy¥ ga¬gL¤½ / nk¦F¿¥¾£L´s
V¦Wk½¡F¤ njitahd bghU£f´ k¦W« ciH¥¾¬ bkh¤jV¦Wk½¡F¤ njitahd bghU£f´ k¦W« ciH¥¾¬ bkh¤jV¦Wk½¡F¤ njitahd bghU£f´ k¦W« ciH¥¾¬ bkh¤jV¦Wk½¡F¤ njitahd bghU£f´ k¦W« ciH¥¾¬ bkh¤jV¦Wk½¡F¤ njitahd bghU£f´ k¦W« ciH¥¾¬ bkh¤j
msit¡ fh©f.msit¡ fh©f.msit¡ fh©f.msit¡ fh©f.msit¡ fh©f.

Ô®î:

nk¦f©l g£oaÈ± c´s Étu§fis  P v¬w mÂia¡ bfh©L

F¿¥ngh«.

P = 

C 

B 

A 

  

9      12

05      8

20      10
         

tif

tif

tif

ciH¥òbghU´

















A, B, k¦W« C tiffS¡fhd V¦Wk½ v©Â¡ifia E v¬w mÂah±

F¿¥¾Lnth«.
         A       B     C

E = (500  1000 200)

∴ bghU£f´ k¦W« ciH¥¾¬ bkh¤j«  = E x P

= (500  1000  200)  
















912

58

2010
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= (5000 + 8000 + 2400         10000 + 5000 + 1800)

   bghU£f´  ciH¥ò
=  (15,400          16,800)

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 8

É¦gidahs®É¦gidahs®É¦gidahs®É¦gidahs®É¦gidahs® A k¦W«k¦W«k¦W«k¦W«k¦W« B Æ± c´s _¬W tif FH±Æ± c´s _¬W tif FH±Æ± c´s _¬W tif FH±Æ± c´s _¬W tif FH±Æ± c´s _¬W tif FH±
És¡FfË¬ g£oa± ÑnH bfhL¡f¥g£L´sJ.És¡FfË¬ g£oa± ÑnH bfhL¡f¥g£L´sJ.És¡FfË¬ g£oa± ÑnH bfhL¡f¥g£L´sJ.És¡FfË¬ g£oa± ÑnH bfhL¡f¥g£L´sJ.És¡FfË¬ g£oa± ÑnH bfhL¡f¥g£L´sJ.

    bga®    bga®    bga®    bga®    bga®filfilfilfilfil
  g#h÷  g#h÷  g#h÷  g#h÷  g#h÷     ¾È¥µ    ¾È¥µ    ¾È¥µ    ¾È¥µ    ¾È¥µ     N®ah    N®ah    N®ah    N®ah    N®ah

          A   43 62 36

          B    24 18 60

É¦gidahs®É¦gidahs®É¦gidahs®É¦gidahs®É¦gidahs® A,  30 g#h÷/g#h÷/g#h÷/g#h÷/g#h÷/ 30 ¾È¥µ k¦W«¾È¥µ k¦W«¾È¥µ k¦W«¾È¥µ k¦W«¾È¥µ k¦W« 20 N®ahN®ahN®ahN®ahN®ah
tif FH± És¡Ffisí«/ É¦gidahs®tif FH± És¡Ffisí«/ É¦gidahs®tif FH± És¡Ffisí«/ É¦gidahs®tif FH± És¡Ffisí«/ É¦gidahs®tif FH± És¡Ffisí«/ É¦gidahs® B,  nk¦T¿ank¦T¿ank¦T¿ank¦T¿ank¦T¿a
tiffË± Kiwna 10/ 6/ 4 v©Â¡iffËY« bgWtj¦FtiffË± Kiwna 10/ 6/ 4 v©Â¡iffËY« bgWtj¦FtiffË± Kiwna 10/ 6/ 4 v©Â¡iffËY« bgWtj¦FtiffË± Kiwna 10/ 6/ 4 v©Â¡iffËY« bgWtj¦FtiffË± Kiwna 10/ 6/ 4 v©Â¡iffËY« bgWtj¦F
c¦g¤½ahsÇl« nt©oí´sd®. xU ¼y fhuz§fsh±c¦g¤½ahsÇl« nt©oí´sd®. xU ¼y fhuz§fsh±c¦g¤½ahsÇl« nt©oí´sd®. xU ¼y fhuz§fsh±c¦g¤½ahsÇl« nt©oí´sd®. xU ¼y fhuz§fsh±c¦g¤½ahsÇl« nt©oí´sd®. xU ¼y fhuz§fsh±
mt®f´ nfhÇa v©Â¡iffË± gh½ msnt c¦g¤½ahs®mt®f´ nfhÇa v©Â¡iffË± gh½ msnt c¦g¤½ahs®mt®f´ nfhÇa v©Â¡iffË± gh½ msnt c¦g¤½ahs®mt®f´ nfhÇa v©Â¡iffË± gh½ msnt c¦g¤½ahs®mt®f´ nfhÇa v©Â¡iffË± gh½ msnt c¦g¤½ahs®
fËlÄUªJ bgw KoªjJ .  nk¦T¿a _¬Wtif FH±fËlÄUªJ bgw KoªjJ .  nk¦T¿a _¬Wtif FH±fËlÄUªJ bgw KoªjJ .  nk¦T¿a _¬Wtif FH±fËlÄUªJ bgw KoªjJ .  nk¦T¿a _¬Wtif FH±fËlÄUªJ bgw KoªjJ .  nk¦T¿a _¬Wtif FH±
És¡FfË¬ Éiyf´ Kiwna %. 42 / %. 38 / k¦W« %. 36És¡FfË¬ Éiyf´ Kiwna %. 42 / %. 38 / k¦W« %. 36És¡FfË¬ Éiyf´ Kiwna %. 42 / %. 38 / k¦W« %. 36És¡FfË¬ Éiyf´ Kiwna %. 42 / %. 38 / k¦W« %. 36És¡FfË¬ Éiyf´ Kiwna %. 42 / %. 38 / k¦W« %. 36
MF« .  ¾¬tU« Étu§fis mÂÆ¬ _y« F¿¥¾Lf .MF« .  ¾¬tU« Étu§fis mÂÆ¬ _y« F¿¥¾Lf .MF« .  ¾¬tU« Étu§fis mÂÆ¬ _y« F¿¥¾Lf .MF« .  ¾¬tU« Étu§fis mÂÆ¬ _y« F¿¥¾Lf .MF« .  ¾¬tU« Étu§fis mÂÆ¬ _y« F¿¥¾Lf .
( i )     ru¡FfË¬ bjhl¡f ,U¥ò ru¡FfË¬ bjhl¡f ,U¥ò ru¡FfË¬ bjhl¡f ,U¥ò ru¡FfË¬ bjhl¡f ,U¥ò ru¡FfË¬ bjhl¡f ,U¥ò  ( i i)  c¦g¤½ahs®fËl«c¦g¤½ahs®fËl«c¦g¤½ahs®fËl«c¦g¤½ahs®fËl«c¦g¤½ahs®fËl«
nfhu¥g£l v©Â¡if nfhu¥g£l v©Â¡if nfhu¥g£l v©Â¡if nfhu¥g£l v©Â¡if nfhu¥g£l v©Â¡if (i i i)  c¦g¤½ahs®fËlÄUªJc¦g¤½ahs®fËlÄUªJc¦g¤½ahs®fËlÄUªJc¦g¤½ahs®fËlÄUªJc¦g¤½ahs®fËlÄUªJ
bgw¥g£l És¡FfË¬ v©Â¡if bgw¥g£l És¡FfË¬ v©Â¡if bgw¥g£l És¡FfË¬ v©Â¡if bgw¥g£l És¡FfË¬ v©Â¡if bgw¥g£l És¡FfË¬ v©Â¡if (iv) ru¡FfË¬ ,W½ru¡FfË¬ ,W½ru¡FfË¬ ,W½ru¡FfË¬ ,W½ru¡FfË¬ ,W½
,U¥ò ,U¥ò ,U¥ò ,U¥ò ,U¥ò (v) És¡FfË¬ Éiy (Ãu± mÂahf¡ bfh©L)És¡FfË¬ Éiy (Ãu± mÂahf¡ bfh©L)És¡FfË¬ Éiy (Ãu± mÂahf¡ bfh©L)És¡FfË¬ Éiy (Ãu± mÂahf¡ bfh©L)És¡FfË¬ Éiy (Ãu± mÂahf¡ bfh©L)
(vi) filÆÈY´s ,W½ ru¡»¬ bkh¤j k½¥òfilÆÈY´s ,W½ ru¡»¬ bkh¤j k½¥òfilÆÈY´s ,W½ ru¡»¬ bkh¤j k½¥òfilÆÈY´s ,W½ ru¡»¬ bkh¤j k½¥òfilÆÈY´s ,W½ ru¡»¬ bkh¤j k½¥ò
Ô®î:

(i) bjhl¡f ,U¥ò mÂ P = 








601824

366243

(ii) ru¡F nfhu± mÂ Q = 








40610

203030

(iii) ru¡F tH§ÑL mÂ  R = 2
1

Q = 








2035

101515

(iv) ru¡FfË¬ ,W½ ,U¥ò mÂ  S = P + R = 








802129

467758

(v) És¡FfË¬ Éiy mÂ  C = 

















36

38

42
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(vi) filÆY´s ,W½ ru¡»¬ bkh¤j k½¥ò.

    T = SC = 








802129

467758
 

















36

38

42

= 








++

++

2880  798  1218

1656  2926  2436

= 








4896

7018

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.1

1) A = 








27

35
 B = 









64

23
 vÅ±/ ¾¬tUtdt¦iw ÃWîf.

(i)  A + B  = B + A       (ii) (AT)T  = A

2) A = 
















652

894

213

 B =
















−

−

264

130

529

 vÅ±/

(i) A + B   (iii) 5A, 2B

(ii) B + A   (iv) 5A + 2B   M»at¦¿¬ k½¥ig¡ fh©f.

3) A = 






 −

53

21
 B = 









− 03

42
 vÅ±,

AB k¦W«  BA -Æ¬ k½¥ig¡ fh©f

4) Ñ³¡fhQ« mÂfS¡F AB k¦W« BA -Æ¬ k½¥ig¡ fh©f.

A = 
















−−

−

−−

342

251

513

  B  = 
















−

−

361

120

542

5) A = 








−231

012
  B  = 

















− 25

37

51

 vÅ±,

AB k¦W«  BA -Æ¬ k½¥ig¡ fh©f.
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6) A = 
















− 12

11

43

 B  = 








−

−

23

12
 vÅ±/

(AB)T = BT AT  v¬gij rÇgh®¡f.

7) A = 






 −

203

412
,  B  = 









−

−

513

201
 vÅ±/

3 (A+B) = 3A + 3B vd ÃWîf.

8) A = 








− 79

1112
 α = 3, β = -7 vÅ±/

(α + β)A = αA + βA  vd ÃWîf.

9) α = 3,   A = 
















−

534

201

021

 B =














 −

213

427

135

 vÅ±

α(A + B) = αA + αB  v¬gij rÇgh®¡f

10) A = 








αα

αα

cossin

sin-cos
  B = 









ββ

ββ

cossin

sin-cos
 vÅ±

(i) AB = BA v¬gij ÃWîf

(ii) (A+B)2 = A2 + B2 +2AB  v¬gij rÇgh®¡f

11) A = (3  5  6)
1 x 3

,   B = 

1 x 3
2

1

4

















 vÅ± AB k¦W« BA -ia¡ fh©f.

12) A = 








22

22
, B = 











8
1

8
1

8
1

8
1

vÅ± AB, BA ia¡ fz¡»Lf.

13) A, B vd ,U FL«g§f´ c´sd. A FL«g¤½± 4 M©f´/ 2 bg©f´
k¦W« 1 FHªijfS«/  B FL«g¤½± 2 M©f´/ 3 bg©f´ k¦W« 2

FHªijfS« c´sd. mt®fS¡F ½dªnjhW« gÇªJiu¡f¥g£l

fnyhÇf´ k¦W« òuj§f´ ¾¬tUkhW. fnyhÇf´ : M©f´ 2000/

bg©f´ 1500/ FHªijf´ 1200 òuj§f´ : M©f´ 50 »uh«/ bg©f´

45 »uh« FHªijf´ 30 »uh«.
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nk¦F¿¥¾£L´s jft±fis mÂahf vGjî«. mÂfË¬

bgU¡f± É½ia ga¬gL¤½/ x²bthU FL«g¤½¦F« njit¥gL« bkh¤j

fnyhÇf´ k¦W« bkh¤j òuj§f´ M»aitfis¡ f©L¾o¡fî«.

14) Ñ³¡fhQ« mÂfË¬ TLj± fh©f.

















12107

543

321

,     
















422

103

321

















8109

687

798

 k¦W«  
















19137

432

321

15) X + 








07

65
 = 2I

2
 + 0

2
  X-¬ k½¥ig¡ fh©f.

16) A = 
















211

121

112

 vÅ±  (A - I) (A - 4I) = 0 v¬f.

17) A = 






 −

10

11
 k¦W«  B = 









12

01
 vÅ±

(i) (A+B) (A-B) ≠ A2 - B2

(ii) (A+B)2  ≠ A2 + 2AB +B2  vd¡ fh£Lf.

18) 3A + 








−

−

12

14
 = 







−

41

22
 vÅ±/ A v¬w mÂia¡ f©L¾o¡fî«.

19) A = 






 −

01

10
 vÅ±/  A2 = -I vd ÃWîf.

20) A = 








θθ

θθ

cossin

sin-cos
 vÅ±/

A2 = 








θθ

θθ

2cos2sin

2sin-2cos
 vd ÃWîf.

21) A = 








3-2-

43
 vÅ±/  A2, A4 M»ait XuyF mÂf´ vd¡ fh£Lf.
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22) A = 








40

17
,  B = 









31

12
,  C = 









14

21
,   D = 









31-

25
 vÅ±

(i)  (A+B) (C+D)   (ii) (C+D) (A+B)    (iii) A2 - B2     (iv) C2 + D2

M»at¦iw¡ fh©f.

23) tÂf¡ fÂj«/ bghUËÆa±/ fÂ¥bgh¿ m¿Éa± k¦W« ò´ËÆa±

gÆY« khzt®fË¬ v©Â¡if ÑnH bfhL¡f¥g£L´sJ.

       tÂf¡         bghUËa± fÂ¥bgh¿   ò´ËÆa±
  

 tF¥ò
           fÂj«   m¿Éa±

  XI tF¥ò       45 60 55 30

  XII tF¥ò      58 72 40 80

(i) nk¦F¿¥¾£l jft±fis mÂ toÉ± vGjî«.

(ii) mÂÆ¬ ju¤ij vGjî«.

(iii) tF¥ò thÇahf khzt®fË¬ v©Â¡ifia Ãu± mÂahfî«/
ghl thÇahf khzt®fË¬ v©Â¡ifia Ãiu mÂahfî«

vGjî«.

(iv) (i) k¦W« (iii) M»at¦W¡F ,ilÆ± c´s bjhl®ò v¬d?

1.2  mÂ¡nfhitf´mÂ¡nfhitf´mÂ¡nfhitf´mÂ¡nfhitf´mÂ¡nfhitf´
(DETERMINANTS)

rJu mÂ¡F tiuaW¡f¥g£l mÂ¡nfhitf´ mÂ

,a¦fÂj¤½¬ xU K¡»a gF½ahf mik»¬wd.  mÂ¡ nfhitfË¬

fU¤J¡f´ F¿¥¾l¤j¡f msÉ¦F mÂ ,a¦fÂj¤½±

ga¬gL¤j¥gL»wJ.

1.2.1 mÂ¡nfhitmÂ¡nfhitmÂ¡nfhitmÂ¡nfhitmÂ¡nfhit
rJu mÂ A = (a

ij
)-¬ bjhl®òila mÂ¡nfhitÆ¬ k½¥ò X®

v©zhf mikí«.  m²bt©/ bk­ba©hfnth/ ¼¡bfy©zhfnth

k¦W« Äif v©nzhfnth m±yJ Fiw v©zhfnth v©zhfnth

m±yJ ó÷Íakhfnth mikayh«.  xU mÂÆ¬ mÂ¡nfhitia

Avd¡ F¿¥¾L»nwh«.  mÂ v¬gJ cW¥òfË¬ br²tf

totik¥ò (array) MF«. Mdh± mÂ¡nfhit v¬gJ X® v© msî

(numerical value) MF«.
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vL¤J¡fh£lhf

A =  








dc

ba
 vÅ±

A-Æ¬ mÂ¡nfhit

| A | = 
dc

ba
 -,¬ k½¥ò = ad - bc

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 9

2-3

1-1
 ,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.

Ô®î:

2-3

1-1
 = 1 x (-2) - 3 x (-1) = -2 + 3 = 1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 10

879

115

402

−  -,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.

Ô®î:

879

115

402

−  = 2
87

11−
  -0

89

15
  + 4 

79

15 −

= 2  (-1 x 8 - 1 x 7) - 0 (5 x 8 -9 x 1) + 4 (5x7 - (-1) x 9)

= 2  (-8 -7) - 0 (40 - 9) + 4 (35 + 9)

= -30 - 0 + 176 = 146

1.2.2 mÂ¡nfhitfË¬ g©òf´mÂ¡nfhitfË¬ g©òf´mÂ¡nfhitfË¬ g©òf´mÂ¡nfhitfË¬ g©òf´mÂ¡nfhitfË¬ g©òf´
(i) X® mÂnfhitÆ¬ Ãiufis/ Ãu±fshfnth m±yJ

Ãu±fis/ Ãiufshfnth kh¦W«bghGJ/ m²tÂ¡

nfhitÆ¬ k½¥ò khwh½U¡F«.

(ii) X® mÂ¡nfhitÆ± ,u©L Ãu±f´ (Ãiwf´) ,lkh¦w«

br­a¥gL«bghGJ/ m²tÂ¡nfhit k½¥¾¬ F¿ khW«.
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(iii) X® mÂ¡nfhitÆ± ,u©L Ãu±f´ (Ãiwf´) rkkhf

,U¥¾¬/ m²tÂ¡nfhit k½¥ò ò÷ÍakhF«.

(iv) X® mÂ¡nfhitÆ¬ VnjD« xU ÃuÈ¬ (ÃiuÆ¬)

cW¥òf´ X® v©zh± (k) bgU¡f¥g£lh± m²tÂ¡

nfhitÆ¬ k½¥ò« m²bt©zh± bgU¡f¥gL»wJ.

(v) xU ÃiuÆ± m±yJ ÃuÈY´s x²bthU cW¥òlD«

k¦bwhU ÃuÈ¬ m±yJ ÃiwÆ¬ Kiwahd cW¥òfis

X® msitah± (Scalar)  bgU¡»¡ T£odh±

mÂ¡nfhitÆ¬ k½¥ò khwhJ.

(vi) xU ÃuÈ± m±yJ xU ÃiuÆ± c´s x²bthU cW¥ò«/

,u©L m±yJ mj¦F nk¦g£l cW¥òfË¬ TLjyhf

,U¥¾¬/ mªj mÂ¡nfhit ,u©L m±yJ mj¦F

nk¦g£l mÂ¡nfhitfË¬ TLjyhf mikí«.

(vii) ,u©L Ãu±f´ (Ãiuf´) É»j rk¤½± ,U¥¾¬/

m²tÂ¡ nfhitÆ¬ k½¥ò ó÷ÍakhF«.

1.2.3 mÂ¡nfhitfË¬ bgU¡f±mÂ¡nfhitfË¬ bgU¡f±mÂ¡nfhitfË¬ bgU¡f±mÂ¡nfhitfË¬ bgU¡f±mÂ¡nfhitfË¬ bgU¡f±
,u©L mÂ¡nfhitf´ rk tÇirÆ± ,U¡F«bghGJ k£Lnk/

mt¦iw bgU¡f ,aY«/ nkY« |AB| = |A| . |B|

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 11

A =
65

13
  B = 

31

25
 vÅ±vÅ±vÅ±vÅ±vÅ± A x BÆ¬ k½¥ig¡Æ¬ k½¥ig¡Æ¬ k½¥ig¡Æ¬ k½¥ig¡Æ¬ k½¥ig¡

fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î:

ÃiubahL Ãuiy¥ bgU¡»dh±

A x B= 
65

13
 x 

31

25

= 
3 x 6  2 x 51 x 6  5 x 5

3 x 1  2 x 31 x 1  5 x 3

++

++

= 
1810625

36115

++

++
 = 

2831

916
 = 448 - 279

= 169
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 12

fz¡»Lffz¡»Lffz¡»Lffz¡»Lffz¡»Lf 

401

503

312

−

 x 

020

300

002

Ô®î :

ÃiubahL Ãuiy¥ bgU¡»dh±

401

503

312

−

 
020

300

002

= 
0 x 4  3 x 0  0 x 12 x 4  0 x 0  0 x 1 0 x 4  0 x 0  2 x 1

0 x 5  3 x 0  0 x 3 2 x 5  0 x 0  0 x 30 x 5 0 x 0  2 x 3

0 x 3  3 x 1  0 x 22 x 3  2 x 1  0 x 20 x 3  0 x 1 2 x 2

−+−+−+

++++++

++++++

= 
082

0106

364

−

= 4 (0 + 0) -6 (0 - 0) + 3 (-48 - 20)

= 3 (-68) = - 204

1.2.4 ó÷Ía¡nfhit mÂó÷Ía¡nfhit mÂó÷Ía¡nfhit mÂó÷Ía¡nfhit mÂó÷Ía¡nfhit mÂ (Singular matrix)

A v¬w rJu mÂÆ¬ mÂ¡nfhitÆ¬ k½¥ò ó÷ÍabkÅ±

m²tÂ ó÷Ía¡nfhit mÂ MF« m²th¿±iybaÅ±/ ó÷Íak¦w

nfhit mÂ vd¥gL«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 13










42

21
 -I ó÷Ía¡nfhit mÂ vd¡ fh£LfI ó÷Ía¡nfhit mÂ vd¡ fh£LfI ó÷Ía¡nfhit mÂ vd¡ fh£LfI ó÷Ía¡nfhit mÂ vd¡ fh£LfI ó÷Ía¡nfhit mÂ vd¡ fh£Lf

Ô®î :

42

21
= 4 - 4 = 0 bfhL¡f¥g£l mÂ ó÷Ía¡nfhit mÂ MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 14










109

52
 -I ó÷Íak¦w nfhit mÂ vd¡ fh£Lf.I ó÷Íak¦w nfhit mÂ vd¡ fh£Lf.I ó÷Íak¦w nfhit mÂ vd¡ fh£Lf.I ó÷Íak¦w nfhit mÂ vd¡ fh£Lf.I ó÷Íak¦w nfhit mÂ vd¡ fh£Lf.
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Ô®î:

109

52
 =  29 - 45  = -25 ≠ 0

vdnt bfhL¡f¥g£l mÂ ó¢¼ak¦w nfhit mÂahF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 15

84-2-

035

4x1 −

 = 0 vÅ±vÅ±vÅ±vÅ±vÅ± x -,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.

Ô®î :

Kj± Ãiu tÊ ÉÇî br­½l

84-2-

035

4x1 −

  = 1 
84

03

−
  -x 

82

05

−
  +(-4) 

42

35

−−

= 1(24) - x (40) -4 (-20 +6)

= 24 -40x + 56 = -40x + 80

⇒ -40 x + 80 = 0

∴ x = 2

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 16

22

22

22

baba1 

acac1 

cbcb1 

++

++

++

   =   (a-b)  (b-c)  (c-a)   vd ÃWîfvd ÃWîfvd ÃWîfvd ÃWîfvd ÃWîf

Ô®î:

22

22

22

baba1 

acac1 

cbcb1 

++

++

++

= 
22

22

22

c-ac-a0 

bab-a0 

cbcb1 

+

++

R
2
 → R

2
 - R

1
 ,

R
3
 → R

3
 - R

1
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= 

c)-c)(a(ac-a0 

b)-b)(a(ab-a0 

cbcb1 
22

+

+

++

R
2
 -ÉÈUªJ  (a -b) k¦W« R

3
 -ÆÈUªJ (a -c) M»at¦iw bghJthf

vL¡fî«.

= (a-b) (a-c)  

ca10 

ba10 

cbcb1 
22

+

+

++

= (a-b) (a-c) [a+c-a-b] (Ãu± 1-¬ _y« ÉÇîgL¤JifÆ±)

= (a-b) (a-c) (c-b) =  (a-b) (b-c) (c-a)

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.2

1) k½¥¾Lf  (i) 
32

64

−
        (ii) 

54

23
         (iii) 

61

42

−−

−−

2)

421

413

021

−   -¬ k½¥ig¡ fh©f.

3)

100

010

001

 -¬ k½¥ig¡ fh©f.

4) Ñ³¡f©l mÂ ó÷Ía¡ nfhit mÂah m±yJ ó÷Íak¦w nfhit
mÂah v¬gjid Muh­f.

A =  
















235

123

347

5) ¾¬ tU« mÂ ó÷Ía¡ nfhit mÂah vd Muh­f.

A =  
















−

−−

−

524

012

321
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6)

123

410

123

 -¬ k½¥ò fh©f.

7)

613

422

241

−

−  -¬ k½¥ò fh©f.

8)

726

014

532

 = -60 vÅ±/ 

746

024

562

-¬ k½¥ig¡ fh©f.

9)

102

311

321

 = 5 vÅ±,

122

371

381

 -¬ k½¥ig¡ fh©f.

10) ÃWîf 
51

3642 ++
 = 

51

62
 + 

51

34

11)

c-bb-aa-c

b-aa-cc-b

a-cc-bb-a

 = 0  vd ÃWîf.

12)

1cba

1bac

1acb

+

+

+

 = 0 vd ÃWîf.

13)

y111 

1x11 

111 

+

+  = xy vd¡ fh£Lf.
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.3

V¦òila Éilia¤ bjÇî br­f.V¦òila Éilia¤ bjÇî br­f.V¦òila Éilia¤ bjÇî br­f.V¦òila Éilia¤ bjÇî br­f.V¦òila Éilia¤ bjÇî br­f.
1) [ 0  0  0 ]  v¬gJ

(a) myF mÂ (b) ½irÆÈ mÂ

(c) ó÷Ía mÂ (d) ,½± VJÄ±iy

2) [ 6    2   - 3 ] v¬w mÂÆ¬ tÇir

(a) 3 x 3 (b) 3 x 1 (c) 1 x 3 (d) ,½± VJÄ±iy

3) 








10

01
v¬gJ

(a) myF mÂ (b) 2 x 2 tÇir ó÷Ía mÂ

(c) 2 x 2 tÇirí´s myF mÂ (c) ,½± VJÄ±iy

4) A = 






 −

42

33
B  = 









− 01

21
, A + B  v¬gJ

(a) 








43

54
(b) 









−

−

41

14
(c) 







 −

41

14
(d)  









10

01

5) A = 








−− 13

98
B = 









−

−

20

31
 vÅ±/  A - B v¬gJ

(a) 








−− 33

67
(b) 









− 13

69
(c) 









10

67
(d)   









00

00

6) A = 








−− 33

42
, vÅ± -3A v¬gJ

(a) 








−

−−

159

126
(b) 







 −−

159

126
(c) 







−

99

126
(d) ,½± VJÄ±iy

7) A = 
















−

−

135

011

432

  I  = 
















100

010

001

  vÅ±/ A + 2I  v¬gJ

(a) 
















− 335

011

434

(b) 
















− 235

001

433

(c)
















−

−

235

011

434

(d) ,½± VJÄ±iy
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8) 








− 612

653
 x 







 −

123

015

(a) 








− 14

1215
(b) 









−

−

38

153

(c)   bgU¡f± rh¤½aÄ±iy (d)  ,½± VJÄ±iy

9)
00

11 −
¬ k½¥ò

(a)  4 (b)  14 (c)  -14 (d) ,½± VJÄ±iy

10)
00

11 −
 ¬ k½¥ò

(a)  0 (b)  - 1

(c) 1 (d) ,½± VJÄ±iy

11)
43

21
 = -2, vÅ± 

42

31
 ¬ k½¥ò

12) | AB |  =

(a) A + B (b) B + A

(c) A x B (d) ,½± VJÄ±iy

13) 2tJ Ãiu k¦W« 2tJ ÃuÈ± c´ X® cW¥ig F¿¥gJ

(a) a
12

(b) a
32

(c) a
22

(d) a
11

14) A = [a
ij
]

3 x 3
  v¬w mÂÆ¬ ju«

(a) 2 x 3 (b) 3 x 3 (c) 1 x 3 (d) 3 x 1

15) X® mÂÆ¬ ÃiufË¬v©Â¡ifí« Ãu±fË¬ v©Â¡ifí«

rkkhf ,Uªjh±/ m²tÂ

(a) rJu mÂ (b) Ãiu mÂ

(c) Ãu± mÂ (d) ,½± VJÄ±iy

16) X® mÂÆ± mid¤J cW¥ò¡fS« ó÷Ía« vÅ± mJ

(a) myF mÂ (b) Ãu± mÂ

(c) ó÷Ía mÂ (d) ,½± VJÄ±iy

17) _iyÉ£l mÂÆ± Kj¬ik _iyÉ£l cW¥ò¡f´ mid¤J«

rkbkÅ±

(a) _ytiu mÂ (b) Ãu± mÂ

(c) myF mÂ (d) ,½± VJÄ±iy
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18) xU mÂ¡nfhitÆ± VnjD« ,U Ãiuf´ m±yJ ,U Ãu±f´ rk«

vÅ±/ mªj mÂ¡nfhitÆ¬ k½¥ò

(a) 1 (b) 0 (c) -1 (d) kh¦wÄ±iy

19) xU mÂÆ± xnu xU Ãu± k£L« ,U¡FbkÅ± m²tÂ

(a) Ãiu mÂ (b) Ãu± mÂ

(c) rJu mÂ (d) br²tf mÂ

20) mÂfË¬ TLj±

(a) kh¦W É½¡F£g£lj±y (b) kh¦W É½¡F c£g£lJ

(c) nr®¥ò É½¡F£g£lj±y (d) g§Ñ£L É½¡F c£g£lJ

21) xU rju mÂ ó÷Ía k¦w nfhit mÂ vÅ±

(a) | A | ≠ 0 (b) | A | = 0 (c) A = 0 (d) ,½± VJÄ±iy

22)
35

x1
 = 0 vÅ±/  x-¬ k½¥ò

(a) 
3
5 (b) 

5
3 (c) 0 (d) ,½± VJÄ±iy

23)
49

84

−
 = 88 vÅ±, 

94

48

−
 -¬ k½¥ò

(a) -88 (b) 88 (c) 80 (d) ,½± VJÄ±iy

24)
23

23
 -¬ k½¥ò

(a) 0 (b) -1 (c) 1 (d) ,½± VJÄ±iy

25)
42

31
 = -2 vÅ±, 

42

62
 -¬ k½¥ò

(a) -2 (b) 2 (c) -4 (d) ,½± VJÄ±iy

26) (A+B) (A-B) = A2 - B2  k¦W«  A,  B M»ait rJu mÂf´ vÅ±

(a) (AB)T = AB (b) AB = BA

(c) (A+B)T = BT+AT (d) ,½± VJÄ±iy

27) 








1010

1010
 v¬gJ

(a) br²tf mÂ (b) _iyÉ£l mÂ

(c) myF mÂ (d) ,½± VJÄ±iy
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28)





















7

6

2

1

v¬gJ

(a) rJu mÂ     (b) Ãiu mÂ (c) _iyÉ£l mÂ (d) Ãu± mÂ

29) A = I vÅ±,  A2 -¬ k½¥ò

(a) I2 (b) I (c) 0 (d) ,½± VJÄ±iy

30) A = (1  2   3)  k¦W«  B = 
















3

2

1

 vÅ± AB-¬ tÇir

(a) 1 x 1 (b) 1 x 3 (c) 3 x 1 (d) 3 x 3
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2.1 gF½ ¾¬d«gF½ ¾¬d«gF½ ¾¬d«gF½ ¾¬d«gF½ ¾¬d«
(PARTIAL FRACTION)

¾¬d nfhitfË¬ T£l± fÊ¤j± g¦¿ K¬ tF¥òfË±
go¤½U¡»¬nwh«.  ,¥gF½Æ± xU ¾¬d nfhitia ,u©L m±yJ
_¬W ¾iz nfhitfË¬ T£l±/ fÊ¤j± mik¥¾± vGJ« Kiwia¥
g¦¿ go¡f¥ ngh»nwh«.  ,«Kiwna gF½ ¾¬d Kiw vd¥gL«.

(i) x²bthU  p/q  toÉY´s ¾¬d É»jKW ¾¬d nfhitÆ±
q v¬gJ xU jlit¡F nk± ½U«g tuhj ax+b, cx+d v¬wthW
c´s xUgo fhuÂfË¬ bgU¡f± vÅ± ,¥¾¬d¡ nfhitia

bax
M
+

 + 
dcx

N
+

 vd vGjyh«. ,§F M, N v¬gd k½¥ò fhz

nt©oa kh¿Èf´.

vL¤J¡fh£lhf :  3)1)(2x-(x
x2

+
 = 

1-x
A +

32x
B
+

  vd vGjyh«

,§F A,  B v¬gd k½¥ò fhz nt©oa kh¿Èf´.

(ii) x²bthU  p/q  toÉY´s ¾¬d É»jKW ¾¬d nfhitÆ±
q  v¬gJ  n  Kiw ½U«g¤ ½U«g (ax+b) v¬wthW mikí«. tot
fhuÂf´ vÅ± ¾¬d nfhitia

( )bax

A1

+
+ 

( )
2

2

bax

A

+
 + ... + 

( )
n

n

bax

A

+
 v¬w toÉ± vGjyh«

vL¤J¡fh£lhf : 
( )( )

2
2x1-x

1

−
 = 1)-(x

A
 + ( )2-x

B
 + 

( )
2

2-x

C

(iii) x²bthU  p/q  toÉY´s ¾¬d É»jKW ¾¬d nfhitÆ±
q v¬gJ fhuÂ¥gL¤j ,ayhj ,Ugo¡ nfhit vÅ±  p/q  v¬w
¾¬d nfhitia

cbxax

BAx
2

++

+
 v¬W vGjyh«

vL¤J¡fh£lhf :

 
3)(4x 1)5x(3x

72x
2

+++

+
 = 

15x3x

BAx
2

++

+  + 
34x

C
+

 vd vGjyh«.

,a¦fÂj«,a¦fÂj«,a¦fÂj«,a¦fÂj«,a¦fÂj«
(ALGEBRA) 2
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 1

1)(x 2)-(x

14x

+

+
 -I gF½ ¾¬d§fshf kh¦Wf.I gF½ ¾¬d§fshf kh¦Wf.I gF½ ¾¬d§fshf kh¦Wf.I gF½ ¾¬d§fshf kh¦Wf.I gF½ ¾¬d§fshf kh¦Wf.

Ô®î:

go 1: ( )( )1x2-x
14x
+

+
 = 

2-x
A

 + 
1x

B
+

v¬f ------------------(1)

go 2: R.H.S.¡F Û.¼.k. vL¤J RU¡Ff.

( )( )1x2-x
14x
+

+
 = 

( ) ( )

( )( )1x2-x

2-xB  1xA

+

++

go 3: ,UòwK« bjhiffis rk¥gL¤j
4x+1 = A(x+1) + B(x-2)

= Ax+A + Bx-2B

= (A+B)x + (A-2B)

go 4: x¤j cW¥òfis rk¥gL¤j
A+B = 4 -----------------(2)

A-2B = 1 -----------------(3)

go 5: rk¬ghLf´ (2), (3) I¤ Ô®¤J fhz¥g£l A, B¡fË¬ k½¥ò
A  = 3 ,  B  = 1

go 6: A,  B Æ¬ k½¥òfis (1)-± ¾u½Æl

1)(x 2)-x(
14x
+

+
 = 

2x
3
−

 + 
1x

1
+

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 2

 
2

2)(x 1)-(x

1

+
I gF½ ¾¬d§fshf kh¦Wf.I gF½ ¾¬d§fshf kh¦Wf.I gF½ ¾¬d§fshf kh¦Wf.I gF½ ¾¬d§fshf kh¦Wf.I gF½ ¾¬d§fshf kh¦Wf.

Ô®î:

go 1:
( )( )

2
2x1-x

1

+
 = 

1x
A
−

+
2x

B
+

+
( )

2
2x

C

+
  v¬f.

go 2: R.H.S.¡F Û.¼.k. vL¡f.

( )( )
2

2x1-x

1

+
 = 

( ) ( )( ) ( )

( ) ( )
2

2

2x 1-x

1xC2x1xB 2xA

+

−++−++

go 3: bjhF½ia¢ rk¥gL¤j

1 = A(x+2)2+B(x-1)(x+2)+C(x-1)
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go 4: x = -2 vd ¾u½Æl  C = -
3
1

go 5: x = 1 vd ¾u½Æl  A =
9
1

go 6: x = 0 vd ¾u½Æ£L  A,   C Æ¬ k½¥òfis go 3 ± ¾u½Æl

B = -
9
1

go 7: ∴
( )( )

2
2x1-x

1

+
 = 

( )1x9
1
−

-
( )2x9

1
+

- 
( )

2
2x3

1

+

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 3

( )
2

2

1xx

1x

+

+
  I gF½ ¾¬d§fsh¡Ff.I gF½ ¾¬d§fsh¡Ff.I gF½ ¾¬d§fsh¡Ff.I gF½ ¾¬d§fsh¡Ff.I gF½ ¾¬d§fsh¡Ff.

Ô®î:

go 1:
( )

2

2

1xx

1x

+

+
 = 

x
A

+
1x

B
+

+
( )

2
1x

C

+
 v¬f.

go 2: R.H.S.¡F Û.¼.k. vL¡f

( )
2

2

1xx

1x

+

+
 = 

( ) ( )

( )
2

2

1xx

Cx  1xBx  1xA

+

++++

go 3: bjhF½ia¢ rk¥gL¤j x2+1 = A(x+1)2 + Bx (x+1) + Cx

go 4: x = 0 vd ¾u½Æl  A = 1

go 5: x = -1 ¾u½Æl C = -2

go 6: x = 2 k¦W« A, C Æ¬ k½¥òfis go 3± ¾u½Æl B = 0

go 7: ∴ 
( )

2

2

1xx

1x

+

+
  = 

x
1

+
1x

0
+

-
( )

2
1x

2

+
= 

x
1

-
( )

2
1x

2

+

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

1)(x 6)x(x

92xx
2

2

+++

−−
 I gF½ ¾¬d§fshf kh¦Wf.I gF½ ¾¬d§fshf kh¦Wf.I gF½ ¾¬d§fshf kh¦Wf.I gF½ ¾¬d§fshf kh¦Wf.I gF½ ¾¬d§fshf kh¦Wf.

Ô®î:

go 1:
1)(x 6)xx(

92xx
2

2

+++

−−  = 
6  x  x

B Ax 
2

++

+ + 1 x 
C
+

 v¬f.

(Q x2+x+6 fhuÂ¥gL¤j ,ayhJ)
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go 2: R.H.S. ¡F Û.¼.k. vL¡f.

1)(x 6)xx(

92xx
2

2

+++

−−

 = 
1)(x 6)x(x

6)xC(x  1)(x B)(Ax
2

2

+++

+++++

go 3:  bjhF½ia¢ rk¥gL¤j
x2-2x-9 = (Ax+B)(x+1)+C(x2+x+6)

go 4: x = -1 vd ¾u½Æl  C = −1

go 5: x  = 0 k¦W«  C Æ¬ k½¥ig ¾u½Æl B  = -3

go 6: x = 1 k¦W« B,  C Æ¬ k½¥òfis go 3± ¾u½Æl A = 2

go 7: ∴
1)(x 6)xx(

92xx
2

2

+++

−−  = 
6  x  x

3 2x 
2

++

−  - 
1 x 

1
+

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 5

1)(x 4)(x

1
2

++
I gF½ ¾¬d§fsh¡Ff.I gF½ ¾¬d§fsh¡Ff.I gF½ ¾¬d§fsh¡Ff.I gF½ ¾¬d§fsh¡Ff.I gF½ ¾¬d§fsh¡Ff.

Ô®î:

go 1:
1)(x 4)(x

1
2

++
 = 

1 x 
A
+

 + 
4  x

CBx
2

+

+  v¬f.

go 2: R.H.S.¡F Û.¼.k. vL¡f.

1)(x 4)(x

1
2

++
 = 

4)(x 1)(x

1)(x c)(Bx  4)A(x
2

2

++

++++

go 3: bjhF½ia¢ rk¥gL¤j
1 = A(x2 + 4) + (Bx + C) (x + 1)

go4: x = -1 vd ¾u½Æl A = 
5
1

go 5: x = 0 k¦W« A¬ k½¥ig ¾u½Æl

C =
5
1

go 6: x = 1 k¦W«  A,   C  Æ¬ k½¥òfis go 3± ¾u½Æl

Β = −
5
1

go 7: ∴ 
( )( )1x 4 x

1
2

++
 = 

( )1x5
1
+

 + 
4  x

 x 

2

5
1

5
-1

+

+
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.1

¾¬tUtdt¦iw gF½ ¾¬d§fsh¡Ff:¾¬tUtdt¦iw gF½ ¾¬d§fsh¡Ff:¾¬tUtdt¦iw gF½ ¾¬d§fsh¡Ff:¾¬tUtdt¦iw gF½ ¾¬d§fsh¡Ff:¾¬tUtdt¦iw gF½ ¾¬d§fsh¡Ff:

1)
6-x-x

1x
2

+
2)

6x5x

15-2x
2

++

3)
1-x

1
2

4)
( ) ( )1x 4x

4x

2
+−

+

5)
( ) ( )3x 2x

1x
2

+−

+
6)

( )( )
2

2x 1x

1

+−

7)
( )( )

2
1x 1x

x

+−
8)

( ) ( )
2

2

3x 1x

237x2x

+−

++

9)
( ) ( )2-3x 1-x2x

625x-7x

2

2

−

+
10)

( ) ( )1x 1x

2x
2

+−

+

2.2 tÇir kh¦w§f´tÇir kh¦w§f´tÇir kh¦w§f´tÇir kh¦w§f´tÇir kh¦w§f´
(PERMUTATIONS)

,¥gF½Æ± c©ikÆnyna v©Â¡ifia br­ahk±
v©Â¡ifia fhQ« ò½a fÂj í¤½ ifahs¥gL»wJ.  mjhtJ
bfhL¡f¥g£L´s ¼y ÃgªjidfSl¬ njitahd tÊfË¬
v©Â¡ifia ,¥gF½Æ± fhz ,aY»nwh«.

tÇir kh¦w§f´ v¬gJ bfhL¡f¥g£L´s bghU£fis x¬W
m±yJ mj¦F m½f¥goahf vL¤J tÇir¥gL¤Jjiy¡ F¿¡F«
vL¤J¡fh£lhf {a,b,c} v¬w cW¥òf´ tÇir¥gL¤j¥gL« Kiwf´.

(i) x²bth¬whf vL¡f¥g£lh±:

{a}, {b}, {c} ...... 3 tÊf´

(ii) ,u©ou©lhf vL¡f¥g£lh±:

{a,b}, {b,a},{b,c}, {c,b}, {a,c}, {c,a} ...... 6 tÊf´

(iii) _¬W _¬whf vL¡f¥g£lh±:

{a,b,c}, {a,c,b}, {b,c,a}, {b,a,c}, {c,a,b}, {c,b,a} ......6  tÊf´
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2.2.1 v©Qj± mo¥gil É½v©Qj± mo¥gil É½v©Qj± mo¥gil É½v©Qj± mo¥gil É½v©Qj± mo¥gil É½
T£l±/bgU¡f± É½fis¥ bghW¤J v©QjÈ± ,u©L

mo¥gil¡ bfh´iff´ c´sd.  x¬W x¬iwbah¬W rhuhj
Ãf³¢¼f´ x¬w¬¾¬ x¬whf ÃfG«nghJ« k¦bwh¬W ,u©L«
nr®ªJ eilbgW« nghJ« ga¬gL¤j¥gL»wJ.  ¼y rka§fË± ,u©L
É½fS« nr®¤J¥ ga¬gL¤JkhW« fz¡Ff´ mikí«.

2.2.2 v©QjÈ¬ mo¥gil¡ bfh´ifv©QjÈ¬ mo¥gil¡ bfh´ifv©QjÈ¬ mo¥gil¡ bfh´ifv©QjÈ¬ mo¥gil¡ bfh´ifv©QjÈ¬ mo¥gil¡ bfh´if
e« m¬whl th³¡ifÆÈUªJ xU cjhuz¤ij vL¤J¡

bfh´nth«.

nrf® v¬w khztD¡F¤ nj®î vGJtj¦fhf nj®î v©
tH§f¥g£lJ.  Mdh± mt¬ mªj v©iz kwªJÉ£lh¬.  mt¬
ÃidÉ± ,Uªjbj±yh« mªj v© xU ,u©oy¡f x¦iw v©
v¬gjhF«.

»il¡f¥bgW« v©fshtd:

11 21 31 41 51 61 71 81 91

13 23 33 43 53 63 73 83 93

15 25 35 45 55 65 75 85 95

17 27 37 47 57 67 77 87 97

19 29 39 49 59 69 79 89 99

»il¡f¥bgW« ,u©oyu¡f x¬iw v©f´ = 9x5 = 45

,j¦F kh¦W Kiw c´sjh vd eh« fhz KaYnth«. x¬W
µjhd ,l¤½± mika¥bgW« v©f´ 1,3,5,7,9 VbdÅ± eh« fhz
nt©oaJ x¦iw v©. 10 µjhd¤½± mikí« v©  (1,2,3,4,5,6,7,8,9) 9

v©fË± VnjD« x¬whf mikayh«.

vdnt 1 µjhd ,l¤ij Ãu¥g 5 tÊfS« 10 µjhd ,l¤ij
Ãu¥g 9 tÊfS« c´sd.  ,u©oy¡f x¦iw v©fË¬ v©Â¡if
= 9x5 = 45. ,ªj vL¤J¡fh£L ¾¬tU« bfh´ifia És¡F»wJ.

(i) bgU¡f± bfh´ifbgU¡f± bfh´ifbgU¡f± bfh´ifbgU¡f± bfh´ifbgU¡f± bfh´if (Multiplication principle)

xU Ãf³¢¼ia “m” tÊfËY« mL¤J ,u©lhtJ Ãf³¢¼ia
“n” tÊfËY« br­a KoíbkÅ± bjhl®ªJ ,U Ãf³¢¼fisí«  ‘m x n’

mjhtJ  mn  tÊfË± br­a¡TL«.  ,Jnt bgU¡f± bfh´ifahF«.
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(ii) T£l± bfh´if T£l± bfh´if T£l± bfh´if T£l± bfh´if T£l± bfh´if (Addition Principle)

xU Ãf³¢¼ia ‘m’ tÊfËY« ,u©lhtJ Ãf³¢¼ia ‘n’

tÊfËY« br­a KoíbkÅ± ,it ,u©o± VnjD« xU Ãf³¢¼ia
m+n  tÊfË± br­a Koí«.  ,Jnt T£l± bfh´if vd¥gL«.

nkY« {a,b,c,d} v¬w fz¤ij vL¤J¡bfh´f.

,¡fz¤½ÈUªJ ,u©L cW¥òfis¤ nj®ªbjL¤J tÇir¥
gL¤j nt©L«.  ,ij¥ ¾¬tU« tÊfË± br­ayh«.

  Kj± ,l«    ,u©lh« ,l«

    b

   a     c

    d

    a

   b     c

    d

    a

   c     b

    d

    a

   d     b

    c

»il¡f¥bgW« bkh¤j tÇirf´
(a,b), (a,c), (a,d)

(b,a), (b,c), (b,d)

(c,a), (c,b), (c,d)

(d,a), (d,b), (d,c)

bkh¤j tÇirfË¬ v©Â¡if 4 x 3 = 12

nkny F¿¥¾£L´s tÇir kh¦w§fË±  (a,b) v¬w tÇir¢
nrhoí« (b,a) v¬w tÇir¢ nrhoí« bt²ntwhdit... vdnt a,b,c,d

v¬w eh¬F vG¤JfËÈUªJ ,u©L vG¤Jfis nj®ªbjL¤J
tÇir¥gL¤J« tÊfË¬ v©Â¡if = 12
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(m.J) `4p ÈUªJ `2pI nj®ªbjL¤J tÇir¥gL¤J« KiwfË¬
v©Â¡if 12 bghJthf np

r
 v¬gJ ‘n’ bghU£fËÈUªJ x²bthU

Kiwí« ‘r’ bghU£fis nj®ªbjL¤J mt¦iw tÇir¥gL¤J« tÊfË¬
v©Â¡if.

[,§F ‘n’ , ‘r’ M»ait Äif KG v©f´ nkY« r<n]

2.2.3 np
r
¬ k½¥ig¡ fhz±¬ k½¥ig¡ fhz±¬ k½¥ig¡ fhz±¬ k½¥ig¡ fhz±¬ k½¥ig¡ fhz±

‘n’ bghU£fËÈUªJ ‘r’ bghU£fis nj®ªbjL¤J tÇir¥
gL¤JtJ v¬gJ ‘r’ fhÈ ,l§fis ‘n’ bghU£fis¡ bfh©L
Ãu¥òtjhF«.

Kj± ,l¤ij ‘n’ bghU£fËÈUªJ vitnaD« xU bghUis¡
bfh©L ‘n’ tÊfË± Ãu¥gyh«.

,u©lhtJ ,l¤ij Û½í´s (n-1) bghU£fËÈUªJ vitnaD«
xU bghUis¡ bfh©L (n-1) tÊfË± Ãu¥gyh«.

vdnt Kj± ,u©L ,l§fisí« mo¥gil¡ bfh´ifÆ¬go
n(n-1) tÊfË± Ãu¥gyh«.

mL¤J _¬whtJ ,l¤ij Û½í´s (n-2) bghU£fËÈUªJ
vitnaD« xU bghUis¡ bfh©L (n-2) tÊfË± Ãu¥gyh«.

Kj± _¬W ,l§fisí« mo¥gil¡ bfh´if¥go n(n-1)(n-2)

tÊfË± Ãu¥gyh«. bjhl®ªJ mo¥gil¡ bfh´if¥go bghJthf ‘r’

,l§fis

n(n-1) (n-2) (n-3) ... .[n-(r-1)] tÊfË± Ãu¥gyh«

∴ np
r
 = n(n-1) (n-2) (n-3) ... (n-r+1)  ,¢N¤½u¤ij vËik¥gL¤j

eh« fhuÙa¥ bgU¡f¤ij m¿Kf¥gL¤jyh«.

2.2.4 fhuÙa¥ bgU¡f«fhuÙa¥ bgU¡f«fhuÙa¥ bgU¡f«fhuÙa¥ bgU¡f«fhuÙa¥ bgU¡f«:

Kj±  ‘n’  ,a± v©fË¬ bjhl® bgU¡f¤ij ‘n’ ¬ fhuÙa¥
bgU¡f« v¬ngh«. ,J n ! v¬w F¿ÞL _y« F¿¡f¥gL«.
vL¤J¡fh£lhf:

5!  = 5 x 4 x 3 x 2 x 1

4!  = 4 x 3 x 2 x 1

       ∴ 5!  = 5 x 4!

5!  = 5 x 4 x 3!

bghJthf,  n!    =  n(n-1)(n-2)...3.2.1
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       ∴ n!  = n{(n-1)!}

     = n(n-1)(n-2)!

,§F  np
r
 = n(n-1)(n-2)............(n-r+1)

       = 
( )( ) ( )( )

( )!r-n

!rn1r-n......2n1-nn −+−
 =  

( )! r-n
n!

{(n-r)! M± bgU¡» tF¡f}

∴ np
r
  = ( )! r-n

n!

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) 0!  = 1

(ii) np
o

=  
( )! 0-n

n!
 = 

n!
n!  = 1

(iii) np
1

= 
( )! 1-n

n!
= 

( )

( )!1-n

!1-nn
= n

(iv) np
n

= 
( )! n-n

n! =
0!
n! =n!

(m.J.) ‘n’ bghU£fËÈUªJ ‘n’ bghU£fis nj®ªbjL¤J
tÇir¥gL¤J« KiwfË¬ v©Â¡if n! MF«.

(m.J.) ‘n’ bghU£fis mt¦W¦»ilna n! Éj§fË± tÇir¥
gL¤jyh«.

2.2.5 gyKiw tU« bghU£fË± tÇir kh¦w§f´gyKiw tU« bghU£fË± tÇir kh¦w§f´gyKiw tU« bghU£fË± tÇir kh¦w§f´gyKiw tU« bghU£fË± tÇir kh¦w§f´gyKiw tU« bghU£fË± tÇir kh¦w§f´:

‘n’ bghU£fË± ‘m’ bghU£f´ xnu tifahfî« v¨¼a (n-m)

bghU£f´ k¦bwhU tifahfî« ,U¥¾¬ ,t¦¿ÈUªJ x¬W¡bfh¬W
bt²ntwhd ¾Ç¤j¿a¡ ToathW mik¡f¥bgW« tÇir kh¦w§fË¬
v©Â¡if

= 
( )! m-n ! m
n!

nkY«/  m
1
+m

2
+.. . . .+m

r
 = n  v¬wthW Kj± tifÆ± m

1

bghU£fS« ,u©lhtJ tifÆ± m
2
  bghU£fS« ... r-tJ tifÆ±

m
r
 bghU£fS« c´sd vd¡ bfh´f.  ¾¬d® ,ªj ‘n’ bghU£fË¬

tÇir kh¦w§fË¬ v©Â¡if

= 
!m ...... !m !m

n!

r21
 MF«.
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2.2.6 t£l tÇir kh¦w§f´t£l tÇir kh¦w§f´t£l tÇir kh¦w§f´t£l tÇir kh¦w§f´t£l tÇir kh¦w§f´:

bfhL¡f¥g£L´s bghU£fis xU ne®nfh£o¬ toÉ± tÇir
kh¦w§fis mik¥gJ g¦¿ go¤njh«.  ne®nfhL tot¤½¦F¥ g½yhf
t£l tot¤½± bghU£fis tÇir¥gL¤Jj± t£l tot tÇir
kh¦w§f´ vd¥gL«.

A,B,C,D v¬w eh¬F vG¤J¡fis vL¤J¡bfh´f. ,ªj eh¬F
vG¤J¡fisí« xU ne®nfh£o± 4! Éj¤½± tÇir¥gL¤jyh«. ,t¦¿±
ABCD, BCDA, CDAB, DABC v¬gd t£l¤½± F¿¥¾l¥gL«nghJ xnu
Éj¤½± c´sd.

vdnt 4 bghU£fË¬ t£ltot tÇir kh¦w§f´
4
4!

 = 3!

bghJthf ‘n’  bghU£fË¬ t£l tot tÇir kh¦w§fË¬
v©Â¡if (n-1)! MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 6

k½¥òfis¡ fh©f k½¥òfis¡ fh©f k½¥òfis¡ fh©f k½¥òfis¡ fh©f k½¥òfis¡ fh©f : (i) 10p
1
,   (ii) 7p

4
,   (iii) 11p

0

Ô®î:

(i) 10p
1
 = 10

(ii) 7p
4
  = 

4-7|

7|
=

3|

7|
=

3!
3! x  x45 x 6 x 7

=7 x 6 x 5 x 4 = 840

(iii) 11p
0
 = 1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 7

br¬idÆÈUªJ kJiu¡F¢ br¬W ½U«g br¬idÆÈUªJ kJiu¡F¢ br¬W ½U«g br¬idÆÈUªJ kJiu¡F¢ br¬W ½U«g br¬idÆÈUªJ kJiu¡F¢ br¬W ½U«g br¬idÆÈUªJ kJiu¡F¢ br¬W ½U«g 4 ,uÆ±f´,uÆ±f´,uÆ±f´,uÆ±f´,uÆ±f´
c´sd. xUt® v¤jid tÊfË± br¬idÆÈUªJc´sd. xUt® v¤jid tÊfË± br¬idÆÈUªJc´sd. xUt® v¤jid tÊfË± br¬idÆÈUªJc´sd. xUt® v¤jid tÊfË± br¬idÆÈUªJc´sd. xUt® v¤jid tÊfË± br¬idÆÈUªJ
kJiu¡F¢ br¬W ntW xU ,uÆÈ± ½U«g Koí«kJiu¡F¢ br¬W ntW xU ,uÆÈ± ½U«g Koí«kJiu¡F¢ br¬W ntW xU ,uÆÈ± ½U«g Koí«kJiu¡F¢ br¬W ntW xU ,uÆÈ± ½U«g Koí«kJiu¡F¢ br¬W ntW xU ,uÆÈ± ½U«g Koí«?

D B

C

A

A C

D

B

C A

B

D

B D

A

C
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Ô®î:

br¬idÆÈUªJ kJiu¡F¢ br±y
4,uÆ±fËÈUªJ xU ,uÆiy
nj®ªbjL¡F« tÊfË¬ v©Â¡if =     4p

1
 = 4 tÊf´

kJiuÆÈUªJ br¬id¤ ½U«g ÛjK´s
_¬W ,uÆÈUªJ xU ,uÆiy
nj®ªbjL¡F« tÊfË¬ v©Â¡if =     3p

1
 = 3 tÊf´

∴ gaz¤ij nk¦bfh´s vL¡F«
tÊfË¬ v©Â¡if = 4 x 3 = 12 tÊf´

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 8

xU v© ó£L 3 tisa§fis¡ bfh©L´sJ.xU v© ó£L 3 tisa§fis¡ bfh©L´sJ.xU v© ó£L 3 tisa§fis¡ bfh©L´sJ.xU v© ó£L 3 tisa§fis¡ bfh©L´sJ.xU v© ó£L 3 tisa§fis¡ bfh©L´sJ.
x²bthU tisa¤½Y« eh¬F vG¤J¡f´ F¿¡f¥x²bthU tisa¤½Y« eh¬F vG¤J¡f´ F¿¡f¥x²bthU tisa¤½Y« eh¬F vG¤J¡f´ F¿¡f¥x²bthU tisa¤½Y« eh¬F vG¤J¡f´ F¿¡f¥x²bthU tisa¤½Y« eh¬F vG¤J¡f´ F¿¡f¥
g£L´sd. m¥ó£il¤ ½w¡f m½fg£rkhf v¤jidg£L´sd. m¥ó£il¤ ½w¡f m½fg£rkhf v¤jidg£L´sd. m¥ó£il¤ ½w¡f m½fg£rkhf v¤jidg£L´sd. m¥ó£il¤ ½w¡f m½fg£rkhf v¤jidg£L´sd. m¥ó£il¤ ½w¡f m½fg£rkhf v¤jid
njita¦w Ka¦¼f´ nk¦bfh´s¥gL«njita¦w Ka¦¼f´ nk¦bfh´s¥gL«njita¦w Ka¦¼f´ nk¦bfh´s¥gL«njita¦w Ka¦¼f´ nk¦bfh´s¥gL«njita¦w Ka¦¼f´ nk¦bfh´s¥gL«?

Ô®î:

ó£il¤ ½w¡f :

Kj± tisa¤½± vG¤J¡f´ bghU¤j¥gL«
KiwfË¬ v©Â¡if =  4p

1
  = 4

,u©lhtJ tisa¤½± vG¤J¡f´
bghU¤j¥gL« KiwfË¬ v©Â¡if = 4p

1
 = 4

_¬whtJ tisa¤½± vG¤J¡f´
bghU¤j¥gL« KiwfË¬ v©Â¡if = 4p

1
 = 4

∴  bkh¤j Ka¦¼f´ = 4 x 4 x 4 = 64

,t¦W´ xnu xU tÊÆ±jh¬ ó£L ½w¡f¥gL«
∴ m½f¥goahd njitahd Ka¦¼f´ = 64 - 1 = 63

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 9

0,1,2,..........,9 Koa c´s ,y¡f§fis¥ ga¬gL¤½Koa c´s ,y¡f§fis¥ ga¬gL¤½Koa c´s ,y¡f§fis¥ ga¬gL¤½Koa c´s ,y¡f§fis¥ ga¬gL¤½Koa c´s ,y¡f§fis¥ ga¬gL¤½
bt²ntwhd ,y¡f§fis¡ bfh©l eh¬F ,y¡f v©f´bt²ntwhd ,y¡f§fis¡ bfh©l eh¬F ,y¡f v©f´bt²ntwhd ,y¡f§fis¡ bfh©l eh¬F ,y¡f v©f´bt²ntwhd ,y¡f§fis¡ bfh©l eh¬F ,y¡f v©f´bt²ntwhd ,y¡f§fis¡ bfh©l eh¬F ,y¡f v©f´
v¤jid mik¡fyh«v¤jid mik¡fyh«v¤jid mik¡fyh«v¤jid mik¡fyh«v¤jid mik¡fyh«?

Ô®î:

MÆu« ,y¡f ,l¤ij Ãu¥g ga¬gL« tÊfË¬ v©Â¡if
(VbdÅ± ‘0’ MÆukhtJ ,l¤½± tu ,ayhJ) = 9
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100, 10, 1 ,y¡f ,l§fis ÛjK´s  9 ,y¡f§fis
bfh©L Ãu¥ò« tÊfË¬ v©Â¡if = 9p

3

 = 504

∴ vdnt bkh¤j eh¬F ,y¡f v©fË¬
v©Â¡if = 9 x 504 = 4536

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 10

,u©L khzÉf´ mL¤jL¤J mkuhjthW 6,u©L khzÉf´ mL¤jL¤J mkuhjthW 6,u©L khzÉf´ mL¤jL¤J mkuhjthW 6,u©L khzÉf´ mL¤jL¤J mkuhjthW 6,u©L khzÉf´ mL¤jL¤J mkuhjthW 6
khzt®f´ 4 khzÉfis v¤jid Éjkhf xU ne®nfh£o±khzt®f´ 4 khzÉfis v¤jid Éjkhf xU ne®nfh£o±khzt®f´ 4 khzÉfis v¤jid Éjkhf xU ne®nfh£o±khzt®f´ 4 khzÉfis v¤jid Éjkhf xU ne®nfh£o±khzt®f´ 4 khzÉfis v¤jid Éjkhf xU ne®nfh£o±
tÇir¥gL¤jyh«?tÇir¥gL¤jyh«?tÇir¥gL¤jyh«?tÇir¥gL¤jyh«?tÇir¥gL¤jyh«?

Ô®î:

6 khzt®fis xU nfh£o± tÇir¥gL¤J« KiwfË¬
v©Â¡if  = 6!.  ¾¬d® 4 khzÉfS¡F bfhL¡f¥g£L´s
ÃgªjidfË¬ Ñ³ »il¡F« ,l§f´ 7

¨     B     ¨     B     ¨     B     ¨     B     ¨     B     ¨     B    ¨

vdnt mªj 4 khzÉfis nkny c´s 7 ,l§fË±
tÇir¥gL¤J« tÊf´ = 7p

4

∴ bkh¤j tÊfË¬ v©Â¡if = 6! x 7p
4

= 720 x 7 x 6 x 5 x 4

= 604800

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 11

xU FL«g¤½± c´s 4 rnfhju®f´ 3 rnfhjÇfisxU FL«g¤½± c´s 4 rnfhju®f´ 3 rnfhjÇfisxU FL«g¤½± c´s 4 rnfhju®f´ 3 rnfhjÇfisxU FL«g¤½± c´s 4 rnfhju®f´ 3 rnfhjÇfisxU FL«g¤½± c´s 4 rnfhju®f´ 3 rnfhjÇfis
rnfhjÇf´ x¬whf ,U¡FkhW v¤jid Éj§fË±rnfhjÇf´ x¬whf ,U¡FkhW v¤jid Éj§fË±rnfhjÇf´ x¬whf ,U¡FkhW v¤jid Éj§fË±rnfhjÇf´ x¬whf ,U¡FkhW v¤jid Éj§fË±rnfhjÇf´ x¬whf ,U¡FkhW v¤jid Éj§fË±
tÇir¥gL¤j Koí«tÇir¥gL¤j Koí«tÇir¥gL¤j Koí«tÇir¥gL¤j Koí«tÇir¥gL¤j Koí«?

Ô®î:

3 rnfhjÇfis X®myF vd¡bfh´f. bkh¤j« c´st®f´
4+1 = 5 myFf´. ,t®fis  5! tÊfË± tÇir¥gL¤jyh«.  ¾¬d® 3
rnfhjÇfis 3! tÊfË± tÇir¥gL¤jyh«.

∴ bkh¤j« nk¦bfh´s¥gL« tÊf´ = 5! x 3! = 720

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 12

2, 3, 4, 5 v¬w ,y¡f§fis xnu xUKiw ga¬gL¤½v¬w ,y¡f§fis xnu xUKiw ga¬gL¤½v¬w ,y¡f§fis xnu xUKiw ga¬gL¤½v¬w ,y¡f§fis xnu xUKiw ga¬gL¤½v¬w ,y¡f§fis xnu xUKiw ga¬gL¤½
»il¡F« eh¬»y¡f v©fË¬ TLj± fh©f»il¡F« eh¬»y¡f v©fË¬ TLj± fh©f»il¡F« eh¬»y¡f v©fË¬ TLj± fh©f»il¡F« eh¬»y¡f v©fË¬ TLj± fh©f»il¡F« eh¬»y¡f v©fË¬ TLj± fh©f.
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Ô®î:

2, 3, 4, 5 v¬w ,y¡f§fis xnu xUKiw ga¬gL¤½¡ »il¡F«
eh¬»y¡f v©fË¬ v©Â¡if =4! = 24.  ,t¦W´ 2,3, 4, 5 v¬w
x²bthU ,y¡fK« x²bthU ,l¤½Y« 6  Kiw mikí«. vdnt 1tJ
,l¤½± c´s mid¤J ,y¡f§fË¬ TLj±

= 6[2+3+4+5] = 6 x 14 = 84

,njnghy 10tJ ,l¤½± c´s ,y¡f§fË¬ TLj± = 84

100 tJ ,l¤½± c´s ,y¡f§fË¬ TLj± = 84

k¦W« 1000 khtJ ,l¤½± c´s ,y¡f§fË¬ TLj± = 84

∴ bkh¤j 4 ,y¡f v©fË¬ TLj±
= 84x1000 + 84x100+84x10+84x1

= 84 (1000+100+10+1) = 84 x 1111

= 93324

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 13

CONTAMINATION v¬wth®¤ijÆ± c´s vG¤J¡fisv¬wth®¤ijÆ± c´s vG¤J¡fisv¬wth®¤ijÆ± c´s vG¤J¡fisv¬wth®¤ijÆ± c´s vG¤J¡fisv¬wth®¤ijÆ± c´s vG¤J¡fis
v¤jid Éj§fË± tÇir¥gL¤jyh«v¤jid Éj§fË± tÇir¥gL¤jyh«v¤jid Éj§fË± tÇir¥gL¤jyh«v¤jid Éj§fË± tÇir¥gL¤jyh«v¤jid Éj§fË± tÇir¥gL¤jyh«?

Ô®î:

CONTAMINATION v¬w th®¤ijÆ± c´s vG¤J¡fË¬
v©Â¡if = 13  ,t¦iw 13! tÊfË± tÇir¥gL¤jyh«.

,t¦W´ O vG¤J 2 jlitfS«
N vG¤J 3 jlitfS«
T vG¤J 2 jlitfS«
A vG¤J 2 jlitfS«
I vG¤J 2 jlitfS«  ,l«bg¦W´sd.

∴ »il¡F« tÊfË¬ v©Â¡if = 
2!  2!  2!  3!  2!

13!

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.2

1) np
5
 = (42) np

3
  vÅ±  n-¬  k½¥ò fh©f.

2) 6[np
3
] = 7 (n-1)p

3
  vÅ± n-¬ k½¥ò fh©f.

3) (i) ENTERTAINMENT     (ii) MATHEMATICS     (iii) MISSISSIPPI

v¬w brh¦fË± c´s v±yh vG¤Jfisí« xnu rka¤½±
ga¬gL¤½ ntWg£l brh¦f´ bkh¤j« v¤jid bgwyh«?
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4) 1,2,3,....9 M»a v©fis¥ ga¬gL¤½ bt²ntwhd 4  ,y¡f
v©f´ v¤jid bgwyh«?

5) 3,4,5,6,7  v¬w v©fis xnu Kiw ga¬gL¤½¡ »il¡F« 5
,y¡f v©fË¬ TLj± fh©f.

6) 7 khzt®fS« 4 khzÉfS«
(i) v±yh khzÉfS« mL¤jL¤J
(ii) vªj ,U khzÉfS« nr®ªJ mkuhk±
xU tÇirÆ± v¤jid Éj§fË± mk®¤j¥gLt®.

7) STRANGE v¬w th®¤ijÆY´s vG¤J¡fis cÆ® vG¤J¡f´
x¦iwÆl¤½± tUkhW v¤jid tÊfË± tÇir¥L¤jyh«?

8) 5 M©fisí« 3 bg©fisí« vªj ,U bg©fS« nr®ªJ
mkuhk± xU t£l nki#Æ± v¤jid tÊfË± mku¢ brayh«?

9) FATHER v¬w th®¤ijÆ± c´s vG¤J¡fis¡ bfh©L
v¤jid brh¦fis mik¡f Koí«? mt¦W´ v¤jid
th®¤ijf´  F-± Mu«¾¤J R-± Koí«?

2.3  nr®îf´nr®îf´nr®îf´nr®îf´nr®îf´
(COMBINATIONS)

nr®îf´ v¬gJ nj®ªbjL¥gjhF«. mjhtJ bkh¤j
bghU£fËÈUªJ njitahd bghU£fis¤ nj®ªbjL¥gJ
k£LnkahF«.

vL¤J¡fh£lhf  {a,b,c} v¬w _¬W cW¥òf´ bfh©l
fz¤½ÈUªJ ¾¬tU« nr®îfis¥ bgwyh«.

(i) xU cW¥ò k£L« : {a}, {b}, {c}

(ii) ,u©L cW¥òf´ : {a,b}, {b,c}, {c,a}

(iii) _¬W cW¥òf´ : {a,b,c}

n  bghU£fËÈUªJ r  bghU£fis nj®ªbjL¡F« tÊfË¬

v©Â¡if nc
r
 vd F¿¡f¥gL»wJ. ,ij  c(n, r), ( )n

r
 vdî«

F¿¡fyh«. (,§F  n k¦W«  r  M»ait Äif KG v©f´ k¦W« r < n)
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2.3.1 nc
r
¬ k½¥ig¡ fhz±¬ k½¥ig¡ fhz±¬ k½¥ig¡ fhz±¬ k½¥ig¡ fhz±¬ k½¥ig¡ fhz±:

‘n’ bghU£fËÈUªJ ‘r’ bghU£fis
nj®î br­í« tÊfË¬ v©Â¡if = nc

r

‘n’ bghU£fËÈUªJ ‘r’ bghU£fis
nj®î br­J tÇir¥gL¤J« tÊfË¬ v©Â¡if = np

r

‘r’ bghU£fis tÇir¥gL¤J« tÊfË¬ v©Â¡if = r!

‘r’  bghU£fis¡ bfh©l x²bthU nr®î« r!  tÇir
kh¦w§fis¤ jU«.

∴  np
r

= (nc
r
) r!

=> ( )!r-n
n!

= ( nc
r
) r!

∴ nc
r

= ( )!r-nr!
n!

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) nc
o

= ( )!0-n0!
n!

= 
!n

n!
= 1

(ii) nc
n

= !n)-(n n!
n!

=
!r!0

n!
= 1

(iii) nc
r

= nc
n-r

(iv) nc
x
  = nc

y
 vÅ±/ x = y m±yJ x+y = n

(v) nc
r
 = 

!r

p r
n

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L14
8p

3
  k¦W«k¦W«k¦W«k¦W«k¦W«  8c

3
  ,t¦iw k½¥¾Lf,t¦iw k½¥¾Lf,t¦iw k½¥¾Lf,t¦iw k½¥¾Lf,t¦iw k½¥¾Lf

Ô®î:

  8p
3

= )!38(
8!
−

 = 
!5

8!
= 

!5
8x7x6x5!

 = 8 x 7 x 6 = 336

  8c
3

= ( )!3-8 !3
8!

 = 
!5  3!

8!
= 

!5 3!
8x7x6x5!

= 
3x2x1
8x7x6 = 56
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 15

k½¥¾Lf k½¥¾Lf k½¥¾Lf k½¥¾Lf k½¥¾Lf  10c
8

Ô®î:

10c
8
 = 10c

2
 =

2x1
10x9

= 45

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 16

nc
8
 = nc

6  
vÅ±vÅ±vÅ±vÅ±vÅ±,  nc

2
 I¡ fh©f.I¡ fh©f.I¡ fh©f.I¡ fh©f.I¡ fh©f.

Ô®î:

nc
8

= nc
6
 (bfhL¡f¥g£L´sJ)

=> n = 8+6  = 14

   ∴ nc
2

= 14c
2

= 
1 x 2
13 x 14

= 91

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 17

( )100

r  
 = ( )100

4r 
, vÅ±vÅ±vÅ±vÅ±vÅ± ‘r’¬ k½¥ò fh©.¬ k½¥ò fh©.¬ k½¥ò fh©.¬ k½¥ò fh©.¬ k½¥ò fh©.

Ô®î:

100c
r

= 100c
4r

=> r + 4r = 100

∴ r = 20

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 18

7 bk ­baG¤J¡f´bk ­baG¤J¡f´bk ­baG¤J¡f´bk ­baG¤J¡f´bk ­baG¤J¡f´  4 cÆbuG¤J¡fis¡ bfh©LcÆbuG¤J¡fis¡ bfh©LcÆbuG¤J¡fis¡ bfh©LcÆbuG¤J¡fis¡ bfh©LcÆbuG¤J¡fis¡ bfh©L  3

bk ­baG¤J¡f´bk ­baG¤J¡f´bk ­baG¤J¡f´bk ­baG¤J¡f´bk ­baG¤J¡f´  2 cÆbuG¤J¡f´ cila th®¤ijf´cÆbuG¤J¡f´ cila th®¤ijf´cÆbuG¤J¡f´ cila th®¤ijf´cÆbuG¤J¡f´ cila th®¤ijf´cÆbuG¤J¡f´ cila th®¤ijf´
v¤jid mik¡fyh«v¤jid mik¡fyh«v¤jid mik¡fyh«v¤jid mik¡fyh«v¤jid mik¡fyh«?

Ô®î:

7 bk­baG¤J¡fËÈUªJ 3 bk­baG¤J¡fis
nj®î br­í« tÊfË¬ v©Â¡if = 7c

3 
 tÊf´

4 cÆbuG¤J¡fËÈUªJ 2 cÆbuG¤J¡fis
nj®î br­í« tÊfË¬ v©Â¡if = 4c

2
 tÊf´

∴ »il¡F« bkh¤j th®¤ijfË¬ v©Â¡if = 7c
3
 x 4c

2

= 
1 x 2 x 3
5 x 6 x 7

 x 
1 x 2
3 x 4

∴ = 35 x 6 = 210
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 19

xU ÉUª½± 13 ng® c´sd®.  x²bthUtU« k¦wtnuhLxU ÉUª½± 13 ng® c´sd®.  x²bthUtU« k¦wtnuhLxU ÉUª½± 13 ng® c´sd®.  x²bthUtU« k¦wtnuhLxU ÉUª½± 13 ng® c´sd®.  x²bthUtU« k¦wtnuhLxU ÉUª½± 13 ng® c´sd®.  x²bthUtU« k¦wtnuhL
if FY¡»¡ bfh©lh± m§F v¤jid ifFY¡f±f´if FY¡»¡ bfh©lh± m§F v¤jid ifFY¡f±f´if FY¡»¡ bfh©lh± m§F v¤jid ifFY¡f±f´if FY¡»¡ bfh©lh± m§F v¤jid ifFY¡f±f´if FY¡»¡ bfh©lh± m§F v¤jid ifFY¡f±f´
V¦g£oU¡F«V¦g£oU¡F«V¦g£oU¡F«V¦g£oU¡F«V¦g£oU¡F«?

Ô®î:

13 ngÇÈUªJ ,Utiu¤ nj®ªbjL¡F«
KiwfË¬ v©Â¡if = 13c

2

∴ m§F V¦g£l bkh¤j if FY¡f±f´ = 13c
2
 = 

1 x 2
12 x 13

 = 78

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 20

vªj 3ò´ËfS« xnu ne®nfh£o± mikahj 10vªj 3ò´ËfS« xnu ne®nfh£o± mikahj 10vªj 3ò´ËfS« xnu ne®nfh£o± mikahj 10vªj 3ò´ËfS« xnu ne®nfh£o± mikahj 10vªj 3ò´ËfS« xnu ne®nfh£o± mikahj 10
ò´Ëfis¡ bfh©L v¤jid nfhLf´ mik¡fyh«?ò´Ëfis¡ bfh©L v¤jid nfhLf´ mik¡fyh«?ò´Ëfis¡ bfh©L v¤jid nfhLf´ mik¡fyh«?ò´Ëfis¡ bfh©L v¤jid nfhLf´ mik¡fyh«?ò´Ëfis¡ bfh©L v¤jid nfhLf´ mik¡fyh«?

Ô®î:

xU nfhL tiua FiwªjJ ,u©L ò´Ëf´ njit.  vdnt 10

ò´ËfËÈUªJ 2 ò´Ëfis¤ nj®î br­í« tÊfË¬ v©Â¡if 10c
2

∴ tiua¥gL« nfhLfË¬ v©Â¡if = 10c
2
 = 

1 x 2
9 x 10

 = 45

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 21

xU Édh¤jh´xU Édh¤jh´xU Édh¤jh´xU Édh¤jh´xU Édh¤jh´ A, B v¬w ,u©L gF½fis cilaJ.v¬w ,u©L gF½fis cilaJ.v¬w ,u©L gF½fis cilaJ.v¬w ,u©L gF½fis cilaJ.v¬w ,u©L gF½fis cilaJ.
x²bthU gF½ÆY« x²bthU gF½ÆY« x²bthU gF½ÆY« x²bthU gF½ÆY« x²bthU gF½ÆY« 10 Édh¡f´ c´sd. xU khzt¬ Édh¡f´ c´sd. xU khzt¬ Édh¡f´ c´sd. xU khzt¬ Édh¡f´ c´sd. xU khzt¬ Édh¡f´ c´sd. xU khzt¬
gF½gF½gF½gF½gF½ AÆÈUªJ ÆÈUªJ ÆÈUªJ ÆÈUªJ ÆÈUªJ 8 Édh¡fS« gF½ Édh¡fS« gF½ Édh¡fS« gF½ Édh¡fS« gF½ Édh¡fS« gF½ BÆÈUªJ ÆÈUªJ ÆÈUªJ ÆÈUªJ ÆÈUªJ 5 Édh¡fS«Édh¡fS«Édh¡fS«Édh¡fS«Édh¡fS«
nj®î br­a nt©LbkÅ± mt¬ Édh¡fis v¤jidnj®î br­a nt©LbkÅ± mt¬ Édh¡fis v¤jidnj®î br­a nt©LbkÅ± mt¬ Édh¡fis v¤jidnj®î br­a nt©LbkÅ± mt¬ Édh¡fis v¤jidnj®î br­a nt©LbkÅ± mt¬ Édh¡fis v¤jid
Éj§fË± bjÇî br­th¬Éj§fË± bjÇî br­th¬Éj§fË± bjÇî br­th¬Éj§fË± bjÇî br­th¬Éj§fË± bjÇî br­th¬?

Ô®î:

gF½ AÆ± c´s Édh¡f´ = 10.

nj®î br­a nt©oa Édh¡f´ 8

nj®î br­í« tÊfË¬ v©Â¡if 10c
8
 = 10c

2

gF½ BÆ± c´s Édh¡f´ = 10

gF½ BÆ± bjÇî br­a nt©oa Édh¡f´ = 5

nj®î br­í« tÊfË¬ v©Â¡if = 10c
5

∴ nj®î br­í« tÊfË¬ v©Â¡if
= 10c

8
 x 10c

5
 =  45 x 252  = 11340
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 22

6 khzt®f´/ 5 khzÉfËÈUªJ 7 ng® ml§»a xU6 khzt®f´/ 5 khzÉfËÈUªJ 7 ng® ml§»a xU6 khzt®f´/ 5 khzÉfËÈUªJ 7 ng® ml§»a xU6 khzt®f´/ 5 khzÉfËÈUªJ 7 ng® ml§»a xU6 khzt®f´/ 5 khzÉfËÈUªJ 7 ng® ml§»a xU
FG mik¡f¥gL»wJ. FGÉ± khzt® bgU«gh¬ik Æduh­FG mik¡f¥gL»wJ. FGÉ± khzt® bgU«gh¬ik Æduh­FG mik¡f¥gL»wJ. FGÉ± khzt® bgU«gh¬ik Æduh­FG mik¡f¥gL»wJ. FGÉ± khzt® bgU«gh¬ik Æduh­FG mik¡f¥gL»wJ. FGÉ± khzt® bgU«gh¬ik Æduh­
,U¡F«go v¤jid Éj§fË± FGit mik¡fyh«,U¡F«go v¤jid Éj§fË± FGit mik¡fyh«,U¡F«go v¤jid Éj§fË± FGit mik¡fyh«,U¡F«go v¤jid Éj§fË± FGit mik¡fyh«,U¡F«go v¤jid Éj§fË± FGit mik¡fyh«?

Ô®î:

FGÉ± ,U¡f nt©oat®fË¬ v©Â¡if = 7

khzt®f´    = 6

khzÉf´    = 5

FGthdJ ¾¬tUkhW mik¡f¥gL»wJ
    (B) khzt®f´ (6) (G) khzÉf´ (5)

         6 1

         5 2

         4 3

      ,t®fis¤ nj®î br­í« Kiwf´ ( )6
6

 

( )5
1

 (m) 

( )6
5

( )5
2

 (m) 

( )6
4( )5
3

∴mik¡f¥gL« FG¡fË¬ v©Â¡if
= 6c

6
 x 5c

1
+6c

5
 x 5c

2
 + 6c

4
 x 5c

3

= 1 x 5 + 6 x 10 + 15 x 10 = 215

2.3.2 ghµfÈ¬ K¡nfhz«ghµfÈ¬ K¡nfhz«ghµfÈ¬ K¡nfhz«ghµfÈ¬ K¡nfhz«ghµfÈ¬ K¡nfhz«
bghJthf n = 0, 1, 2, 3, 4, 5 ... vÅ± ¾¬tU« Étu¤ij xU

K¡nfhz toÉ±mik¡fyh«. ,« K¡nfhz« ghµfÈ¬ K¡nfhz«
vd¥gL«.

n = 0

( )0
0

n = 1

( )1
0( )1
1

n = 2

( )2
0( )2
1( )2
2

n = 3

( )3
0( )3
1( )3
2( )3
3

n = 4

( )4
0( )4
1( )4
2( )4
3( )4
4

n = 5

( )5
0( )5
1( )5
2( )5
3( )5
4( )5
5
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k½¥òfis¥ ¾u½Æl

n = 0 1

n = 1 1 1

n = 2 1 2 1

n = 3 1 3 3 1

n = 4 1 4 6 4 1

n = 5 1 5 10 10 5 1

¾uh¬R eh£L fÂjnkij ghµfÈ¬ bgauh± miH¡f¥gL« ,«
K¡nfhz tot Étu§fË± eh« fh©gJ : xU tÇirÆ± c´s X®
cW¥¾¬ k½¥ò mªj tÇir¡F K¬ tÇirÆ± m¡F¿¥¾£l cW¥¾¬
,UòwK« c´s ,U cW¥òfË¬ T£L¤ bjhif¡F¢ rk«.  ,ªj
c©ikia¥ bghJ¥gL¤j¡ »il¥gJ.

( )1n
r  
+  = 

( )n 
1-r

 + 

( )n
r

 v¬w ghµf± É½ahF«.

2.3.3 nc
r
 N¤½u¤ij¥ ga¬gL¤½N¤½u¤ij¥ ga¬gL¤½N¤½u¤ij¥ ga¬gL¤½N¤½u¤ij¥ ga¬gL¤½N¤½u¤ij¥ ga¬gL¤½

( )n
r

 + 

( )n 

1-r

 = ( )1n
r  
+  vd Ã Wîfvd Ã Wîfvd Ã Wîfvd Ã Wîfvd Ã Wîf

Ã%gz« :

L.H.S.  = nc
r
 + nc

r-1

= 

( )!r-n r!
n!

 + 
( ) ( )[ ]!1-r-n 1!-r

n!

= 
( )!r-n r!
n!

 + 
( )( )!1r-n 1!-r

n!
+

= 
[ ] ( )

( )!r-1n r!

r n!  1r-n n!

+

++

= 
[ ]

( )!1r-n r!

r1r-n n!

+

++
 = 

( )

( )!1r-n r!

1n n!

+

+

= 
( )

( )!1r-n r!

!1n

+

+
 = 

( )

( )!r-1n r!

!1n

+

+

= n+1c
r
 = R.H.S.
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.3

1) k½¥¾Lf (i) 10c
6

    (ii) 15c
13

2) 36c
n
 = 36c

n+4
, vÅ± ‘n’¬ k½¥ò fh©f.

3) n+2c
n
 = 45, vÅ± n = ?

4) Édh¤jh´ x¬¿± ,u©L ¾Çîf´ c´sd.  x²bthU ¾ÇÉY« 6
Édh¡f´ c´sd.  x²bthU ¾ÇÉÈUªJ« m½fg£rkhf 5
nf´ÉfS¡F Äfhk± 7 Édh¡fS¡F ÉilaË¡f nt©LkhÆ¬
xU khzt¬ 7 Édh¡fis v¤jid tÊfË± bjÇî br­th¬?

5) 9 bg©f´ 8 M©f´ bfh©l FGÉÈUªJ 5 ng® bfh©l xU FG
mik¡f¥gL»wJ. FGÉ± bg©f´ bgU«gh¬ikahÆU¡F«go
m¡FGit v¤jid Éj§fË± mik¡fyh«?

6) xU tF¥¾Y´s 15 khzt®fË± 10 ng®f´ xU R¦Wyh br±y nj®î
br­a¥gL»¬wd®.  mt¦¿± 3 khzt®f´ ml§»a FG g§nf¦FkhW
m±yJ g§nf¦fhjthW mt®f´ v¤jid Éj§fË± nj®î
br­a¥gLth®f´?

7) xU mW§nfhz¤½Y´s _iy É£l§fË¬ v©Â¡ifia¡
fh©f.

8) 6 gªJ å¢rhs®f´ 3É¡bf£ Ñ¥g®f´ ,U¡FkhW 11 M£l¡fhu®fis
20 ng® c´s FGÉÈUªJ nj®î br­a nt©L«.  nj®î br­a¥gL«
FGÉ± m½fg£r« 2 É¡bf£ Ñ¥g®fS« FiwªjJ 4 gªJ
å¢rhs®fS« ,U¡F«go v¤jid Éj§fË± m¡FG nj®î
br­a¥gL»wJ.

2.4  fÂj¤ bjhF¤j¿j±fÂj¤ bjhF¤j¿j±fÂj¤ bjhF¤j¿j±fÂj¤ bjhF¤j¿j±fÂj¤ bjhF¤j¿j±
(MATHEMATICAL INDUCTION)

gy fÂj¤ nj¦w§fS«/É½fS« neuhd Ã%gz¤½¬ _y«
Rygkhf Ã%¾¡f ,ayhjnghJ ga¬gL¤j¥L« Kiwna fÂj¤
bjhF¤j¿j± Kiw vd¥gL«. ,½± _¬W gof´ c´sd.

(i) n = 1¡F nj¦w« Ã%¾¡f¥gl nt©L«. mjhtJ p(1)

bk­ba¬W Ã%¾¡f¥gl nt©L«.

(ii) k xU Äif KG v©zhf P(k) bk­ahf ,U¥¾¬ p(k+1)-« bk­
vd ÃWt nt©L«.
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(iii) vdnt v±yh ,a± v© n-¡F« p(n) bk­ba¬W
Ã%¾¡f¥gL»wJ.

2.4.1 bjhF¤j¿jÈ¬ É½bjhF¤j¿jÈ¬ É½bjhF¤j¿jÈ¬ É½bjhF¤j¿jÈ¬ É½bjhF¤j¿jÈ¬ É½:

x²bthU ,a± v© n-¡F V¦g P(n) xU T¦W v¬f. (i) P(1)

bk­ba¬W« k¦W« (ii) P(k+1), k xU ÄifKG v© Mf P(k) bk­ahf
,U¥¾¬ P(k+1)« bk­ahdh± P(n) T¦W bk­ahF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 23

fÂj¤ bjhF¤j¿j± É½ia¥ ga¬gL¤½fÂj¤ bjhF¤j¿j± É½ia¥ ga¬gL¤½fÂj¤ bjhF¤j¿j± É½ia¥ ga¬gL¤½fÂj¤ bjhF¤j¿j± É½ia¥ ga¬gL¤½fÂj¤ bjhF¤j¿j± É½ia¥ ga¬gL¤½

1+2+3+...n = 
( )

2

1nn +
, n∈∈∈∈∈N  vd Ã%¾.vd Ã%¾.vd Ã%¾.vd Ã%¾.vd Ã%¾.

Ô®î:

P(n) = 
( )

2

1nn +
v¬f

L.H.S.± n=1, p(1) = 1

R.H.S± p(1) = 
( )

2

111 +
 = 1

vdnt n = 1¡F  L.H.S = R.H.S

∴ P(1) bk­bad Ã%¾¡f¥g£lJ.
P(k) bk­ v¬f.

m.J. 1+2+3+......+k = 
( )

2

1kk +
 v¬w T¦W bk­

p(k+1) bk­ vd ÃWt nt©L«.

,¥bghGJ p(k+1)= p(k) + t
k+1

p(k+1)¬ L.H.S. = 1+2+3+......k+k+1

= p(k) + (k+1)

= 
( )

2

1kk +
+ k+1

= (k+1) [
2
k +1]

= 
( )( )

2

2k1k ++

=> p(k) bk­ba¬wh± p(k+1) bk­ahF«.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 24

bjhF¤j¿j± É½ia¡ bfh©LbjhF¤j¿j± É½ia¡ bfh©LbjhF¤j¿j± É½ia¡ bfh©LbjhF¤j¿j± É½ia¡ bfh©LbjhF¤j¿j± É½ia¡ bfh©L 32n -1 v¬gJ 8 M±v¬gJ 8 M±v¬gJ 8 M±v¬gJ 8 M±v¬gJ 8 M±
tFgL« v© vd ÃWîf. tFgL« v© vd ÃWîf. tFgL« v© vd ÃWîf. tFgL« v© vd ÃWîf. tFgL« v© vd ÃWîf. n∈∈∈∈∈N.

Ô®î:

P(n) = 32n-1v¬f

p(1) =32 - 1 = 9-1=8 v¬gJ 8-M± tFgL«.

∴ p(1) bk­ah»wJ.

p(k) bk­ vd¡ bfh´f.

ie., 32k-1 v¬gJ 8-M± tFgL«.

p(k+1) bk­ vd ÃWt nt©L«.

,¥nghJ   p(k+1) = 32(k+1) - 1 = 32k x 32-1

= 9 32k -1

= 9(32k) - 9 + 8

= 9 [32k-1] + 8 ,J 8-M± tFgL«.
vdnt P(k) bk­baÅ±  p(k+1) bk­ vd ÃWt¥g£lJ.

∴ bjhF¤j¿jÈ¬ É½¥go n-¬ ,a± k½¥ò¡F« p(n) bk­ vd
ÃWt¥g£lJ.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.4

bjhF¤j¿j± É½¥go ¾¬tUtdt¦iw ÃWîf.bjhF¤j¿j± É½¥go ¾¬tUtdt¦iw ÃWîf.bjhF¤j¿j± É½¥go ¾¬tUtdt¦iw ÃWîf.bjhF¤j¿j± É½¥go ¾¬tUtdt¦iw ÃWîf.bjhF¤j¿j± É½¥go ¾¬tUtdt¦iw ÃWîf.

1) 1+3+5+..... (2k-1) = k2

2) 4+8+12+.......4n = 2n(n+1)

3) 1.2 + 2.3 + 3.4 + ........n(n+1) = 
( ) ( )

3

2n 1nn ++

4) 13 + 23 + ..........n3 = ( )

4

1nn
22

+

5) 12 + 22 + ..........n2 = ( ) ( )

6

12n 1nn ++

6) 1+4+7+10+..........(3n-2) = 
2
n (3n-1)

7) 23n - 1 v¬gJ 7-M± tFgL«
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2.4.2 bjhl®fË¬ TLj±bjhl®fË¬ TLj±bjhl®fË¬ TLj±bjhl®fË¬ TLj±bjhl®fË¬ TLj±

1+2+3+......+n  = Σn = 
2

1)n(n +

12+22+.......+n2 = Σn2 = 
6

1)(2n 1)n(n ++

13+23+.......+n3 = Σn3 = { }
2

2

1)n(n+

vdnt  Σ Σ Σ Σ Σn = 
2

1)n(n +

 Σ Σ Σ Σ Σn2 = 
6

1)(2n 1)n(n ++

 Σ Σ Σ Σ Σn3 = { }
2

2

1)n(n+

nkny Tw¥g£L´s N¤½u§fis¥ ga¬gL¤½ xU bjhlÇ¬
n-tJ cW¥ò bfhL¡f¥go¬ m¤bjhlÇ¬ TLj± fhQ« Kiwia¡
fh©ngh«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 25

n-tJ cW¥òtJ cW¥òtJ cW¥òtJ cW¥òtJ cW¥ò   n(n+1)(n+4) Mf c´s bjhlÇ¬ TLj±Mf c´s bjhlÇ¬ TLj±Mf c´s bjhlÇ¬ TLj±Mf c´s bjhlÇ¬ TLj±Mf c´s bjhlÇ¬ TLj±
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

t
n

= n(n+1)(n+4)

= n3 + 5n2 + 4n

∴ S
n
 = Σt

n
 = Σ(n3 + 5n2 + 4n)

= Σn3 + 5 Σn2 + 4Σn

= ( ){ }
2

2

1nn +  + 5
( )( ){ }

6

12n1nn ++
 + 4 

( ){ }
2

1nn +

= ( )

12

1nn +  [ 3n2 + 23n + 34]

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 26

12.3 + 22.5 + 32.7 + ......¬ ¬ ¬ ¬ ¬ n  cW¥òfË¬ TLj± fh©f.cW¥òfË¬ TLj± fh©f.cW¥òfË¬ TLj± fh©f.cW¥òfË¬ TLj± fh©f.cW¥òfË¬ TLj± fh©f.
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Ô®î :

        t
n
=  n2(2n+1) = 2n3+n2

  ∴ S
n

= Σ(2n3+n2) = 2Σn3 + Σn2

= ( )

4

1n2n
22

+  + 
( )( )

6

12n1nn ++

= 
2

1)(nn +
[n(n+1) + 

3
1 2n + ]

= 
2

1)(nn + ( )
3

1 2n  3n   3n2
+++

= 
6

1)(nn +
[3n2 + 5n + 1]

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 27

2+5+10+17+...... ¬ ¬ ¬ ¬ ¬ n  cW¥òfË¬ TLj± fh©f. cW¥òfË¬ TLj± fh©f. cW¥òfË¬ TLj± fh©f. cW¥òfË¬ TLj± fh©f. cW¥òfË¬ TLj± fh©f.

Ô®î :

2+5+10+17+.......

= (1+1) + (1+4) + (1+9) + (1+16)+......

= (1+1+1+.......n terms) + (12+22+.....n2)

= n+ ( )( )

6

12n1nn ++

= 6
n

[6+2n2+3n+1]

= 6
n

[2n2+3n+7]

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.5

¾¬tU« bjhl®fË¬ ¾¬tU« bjhl®fË¬ ¾¬tU« bjhl®fË¬ ¾¬tU« bjhl®fË¬ ¾¬tU« bjhl®fË¬ n cW¥òfË¬ TLj± f©f. cW¥òfË¬ TLj± f©f. cW¥òfË¬ TLj± f©f. cW¥òfË¬ TLj± f©f. cW¥òfË¬ TLj± f©f.

1) 1.2.3 + 2.3.4 + 3.4.5 + ........

2) 1.22 + 2.32 + 3.42 + ...........

3) 22 + 42 + 62 + ..........(2n)2

4) 2.5 + 5.8 + 8.11 + ..........

5) 12 + 32 + 52 + ..............

6) 1 + (1+2) + (1+2+3) + .........
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2.5 <UW¥ò¤nj¦w«<UW¥ò¤nj¦w«<UW¥ò¤nj¦w«<UW¥ò¤nj¦w«<UW¥ò¤nj¦w«
(BINOMIAL THEOREM)

2.5.1 nj¦w«nj¦w«nj¦w«nj¦w«nj¦w«
n X® ,a± v© vÅ±
(x+a)n = nC

0
 xn + nC

1
 xn-1 a + nC

2
 xn-2 a2 + ...... + nCr xn-r ar + .... nC

n 
 an

Ã%gz«:

,¤nj¦w« fÂj¤ bjhF¤j¿j± KiwÆ± Ã%¾¡f¥gL»wJ.
p : (x+a)n = nC

0
 xn + nC

1
 xn-1 a + nC

2
 xn-2 a2 + ......

+ nC
r-1

 xn+1-r ar-1 + nC
r
 xn-r ar+....... + nC

n 
 an

n = 1 v¬f  LHS  P(1) = x + a

          RHS  P(1) = 1 . x + 1 . a = x + a = L.H.S.

P (1) ¬ RHS = P (1) ¬ LHS

∴ P (1) bk­ah»wJ
P (k) bk­bad¡ bfh´f k∈N

m.J. P(k) :

(x+a)k = kC
0
 xk + kC

1
 xk-1 a + kC

2
 xk-2 a2 + ......

+ kC
r-1

 xk+1-r ar-1 + kC
r
 xk-r ar+....... + kC

k
 ak ........ (1)

bk­ba¬f
P(k+1) v¬w T¦W bk­ vd Ã%¾¡f/

i.e., (x+a)k+1 = k+1C
0
 xk+1 + k+1C

1
 xk a

+ k+1C
2
 xk-1 a2 + ... + k+1C

r
 xk+1-r ar + ... + ... + k+1C

k+1
 ak+1 bk­.

   (x+a)k+1 = (x+a) (x+a)k

= (x + a) [kC
0
 xk + kC

1
 xk-1 a + kC

2
 xk-2 a2 + ... + kC

r-1
 xk+1-r ar-1

+ kC
r
 xk-r ar + .... + kCk ak] (1)-I¥ ga¬gL¤½

= kC
0
 xk+1 + kC

1
 xk a + kC

2
 xk-1 a2 + ... + kC

r
 xk+1-r ar + ... +kC

k
 x ak

+ kC
0
 xk a + kC

1
 xk-1 a + ... kC

r-1
 xk+1-r ar + ... + kC

k
 ak+1

= kC
0
 xk+1 + (kC

1
 + kC

0
) xk a + (kC

2
 + kC

1
) xk-1 a2 + ........

........ + (kC
r
 + kC

r-1
) xk+1-r ar + ... +kC

k
 ak+1

Mdh± kC
r
 + kC

r-1
 = k+1C

r

r  = 1, 2, ... vd¥ ¾u½Æl
kC

1
 + kC

0
 = k+1C

1
, kC

2
 + kC

1
 = k+1C

2
 ......

kC
0
 = 1 = k+1C

0
 ; kC

k
 = 1 = k+1C

k+1

∴ (x+a)k+1 = k+1C
0
 xk+1 + k+1C

1
 xk a+ k+2C

2
 xk-1 a2 + ......

+ k+1C
r
 xk+1-r ar + ...... + k+1C

k+1
 ak+1

vdnt  P (k) bk­baÅ± P (k +1) bk­ahF«.

∴ fÂj¤ bjhF¤j¿j± É½¥go P(n) v¬w T¦W bk­ahF«.
n ∈ N.  vdnt  n ∈ N-¡F <UW¥ò¤ nj¦w« Ã%¾¡f¥g£lJ.
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c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) (x+a)n v¬w ÉÇÉ± (n+1) cW¥òf´ c´sd.

(ii) bghJ cW¥ò t
r+1

 = nC
r
 xn-r ar.

(iii) (x+a)n ¬ ÉÇÉ± ‘x’-¬ go x²bth¬whf¡ FiwªJ  a-Æ¬go
x²bth¬whf¥ bgUf x²bthU cW¥¾Y« ,t¦¿¬ gofË¬
TLj± n-¡F¢ rk«.

(iv) KjÈÈUªJ« fil¼ÆÈUªJ rköu¤½± c´s cW¥òfË¬
bfG¡f´ rk«.

(v) (x+a)n ÉÇÉ± c´s cW¥òfË¬ v©Â¡if (n+1) ,ij ‘n’ vd¡
bfh´f
(a) N x¦iw v© vÅ± eL cW¥ò t

2
1N+

(b) N xU ,u£il v© vÅ± eL cW¥òf´ t
2
N ,  t

2
N

+ 1

(vi) <UW¥ò¡ bfG¡fis C
0
, C

1
, C

2
, vdî« F¿¡fyh«.

2.5.2 <UW¥ò¡ bfG¡fS« mt¦¿¬ g©òfS«<UW¥ò¡ bfG¡fS« mt¦¿¬ g©òfS«<UW¥ò¡ bfG¡fS« mt¦¿¬ g©òfS«<UW¥ò¡ bfG¡fS« mt¦¿¬ g©òfS«<UW¥ò¡ bfG¡fS« mt¦¿¬ g©òfS«

(1+x)n = C
0
 + C

1
x + C

2
 x2 + C

3
 x3 + ..... + C

n
xn .................(1)

x = 1 vd (1) -± ¾u½Æl
2n = C

0
 + C

1
 + C

2
 + ....... + C

n

x = -1 vd (1) -± ¾u½Æl
0 = C

0
 - C

1
 + C

2
 - C

3
 + ..... + (-1)n C

n

=> C
0
 + C

2
 + C

4
 + ....... = C

1
 + C

3
 + ....

=> ,u£il ,l§fËyhd bfG¡fË¬ TLj± = 
2

2
n

=2n-1

      x¦iw ,l§fËyhd bfG¡fË¬ TLj±  = 2n-1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 28

(x+
x
1

)4 -¬ ÉÇî fh©f.-¬ ÉÇî fh©f.-¬ ÉÇî fh©f.-¬ ÉÇî fh©f.-¬ ÉÇî fh©f.

Ô®î :

(x+
x
1 )4 = 4C

0
 x4  + 4C

1
 x3(

x
1 ) + 4C

2
 x2(

x
1 )2 + 4C

3
 x(

x
1 )3 + 4C

4
(

x
1 )4

= x4 + 4x2 + 6 + 2
x

4
+ 4

x

1
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 29

(x+3y)4 -¬ ÉÇî fh©f.¬ ÉÇî fh©f.¬ ÉÇî fh©f.¬ ÉÇî fh©f.¬ ÉÇî fh©f.

Ô®î :

(x+3y)4 = 4C
0
 x4 + 4C

1
 x3(3y) + 4C

2
 x2 (3y)2 + 4C

3
 x(3y)3 + 4C

4
(3y)4

= x4 + 4x3(3y) + 6x2(9y2) + 4x(27y3) + 81y4

= x4 + 12x3y + 54x2y2 + 108xy3 + 81y4

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 30

(2x-3y)7 v¬w ÉÇÉ± 5tJ cW¥ò fh©f.v¬w ÉÇÉ± 5tJ cW¥ò fh©f.v¬w ÉÇÉ± 5tJ cW¥ò fh©f.v¬w ÉÇÉ± 5tJ cW¥ò fh©f.v¬w ÉÇÉ± 5tJ cW¥ò fh©f.

Ô®î :

t
r+1

= 7C
r
(2x)7-r (-3y)r

∴ t
5

= t
4+1

 = 7C
4
 (2x)7-4 (-3y)4

= 7C
3
 (2x)3 (3y)4

= 
1 x 2 x 3
5 x 6 x 7  (8x3) (81y4)

= (35) (8x3) (81y4) = 22680x3y4

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 31

(x-
x

2
)11 ± eL cW¥òfis¡ fh©f.± eL cW¥òfis¡ fh©f.± eL cW¥òfis¡ fh©f.± eL cW¥òfis¡ fh©f.± eL cW¥òfis¡ fh©f.

Ô®î :

n = 11

∴ n+1 = 12 = N = ,u£il v©
eL cW¥ò = t

2
N  k¦W« t

(
2
N +1)

(m.J.) t
6
 k¦W« t

7

(i) t
6
 = t

5+1
= 11C

5
 x11-5 (-

x
2 )5

= 11C
5
 x6 

( )
5

5

x

-2

= -11C
5 5

56

x

2 x

= -11C
5
 25 x = (-11C

5
)(32x)
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(ii) t
7
 = t

6+1
= 11C

6
 (x)11-6 (-

x
2 )6

= 11C
6
 x5 

( )
6

6

x

-2

= 11C
6
 

6

65

x

2 x   = 11C
6
 ( )

x
64

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 32

(2x2 -
x
3

)11 v¬w ÉÇÉ± v¬w ÉÇÉ± v¬w ÉÇÉ± v¬w ÉÇÉ± v¬w ÉÇÉ± x10-¬ bfGit¡ fh©.¬ bfGit¡ fh©.¬ bfGit¡ fh©.¬ bfGit¡ fh©.¬ bfGit¡ fh©.

Ô®î :

bghJ cW¥ò = t
r+1

 = 11C
r
(2x2)11-r (-

x
3 )r

= 11C
r
 211-r (x2)11-r 

( )
r

r

x

-3

= 11C
r
 211-r x22-2r (-3)r x-r

= 11C
r
 211-r (-3)r x22-3r

x10-¬ bfGit¡ fhz  x-¬ mL¡if 10-¡F rk¥gL¤j.

=> 22-3r = 10

      22-10 = 3r

      ∴ r = 4

x10 -¬ bfG = 11C
4
 211-4 (-3)4 = 11C

4
 (27) (34)

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 33

(
3

4x
2

-
2x

3
)9  v¬w ÉÇÉ± v¬w ÉÇÉ± v¬w ÉÇÉ± v¬w ÉÇÉ± v¬w ÉÇÉ± x ,±yhj cW¥ig¡ fh©f.,±yhj cW¥ig¡ fh©f.,±yhj cW¥ig¡ fh©f.,±yhj cW¥ig¡ fh©f.,±yhj cW¥ig¡ fh©f.

Ô®î :

bghJ cW¥ò = t
r+1

 = 9C
r
(

3
4x2

)9-r (
2x
-3 )r

= 9C
r
 

r-9

r-9

3

4
 x 

( )
r

r

2

3-
x (x2)9-r r

x

1

= 9C
r
 

r-9

r-9

3

4
 x 

( )
r

r

2

3-
x

18-2r x-r

= 9C
r
 

r-9

r-9

3

4 ( )
r

r

2

3-
x

18-3r
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x ,±yhj cW¥ò = x0-¬ bfG
=> 18-3r = 0

∴ r = 6

x ,±yhj cW¥ò =  9C
6
 

6-9

6-9

3

4 ( )
6

6

2

-3

= 9C
3
 

3

3

3

4 ( )

( )
6

6

2

3

= 
3x2x1
9x8x7 x 33

64
x 

64
36

 = (84) (33) = 84x27 = 2268

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.6

1) (x-
x
2 )11  ÉÇÉ± c´s eL cW¥òfis¡ fh©f.

2) (x--
x
2 )20 -± x-8 -¬ bfGit¡ fh©f.

3) (x2 - 3
x

4
)10 -± x ,±yhj cW¥ig¡ fh©f.

4) (2x +
y
1

)9 -± 8-tJ cW¥ig¡ fh©f.

5) (3x-
6

x 3
)9 -± eL cW¥ig¡ fh©f.

6) (2x2 +
x
1 )12 -± c´s x ,±yhj cW¥ig¡ fh©f.

7) (1+x)2n ¬ ÉÇÉ± eL cW¥ò

n!

 x. 2 1)-(2n ... 5 . 3 . 1
nn

 vd¡ fh£Lf.

8) (x+
2x
1 )2n -¬ ÉÇÉ± eL cW¥ò 

n!

1)-(2n ... 5 . 3 . 1
 vd¡ fh£Lf.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  2.7

V¦òila Éilia¤ bjÇî br ­f .V¦òila Éilia¤ bjÇî br ­f .V¦òila Éilia¤ bjÇî br ­f .V¦òila Éilia¤ bjÇî br ­f .V¦òila Éilia¤ bjÇî br ­f .

1) n! = 24 vÅ±  n -¬ k½¥ò
(a) 4 (b) 3 (c) 4! (d) 1
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2) 3! + 2! + 1! + 0! -¬ k½¥ò
(a) 10 (b) 6 (c) 7 (d) 9

3)
4!
1 +

3!
1  -¬ k½¥ò

(a) 
20
5 (b) 

24
5 (c) 

12
7 (d) 

7
1

4) 6 ng®fis xU t£l tot nki#Æ± tÇir¥gL¤J« bkh¤j tÊf´
(a) 6 (b) 5 (c) 6! d) 5!

5) x(x-1) (x-2)! -¬ k½¥ò
(a) x! (b) (x-1)! (c) (x-2)! (d) (x+1)!

6) ,Ut® 7 ,l§fis V¦F« tÊfË¬ v©Â¡if
(a) 42 (b) 14 (c) 21 (d) 7

7) 8p
3
 -¬ k½¥ò

(a) 8 x 7 x 6 (b) 
1 x 2 x 3
6 x 7 x 8 (c) 8 x 7 (d) 3 x 2 1

8) 8C
0
 -¬ k½¥ò

(a) 8 (b) 1 (c) 7 (d) 0

9) 10C
9
 -¬ k½¥ò

(a) 9 (b) 1 (c) 10C
1

(d) 0

10) 3 ò´Ëf´ xnu nfh£o± mikahjthW c´s 5 ò´ËfËÈUªJ
tiua¥gL« nfhLfË¬ v©Â¡if
(a) 10 (b) 20 (c) 5 (d) 1

11) ( )5
x

 + ( )5
4

 = ( )6
5

 vÅ±  x  -¬ k½¥ò

(a) 5 (b) 4 (c) 6 (d) 0

12) 10c
r
 = 10c

4r
  vÅ±  r -¬ k½¥ò

(a) 2 (b) 4 (c) 10 (d) 1

13) <U¥ò¡ bfG¡fË¬ TLj±
(a) 2n (b) bn (c) 2n (d) n

14) (x+b)n -± c´s fil¼ cW¥ò
(a) xn (b) bn (c) n (d) 1

15) (2x+5)7 ÉÇÉ± c´s cW¥òfË¬ v©Â¡if
(a) 2 (b) 7 (c) 8 (d) 14

16) (x+a)8 ± c´s eL cW¥ò
(a) t

4
(b) t

5
(c) t

6
(d) t

3

17) (x+a)n c´s bghJ cW¥ò
(a) t

n
(b) t

r
(c) t

r-1
(d) t

r+1
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3
,a± v©f´ fz« N ,± ,UªJ m±yJ mj¬ X® c£fz¤½±

,UªJ bk­ v©f´ fz« R-¡F tiuaW¡f¥gL« xU rh®ò bjhlÇd«
MF«.  xU bjhlÇd¤½¬ k½¥gf«  N  m±yJ  N-,¬ c£fz« MF«.

mj¬ Jiz k½¥gf«   R  MF«.

N v¬w ,a± v©Â¬ ¾«g¤ij  t
n
 v¬w F¿Þ£lh±

F¿¡»¬nwh«.  {t
n
} m±yJ  <t

n
> -I¤ bjhlÇd¤ij¡ F¿¡f¥

ga¬gL¤J»nwh«.  nkY« t
1
, t

2
, t

3
,... v¬gd bjhlÇd¤½¬ cW¥òf´

(terms) v¬W miH¡f¥gL«.  Koîila v© cW¥òfis¡ bfh©l

bjhlÇd« KoîW bjhlÇdkhF« (finite sequence).   KoÉyh v©

cW¥òfis¡ bfh©l bjhlÇd« Koîwh bjhlÇdkhF« (infinite

sequence).

KoîW bjhlÇd§fS¡fhd vL¤J¡fh£Lf´

(i) t
n
 = 

3n
n
+

,  n < 10

,j¬ k½¥gf« {1, 2, 3, 4, 5, 6, 7, 8, 9}

k¦W« å¢rf« {
4
1 ,

5
2 ,

6
3 ,

7
4 ,

8
5 ,

9
6 ,

10
7 ,

11
8 ,

12
9 } MF«.

(ii) t
n
 = 2+(-1)n

,j¬ k½¥gf« {1, 2, 3,...   }

k¦W« å¢rf« {1, 3} MF«.

Koîwh bjhlÇd§fS¡fhd vL¤J¡fh£Lf´

(i) t
n
 = n MtJ gfh v©

(ii) t
n
 = + n  ,¬ KG v© gF½

bjhlÇd§fË¬ cW¥òfS¡»ilna xU ½£lkhd cwnth m±yJ

f£L¥ghnlh ,U¡f nt©oa mt¼aÄ±iy.  nkY« xU bjhlÇd¤½¬

bghJ cW¥ò xU N¤½u toÉ± vGj¡ Toajhf ,U¡f

nt©Lbk¬g½±iy.  xU bjhlÇd¤½¬ cW¥òf´ xU ½£lkhd

bjhlÇd§f´ k¦W« bjhl®f´
(SEQUENCES AND SERIES)
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É½ia¥ ¾¬g¦Wkhdh±/ mªj bjhlÇd¤½¦F cwî¤ bjhl®

(progression) v¬W bga®.  v±yh cwî¤ bjhl®fS« bjhlÇd§f´jh¬.

Mdh± v±yh bjhlÇd§fS« cwî¤ bjhl®f´ Mfkh£lh.  cwî¤

bjhl®fS¡fhd vL¤J¡fh£Lf´.

(i) 5, 10, 15, 20, 25,...

(ii) 1, -1, 1, -1, 1, ...

(iii)
2
1 , 

3
2 , 

4
3 , 

5
4 ,

6
5 , ...

(iv) 1, 1, 2, 3, 5, 8, 13, ...

(v) 2, 6, 3, 9, 4, 12, ... ,¬d ¾w.

xU bjhlÇd¤½¬ cW¥òfË¬ TLj± xU bjhl® (series)

vd¥gL«.  vL¤J¡fh£lhf 
2
3 +

3
5 +

4
7 + ... v¬gJ 

2
3 , 

3
5 , 

4
7 , ... v¬w

bjhlÇd¤½¦F Ãfuhd bjhl® MF«.

bjhlÇd§fis¥ g¦¿ eh« ¾¬d® Muha ,U¡»nwh«.  j¦nghJ

,u©L cwî¤ bjhl®fis Ãidî Twyh«.

(i) T£L cwî¤ bjhl® (A.P.)

(ii) bgU¡F cwî¤ bjhl® (G.P.)

T£L cwî¤ bjhl®T£L cwî¤ bjhl®T£L cwî¤ bjhl®T£L cwî¤ bjhl®T£L cwî¤ bjhl® (Arithmetic Progression -A.P.)

xU bjhlÇd¤½¬ cW¥òf´ bjhl®ªJ xU Ãiyahd v©zh±

TLkhdh± m±yJ Fiwíkhdh± mªj bjhlÇd« T£L cwî¤ bjhl®

MF«.

X® A.P. ,¬ ½£l mik¥ig  a, a+d, a+2d, a+3d,...  v¬W vL¤J¡

bfh´syh«.  ,½± ‘a’ v¬gJ Kj± cW¥ò ‘d’ v¬gJ bghJ É¤½ahr«

MF«.  mj¬ ‘n’ MtJ cW¥ò m±yJ bghJ cW¥ò t
n
 = a + (n-1) d MF«.

mj¬ ‘n’ cW¥òfË¬ TL±  S = 
2
n [2a + (n-1) d] MF«.

nkY« a, b, c v¬w _¬W v©f´ A.P. ,± ,U¥¾¬  b = 
2

ca +

bgU¡F cwî¤ bjhl®bgU¡F cwî¤ bjhl®bgU¡F cwî¤ bjhl®bgU¡F cwî¤ bjhl®bgU¡F cwî¤ bjhl® (Geometric Progression -G.P.)

X® cW¥¾¦F« mj¬ K¬ cW¥ò¡F« c´s É»j« kh¿Èahf

,U¡F« bjhlÇd« bgU¡F cwî¤ bjhl® MF«.
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xU G.P. ,¬ ½£l mik¥ig a, ar, ar2, ar3,... v¬W vL¤J¡

bfh´syh«.

,½± ‘a’ v¬gJ Kj± cW¥ò/ ‘r’ v¬gJ bghJ É»j« MF«.

‘n’ MtJ cW¥ò m±yJ bghJ cW¥ò t
n
 = arn-1 MF«.

‘n’ cW¥òfË¬ TLj± S = a ( )
r-1

r-1
n

MF«.

nkY« a, b, c v¬w _¬W v©f´ G.P. ,± ,U¥¾¬ b2 = ac.

3.1 ,ir cwî¤ bjhl®,ir cwî¤ bjhl®,ir cwî¤ bjhl®,ir cwî¤ bjhl®,ir cwî¤ bjhl®
HARMONIC PROGRESSION (H.P.)

xU A.P. ,¬ cW¥òfË¬ jiyÑÊf´ xU H.P.I mik¡F«.

mjhtJ a
1
, a

2
, a

3
, ..., a

n
,... xU A.P. vÅ± 

1a
1 , 

2a
1 , 

3a
1 ,..., 

na
1 ,...

xU H.P. MF«.

nkY« a, b, c v¬w _¬W v©f´ H.P. ,± ,U¥¾¬
a
1 , 

b
1 ,

c
1  v¬gd xU A.P. ,± mikí«.

∴  
b
1  = 

2
c
1

a
1 +

  i.e.  b = 
ca

2ac
+

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 1

5

1 , 
9

1 , 
13

1 , ... v¬wv¬wv¬wv¬wv¬w H.P. ,¬ VHhtJ cW¥ig¡ fh©.,¬ VHhtJ cW¥ig¡ fh©.,¬ VHhtJ cW¥ig¡ fh©.,¬ VHhtJ cW¥ig¡ fh©.,¬ VHhtJ cW¥ig¡ fh©.

Ô®î :

bfhL¡f¥g£l H.P.¡F Ãfuhd A.P., 5, 9, 13, ...

t
n

= a + (n-1) d

t
7

= 5 + (7-1) 4  = 29

∴ bfhL¡f¥g£l H.P. ,¬ VHhtJ cW¥ò 
29
1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 2

a, b, c v¬gdv¬gdv¬gdv¬gdv¬gd H.P. ,± ,U¥¾¬,± ,U¥¾¬,± ,U¥¾¬,± ,U¥¾¬,± ,U¥¾¬ 
a-b

ab +
+ 

c-b

cb +
= 2 v¬W Ã%¾.v¬W Ã%¾.v¬W Ã%¾.v¬W Ã%¾.v¬W Ã%¾.
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Ô®î :
a, b, c v¬gd H.P. ,± c´sd.

∴     b = 
ca

2ac
+

-----------------(1)

i.e. 
a
b = 

ca
2c
+

i.e.
a-b
ab + =

c-a-2c
ca2c ++

i.e.
a-b
ab + =

a-c
a3c + -----------------(2)

nkY« (1) ,± ,UªJ

c
b  = 

ca
2a
+

∴
c-b
cb + =

c-a-2a
ca2a ++

i.e.
c-b
ab + =

c-a
c3a + ----------------(3)

(2) + (3) =>

a-b
ab +  + 

c-b
cb +

= 
a-c
a3c +  + 

c-a
c3a +

= 
a-c
a3c +  - 

a-c
c3a +  = 2

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 3

ax = by = cz nkY«nkY«nkY«nkY«nkY« a, b, c v¬gdv¬gdv¬gdv¬gdv¬gd G.P. ,±,±,±,±,± c´sd vÅ±c´sd vÅ±c´sd vÅ±c´sd vÅ±c´sd vÅ± x, y, z

v¬gd xUv¬gd xUv¬gd xUv¬gd xUv¬gd xU H.P. ,± mikí« v¬W Ã%¾.,± mikí« v¬W Ã%¾.,± mikí« v¬W Ã%¾.,± mikí« v¬W Ã%¾.,± mikí« v¬W Ã%¾.

Ô®î :

bfhL¡f¥g£L´sJ :  ax = by = cz = k (v¬f)

∴∴∴∴∴ a = x
1

k ,  b = 

y
1

k

,  c = 

z
1

k

---------- (1)

nkY« bfhL¡f¥g£L´sJ : a, b, c,  G.P.,± c´sd.

∴∴∴∴∴ b2 = ac ----------- (2)
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(1) I  (2),± ga¬gL¤½dh±

(

y
1

k

)2 = (

x
1

k

) (

z
1

k

)

i.e. 

y
2

k

= 

z
1

x
1

k
+

i.e. y
2

= x
1

+ z
1

i.e. y
2

= xz
xz +

i.e. 2

y
= zx

xz
+

i.e.    y = zx
2xz

+

∴∴∴∴∴ x, y, z  v¬gd xU H.P.,± mikí«

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  3.1

1)
2
1 , 

13
4 , 

9
2 ,... v¬w H.P. ,¬ 4tJ k¦W« 7tJ cW¥òfis¡ fh©f.

2) X® H.P.-¬  9-tJ cW¥ò 465
1

 k¦W« 20tJ cW¥ò 388
1

vÅ± mj¬

40tJ cW¥ig¡ fh©f.

3) log
3

2, log
6

2 k¦W« log
12

2 v¬gd xU H.P. ,± mikí« vd¡ fh£Lf.

4) a, b, c v¬gd xU G.P. ,± ,U¥¾¬ log
a

m, log
b

m k¦W« log
c

m v¬gd xU

H.P. ,± mikí« vd¡ fh£Lf.

5)
2
1 (x+y),  y, 

2
1 (y+z) v¬gd xU H.P.,± ,U¥¾¬  x, y, z v¬gd

xU G.P.,± mikí« v¬W fh£Lf.

6) x, y, z v¬gd A.P. ÆY« nkY« H.P. ÆY« ,U¡»¬wd vÅ± mit

G.P.-ÆY« ,U¡F« v¬W ÃWîf.

7) a , b, c v¬w _¬W v©f´ xU H.P. ,± ,U¥¾¬ 
c
a  = 

c-b
b-a v¬W

ÃWîf.
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8) xU H.P. ,¬ ‘p’ MtJ cW¥ò q k¦W« ‘q’ MtJ cW¥ò ‘p’ vÅ±

mj¬ (pq) MtJ cW¥ò 1 vd ÃWîf.

9) a, b, c v¬gd A.P.ÆY«  b, c, a v¬gd G.P. ÆY« ,U¥¾¬ c, a, b v¬gd

H.P.,± ,U¡F« v¬W fh£Lf.

3.2  ,U Äif bk­ v©fË¬ ruhrÇf´,U Äif bk­ v©fË¬ ruhrÇf´,U Äif bk­ v©fË¬ ruhrÇf´,U Äif bk­ v©fË¬ ruhrÇf´,U Äif bk­ v©fË¬ ruhrÇf´
(MEANS OF TWO POSITIVE REAL NUMBERS)

tiuaiuf´ ‘a’, ‘b’ v¬gd ,U Äif bk­ v©fbsÅ± mt¦¿¬

T£L¢ ruhrÇ A.M. = 
2

ba +

bgU¡f± ruhrÇ G.M. = + ab

,ir¢ ruhrÇ H.M. = 
ba

2ab
+

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

a)  15, 25 ,t¦¿¬,t¦¿¬,t¦¿¬,t¦¿¬,t¦¿¬ A.M. fh©ffh©ffh©ffh©ffh©f    b)  9, 4 ,t¦¿¬,t¦¿¬,t¦¿¬,t¦¿¬,t¦¿¬ G.M. fh©ffh©ffh©ffh©ffh©f
c)  5, 45 ,t¦¿¬,t¦¿¬,t¦¿¬,t¦¿¬,t¦¿¬ H.M. fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

a) A.M. = 2
ba +

 = 2
5251 +

 = 2
40

= 20

b) G.M. = + ab = + 9x4 = 6

c) H.M. = ba
2ab
+  = 455

2x5x45
+ = 50

450
= 9

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 5

5-¡F«¡F«¡F«¡F«¡F«  6-¡F« ,ilÆ± eh¬F T£L¢ ruhrÇfis¡ fh©f.¡F« ,ilÆ± eh¬F T£L¢ ruhrÇfis¡ fh©f.¡F« ,ilÆ± eh¬F T£L¢ ruhrÇfis¡ fh©f.¡F« ,ilÆ± eh¬F T£L¢ ruhrÇfis¡ fh©f.¡F« ,ilÆ± eh¬F T£L¢ ruhrÇfis¡ fh©f.

Ô®î :

5, x
1
, x

2
, x

3
, x

4
, 6 v¬gd A.P.,± ,U¡f£L«

∴∴∴∴∴ t
6
 = 6

 5 + 5d = 6

∴       d= 
5
1
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vdnt x
1
 = 5 +

5
1

 = 
5

26

 x
2
 = 

5
26

+
5
1

 = 
5

27

 x
3
 = 

5
27

+
5
1

 = 
5

28

nkY« x
4
 =  

5
28

+
5
1

=
5

29

njitahd T£L¢ ruhrÇf´ 
5

26
, 

5
27

, 
5

28
, 

5
29

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 6

3

4 ¡F«¡F«¡F«¡F«¡F« 
4

3 ¡F« ,ilÆ± _¬W bgU¡f± ruhrÇfis¡¡F« ,ilÆ± _¬W bgU¡f± ruhrÇfis¡¡F« ,ilÆ± _¬W bgU¡f± ruhrÇfis¡¡F« ,ilÆ± _¬W bgU¡f± ruhrÇfis¡¡F« ,ilÆ± _¬W bgU¡f± ruhrÇfis¡

fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

3
4

,  x
1
, x

2
, x

3
,

4
3

 v¬gd G.P.,± ,U¡f£L«

∴ t
5

  = 
4
3

i.e. 
3
4

r4 = 
4
3

∴ r = 
2

3

vdnt x
1

= 
3
4

x
2

3  = 
3

2

x
2

= 
3

2
x 

2

3  = 1

nkY« x
3

= 1 x 
2

3

= 
2

3

njitahd bgU¡f± ruhrÇf´ 
3

2
, 1, 

2

3
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 7

9

1 ¡F«¡F«¡F«¡F«¡F«  
10

1 ¡F« ,ilÆ± eh¬F ,ir¢ ruhrÇfis¡¡F« ,ilÆ± eh¬F ,ir¢ ruhrÇfis¡¡F« ,ilÆ± eh¬F ,ir¢ ruhrÇfis¡¡F« ,ilÆ± eh¬F ,ir¢ ruhrÇfis¡¡F« ,ilÆ± eh¬F ,ir¢ ruhrÇfis¡
fh©.fh©.fh©.fh©.fh©.

Ô®î :

9
1 x

1
, x

2
, x

3
, x

4
,

10
1

 v¬gd H.P.,± ,U¡f£L«

∴ 9, 
1

1
x

,
2

1
x

,
3

1
x

,
4

1
x

, 10 v¬gd A.P.,± mikí«

t
6
 = 10

i.e. 9 + 5d = 10    ∴   d = 
5
1

vdnt
1

1
x

= 9 + 
5
1  = 

5
46

2

1
x

= 
5

46 +
5
1  = 

5
47

3

1
x

= 
5

47 +
5
1  = 

5
48

nkY«
4

1
x

= 
5

48
+

5
1  = 

5
49

njitahd ,ir¢ ruhrÇf´ 
46
5

, 
47
5

,
48
5

,
49
5

,

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  3.2

1) 5-¡F«  29-¡F« ,ilÆ± 3 T£L¢ ruhrÇfis¡ fh©f.

2) 5-¡F« 3645-¡F« ,ilÆ± 5 bgU¡f± ruhrÇfis¡ fh©f.

3)
5
1 ¡F« 

20
1 ¡F« ,ilÆ± 4 ,ir¢ ruhrÇfis¡ fh©f.

4) ,U v©fË¬ T£L¢ ruhrÇ 34/ mt¦¿¬ bgU¡f± rhrÇ 16 vÅ±

m²bt©fis¡ fh©f.

5) x2 -2ax + b2 = 0 v¬w rk¬gh£o¬ _y§fË¬ T£L¢ ruhrÇ x2 -2bx + a2 =

0 v¬w rk¬gh£o¬ _y§fË¬ bgU¡f± ruhrÇ MF« v¬W«

,u©lh« rk¬gh£o¬ _y§fË¬ T£L¢ ruhrÇ Kj¬ rk¬gh£o¬

_y§fË¬ bgU¡f± ruhrÇ MF« v¬W« fh£Lf.
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3.3  A.M., G.M. k¦W«k¦W«k¦W«k¦W«k¦W« H.M.

,itfS¡»ilna c´s bjhl®ò,itfS¡»ilna c´s bjhl®ò,itfS¡»ilna c´s bjhl®ò,itfS¡»ilna c´s bjhl®ò,itfS¡»ilna c´s bjhl®ò
(RELATION BETWEEN A.M. G.M. AND H.M.)

vªj ,U bt²ntwhd Äif bk ­  v©fis vL¤J¡vªj ,U bt²ntwhd Äif bk ­  v©fis vL¤J¡vªj ,U bt²ntwhd Äif bk ­  v©fis vL¤J¡vªj ,U bt²ntwhd Äif bk ­  v©fis vL¤J¡vªj ,U bt²ntwhd Äif bk ­  v©fis vL¤J¡

bfh©lhY« mt¦¿¬bfh©lhY« mt¦¿¬bfh©lhY« mt¦¿¬bfh©lhY« mt¦¿¬bfh©lhY« mt¦¿¬

(i) A.M > G.M > H.M    (ii)  G.M. =  (H.M.)x  (A.M.)

Ã%gz« :

‘a’ k¦W« ‘b’ v¬w ,U bt²ntwhd Äif bk­ v©fË¬ A.M.,

G.M., k¦W« H.M. ,t¦iw Kiwna A, G, H vd¡ F¿¤jh±

A = 
2

ba+
,  G = ab ,  H = 

ba
2ab

+

,¥nghJ/

A - G = 
2

ba+
- ab  = 

2

ab2-ba +

= 
2

ba2-ba+  = 
( )

2

ba
2

−
 > 0

∴∴∴∴∴    A > G ---------- (1)

nkY«

G - H  = ab  - 
ba

2ab
+

 = 
( )

ba

2ab-ba ab

+

+

= 
( )

ba

abab2-ba ab

+

+

= 
( )

ba

ab2-ba ab

+

+

= 
( )

ba

ba ab
2

+

−
 > 0

∴  G > H ---------- (2)

(1), (2) ,± ,UªJ

A > G > H
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nkY«

A.H. = ( )
2

ba +
 ( )

ba
2ab
+

= ab

= ( )
2

ab

= G2

∴ G = (H) (A)

vdnt Ã%¾¡f¥g£lJ.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J:

(i) A.M., G.M., H.M. ,it xU Fiwí« G.P.I cUth¡F»¬wd.

(ii) ,U rkkhd Äif v©f´ x²bth¬iwí« ‘a’ vd¡ bfh©lh±

A.M. = G.M. = H.M. = a MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 8

25¡F«¡F«¡F«¡F«¡F« 4¡F« ,ilnaahd¡F« ,ilnaahd¡F« ,ilnaahd¡F« ,ilnaahd¡F« ,ilnaahd  A.M., G.M. H.M. ,it xU,it xU,it xU,it xU,it xU
Fiwí«Fiwí«Fiwí«Fiwí«Fiwí« G.P.I mik¡F« v¬w T¦iw¢ rÇgh®¡fî«.I mik¡F« v¬w T¦iw¢ rÇgh®¡fî«.I mik¡F« v¬w T¦iw¢ rÇgh®¡fî«.I mik¡F« v¬w T¦iw¢ rÇgh®¡fî«.I mik¡F« v¬w T¦iw¢ rÇgh®¡fî«.

Ô®î :

A = 
2

ba+
= 

2
425+

= 
2

29

G = ab = 25x4 = 10

H = 
ba

2ab
+

= 
425

2x25x4
+

= 
29

200

,¥nghJ

A - G = 
2

29
- 10 = 

2
10-29

 = 
2
9

 > 0

∴∴∴∴∴ A > G ---------- (1)

nkY«

G - H = 10 - 
29

200
 = 

29
200-290

= 
29
90

> 0

∴∴∴∴∴ G > H ---------------- (2)

(1), (2) ,± ,UªJ

A > G > H
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O            A            M        C B X

T

nkY«

AH = ( )
2

29
 ( )

29
200

= 100 = (10)2 = G2.

vdnt A, G, H v¬gd xU Fiwí« GP.I cUth¡F« v¬gJ

rÇgh®¡f¥g£lJ.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 9

A.M, G.M. k¦W«k¦W«k¦W«k¦W«k¦W« H.M. ,t¦iw tot fÂj KiwÆ±,t¦iw tot fÂj KiwÆ±,t¦iw tot fÂj KiwÆ±,t¦iw tot fÂj KiwÆ±,t¦iw tot fÂj KiwÆ±
F¿¤J mj¬ thÆyhf mit xU Fiwí«F¿¤J mj¬ thÆyhf mit xU Fiwí«F¿¤J mj¬ thÆyhf mit xU Fiwí«F¿¤J mj¬ thÆyhf mit xU Fiwí«F¿¤J mj¬ thÆyhf mit xU Fiwí« G.P.I cUth¡F«I cUth¡F«I cUth¡F«I cUth¡F«I cUth¡F«
v¬W fh£Lf.v¬W fh£Lf.v¬W fh£Lf.v¬W fh£Lf.v¬W fh£Lf.

Ô®î :

OX v¬ nfh£oÈUªJ OA = a myFf´ OB = b myF bt£lî«.

AB I É£lkhf¡ bfh©L X® miu t£l« tiuf.

t£l¤½¦F bjhLnfhL OT tiuf. TM ⊥ AB. tiuaî«.

C v¬gJ miut£l¤½¬ ika« v¬f.

,½±,

2
ba+

=
2

OBOA+
= 

2
CBOCAC-OC ++

 = 
2

2OC
= OC (Q AC, CB Mu§f´)

∴∴∴∴∴ OC v¬gJ a, b-¡F ,ilnaahd A.M. MF«.

,¥nghJ

OT2 =  OA.OB = ab        (

Q

OT bjhLnfhL/ OAB bt£L¡nfhL)

i.e.   OT = 

ab

∴∴∴∴∴ OT v¬gJ a, b-¡F ,ilnaahd G.M. MF«.

,¥nghJ

OT2 = OM.OC  (Q ∆OTC ||| ∆OMT)

i.e. OM = 

OC
OT 2

= 
2

ba

ab
+

=
ba

2ab
+

∴∴∴∴∴ OM v¬gJ a, b-¡F ,ilnaahd H.M. MF«
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br§nfhz ∆ OTC ,± ,UªJ

OC > OT

i.e. A > G ------------- (1)

br§nfhz ∆ OTM ,± ,UªJ

OT > OM

i.e. G > H ------------- (2)

(1), (2) ,± ,UªJ

A > G > H -------------(3)

nkY«

OT2 = OM.OC    ∴ OC, OT k¦W« OM xU G.P.I mik¡F«

i.e. A, G, H xU G.P.I mik¡F« -------------(4)

(3),  (4) ,± ,UªJ

A.M., G.M., H.M. xU Fiwí« G.P. I cUth¡F«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 10

x, y, z v¬gd bt²ntwhd Äif bk­v©f´ vÅ±v¬gd bt²ntwhd Äif bk­v©f´ vÅ±v¬gd bt²ntwhd Äif bk­v©f´ vÅ±v¬gd bt²ntwhd Äif bk­v©f´ vÅ±v¬gd bt²ntwhd Äif bk­v©f´ vÅ±
(x+y) (y+z) (z+x) > 8xyz v¬W Ã%¾.v¬W Ã%¾.v¬W Ã%¾.v¬W Ã%¾.v¬W Ã%¾.

Ô®î :

x, y I vL¤J¡ bfh´nth«. A.M. > G.M. vd m¿nth«

∴∴∴∴∴
2

yx +
 > xy     i.e. (x+y) > 2 xy    ------------(1)

,njngh±   (y+z) > 2 yz    --------------(2)

k¦W«        (z+x)  > 2 zx     -------------(3)

(1), (2), (3)-I¢ br§F¤jhf¥ bgU¡»dh±

(x+y) (y+z) (z+x) > [ ][ ][ ]zx2 yz2 xy2

i.e. (x+y) (y+x) (z+x) > 8xyz

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  3.3

1) 25, 36 v¬w v©fS¡F ruhrÇfË¬ rkÅÈ cwit¢ rÇgh®¡fî«.

2) a, b, c  v¬gd H.P. ,± mikí« _¬W bt²ntwhd Äif v©f´

vÅ± a2 + c2 > 2b2 v¬W Ã%¾¡f.

3) x(≠1) v¬gJ X® Äif bk­ v© vÅ±/ x +
x

1
> 2 v¬W fh£Lf.
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3.4  bjhlÇd§fË¬ bghJ¡nfh£ghLbjhlÇd§fË¬ bghJ¡nfh£ghLbjhlÇd§fË¬ bghJ¡nfh£ghLbjhlÇd§fË¬ bghJ¡nfh£ghLbjhlÇd§fË¬ bghJ¡nfh£ghL
(GENERAL CONCEPT OF SEQUENCES)

xU bjhlÇd¤ij

(i)  xU É½ahY« (Rule) (ii) x¬¿ÈUªJ k¦bwh¬W tU«

cwthY« (Recursive relation) F¿¡fyh«.

3.4.1 xU bjhlÇd¤ij xU É½ah± tiuaW¤j±xU bjhlÇd¤ij xU É½ah± tiuaW¤j±xU bjhlÇd¤ij xU É½ah± tiuaW¤j±xU bjhlÇd¤ij xU É½ah± tiuaW¤j±xU bjhlÇd¤ij xU É½ah± tiuaW¤j±

,«KiwÆ±  t
n
 ,¬ N¤½u« bfhL¡f¥gL«. m½ÈUªJ vªj

xU F¿¥¾£l cW¥igí« f©L ¾o¡f Koí«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 11

¾¬tU« bjhlÇd§f´ x²bth¬¿¬ Kj± eh¬F¾¬tU« bjhlÇd§f´ x²bth¬¿¬ Kj± eh¬F¾¬tU« bjhlÇd§f´ x²bth¬¿¬ Kj± eh¬F¾¬tU« bjhlÇd§f´ x²bth¬¿¬ Kj± eh¬F¾¬tU« bjhlÇd§f´ x²bth¬¿¬ Kj± eh¬F
cW¥òfis¡ fh©f.cW¥òfis¡ fh©f.cW¥òfis¡ fh©f.cW¥òfis¡ fh©f.cW¥òfis¡ fh©f.

a) t
n
 = 3n - 2 b) t

n
 =

n

1n
2

+
c) t

n
 = 

1-2n

12n +

d) t
n
 = 

2

n

n

2
e) 

( )
><

−+

2

11
n

f)  ><
+

1-n

1n
, n > 1

Ô®î :

a) 1, 4, 7, 10 b)  2, 
2
5 ,  

3
10 , 

4
17  c)   3, 

3
5 , 

5
7 , 

7
9

d)  2, 1, 
9
8 ,  1 e)  0, 1, 0, 1   f)  3, 2, 

3
5 , 

2
3

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 12

¾¬tU« bjhlÇd§f´ x²bth¬¿¬ å¢rf¤ij¡¾¬tU« bjhlÇd§f´ x²bth¬¿¬ å¢rf¤ij¡¾¬tU« bjhlÇd§f´ x²bth¬¿¬ å¢rf¤ij¡¾¬tU« bjhlÇd§f´ x²bth¬¿¬ å¢rf¤ij¡¾¬tU« bjhlÇd§f´ x²bth¬¿¬ å¢rf¤ij¡
fh©f.fh©f.fh©f.fh©f.fh©f.

a) < 2n > b) < 2n - 1 > c)  < 1 + (-1)n >

d) < (-1)n > e)  < (-1)n-1 >

Ô®î :
a) ,u£il¥gil Äif KG¡fË¬ fz«{2, 4, 6, ... }

b) x¦iw¥gil Äif KG¡fË¬ fz« {1, 3, 5, ... }

c) {0, 2}

d) {-1, 1}

e) {-1, 1}
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 13

¾¬tU« bjhlÇd¤½¬ å¢rf¤ij¥ g¦¿ ÚÉ® ahJ¾¬tU« bjhlÇd¤½¬ å¢rf¤ij¥ g¦¿ ÚÉ® ahJ¾¬tU« bjhlÇd¤½¬ å¢rf¤ij¥ g¦¿ ÚÉ® ahJ¾¬tU« bjhlÇd¤½¬ å¢rf¤ij¥ g¦¿ ÚÉ® ahJ¾¬tU« bjhlÇd¤½¬ å¢rf¤ij¥ g¦¿ ÚÉ® ahJ
TWå®TWå®TWå®TWå®TWå® :  t

n
 = n2 - n + 41, n < 40?

Ô®î :

å¢rf«

{41, 43, 47, 53, 61 ... 1601}

,J 41 Kj± 1601 tiuÆyhd mid¤J gfh v©fË¬ fz«

MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 14

¾¬tU« bjhlÇd§fË¬ ¾¬tU« bjhlÇd§fË¬ ¾¬tU« bjhlÇd§fË¬ ¾¬tU« bjhlÇd§fË¬ ¾¬tU« bjhlÇd§fË¬ n MtJ cW¥¾¬ bghJMtJ cW¥¾¬ bghJMtJ cW¥¾¬ bghJMtJ cW¥¾¬ bghJMtJ cW¥¾¬ bghJ
tot mik¥ig¡ fh©f.tot mik¥ig¡ fh©f.tot mik¥ig¡ fh©f.tot mik¥ig¡ fh©f.tot mik¥ig¡ fh©f.

a) 1,  
4

1
, 

9

1
, 

16

1
, ... b)

2

3
,

4

5
,

6

7
,

8

9
, ...

c) 3, 15, 35, 63, ... d) 5, 17, 37, 65, ...

e)
2

1
, -

3

2
,

4

3
, -

5

4
, ... f) -

2

1
,

6

1
, -

12

1
,

20

1
, ...

Ô®î :

a) t
n
 = 2n

1
b) t

n
 = 

2n
12n +

c) t
n
 = 4n2-1 d) t

n
 = 4n2 + 1

e) t
n
 = (-1)n+1

1n
n
+

f) t
n
 = 

( )

nn

-1
2

n

+

3.4.2 xU bjhlÇd¤ij x¬¿ÈUªJ k¦bwh¬W tU« cwth±xU bjhlÇd¤ij x¬¿ÈUªJ k¦bwh¬W tU« cwth±xU bjhlÇd¤ij x¬¿ÈUªJ k¦bwh¬W tU« cwth±xU bjhlÇd¤ij x¬¿ÈUªJ k¦bwh¬W tU« cwth±xU bjhlÇd¤ij x¬¿ÈUªJ k¦bwh¬W tU« cwth±
F¿¤j±F¿¤j±F¿¤j±F¿¤j±F¿¤j±

,«KiwÆ± bjhlÇd¤½¬ ¼y Jt¡f cW¥òfS« X® cwî«

bfhL¡f¥gL« mitfis¥ ga¬gL¤½ mj¬ vªj X® cW¥igí«

f©L¾o¡f Koí«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 15

a
1
 = 1,     a

2
 = 0,       a

n
 = 2a

n-1
 - a

n-2
,  n>2  v¬w cwth± F¿¡f¥gL«v¬w cwth± F¿¡f¥gL«v¬w cwth± F¿¡f¥gL«v¬w cwth± F¿¡f¥gL«v¬w cwth± F¿¡f¥gL«

bjhlÇd¤½¬ Kj± VG cW¥òfis¡ fh©f.bjhlÇd¤½¬ Kj± VG cW¥òfis¡ fh©f.bjhlÇd¤½¬ Kj± VG cW¥òfis¡ fh©f.bjhlÇd¤½¬ Kj± VG cW¥òfis¡ fh©f.bjhlÇd¤½¬ Kj± VG cW¥òfis¡ fh©f.
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Ô®î :
a

3
 = 2a

2
-a

1
 = 0-1 = -1

a
4
 = 2a

3
-a

2
 = -2-0 = -2

a
5
 = 2a

4
-a

3
 = -4+1 = -3

a
6
 = 2a

5
-a

4
 = -6+2 = -4

a
7
 = 2a

6
-a

5
 = -8+3 = -5

Kj± VG cW¥òf´ 1, 0, -1, -2, -3, -4, -5

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 16

a
1
 = 1,  a

2
 = 1,  a

n+1
 = a

n
 + a

n-1
,  n > 2 v¬w bjhlÇd¤½¬ Kj±v¬w bjhlÇd¤½¬ Kj±v¬w bjhlÇd¤½¬ Kj±v¬w bjhlÇd¤½¬ Kj±v¬w bjhlÇd¤½¬ Kj±

10 cW¥òfis¡ fh©f.cW¥òfis¡ fh©f.cW¥òfis¡ fh©f.cW¥òfis¡ fh©f.cW¥òfis¡ fh©f.
Ô®î :

a
3
 = a

2
+a

1
 = 1+1 = 2

a
4
 = a

3
+a

2
 = 2+1 = 3

a
5
 = a

4
+a

3
 = 3+2 = 5

a
6
 = a

5
+a

4
 = 5+3 = 8

a
7
 = a

6
+a

5
 = 8+5 = 13

a
8
 = a

7
+a

6
 = 13+8 = 21

a
9
 = a

8
+a

7
 = 21+13 = 34

a
10

 = a
9
+a

8
 = 34+21 = 55

Kj± g¤J cW¥òf´ 1, 1, 2, 3, 5, 8, 13, 21, 34, 55

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

,J ngh¬w bjhlÇd« ~¾¾dh¼ (Febinacci) bjhlÇd«

v¬wiH¡f¥gL»wJ.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 17

(i) t
n
 = 2n+1 - 3   (ii) a

1
 = 1,  a

n
 = 2a

n-1
 + 3, n > 2 v¬gd xnuv¬gd xnuv¬gd xnuv¬gd xnuv¬gd xnu

bjhlÇd¤ij¤ jh¬ F¿¡»¬wd v¬W fh£Lf.bjhlÇd¤ij¤ jh¬ F¿¡»¬wd v¬W fh£Lf.bjhlÇd¤ij¤ jh¬ F¿¡»¬wd v¬W fh£Lf.bjhlÇd¤ij¤ jh¬ F¿¡»¬wd v¬W fh£Lf.bjhlÇd¤ij¤ jh¬ F¿¡»¬wd v¬W fh£Lf.

Ô®î :
(i) t

n
 = 2n+1 - 3

t
1
 = 22-3 = 1

t
2
 = 23-3 = 5

t
3
 = 24-3 = 13

t
4
 = 25-3 = 29

t
5
 = 26-3 = 61 ,¬d ¾w.

bjhlÇd« 1, 5, 13, 29, 61...
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(ii) a
1
 = 1

a
n
 = 2a

n-1
+3,   n>2

a
2
 = 2a

1
+3 = 2+3 = 5

a
3
 = 2a

2
+3 = 10+3 = 13

a
4
 = 2a

3
+3 = 26+3 = 29

a
5
 = 2a

4
+3 = 58+3 = 61 ,¬d ¾w.

bjhlÇd« 1, 5, 13, 29, 61, ...

,U bjhlÇd§fS« x¬nwjh¬.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

¼y bjhlÇd§f´ vªj xU N¤½u¤jhY« F¿¡f ,ayhkY«

,U¡fyh«.  vL¤J¡fh£lhf gfh v©fË¬ bjhlÇd«

2, 3, 5, 7, 11, 13, ...

fÂj t±Yd®f´ gfh v©f´ mid¤ijí« bfhL¡f¡Toa xU

bghJthd N¤½u¤ij¥ bgW« bgUKa¦¿Æ± ,¬dK« <Lg£L´sd®

mt®fË¬ Ka¦¼ ,JfhW« bt¦¿ailaÉ±iy.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  3.4

1) ¾¬tU« bjhlÇd§f´ x²bth¬¿¬ Kj± 5 cW¥òfis¡ fh©f.

(a) >< +

n!
1n

(b) 
( )

><
+

−

1n

1
1-n

   (c) >< n
n

1
(d) 

( )
><

+

−−

1n

11
n

(e) < n 22n-1 > (f) <(-1)n>    (g) <6n-1>

2)   t
n

= 
( )




+

+

 ,13

     ,

2
n

2
3n

v¬w bjhlÇd¤½¬ Kj± 7 cW¥òfis¡ fh©f.

3) ¾¬tU« bjhlÇd§f´ x²bth¬¿¬ å¢rf¤ij¡ fh©f.
(a) < 1+(-1)n+1 > (b) < (-1)n+1 >

4) ¾¬tU« bjhlÇd§f´ x²bth¬¿¬ bghJ cW¥¾id¡ fh©f.

(a) 1, 4, 9, 16, 25 ...

(b) 3, 7, 11, 15, 19, 23, ...

(c) 2.1, 2.01, 2.001, 2.0001, ...

(d) 0, 3, 8, 15, ...

(e)
3

10
, 

9
20

, 
27
30

, 
81
40

, ...

‘n’ X® x¦iw v© vÅ±

‘n’ X® ,u£il v© vÅ±
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5) x¬¿ÈUªJ k¦bwh¬W tU« cwth± F¿¡f¥g£l ¾¬tU«

bjhlÇd§f´ x²bth¬¿¬ Kj± 6 cW¥òfis¡ fh©f.

(a) a
1
 = 1,  a

n
 = 

2

a 1-n ,  n > 1 (b)a
1
 = 5,  a

n
 = -2a

n-1
,  n > 1

(c) a
1
 = 1,  a

n
 = 3a

n-1
 + 1,  n > 1 (d) a

1
 = 2,  a

n
 = 2a

n-1
 + n,  n > 1

(e) a
1
 = 1,  a

n
 = a

n-1
 +n2,  n > 1 (f) a

1
 = 2,  a

2
 =1,  a

n
 = a

n-1
 -1,  n > 2

(g) a
1
 = 1,  a

2
 = 1 a

n
 = (a

n-1
)2 +2, n > 2 (h)  a

1
 = 1, a

2
 = -1, a

n
 = a

n-2
 + 2,  n > 2

3.5 T£Lt£oT£Lt£oT£Lt£oT£Lt£oT£Lt£o
(COMPOUND INTEREST)

F¿¥¾£l fhy ,ilbtËÆ± m²t¥nghJ »il¡F« t£o mªjªj

mr±fSl¬ T£l¥g£L mL¤j fhy¤½¦fhd t£o fz¡»l¥gL«.

mjhtJ »il¡F« t£o/ kWKjäL br­a¥g£L/ t£o¡F t£o jUtJ

T£L t£oahF«.

T£L t£o¥go TLj± fhz N¤½u«

  A = P(1+i)n     ,   ,½± i = 
100

r

,§F P = mr± (j¦nghija k½¥ò)

A = TLj±

r   = t£o åj«

i  = Xuh©L¡F XuyF gz¤½¦F t£o

nkY« j¦nghija k½¥ò   P = 
( )

n
i1

A

+

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) T£Lt£oÆ± TLj± bjhiff´ xU G.P. -I cUth¡F«

(ii) t£o M©L¡F xU jlit¡Fnk± bfhL¡f¥g£lh± mj¦F x¥ò
t£o v¬W bga®.

(iii) t£o M©L¡F k jlitf´ nr®¡f¥g£lh± i-I
k
i

 v¬W« n-I nk

v¬W« kh¦w nt©oÆU¡F«.

(iv) X® mr± T tUl§fË± N kl§fhdh±  T x n  tUl§fË± Nn

kl§fhF«.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 18

%%%%%. 1,000 -¡F-¡F-¡F-¡F-¡F  5% t£o åj¤½± t£o åj¤½± t£o åj¤½± t£o åj¤½± t£o åj¤½± 10 M©LfË± »il¡F«M©LfË± »il¡F«M©LfË± »il¡F«M©LfË± »il¡F«M©LfË± »il¡F«
T£L t£oia¡ fh©f.T£L t£oia¡ fh©f.T£L t£oia¡ fh©f.T£L t£oia¡ fh©f.T£L t£oia¡ fh©f.
Ô®î :

A = P (1+i)n

= 1000 (1+0.05)10

= 1000 (1.05)10

= %. 1629

T£Lt£o= A - P

= 1629 - 1000

= %. 629.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 19

%%%%%. 1,000-¡F M©L¡F-¡F M©L¡F-¡F M©L¡F-¡F M©L¡F-¡F M©L¡F 4% t£o Éj¤½± t£o Éj¤½± t£o Éj¤½± t£o Éj¤½± t£o Éj¤½± 10 M©LfË±M©LfË±M©LfË±M©LfË±M©LfË±
»il¡F« T£L t£oia¡ fh©f»il¡F« T£L t£oia¡ fh©f»il¡F« T£L t£oia¡ fh©f»il¡F« T£L t£oia¡ fh©f»il¡F« T£L t£oia¡ fh©f

Ô®î :

A = P(1+i)n

= 1000 (1+0.01)40

= 1000 (1.01)40

= Rs. 1486

T£L t£o = A - P

= 1486 - 1000 = Rs. 486.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 20

FHªijÆ¬ ¾wªj ehs¬W mj¬ bgaÇ± xUt®FHªijÆ¬ ¾wªj ehs¬W mj¬ bgaÇ± xUt®FHªijÆ¬ ¾wªj ehs¬W mj¬ bgaÇ± xUt®FHªijÆ¬ ¾wªj ehs¬W mj¬ bgaÇ± xUt®FHªijÆ¬ ¾wªj ehs¬W mj¬ bgaÇ± xUt®
%%%%% .  10,000 KjäL br ­»w h ® .   M©L t£oKjäL br ­»w h ® .   M©L t£oKjäL br ­»w h ® .   M©L t£oKjäL br ­»w h ® .   M©L t£oKjäL br ­»w h ® .   M©L t£o  12% t£ot£ot£ot£ot£o
khjªnjhW« T£l¥g£lh±khjªnjhW« T£l¥g£lh±khjªnjhW« T£l¥g£lh±khjªnjhW« T£l¥g£lh±khjªnjhW« T£l¥g£lh± 20MtJ ta½± bgw¥gLtJMtJ ta½± bgw¥gLtJMtJ ta½± bgw¥gLtJMtJ ta½± bgw¥gLtJMtJ ta½± bgw¥gLtJ
v²tsî?v²tsî?v²tsî?v²tsî?v²tsî?

Ô®î :

A = P(1+i)n

= 10000 (1+0.01)240

= 10000 (1.01)240

= %. 1,07,600

log 1.05 = 0.0212

10

0.2120

log 1000 = 3.0000

3.2120

 Antilog  3.2120

= 1629

x

+

kl¡if¡ fz¡ÑLf´

log 1.01 = 0.0043

40

0.1720

log 1000 = 3.0000

3.1720

Antilog 3.1720

= 1486

x

+

kl¡if¡ fz¡ÑLf´

log 1.01 = 0.0043
240

1.0320
log 10000 = 4.0000

5.0320

Antilog 5.0320
= 1,07,600

x

+

kl¡if¡ fz¡ÑLf´
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 21

1987M« M©L xU efÇ¬ #d¤bjhifM« M©L xU efÇ¬ #d¤bjhifM« M©L xU efÇ¬ #d¤bjhifM« M©L xU efÇ¬ #d¤bjhifM« M©L xU efÇ¬ #d¤bjhif 50,000 MF«.MF«.MF«.MF«.MF«.
#d¤bjhif M©L¡F#d¤bjhif M©L¡F#d¤bjhif M©L¡F#d¤bjhif M©L¡F#d¤bjhif M©L¡F 5% TL»wJ vÅ±TL»wJ vÅ±TL»wJ vÅ±TL»wJ vÅ±TL»wJ vÅ± 1997 M« M©LM« M©LM« M©LM« M©LM« M©L
mªj efÇ¬ #d¤bjhifia¡ fh©f.mªj efÇ¬ #d¤bjhifia¡ fh©f.mªj efÇ¬ #d¤bjhifia¡ fh©f.mªj efÇ¬ #d¤bjhifia¡ fh©f.mªj efÇ¬ #d¤bjhifia¡ fh©f.

Ô®î :
A = P(1+i)n

= 50000 (1+0.05)10

= 50000 (1.05)10

= 81,470

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 22

X® ,aª½u« M©L x¬W¡FX® ,aª½u« M©L x¬W¡FX® ,aª½u« M©L x¬W¡FX® ,aª½u« M©L x¬W¡FX® ,aª½u« M©L x¬W¡F 10% åj« mj¬ k½¥¾±åj« mj¬ k½¥¾±åj« mj¬ k½¥¾±åj« mj¬ k½¥¾±åj« mj¬ k½¥¾±

Fiw»wJ. ,aª½u« %Fiw»wJ. ,aª½u« %Fiw»wJ. ,aª½u« %Fiw»wJ. ,aª½u« %Fiw»wJ. ,aª½u« %. 10,000-¡F th§f¥g£lJ vÅ± -¡F th§f¥g£lJ vÅ± -¡F th§f¥g£lJ vÅ± -¡F th§f¥g£lJ vÅ± -¡F th§f¥g£lJ vÅ± 10

tUl KoÉ± mj¬ k½¥ig¡ fh©ftUl KoÉ± mj¬ k½¥ig¡ fh©ftUl KoÉ± mj¬ k½¥ig¡ fh©ftUl KoÉ± mj¬ k½¥ig¡ fh©ftUl KoÉ± mj¬ k½¥ig¡ fh©f.

Ô®î :

A = P(1-i)n

= 10000 (1-0.1)10

= 10000 (0.9)10

= %. 3,483

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 23

5% T£L t£oÆ±T£L t£oÆ±T£L t£oÆ±T£L t£oÆ±T£L t£oÆ± 5 M©Lf´ fÊ¤J %. M©Lf´ fÊ¤J %. M©Lf´ fÊ¤J %. M©Lf´ fÊ¤J %. M©Lf´ fÊ¤J %. 12,000 MF«MF«MF«MF«MF«

bjhifÆ¬ j¦nghija k½¥ig¡ f©L¾o.bjhifÆ¬ j¦nghija k½¥ig¡ f©L¾o.bjhifÆ¬ j¦nghija k½¥ig¡ f©L¾o.bjhifÆ¬ j¦nghija k½¥ig¡ f©L¾o.bjhifÆ¬ j¦nghija k½¥ig¡ f©L¾o.

Ô®î :

P = 
( )

n
i1

A

+

= 
( )

5
0.051

12000

+

= 
( )

5
1.05

12000
 = %. 9,401

log 0.9 = 1 .9542
10

1

.5420

log 10000 = 4.0000

3.5420

Antilog 3.5420
= 3,483

x

+

kl¡if¡ fz¡ÑLf´

log 1.05 = 0.0212
10

0.2120
log 50000 = 4.6990

4.9110

Antilog 4.9110
= 81,470

x

+

kl¡if¡ fz¡ÑLf´

log 1.05 = 0.0212
5

0.1060

log 12000 = 4.0792

0.1060

3.9732

Antilog 3.9732
= 9,401

x

-
→

kl¡if¡ fz¡ÑLf´
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 24

vªj mr±vªj mr±vªj mr±vªj mr±vªj mr±  13 M©LfË± M©L¡FM©LfË± M©L¡FM©LfË± M©L¡FM©LfË± M©L¡FM©LfË± M©L¡F  10% T£LT£LT£LT£LT£L
t£oÆ± %.t£oÆ± %.t£oÆ± %.t£oÆ± %.t£oÆ± %. 5,525 TLj± bfhL¡F«?TLj± bfhL¡F«?TLj± bfhL¡F«?TLj± bfhL¡F«?TLj± bfhL¡F«?

Ô®î :

P = 

( )
n

i1

A

+

= 
( )

13
0.11

5525

+

= 
( )

13
1.1

5525

= %. 1,600

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 25

miuah©L¡F xU Kiw t£o T£l¥gL«nghJmiuah©L¡F xU Kiw t£o T£l¥gL«nghJmiuah©L¡F xU Kiw t£o T£l¥gL«nghJmiuah©L¡F xU Kiw t£o T£l¥gL«nghJmiuah©L¡F xU Kiw t£o T£l¥gL«nghJ
vªj t£o åj¤½± vªj t£o åj¤½± vªj t£o åj¤½± vªj t£o åj¤½± vªj t£o åj¤½± 3 M©LfË± mr± %.M©LfË± mr± %.M©LfË± mr± %.M©LfË± mr± %.M©LfË± mr± %. 2000, TLj±TLj±TLj±TLj±TLj±
%.%.%.%.%. 3,000 Mf khW«?Mf khW«?Mf khW«?Mf khW«?Mf khW«?

Ô®î :

A = P (1+i)n

3000 = 2000 (1+
2
i

)3x2

= 2000 (1+
2
i

)6

=> (1+
2
i

)6 = 
2000
3000

=> (1+
2
i

) = (1.5) 6
1

= 1.07

=>
2
i

= 0.07

i.e.
100

r
= 0.14

∴ r = 14%

log 1.5 = 0.1761

 ÷ 6

0.02935

Antilog 0.02935

= 1.07

kl¡if¡ fz¡ÑLf´

log 1.1 = 0.0414
13

0.5382

log 5525 = 3.7423
0.5382

3.2041

Antilog 3.2041
= 1,600

x

-

kl¡if¡ fz¡ÑLf´

←
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 26

13% T£L t£o åj¤½± v²tsî fhy¤½± X® mr±T£L t£o åj¤½± v²tsî fhy¤½± X® mr±T£L t£o åj¤½± v²tsî fhy¤½± X® mr±T£L t£o åj¤½± v²tsî fhy¤½± X® mr±T£L t£o åj¤½± v²tsî fhy¤½± X® mr±
K«kl§fhF«K«kl§fhF«K«kl§fhF«K«kl§fhF«K«kl§fhF«?

Ô®î :
A = P(1+i)n

3P = P (1+0.13)n

i.e. 3 = (1.13)n

kl¡if vL¤jh±

   log 3 = n log 1.13

i.e. n = 
13.1log

log3
 = 

0531.0
0.4771

= 8.984  = 9 tUl§f´ (njhuhakhf)

3.5.1 bk­ t£o åj«bk­ t£o åj«bk­ t£o åj«bk­ t£o åj«bk­ t£o åj«:

M©L¡F xU Kiw¡F nk± t£oahdJ mrYl¬

T£l¥gLkhdh± mªj t£o åj« x¥ò t£o åjkhF«.

bk­ t£o åj« > x¥ò t£o åj« v¬gJ btË¥gilahF«.

M©L¡F k jlitf´ t£o T£l¥gL«nghJ XuyF gz¤½¦F

M©L t£o i v¬f.  j v¬gJ Ãfuhd bk­ t£o v¬f.

     P (1+j) = P (1+
k
i

)
k

i.e.             j = (1+ 
k
i

)
k
 -1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 27

miuah©L¡F xUKiw t£o nr®¡f¥gL«nghJmiuah©L¡F xUKiw t£o nr®¡f¥gL«nghJmiuah©L¡F xUKiw t£o nr®¡f¥gL«nghJmiuah©L¡F xUKiw t£o nr®¡f¥gL«nghJmiuah©L¡F xUKiw t£o nr®¡f¥gL«nghJ 15%

t£o åj¤½¬ bk­ t£o åj« fh©f.t£o åj¤½¬ bk­ t£o åj« fh©f.t£o åj¤½¬ bk­ t£o åj« fh©f.t£o åj¤½¬ bk­ t£o åj« fh©f.t£o åj¤½¬ bk­ t£o åj« fh©f.

Ô®î :

j = (1+
k
i

)
k
 -1

= (1+
2

0.15
)2 -1

= (1 + 0.075)2-1

= (1.075)2 -1 = 1.155 - 1 = 0.155 = 15.5%

log 0.4771 = 1 .6786

log 0.0531 = 

2

.7251

0.9535

Antilog 0.9535

= 8.984

-

kl¡if¡ fz¡ÑLf´

log 1.075 = 0.0314

2

0.0628

Antilog 0.0628

= 1.155

kl¡if¡ fz¡ÑLf´
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 28

,U khj§fS¡F xU Kiw t£o nr®¡f¥gL«nghJ,U khj§fS¡F xU Kiw t£o nr®¡f¥gL«nghJ,U khj§fS¡F xU Kiw t£o nr®¡f¥gL«nghJ,U khj§fS¡F xU Kiw t£o nr®¡f¥gL«nghJ,U khj§fS¡F xU Kiw t£o nr®¡f¥gL«nghJ

16% t£o rjåj¤½¬ bk­ t£o åj« fh©f.t£o rjåj¤½¬ bk­ t£o åj« fh©f.t£o rjåj¤½¬ bk­ t£o åj« fh©f.t£o rjåj¤½¬ bk­ t£o åj« fh©f.t£o rjåj¤½¬ bk­ t£o åj« fh©f.

Ô®î :

  j = (1 +

k
i

)k-1

= (1+
6

0.16
)6 -1

= (1+0.027)6-1

= (1.027)6-1

= 1.174 - 1

= 0.174

= 17.4%

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 29

xU Ã½ ÃWtd«xU Ã½ ÃWtd«xU Ã½ ÃWtd«xU Ã½ ÃWtd«xU Ã½ ÃWtd« 16% M©L t£o mË¡»wJ. xUM©L t£o mË¡»wJ. xUM©L t£o mË¡»wJ. xUM©L t£o mË¡»wJ. xUM©L t£o mË¡»wJ. xU

fl¬ g¤½u« khjªnjhW« t£o nr®¤J fl¬ g¤½u« khjªnjhW« t£o nr®¤J fl¬ g¤½u« khjªnjhW« t£o nr®¤J fl¬ g¤½u« khjªnjhW« t£o nr®¤J fl¬ g¤½u« khjªnjhW« t£o nr®¤J 15% t£o jU»wJ.t£o jU»wJ.t£o jU»wJ.t£o jU»wJ.t£o jU»wJ.

,t¦¿± vJ ¼w¥ghdJ vd Muh­f,t¦¿± vJ ¼w¥ghdJ vd Muh­f,t¦¿± vJ ¼w¥ghdJ vd Muh­f,t¦¿± vJ ¼w¥ghdJ vd Muh­f,t¦¿± vJ ¼w¥ghdJ vd Muh­f.

Ô®î :

15% x¥ò t£oÆ¬ bk­ t£o rjåj« fh©ngh«

j = (1+
k
i

)k -1

= (1+
12

0.15
)12-1

= (1+0.0125)12-1

= (1.0125)12-1

= 1.164 - 1

= 0.164

= 16.4 %

khjªnjhW« t£o nr®¡F« 15% t£o  ¼w¥ghdJ.

log 1.027 = 0.0116

6

0.0696

Antilog 0.0696

= 1.174

kl¡if¡ fz¡ÑLf´

log 1.0125 = 0.0055

12

0.0660

Antilog 0.0660

= 1.164

x

kl¡if¡ fz¡ÑLf´
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 3.5

1) M©L t£o 12% ,± 15 M©LfË± %. 5,000 v²tsî TLjiy¡

bfhL¡F«?

2) t£o  ( i)  M©L¡bfhUKiw    ( i i)  miuah©L¡F xUKiw

nr®¡f¥gL«nghJ %. 4/800¡F M©L¡F 4% t£o åj¤½± T£L

t£oia¡ fh©f.

3) xUt® %. 2,000 I 15% t£o åj¤½± KjäL br­»wh®.  t£o

khjªnjhW« nr®¡f¥g£lh± 5 M©Lf´ KoÉ± mtU¡F¡ »il¡F«

bjhif v²tsî?

4) X® ,aª½u« x²bthU M©L« M©L Jt¡f k½¥¾±  10%

k½¥¾w¡fkil»wJ.  mJ %. 20,000¡F th§f¥g£lJ vÅ±/ eh¬fh«

M©L KoÉ± mj¬ k½¥ig¡ fh©f.

5) 4% T£L t£o åj¤½± 4 M©Lf´ fÊ¤J tunt©oa %. 2,000,¬

j¦nghija k½¥ig¡ fh©f.

6) ½Uk½. f±gdh mt®f´ xU F¿¥¾£l bjhifia 10% t£o åj¤½±

5 M©Lf´ Ãuªju it¥¾± ngh£L it¤J %. 4888 T£L t£oahf¥

bgW»wh®.  mt® ngh£l bjhifia¡ fh©f.

7) fhyh©L¡F xU Kiw t£o nr®¡f¥gL«nghJ 5 M©LfË± %.

5000 Kj± %. 9035 TLj± M»wJ.  T£L t£o rjåj¤ij¡ fh©f.

8) M©L¡F xUKiw t£o nr®¡f¥gL«nghJ  5% T£L t£oÆ±

v¤jid M©LfË± xU mr± K«kl§fhF«?

9) fhyh©L¡F xUKiw t£o nr®¡F«nghJ 15% x¥ò t£o åj¤½¬

bk­ t£o åj« fh©f.

10) miuah©L¡bfhUKiw t£o nr®¡f¥gL«nghJ 12% x¥ò t£o

åj¤½¬ bk­t£o åj« fh©f.

3.6 jtiz¥ g§Ñ£L¤ bjhiff´jtiz¥ g§Ñ£L¤ bjhiff´jtiz¥ g§Ñ£L¤ bjhiff´jtiz¥ g§Ñ£L¤ bjhiff´jtiz¥ g§Ñ£L¤ bjhiff´
(ANNUITIES)

xU khwhj bjhif/ bjhl®ªJ/ xU F¿¥¾£l ,ilbtËÆ±

brY¤j¥gLtJ jtiz¥ g§Ñ£L¤ bjhif MF«.  x²bthU fhy

,ilbtËÆ¬ ,W½ÆY« gz« brY¤j¥gLtJ cldo jtiz

g§Ñ£L¤ bjhif (immediate annuity) m±yJ rhjh jtiz g§Ñ£L¤
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bjhif (ordinary annuity) vd¥gL«. x²bthU fhy ,ilbtËÆ¬

Jt¡f¤½Y« gz« brY¤j¥gLtJ fh¤½U¡f nt©oa jtiz¥

g§Ñ£L¤ bjhif (annuity due) MF«.  jtiz¥ g§Ñ£L bjhif v¬gJ

bghJthf rhjh jtiz¥ g§Ñ£L¤ bjhifia¡ F¿¡F«.

3.6.1 cldo jtiz¥ g§Ñ£L¤ bjhifcldo jtiz¥ g§Ñ£L¤ bjhifcldo jtiz¥ g§Ñ£L¤ bjhifcldo jtiz¥ g§Ñ£L¤ bjhifcldo jtiz¥ g§Ñ£L¤ bjhif  (Immediate Annuity)

n M©LfS¡F x²bthU M©L KoÉY« ‘a’ gz« brY¤j¥g£lh±

A = 
i
a

 [ (1+i)n-1]

nkY« j¦fhy k½¥ò

P = 
i
a

[ 1- (1+i)-n]

3.6.2 fh¤½U¡f nt©oa jtiz¥ g§Ñ£L¤ bjhiffh¤½U¡f nt©oa jtiz¥ g§Ñ£L¤ bjhiffh¤½U¡f nt©oa jtiz¥ g§Ñ£L¤ bjhiffh¤½U¡f nt©oa jtiz¥ g§Ñ£L¤ bjhiffh¤½U¡f nt©oa jtiz¥ g§Ñ£L¤ bjhif
(Annuity Due)

n M©LfS¡F x²bthU M©L Jt¡f¤½Y« ‘a’ gz«

brY¤j¥g£lh±

A = 
i
a

(1+i) [ (1+i)n-1]

nkY« j¦fhy k½¥ò

P = 
i
a

(1+i) [ 1- (1+i)-n]

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 30

M©L¡F M©L¡F M©L¡F M©L¡F M©L¡F 10% t£o nr®¡f¥gL«nghJ x²bthUt£o nr®¡f¥gL«nghJ x²bthUt£o nr®¡f¥gL«nghJ x²bthUt£o nr®¡f¥gL«nghJ x²bthUt£o nr®¡f¥gL«nghJ x²bthU
M©o¬ ,W½ÆY« % .M©o¬ ,W½ÆY« % .M©o¬ ,W½ÆY« % .M©o¬ ,W½ÆY« % .M©o¬ ,W½ÆY« % .  2,000 åj« åj« åj« åj« åj« 4  M©LfS¡FM©LfS¡FM©LfS¡FM©LfS¡FM©LfS¡F
brY¤j¥gL« jtiz¥ g§Ñ£L¤ bjhifÆ¬ bkh¤j¤brY¤j¥gL« jtiz¥ g§Ñ£L¤ bjhifÆ¬ bkh¤j¤brY¤j¥gL« jtiz¥ g§Ñ£L¤ bjhifÆ¬ bkh¤j¤brY¤j¥gL« jtiz¥ g§Ñ£L¤ bjhifÆ¬ bkh¤j¤brY¤j¥gL« jtiz¥ g§Ñ£L¤ bjhifÆ¬ bkh¤j¤
bjhifia¡ fh©f.bjhifia¡ fh©f.bjhifia¡ fh©f.bjhifia¡ fh©f.bjhifia¡ fh©f.

a a a a

1 2 3 4

... a

... n
TLj± A

. . . . .
P

a a a a

1 2 3 4

... a

... n TLj±  A
. . . . . .

P
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Ô®î :

A = 
i
a

[ (1+i)n-1]

= 
0.1

2000
[ (1.1)4-1]

= 
10
1

2000
[1.464-1]

= 20000 [0.464]

= %. 9,280

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 31

12% M©L t£oÆ± khjªnjhW« t£o nr®¡f¥gL«M©L t£oÆ± khjªnjhW« t£o nr®¡f¥gL«M©L t£oÆ± khjªnjhW« t£o nr®¡f¥gL«M©L t£oÆ± khjªnjhW« t£o nr®¡f¥gL«M©L t£oÆ± khjªnjhW« t£o nr®¡f¥gL«
nghJ x²bthU khjK« %. nghJ x²bthU khjK« %. nghJ x²bthU khjK« %. nghJ x²bthU khjK« %. nghJ x²bthU khjK« %. 1000 åj« åj« åj« åj« åj« 12 khj§fS¡Fkhj§fS¡Fkhj§fS¡Fkhj§fS¡Fkhj§fS¡F
brY¤j¥gL« rhjh jtiz¥ g§Ñ£L¤ bjhifÆ¬brY¤j¥gL« rhjh jtiz¥ g§Ñ£L¤ bjhifÆ¬brY¤j¥gL« rhjh jtiz¥ g§Ñ£L¤ bjhifÆ¬brY¤j¥gL« rhjh jtiz¥ g§Ñ£L¤ bjhifÆ¬brY¤j¥gL« rhjh jtiz¥ g§Ñ£L¤ bjhifÆ¬
bkh¤j¤ij¡ fh©f.bkh¤j¤ij¡ fh©f.bkh¤j¤ij¡ fh©f.bkh¤j¤ij¡ fh©f.bkh¤j¤ij¡ fh©f.

Ô®î :

A = 
i
a

[(1+i)n-1]

= 
0.01

1000
[(1.01)12-1]

= 
100

1

2000
 [1.127-1]

= 100000 [0.127]

= %. 12,700

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 32

xU t§» fhyh©L¡F xUKiw t£o nr®¤JxU t§» fhyh©L¡F xUKiw t£o nr®¤JxU t§» fhyh©L¡F xUKiw t£o nr®¤JxU t§» fhyh©L¡F xUKiw t£o nr®¤JxU t§» fhyh©L¡F xUKiw t£o nr®¤J  8%

t£o bfhL¡»wJ. x²bthU fhyh©L KoÉY« v²tsît£o bfhL¡»wJ. x²bthU fhyh©L KoÉY« v²tsît£o bfhL¡»wJ. x²bthU fhyh©L KoÉY« v²tsît£o bfhL¡»wJ. x²bthU fhyh©L KoÉY« v²tsît£o bfhL¡»wJ. x²bthU fhyh©L KoÉY« v²tsî
bjhif brY¤½dh± 3 M©Lf´ KoÉ± %.bjhif brY¤½dh± 3 M©Lf´ KoÉ± %.bjhif brY¤½dh± 3 M©Lf´ KoÉ± %.bjhif brY¤½dh± 3 M©Lf´ KoÉ± %.bjhif brY¤½dh± 3 M©Lf´ KoÉ± %. 3,000 »il¡F«?»il¡F«?»il¡F«?»il¡F«?»il¡F«?

log 1.1 =0.0414
4

0.1656

Antilog 0.1656
= 1.464

x

kl¡if¡ fz¡ÑLf´

log 1.01 = 0.0043

12

0.0516

Antilog 0.0516

= 1.127

x

kl¡if¡ fz¡ÑLf´
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Ô®î :

A = 
i
a

[ (1+i)n-1]

i.e. 3000 = 
0.02

a
[ (1.02)12-1]

=> 60 = a [1.2690-1]

=> 60 = a [0.2690]

∴ a = 
0.2690

60

= Rs. 223

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 33

x²bthU M©L KoÉY« %x²bthU M©L KoÉY« %x²bthU M©L KoÉY« %x²bthU M©L KoÉY« %x²bthU M©L KoÉY« %. 750 åj«åj«åj«åj«åj«  5 M©LfS¡FM©LfS¡FM©LfS¡FM©LfS¡FM©LfS¡F
15% fÊî åj¤½± brY¤j¥gL« jtiz¥ g§Ñ£L¤fÊî åj¤½± brY¤j¥gL« jtiz¥ g§Ñ£L¤fÊî åj¤½± brY¤j¥gL« jtiz¥ g§Ñ£L¤fÊî åj¤½± brY¤j¥gL« jtiz¥ g§Ñ£L¤fÊî åj¤½± brY¤j¥gL« jtiz¥ g§Ñ£L¤
bjhifÆ¬ j¦nghija k½¥ò ahJ?bjhifÆ¬ j¦nghija k½¥ò ahJ?bjhifÆ¬ j¦nghija k½¥ò ahJ?bjhifÆ¬ j¦nghija k½¥ò ahJ?bjhifÆ¬ j¦nghija k½¥ò ahJ?

Ô®î :

P = 
i
a

[1-(1+i)-n]

= 
0.15
750

[1-(1.15)-5]

= 
15

75000
[1-0.4972]

= 5000 [0.5028]

= %. 2514

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 34

xU fUÉ jtiz KiwÆ± th§f¥gL»wJ.  th§F«xU fUÉ jtiz KiwÆ± th§f¥gL»wJ.  th§F«xU fUÉ jtiz KiwÆ± th§f¥gL»wJ.  th§F«xU fUÉ jtiz KiwÆ± th§f¥gL»wJ.  th§F«xU fUÉ jtiz KiwÆ± th§f¥gL»wJ.  th§F«
rka« %rka« %rka« %rka« %rka« % . 5000 brY¤½ ¾¬d® Kj±/ ,u©lh«/ _¬wh«brY¤½ ¾¬d® Kj±/ ,u©lh«/ _¬wh«brY¤½ ¾¬d® Kj±/ ,u©lh«/ _¬wh«brY¤½ ¾¬d® Kj±/ ,u©lh«/ _¬wh«brY¤½ ¾¬d® Kj±/ ,u©lh«/ _¬wh«
eh¬fh« tUl KoÉ± x²bthU Kiwí« %eh¬fh« tUl KoÉ± x²bthU Kiwí« %eh¬fh« tUl KoÉ± x²bthU Kiwí« %eh¬fh« tUl KoÉ± x²bthU Kiwí« %eh¬fh« tUl KoÉ± x²bthU Kiwí« %. 3,000 jtizjtizjtizjtizjtiz
brY¤j¥gL»wJ. M©L t£o åj« brY¤j¥gL»wJ. M©L t£o åj« brY¤j¥gL»wJ. M©L t£o åj« brY¤j¥gL»wJ. M©L t£o åj« brY¤j¥gL»wJ. M©L t£o åj« 5% vÅ± fUÉÆ¬vÅ± fUÉÆ¬vÅ± fUÉÆ¬vÅ± fUÉÆ¬vÅ± fUÉÆ¬
bfh´Kj± Éiyia¡ fh©f.bfh´Kj± Éiyia¡ fh©f.bfh´Kj± Éiyia¡ fh©f.bfh´Kj± Éiyia¡ fh©f.bfh´Kj± Éiyia¡ fh©f.

log 1.02 = 0.0086
12

0.1032

Antilog 0.1032
= 1.2690

x

log 60 = 1.7782
log 0.2690 = 1 .4298

2.3484

Antilog 2.3484
= 223.0

-

kl¡if¡ fz¡ÑLf´

log 1.15 = 0.0607

- 5

- 0.3035

= 

1

.6965

Antilog 

1

.6965

= 0.4972

x

kl¡if¡ fz¡ÑLf´
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Ô®î :

P = 

i
a

[1-(1+i)-n]

= 
0.05
3000

[1-(1.05)-4]

= 
100

5

3000
[1-0.8226]

= 
5

300000
[0.1774]

= 60000 [0.1774]

= %. 10644

∴ bfh´Kj± Éiy = % (5000 + 10644)  = %. 15,644

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 35

xUt® miuah©L¡F xUKiw t£o nr®¤JxUt® miuah©L¡F xUKiw t£o nr®¤JxUt® miuah©L¡F xUKiw t£o nr®¤JxUt® miuah©L¡F xUKiw t£o nr®¤JxUt® miuah©L¡F xUKiw t£o nr®¤J
bfhL¥gjh ­  bf hL¥gjh ­  bf hL¥gjh ­  bf hL¥gjh ­  bf hL¥gjh ­  8% M©L t£o åj¤½± %.M©L t£o åj¤½± %.M©L t£o åj¤½± %.M©L t£o åj¤½± %.M©L t£o åj¤½± %.  5000 fl¬bg¦Wfl¬bg¦Wfl¬bg¦Wfl¬bg¦Wfl¬bg¦W
mjid mjid mjid mjid mjid 10 rkkhd jtizfË± x²bthU MW khj§f´rkkhd jtizfË± x²bthU MW khj§f´rkkhd jtizfË± x²bthU MW khj§f´rkkhd jtizfË± x²bthU MW khj§f´rkkhd jtizfË± x²bthU MW khj§f´
KoÉY« bfhL¥gjhf x¥ò¡bfh©lh± mt® brY¤jKoÉY« bfhL¥gjhf x¥ò¡bfh©lh± mt® brY¤jKoÉY« bfhL¥gjhf x¥ò¡bfh©lh± mt® brY¤jKoÉY« bfhL¥gjhf x¥ò¡bfh©lh± mt® brY¤jKoÉY« bfhL¥gjhf x¥ò¡bfh©lh± mt® brY¤j
nt©oa jtiz¥ gz¤ij¡ fh©f.nt©oa jtiz¥ gz¤ij¡ fh©f.nt©oa jtiz¥ gz¤ij¡ fh©f.nt©oa jtiz¥ gz¤ij¡ fh©f.nt©oa jtiz¥ gz¤ij¡ fh©f.

Ô®î :

P = 
i
a

 [1-(1+i)-n)

5000 = 
0.04

a
[1-(1.04)-10]

= 
0.04

a
[1-0.6761]

= 
0.04

a
[0.3239]

i.e.  200 = a [0.3230]

a = 
0.3239

200

= %. 617.50

log 1.05 = 0.0212

-4

-0.0848

= 1 .9152

Antilog 

1

.9152

= 0.8226

x

kl¡if¡ fz¡ÑLf´

log 1.04 = 0.0170

-10

-0.1700

= 

1

.8300

Antilog 

1

.8300

= 0.6761

x

log 200 = 2.3010

log 0.3239 = 

1

.5104

2.7906

Antilog 2.7906

= 617.50

-

kl¡if¡ fz¡ÑLf´
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 36

,aª½u«,aª½u«,aª½u«,aª½u«,aª½u« X ,¬ Éiy %.,¬ Éiy %.,¬ Éiy %.,¬ Éiy %.,¬ Éiy %. 15,000. ,aª½u«,aª½u«,aª½u«,aª½u«,aª½u« Y ,¬ Éiy,¬ Éiy,¬ Éiy,¬ Éiy,¬ Éiy
%%%%%. 20,000. mt¦¿ÈUªJ »il¡F« M©L tUth­ Kiwnamt¦¿ÈUªJ »il¡F« M©L tUth­ Kiwnamt¦¿ÈUªJ »il¡F« M©L tUth­ Kiwnamt¦¿ÈUªJ »il¡F« M©L tUth­ Kiwnamt¦¿ÈUªJ »il¡F« M©L tUth­ Kiwna
%.%.%.%.%. 4,000 k¦W« %.k¦W« %.k¦W« %.k¦W« %.k¦W« %. 7,000 MF«. ,aª½u« MF«. ,aª½u« MF«. ,aª½u« MF«. ,aª½u« MF«. ,aª½u« X-,¬ Mí£fhy«-,¬ Mí£fhy«-,¬ Mí£fhy«-,¬ Mí£fhy«-,¬ Mí£fhy« 4

M©Lf´M©Lf´M©Lf´M©Lf´M©Lf´  Y-,¬ Mí£fhy« ,¬ Mí£fhy« ,¬ Mí£fhy« ,¬ Mí£fhy« ,¬ Mí£fhy« 7 M©Lf´ vÅ± vªjM©Lf´ vÅ± vªjM©Lf´ vÅ± vªjM©Lf´ vÅ± vªjM©Lf´ vÅ± vªj
,aª½u¤ij th§FtJ ¼wªjJ? (M©L¡F ,aª½u¤ij th§FtJ ¼wªjJ? (M©L¡F ,aª½u¤ij th§FtJ ¼wªjJ? (M©L¡F ,aª½u¤ij th§FtJ ¼wªjJ? (M©L¡F ,aª½u¤ij th§FtJ ¼wªjJ? (M©L¡F 8% fÊî åj«fÊî åj«fÊî åj«fÊî åj«fÊî åj«
vd¡ bfh´f?vd¡ bfh´f?vd¡ bfh´f?vd¡ bfh´f?vd¡ bfh´f?

Ô®î :

,aª½u«,aª½u«,aª½u«,aª½u«,aª½u« X

,aª½u« th§f bryî = %. 15,000

x²bthU M©L tUkhd¤½¬ j¦nghija bkh¤j k½¥ò

= 

i

a

[1-(1+i)-n]

= 
0.08
4000

[1-(1.08)-4]

= 
8

400000
[1-0.7352]

= 50000 [0.2648]

%. 13,240

j¦nghija tuî j¦nghija bryitÉl¡ Fiwth­ c´sJ.

∴ Ãfu¢ bryî = %. (15,000-13,240)

= %. 1760

,aª½u«,aª½u«,aª½u«,aª½u«,aª½u« Y

,aª½u« th§f bryî = %. 20,000

x²bthU M©L tUkhd¤½¬

 j¦nghija bkh¤j k½¥ò

= 
i
a

[1-(1+i)-n]

log 1.08 = 0.0334

-4

-0.1336

= 1 .8664

Antilog 1 .8664

= 0.7352

x

kl¡if¡ fz¡ÑLf´
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= 

0.08
7000

[1-(1.08)-7]

= 
100

8

7000
[1-0.5837]

= 
8

700000
[0.4163]

= 87500 [0.4163]

= %. 36,420

j¦nghija tuî j¦nghija

bryitÉl m½fkhf c´sJ.

∴ Ãfu tuî = %. (36,420-20000)

= %. 16,420

∴ ,aª½u« Y I th§fyh«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 37

eh¬ M©L¡F eh¬ M©L¡F eh¬ M©L¡F eh¬ M©L¡F eh¬ M©L¡F 5% T£L t£o jU« t§»Æ±T£L t£o jU« t§»Æ±T£L t£o jU« t§»Æ±T£L t£o jU« t§»Æ±T£L t£o jU« t§»Æ±

x²bthU M©L« %x²bthU M©L« %x²bthU M©L« %x²bthU M©L« %x²bthU M©L« %. 500 åj« åj« åj« åj« åj« 10 M©Lf´ brY¤½dh±M©Lf´ brY¤½dh±M©Lf´ brY¤½dh±M©Lf´ brY¤½dh±M©Lf´ brY¤½dh±

10 M©Lf´ KoÉ± eh¬ bgW« bjhifia¡ fh©f.10 M©Lf´ KoÉ± eh¬ bgW« bjhifia¡ fh©f.10 M©Lf´ KoÉ± eh¬ bgW« bjhifia¡ fh©f.10 M©Lf´ KoÉ± eh¬ bgW« bjhifia¡ fh©f.10 M©Lf´ KoÉ± eh¬ bgW« bjhifia¡ fh©f.

Ô®î :

A = 
i
a

(1+i) [(1+i)n-1]

= 
0.05
500

(1.05) [(1.05)10-1]

= 
0.05
525

[1.629-1]

= 
100

5

525
[0.629]

= 
5

52500
[0.629]

= 10500 [0.629]

= %. 6604.50

log 1.08 = 0.0334

-7

-0.2338

= 1 .7662

Antilog 

1

.7662

= 0.5837

x

log 87500 = 4.9420

log 0.4163 = 

1

.6194

4.5614

Antilog = 4.5614

= 36,420

+

kl¡if¡ fz¡ÑLf´

log 1.05 = 0.0212

10

0.2120

Antilog 0.2120

= 1.629

x

kl¡if¡ fz¡ÑLf´
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 38

fhyh©L¡F xUKiw t£oia¢ nr®¤Jfhyh©L¡F xUKiw t£oia¢ nr®¤Jfhyh©L¡F xUKiw t£oia¢ nr®¤Jfhyh©L¡F xUKiw t£oia¢ nr®¤Jfhyh©L¡F xUKiw t£oia¢ nr®¤J  8%

t£oaË¡F« xU t£oaË¡F« xU t£oaË¡F« xU t£oaË¡F« xU t£oaË¡F« xU S.B. fz¡»± x²bthU fhyh©Lfz¡»± x²bthU fhyh©Lfz¡»± x²bthU fhyh©Lfz¡»± x²bthU fhyh©Lfz¡»± x²bthU fhyh©L
Jt¡f¤½Y« %.Jt¡f¤½Y« %.Jt¡f¤½Y« %.Jt¡f¤½Y« %.Jt¡f¤½Y« %. 1000 åj« brY¤½dh± åj« brY¤½dh± åj« brY¤½dh± åj« brY¤½dh± åj« brY¤½dh± 3 M©L KoÉ± M©L KoÉ± M©L KoÉ± M©L KoÉ± M©L KoÉ±
fz¡»± nrfukhF« bjhif v²tsî?fz¡»± nrfukhF« bjhif v²tsî?fz¡»± nrfukhF« bjhif v²tsî?fz¡»± nrfukhF« bjhif v²tsî?fz¡»± nrfukhF« bjhif v²tsî?

Ô®î :

A = 

i
a

(1+i) [ (1+i)n-1]

= 
0.02
1000

(1.02) [(1.02)12-1]

= 
0.02
1020

[1.269-1]

= 
100

2

1020
[0.269]

= 
2

102000
[0.269]

= 51000 [0.269]  = %. 13,719

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 39

M©L¡F M©L¡F M©L¡F M©L¡F M©L¡F 15% åj« khjªnjhW« t£o nr®¡f¥gL«åj« khjªnjhW« t£o nr®¡f¥gL«åj« khjªnjhW« t£o nr®¡f¥gL«åj« khjªnjhW« t£o nr®¡f¥gL«åj« khjªnjhW« t£o nr®¡f¥gL«
nghJ x²bthU khj¤ Jt¡f¤½Y« v²tsî rkkhdnghJ x²bthU khj¤ Jt¡f¤½Y« v²tsî rkkhdnghJ x²bthU khj¤ Jt¡f¤½Y« v²tsî rkkhdnghJ x²bthU khj¤ Jt¡f¤½Y« v²tsî rkkhdnghJ x²bthU khj¤ Jt¡f¤½Y« v²tsî rkkhd
bjhif brY¤½dh± bjhif brY¤½dh± bjhif brY¤½dh± bjhif brY¤½dh± bjhif brY¤½dh± 3 M©LfË± %.M©LfË± %.M©LfË± %.M©LfË± %.M©LfË± %. 4,00,000 nrfukhF«?nrfukhF«?nrfukhF«?nrfukhF«?nrfukhF«?

Ô®î :

A = 
i
a

(1+i) [ (1+i)n-1]

   400,000 = 
0.0125

a
(1.0125) [(1.0125)36-1]

ie.  5000 = a(1.0125) [1.578-1]

= a (1.0125) (0.578)

∴ a = ( )( )578.01.0125
5000

= %. 8,543

log 1.02 = 0.0086

12

0.1032

Antilog 0.1032

= 1.269

x

kl¡if¡ fz¡ÑLf´

log 1.0125 = 0.0055
log 0.578 = 1 .7619

1

.7674

Antilog 3.9316
= 8,543

+

log 5000 = 3.6990

1

.7674

3.9316

-
→

log 1.01125 = 0.0055
36

0.1980
Antilog 0.1980

= 1.578

x

kl¡if¡ fz¡ÑLf´
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 40

M©L¡FM©L¡FM©L¡FM©L¡FM©L¡F 4% t£o åj¥go 2 M©LfS¡F M©L¡Ft£o åj¥go 2 M©LfS¡F M©L¡Ft£o åj¥go 2 M©LfS¡F M©L¡Ft£o åj¥go 2 M©LfS¡F M©L¡Ft£o åj¥go 2 M©LfS¡F M©L¡F
%. %. %. %. %. 200 brY¤J« fh¤½U¡F« jtiz¥ g§Ñ£L¥ gz¤½¬brY¤J« fh¤½U¡F« jtiz¥ g§Ñ£L¥ gz¤½¬brY¤J« fh¤½U¡F« jtiz¥ g§Ñ£L¥ gz¤½¬brY¤J« fh¤½U¡F« jtiz¥ g§Ñ£L¥ gz¤½¬brY¤J« fh¤½U¡F« jtiz¥ g§Ñ£L¥ gz¤½¬
j¦nghija k½¥ò ahJ?j¦nghija k½¥ò ahJ?j¦nghija k½¥ò ahJ?j¦nghija k½¥ò ahJ?j¦nghija k½¥ò ahJ?

Ô®î :

P = 

i
a

(1+i) [1-(1+i)-n]

= 
0.04
200

(1.04) [1-(1.04)-2]

= 
100

4

208
[1-0.9247]

= 
4

20800
[0.0753]

= 5,200 [0.0753]

= %. 391.56

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  3.6

1) M©L¡F  7% t£o åj¤½± tUl¤½¦F xU Kiw t£o
nr®¡f¥gL« nghJ tUl¤½¦F %. 1/000 åj« 5 M©LfS¡F
brY¤j¥gL« rhjhuz jtiz¥ g§Ñ£L¤ bjhifÆ¬ v½®fhy
k½¥ig¡ fh©.

2) miuah©L¡F xUKiw t£o nr®¤J 8% t£oaË¡F« t§»Æ±
xUt® x²bthU MWkhj KoÉY« %. 75 åj« 10 M©Lf´ gz«
brY¤J»wh®.  g¤J M©LfË¬ KoÉ± mt® fz¡»± v²tsî
,U¡F«?

3) M©L¡F 8% åj« MWkhj§fS¡F xUKiw t£o nr®¡f¥gL«
nghJ x²bthU MWkhj KoÉY« %. 1200 åj« 3 M©Lf´
brY¤j¥gL« jtiz g§F¥ gz¤½¬ j¦nghija k½¥ig¡
f©L¾o.

4) x²bthU M©L« %. 500 åj« 10 M©LfS¡F M©L¡F 10%

fÊî åj¤½± bgw¥gL« jtiz¥ g§F gz¤½¬ j¦nghija
k½¥bg¬d?

log 1.04 = 0.0170

-2

-0.0340

= 1 .9660

Antilog 

1

.9660

= 0.9247

x

kl¡if¡ fz¡ÑLf´
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5) 6% t£o åj« khjªnjhW« t£o nr®¡f¥gL« nghJ x²bthU khj
Ko[ÉY« %. 250 åj« 5 M©LfS¡F brY¤j¥gL« jtiz¥
g§F gz¤½¬ j¦nghija k½¥bg¬d?

6) ,aª½u« A ,¬ Éiy %. 25/000. ,aª½u« B ,¬ Éiy %. 40/000.
mt¦¿ÈUªJ »il¡F« M©L tUkhd« Kiwna %. 8/000/
k¦W« %. 10/000 MF«. ,aª½u« A ,¬ Mí£fhy« 5 M©Lf´
B,¬ Mí£fhy« 7 M©Lf´. fÊî åj« M©L¡F 10% vÅ±
vªj ,aª½u¤ij th§FtJ ¼wªjJ?

7) xUt® 3 M©Lf´ fÊ¤J jh¬ Ô®¡f nt©oa fl¬ %. 3/783I
_¬W rkkhd M©L¤ jtizfË± brY¤½ mil¤JÉl
ÉU«ò»wh®. 5% t£o M©L¡bfhU Kiw nr®¡f¥g£lh± mt®
brY¤j nt©oa jtiz¥ gz¤ij¡ fh©f.

8) xUt® %. 98/000 k½¥ò´s å£il¤ jtiz KiwÆ± th§F»wh®.

%. 50/000-I å£il th§F«nghJ bfhL¡»wh®. Û½ia x²bthU

M©L KoÉY« jtiz KiwÆ± 20 rkkhd jtizf´

brY¤J»wh®. 16% t£o tUl«njhW« nr®¡f¥gLkhdh± mt®

brY¤j nt©oa xU jtiz¤ bjhifia fh©f.

9) 5% T£L t£o bfhL¡F« t§»Æ± tUl«njhW« %. 1/000 åj« 5

M©LfS¡F eh¬ brY¤½dh± 5 M©L KoÉ± nrfukh»ÆU¡F«

bjhif v²tsî?

10) M©L¡F 6% t£o tUl«njhW« nr®¡f¥gL»wJ.  x²bthU

M©L¤ Jt¡f¤½Y« %. 500 åj« brY¤j¥g£lh± 10 M©L KoÉ±

v²tsî bjhif »il¡F«?

11) xU ÃWtd« X® ,aª½u¤ij¤ jtiz KiwÆ± th§F»wJ.

x²bthU M©o¬ Jt¡f¤½Y« %. 1/000 åj« 8 M©LfS¡F

jtiz brY¤j¥go¬ 20% åj¤½± mt¦¿¬ j¦nghija bkh¤j

k½¥ò v¬d?

12) xU t§» M©L¡F  8% åj¤½± fhyh©L¡F xUKiw t£o

nr®¤J¡ bfhL¡»wJ.  mªj t§»Æ± x²bthU fhyh©L¤

Jt¡f¤½Y« v²tsî bjhif brY¤½dh± 5 M©LfË± mJ

bkh¤j« %. 10/000 MF«?

13) %. 60/000 k½¥ò´s ,aª½u¤ij¤ jtiz KiwÆ± th§F«nghJ

M©L¡F xUKiw  5% t£o nr®¡f¥g£lh± 10 M©LfS¡F

x²bthU M©L Jt¡f¤½Y« v²tsî brY¤j nt©L«?
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 3.7

V¦òila Éilia¤ bjÇî br­f.V¦òila Éilia¤ bjÇî br­f.V¦òila Éilia¤ bjÇî br­f.V¦òila Éilia¤ bjÇî br­f.V¦òila Éilia¤ bjÇî br­f.

1) xU H.P. ,¬ cW¥òfË¬ jiyÑÊf´ cUth¡FtJ

(a) A.P. (b) G.P. (c) H.P. (d) ,½± VJÄ±iy

2)

8
1

, x, 
2
3   v¬gd H.P. ,± ,U¥¾¬  x ,¬ k½¥ò

(a) 
13
3 (b) 

13
4 (c) 

13
5 (d) 

13
6

3) a,  b  ,t¦¿¦»ilnaahd T£L¢ ruhrÇ

(a) 
2

ab
(b) 

2
ba+

(c) ab (d) 
2
b-a

4) 3, 27 ,t¦¿¦»ilnaahd bgU¡f± ruhrÇ

(a) 15 (b) 12 (c) 19 (d) ,½± VJÄ±iy

5) 10, 15 ,t¦¿¦»ilnaahd ,ir¢ ruhrÇ

(a) 12 (b) 25 (c) 150 (d) 12.5

6) x2 - bx + c = 0 v¬w rk¬gh£o¬ _yf§fË¬ ,ir¢ ruhrÇ

(a)
c

2b
(b)

b
2c

(c) 
cb

2bc
+

(d) ,½± VJÄ±iy

7) X® ,Ugo¢ rk¬gh£o¬ _y§fË¬ T£L¢ ruhrÇ 
2
3 ,ir¢ ruhrÇ

3
4 vÅ± mªj¢ rk¬ghL

(a) x2 + 3x + 2 = 0 (b) x2 - 3x + 2 = 0

(c) x2 - 3x - 4 = 0 (d) x2 + 2x + 3 = 0

8) ,U bt²ntwhd Äif v©fË¬  A.M., G.M., H.M. M»ait

cUth¡FtJ

(a) G.P. (b) A.P. (c) H.P. (d) ,½± VJÄ±iy

9) ,U bt²ntwhd Äif v©fË¬ A.M., G.M., H.M. Kiwna A, G, H

vÅ±

(a) A > G > H (b) A < G > H (c) A < G < H (d) A>G<H

10) ,U bt²ntwhd Äif v©fË¬ A.M., G.M, H.M. Kiwna A, G, H

vÅ±

(a) A = G2H (b) G2 = AH (c) A2 = GH (d) A = GH
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11) ,U Äif bk­ v©fË¬  G.M. = 300, H.M. = 180 mt¦¿¬ A.M. ,¬

k½¥ò

(a) 100 (b) 300 (c) 200 (d) 500

12) ,U Äif bk­ v©fË¬ A.M. = 4,  G.M. = 2  vÅ± mt¦¿¬ H.M.,¬

k½¥ò

(a) 1 (b) 2 (c) 3 (d) 4

13) ><
+

−

n

)1( 1n

 v¬w bjhlÇd¤½¬ Iªjh« cW¥ò

(a) 
5
1

(b) -
5
1 (c) 

4
1

(d) -
4
1

14) 1000, 995, 990, ... v¬w bjhlÇd¤½±  n ,¬ v«k½¥¾¦F  t
n
  v¬gJ

Kj± Fiw cW¥ghf ,U¡F«?

(a) 201 (b) 204 (c) 202 (d) 203

15) <2+(-1)n > v¬w bjhlÇd¤½¬ å¢rf«

(a) N (b) R (c) {3, 4} (d) {1, 3}

16) jÅ t£o¥go X® mrY¡F xU tUl¤½¦fhd TLj±/ ,U

tUl¤½¦fhd TLj± k¦W« 3 M©LfS¡fhd TLj±

cUth¡FtJ

(a) A.P. (b) G.P. (c) H.P. (d) ,½± VJÄ±iy

17) X® mrY¡F T£L t£o¥go mL¤jL¤j M©LfS¡fhd TLj±f´

cUth¡FtJ

(a) A.P. (b) G.P. (c) H.P. (d) ,½± VJÄ±iy

18) mr± %. P -¡F T tUl§fË± M©L¡F  R% t£o åj¤½± T£L

t£o

(a) %. P [ (1+
100
R

)T +1] (b) %. P [ (1+
100
R

)T -1]

(c) %. P [ (1+
100
R

)T -100] (d) %. P [ (1+
100
R

)T +100]

19) 5% åj« M©L¡F xUKiw t£o nr®¡F«nghJ %. 400¡F 2

M©LfS¡fhd T£L t£o

(a) %. 45 (b) %. 41 (c) %. 20 (d) %. 10

20) %. 24,000 ¡F  5% t£o åj¤½± 3 M©LfS¡fhd T£L t£o

(a) %. 3,783 (b) %. 3,793 (c) %. 4,793 d) %. 4,783
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21) X® mrY¡F M©L¡F 5% t£o åj¤½± ,u©L M©LfS¡fhd

T£L t£o¡F« jÅ t£o¡F« c´s É¤½ahr« %. 25 vÅ± mªj

mr±

(a) %. 10,000 (b) %. 8,000 (c) %. 9,000 (d) %. 2,000

22 M©L¡F  4% T£L t£o åj¤½± bg¦w %. 7 /500 flid 2

M©LfË± mil¡f¤ njitahd bjhif.

(a) %. 8,082 (b) % 7,800 (c) %. 8,100 (d) %. 8,112

23) M©L¡F 5% T£L t£o åj¤½± %. 800 mr± %. 882 TLj±

bjhifahf khw MF« fhy«.

(a) 1 M©L (b) 2 M©Lf´ (c) 3 M©Lf´ (d) 4 M©Lf´

24) X® mr±  4% T£L t£oÆ± ,u©L M©LfË± %. 1352 M»wJ

vÅ± mªj mr±.

(a) %. 1300 (b) %. 1250 (c) %. 1260 (d) %. 1200

25) M©L¡F 10% T£L t£oÆ± ,u©lh« M©L¡F %. 132 t£o

bfhL¡F« mr±

(a) %. 1000 (b) %. 1200

(c) %. 1320 (d) ,½± VJÄ±iy

26) T£L t£oÆ± 5 M©LfË± %. 12/000 v¬w mr± ,U kl§fhdh±

20 M©LfË± mJ v²tsthF«?

(a) %. 1,20,000 (b) %. 1,92,000 (c) %. 1,24,000 (d) %. 96,000

27) X® mr± 3 M©LfË± %. 10,648-« ,u©lh©LfË± %. 9,680-«

M»wJ. T£L t£o rjåj«

(a) 5% (b)10% (c) 15% (d) 20%

28) X® ,aª½u¤½¬ k½¥ò x²bthU tUlK« mªj tUl¤ Jt¡f k½¥¾±

10% Fiw»wJ.  mj¬ j¦nghija k½¥ò %. 729 vÅ± 3 M©LfS¡F

K¬d® mj¬ k½¥ò

(a) %. 947.10 (b) %. 800 (c) %. 1000 (d) %. 750.87

29) T£L t£oÆ± X® mr±  n  M©LfË± ,U kl§fhdh± eh¬F

kl§fhf MF« fhy«.

(a) 2n2 M©Lf´(b) n2 M©Lf´ (c) 4n M©Lf´  (d)2n M©Lf´

30) X® mr± T£L t£oÆ± 5 M©LfËy ,U kl§fh»wJ. mJ 8

kl§fhf MF« fhy«.

(a) 15 M©Lf´ (b) 9 M©Lf´ (c) 16 M©Lf´  (d)18 M©Lf´
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31) T£L t£oÆ± X® mr± _¬W M©LfË± _¬W kl§fh»wJ. mJ

9 kl§fhf MF« fhy«.

(a) 9 M©Lf´ (b) 6 M©Lf´ (c) 12 M©Lf´  (d)15M©Lf´

32) i v¬gJ  XuyF gz¤½¦F Xuh©o¦fhd t£o/ t£o M©L¡F k

jlitf´ nr®¡f¥gL»wJ vd¡ bfh©lh± XuyF gz¤½¦F

Xuh©L¡F bk­ t£o åj«

(a) (1+
i
k

)i-1 (b) (1+
i
k

) k
i

-1

(c) (1+
k
i

)k-1 (d) ,½± VJÄ±iy

33) i v¬gJ XuyF gz¤½¦F Xuh©o¦fhd t£o/ t£o  k  khj§fS¡F

xU Kiw nr®¡f¥gL»wJ vd¡ bfh©lh± XuyF gz¤½¦F

Xuh©o¦F bk­ t£o åj«.

(a) (1+
k

12
i) 12

k

-1 (b) (1+
12
ki

) k
12

-1

(c) (1+
12
ki

) k
12

+1 (d) ,½± VJÄ±iy
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“GEOMETRY” v¬w brh±yhdJ »nu¡f bkhÊÆ¬ “geo” k¦W«

“metron” v¬w brh¦fËÈUªJ tUÉ¡f¥g£lJ.  “geo” v¬wh± óÄ

v¬W« “metron” v¬wh± ms¥gJ v¬W« bghUshF«.

,a¦fÂj Kiwia toÉaÈ± ga¬gL¤J« fÂj¤½¬ gF½na

gFKiw tot fÂjkhF«.

4.1 ,a§Ftiu,a§Ftiu,a§Ftiu,a§Ftiu,a§Ftiu
(LOCUS)

xU ò´Ë F¿¥¾£l xU tot fÂj É½¡F ,z§f ,a§FkhÆ¬

m¥ò´ËÆ¬ ghij ,a§Ftiu vd¥gL«.

,a§FtiuÆ¬ rk¬ghL,a§FtiuÆ¬ rk¬ghL,a§FtiuÆ¬ rk¬ghL,a§FtiuÆ¬ rk¬ghL,a§FtiuÆ¬ rk¬ghL:

,a§FtiuÆ± c´s mid¤J¥ ò´ËfË¬ TWfsh± <L

br­a¥gL« vªj xU bjhl®ò« ,a§Ftiu¢ rk¬ghL vd¥gL«.

vL¤J¡fh£lhf

(i) bfhL¡f¥g£l nfhLfËÈUªJ rk

bjhiyÉ± c´s ò´ËÆ¬

,a§F tiuahdJ bfhL¡f¥

g£L´s nfhLfS¡F ,izahf

î« mt¦¿¦F eLÉY« c´s ne®

nfhlhF«.

(ii) Ãiy¤j ò´ËÆÈUªJ v¥bghGJ« rk

öu¤½± c´s ò´ËÆ¬ ,a§Ftiu

m¥ò´Ëia ikakhf cila

t£lkhF«.

(iii) A, B v¬w ,U ò´ËfËÈUªJ rk

öu¤½± c´s ò´ËÆ¬ ,a§F tiu

AB-¡F ika¡ F¤J¡nfhlhF«.

c p
1

a       
p

2

a
a

A B

A B

P Q

C D

K

L

M

N

gFKiw tot fÂj«gFKiw tot fÂj«gFKiw tot fÂj«gFKiw tot fÂj«gFKiw tot fÂj«
(ANALYTICAL GEOMETRY)

4
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 1

(2,5) v¬w ò´ËÆÈUªJ v¥bghGJ« v¬w ò´ËÆÈUªJ v¥bghGJ« v¬w ò´ËÆÈUªJ v¥bghGJ« v¬w ò´ËÆÈUªJ v¥bghGJ« v¬w ò´ËÆÈUªJ v¥bghGJ« 7 myFmyFmyFmyFmyF
öu¤½ÈU¡F« ò´ËÆ¬ ,a§FtiuÆ¬ rk¬ghL fh©f.öu¤½ÈU¡F« ò´ËÆ¬ ,a§FtiuÆ¬ rk¬ghL fh©f.öu¤½ÈU¡F« ò´ËÆ¬ ,a§FtiuÆ¬ rk¬ghL fh©f.öu¤½ÈU¡F« ò´ËÆ¬ ,a§FtiuÆ¬ rk¬ghL fh©f.öu¤½ÈU¡F« ò´ËÆ¬ ,a§FtiuÆ¬ rk¬ghL fh©f.

Ô®î :

P(x,y) v¬gJ efU« ò´Ë v¬f. A(2,5) v¬gJ xU ò´Ë.

,¥bghGJ PA = 7

∴ PA2 = 72 = 49

(m.J.)(x-2)2 + (y-5)2 = 49

x2 - 4x + 4 + y2 - 10y + 25 - 49 = 0

∴ x2 + y2 - 4x - 10y - 20 = 0  v¬gJ ,a§FtiuÆ¬ rk¬ghlhF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 2

(2,-3),  (4,7) v¬w ò´ËfËÈUªJ rköu¤½± efU«v¬w ò´ËfËÈUªJ rköu¤½± efU«v¬w ò´ËfËÈUªJ rköu¤½± efU«v¬w ò´ËfËÈUªJ rköu¤½± efU«v¬w ò´ËfËÈUªJ rköu¤½± efU«
ò´ËÆ¬ ,a§Ftiuia¡ fh©f.ò´ËÆ¬ ,a§Ftiuia¡ fh©f.ò´ËÆ¬ ,a§Ftiuia¡ fh©f.ò´ËÆ¬ ,a§Ftiuia¡ fh©f.ò´ËÆ¬ ,a§Ftiuia¡ fh©f.

Ô®î :

P(x,y) v¬gJ efU« ò´Ë v¬f. A (2, -3),  B(4, 7) v¬gd bfhL¡f¥

g£L´s ò´Ëf´.

PA = PB  ∴ PA2 = PB2

(x-2)2 + (y+3)2 = (x-4)2 + (y-7)2

(m.J.) x + 5y - 13 = 0

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 3

P v¬w ò´Ë efU«nghJ v¬w ò´Ë efU«nghJ v¬w ò´Ë efU«nghJ v¬w ò´Ë efU«nghJ v¬w ò´Ë efU«nghJ  P k¦W«k¦W«k¦W«k¦W«k¦W«  A(1,-6),  B(2,5) v¬wv¬wv¬wv¬wv¬w
ò´ËfS« xnu ne®nfh£o± c´sbjÅ±ò´ËfS« xnu ne®nfh£o± c´sbjÅ±ò´ËfS« xnu ne®nfh£o± c´sbjÅ±ò´ËfS« xnu ne®nfh£o± c´sbjÅ±ò´ËfS« xnu ne®nfh£o± c´sbjÅ±  P-Æ¬Æ¬Æ¬Æ¬Æ¬
,a§FtiuÆ¬ rk¬ghLfh©f.,a§FtiuÆ¬ rk¬ghLfh©f.,a§FtiuÆ¬ rk¬ghLfh©f.,a§FtiuÆ¬ rk¬ghLfh©f.,a§FtiuÆ¬ rk¬ghLfh©f.

Ô®î :

P(x,y) v¬gJ efU« ò´Ë v¬f. P,A,B v¬gd xUnfh£L¥ ò´Ëf´.

∴ ∆PAB-Æ¬ gu¥gsî = 0

(m.J.)
2
1 [x(-6-5) + 1(5-y) + 2(y+6)] = 0

∴ 11x - y - 17 = 0 v¬gJ ,a§FtiuÆ¬ rk¬ghlhF«.
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  4.1

1) (2,3),  (-2,0) v¬w ò´ËfËÈUªJ rköu¤½± efU« ò´ËÆ¬

,a§Ftiuia¡ fh©f.

2) A(2,3),  B (4,-5) v¬gd ,U ò´Ëf´ P v¬w ò´ËahdJ PA = PB

v¬wthW ef®ªjh±/ m¥ò´Ë P-Æ¬ ,a§Ftiuia¡ fh©f.

3) (-1,0) v¬w ò´ËÆÈUªJ c´s öu«/  (0,2) v¬w ò´ËÆÈUªJ c´s

öu¤ij¥ ngh± K«kl§fhf mikíkhW efU« ò´ËÆ¬ ,a§F

tiuÆ¬ rk¬gh£il¡ fh©f.

4) (3,7) v¬w ò´ËÆÈUªJ v¥bghGJ« 2 myF öu¤½ÈU¡F«

ò´ËÆ¬ ,a§FtiuÆ¬ rk¬ghL fh©f.

5) A (-2,3), B (4,-5) v¬gd ,U ò´Ëf´. PA2-PB2 = 20  v¬wthW c´s

efU« ò´Ë P-Æ¬ ,a§FtiuÆ¬ rk¬gh£il¡ fh©f.

6) (0,1) v¬w ò´ËÆÈUªJ c´s öu« x -m¢¼ÈUªJ c´s öu¤ij¥

nghy ,U kl§fhf mikíkhW efU« ò´ËÆ¬ ,a§FtiuÆ¬

rk¬gh£il¡ fh©f.

7) (2,-3),  (3,-4) v¬w ò´Ëfis ,iz¡F« nfh£o¬ ika¡F¤J¡

nfh£o¬ rk¬gh£il¡ fh©f.

8) M½ÆÈUªJ xU ò´ËÆ¬ bjhiyî mj¬ y -m¢R¤ bjhiyit Él

IªJ kl§bfÅ± m¥òËÆ¬ ,a§Ftiuia¡ fh©f.

9) (1,2), (0,-1) v¬w ò´ËfËÈUªJ  2:1  v¬w É»j¤½± efU« ò´ËÆ¬

,a§Ftiuia¡ fh©f.

10) P v¬w ò´Ë efU«nghJ  P k¦W« (2,3), (1,5) v¬w ò´ËfS« xnu

ne®nfh£o± c´sbjÅ± m¥ò´Ë P-Æ¬ ,a§FtiuÆ¬ rk¬ghL

fh©f.

4.2 ne®nfhLfË¬ rk¬ghLf´ne®nfhLfË¬ rk¬ghLf´ne®nfhLfË¬ rk¬ghLf´ne®nfhLfË¬ rk¬ghLf´ne®nfhLfË¬ rk¬ghLf´
(EQUATION OF LINES)

Ãidî T®f:Ãidî T®f:Ãidî T®f:Ãidî T®f:Ãidî T®f:
AB v¬w ne®nfhL x, y m¢Rfis Kiwna

D, C-Æ± bt£L»wJ.  θ v¬gJ  AB v¬w nfhL

x - m¢Rl¬ V¦gL¤J« nfhz« v¬f.

tanθ = AB -Æ¬ rh­î = m.   OD v¬gJ x

bt£L¤ J©L OC v¬gJ y bt£L¤ J©L.
O    D x

y

B

A

θ

C
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ò´Ë rh­î tot«ò´Ë rh­î tot«ò´Ë rh­î tot«ò´Ë rh­î tot«ò´Ë rh­î tot«:

bfhL¡f¥g£l rh­î (m) k¦W« ò´Ë (x
1
, y

1
) tÊ¢ br±Y« ne®

nfh£o¬ rk¬ghL y-y
1
 = m(x-x

1
)

rh­î bt£L¤ J©L tot«rh­î bt£L¤ J©L tot«rh­î bt£L¤ J©L tot«rh­î bt£L¤ J©L tot«rh­î bt£L¤ J©L tot«:

xU ne®nfh£o¬ rh­î (m) k¦W« y bt£L¤ J©L (c) vÅ±

m¡nfh£o¬ rk¬ghL y = mx+c.

,U ò´Ë tot«,U ò´Ë tot«,U ò´Ë tot«,U ò´Ë tot«,U ò´Ë tot«:

(x
1
,y

1
),  (x

2
,y

2
) v¬w ò´Ëf´ tÊahf¢ br±Y« ne® nfh£o¬ rk¬ghL

12

1

yy

y-y

−
=

12

1

xx

x-x

−

(x
1
, y

1
),  (x

2
, y

2
) v¬w ò´Ëfis ,iz¡F« nfh£o¬ rh­î

12

12

xx

y-y

−

bt£L¤J©L tot«bt£L¤J©L tot«bt£L¤J©L tot«bt£L¤J©L tot«bt£L¤J©L tot«:

x bt£L¤ J©L a k¦W«  y bt£L¤J©L  b vd cila

ne®nfh£o¬ rk¬ghL

a
x +

b

y
 = 1

bghJ tot«bghJ tot«bghJ tot«bghJ tot«bghJ tot«:

x, y ,t¦¿± Kj± goÆ± c´s rk¬ghL Ax+By+C = 0 vD« bghJ

tot« xU ne® nfh£il¡ F¿¡F«. ,¡nfh£o¬ rh­î

m = -(
B
A )

4.2.1 br§F¤J tot«br§F¤J tot«br§F¤J tot«br§F¤J tot«br§F¤J tot«:

M½ÆÈUªJ xU ne®nfh£o¦F

tiua¥gL« br§F¤J¡ nfh£o¬ Ús«

p k¦W« m¢ br§F¤J¡nfhL x -

m¢Rl¬ V¦gL¤J« nfhz« α vÅ±

m¡nfh£o¬ rk¬ghL

x cos α + y sin α = p

Ã%gz«:

AB v¬w nfhL x -m¢ir A -ÆY«  y-m¢ir B-ÆY« bt£L»wJ.

O   A x

y

α

M

p
90

o -α

a

b

B



97

OM MdJ AB-¡F br§F¤J

OM = p ,   |XOM = α  v¬f.

x, y bt£L¤J©Lf´ a, b vÅ± m¡nfh£o¬ rk¬ghL

a
x +

b

y
= 1 ..................(1)

br§nfhz K¡nfhz« OAM-ÆÈUªJ,
p
a = secα =>  a = p secα

∆OBM-ÆÈUªJ, 
p
b = Sec(90o-α) => b = p cosec α

     ∴ (1) => 
αpsec

x
+

αpcosec

y
= 1

(m.J.) x cos ααααα + y sin ααααα = p v¬gJ nfh£o¬ br§F¤J tot«

MF«.

4.2.2 rk¢Ó® tot« rk¢Ó® tot« rk¢Ó® tot« rk¢Ó® tot« rk¢Ó® tot« / Jiz myF tot« Jiz myF tot« Jiz myF tot« Jiz myF tot« Jiz myF tot«
A v¬w Ãiyahd ò´Ë tÊ¢ br±Y« nfhL x -m¢Rl¬ V¦gL¤J«

nfhz« θ k¦W«  A-ÆÈUªJ r myF bjhiyÉY´s ò´Ë P(x, y) vÅ±

m¡nfh£o¬ rk¬ghL

θcos

x-x 1 =
θsin

y-y 1 = r

Ã%gz«:

A(x
1
,y

1
) v¬gJ bfhL¡f¥g£L´s ò´Ë k¦W« P(x,y) v¬gJ

VnjD« xU ò´Ë v¬f.

AP   = r,

|PAL = θ

PM⊥ OX k¦W« x-m¢R¡F ,izahf AL tiuf.

∴ cosθ = 
AP
AL = 

r

x-x 1  k¦W« sinθ  = 
AP
PL = 

r

y-y 1

=>
θcos

x-x 1 =
θsin

y-y 1 = r  v¬gJ njitahd rk¬ghlhF«.

O  B    M x

θ

A(x l
, y 1

)
θ

P(x, y)y

r

L
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c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) P(x
1
,y

1
) v¬w ò´ËÆÈUªJ ax+by+c = 0 v¬w nfh£o¦F

tiua¥gL« nfh£o¬ Ús«

PN = + 
22

11

ba

cbyax

+

++

(ii) M½ÆÈUªJ ax+by+c = 0-¡F tiua¥gL« br§F¤J¡nfh£o¬

Ús« = + 
22 ba

c

+

 ;

(iii) ax+by+c = 0 k¦W«  a
1
x + b

1
y + c

1
 = 0 v¬w ,UnfhLfS¡F

,il¥g£l nfhz¤½¬ ,Urk bt£oÆ¬ rk¬ghL

22
ba

c by  ax 

+

++

= + 2
1

2
1

111

ba

c y b x a

+

++

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

x-m¢¼¬ Äif ½iríl¬ m¢¼¬ Äif ½iríl¬ m¢¼¬ Äif ½iríl¬ m¢¼¬ Äif ½iríl¬ m¢¼¬ Äif ½iríl¬ 120o nfhz¤ij V¦gL¤J«nfhz¤ij V¦gL¤J«nfhz¤ij V¦gL¤J«nfhz¤ij V¦gL¤J«nfhz¤ij V¦gL¤J«
br§F¤J¡nfh£o¬ Ús« M½ÆÈUªJ br§F¤J¡nfh£o¬ Ús« M½ÆÈUªJ br§F¤J¡nfh£o¬ Ús« M½ÆÈUªJ br§F¤J¡nfh£o¬ Ús« M½ÆÈUªJ br§F¤J¡nfh£o¬ Ús« M½ÆÈUªJ 5 myFf´ vÅ±myFf´ vÅ±myFf´ vÅ±myFf´ vÅ±myFf´ vÅ±
m¡nfh£o¬ rk¬gh£oid¡ fh©f.m¡nfh£o¬ rk¬gh£oid¡ fh©f.m¡nfh£o¬ rk¬gh£oid¡ fh©f.m¡nfh£o¬ rk¬gh£oid¡ fh©f.m¡nfh£o¬ rk¬gh£oid¡ fh©f.

Ô®î :

xU ne®nfh£o¬ br§F¤J tot«
x cos α + y sin α = p

,§F α = 120o k¦W« p = 5

vdnt ne®nfh£o¬ rk¬ghL
x cos 120o + y sin 120o = 5

(m.J.) x-y 3 +10 = 0

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 5

(3,2) v¬w ò´ËÆÈUªJv¬w ò´ËÆÈUªJv¬w ò´ËÆÈUªJv¬w ò´ËÆÈUªJv¬w ò´ËÆÈUªJ 3x+2y+1 = 0 v¬w ne®nfh£o¦Fv¬w ne®nfh£o¦Fv¬w ne®nfh£o¦Fv¬w ne®nfh£o¦Fv¬w ne®nfh£o¦F
tiua¥gL« br§F¤J¡ nfh£o¬ Ús¤ij¡ fh©f.tiua¥gL« br§F¤J¡ nfh£o¬ Ús¤ij¡ fh©f.tiua¥gL« br§F¤J¡ nfh£o¬ Ús¤ij¡ fh©f.tiua¥gL« br§F¤J¡ nfh£o¬ Ús¤ij¡ fh©f.tiua¥gL« br§F¤J¡ nfh£o¬ Ús¤ij¡ fh©f.

Ô®î :

(3,2) v¬w ò´ËÆÈUªJ 3x+2y+1 = 0 v¬w nfh£o¦F tiua¥gL«
br§F¤J¡ nfh£o¬ Ús«

+ 
( ) ( )

22 23

122  33

+

++

 = 
13

14

A B

P(x
1
, y

1
)

ax+by+c = 0

.

N
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 6

3x+4y+3 = 0 k¦W«k¦W«k¦W«k¦W«k¦W«  4x+3y+1 = 0 v¬w nfhLfS¡Fv¬w nfhLfS¡Fv¬w nfhLfS¡Fv¬w nfhLfS¡Fv¬w nfhLfS¡F
,il¥g£l nfhz§fË¬ ,U rkbt£ofË¬,il¥g£l nfhz§fË¬ ,U rkbt£ofË¬,il¥g£l nfhz§fË¬ ,U rkbt£ofË¬,il¥g£l nfhz§fË¬ ,U rkbt£ofË¬,il¥g£l nfhz§fË¬ ,U rkbt£ofË¬
rk¬ghLfis¡ fh©f.rk¬ghLfis¡ fh©f.rk¬ghLfis¡ fh©f.rk¬ghLfis¡ fh©f.rk¬ghLfis¡ fh©f.

Ô®î :

,Urkbt£ofË¬ rk¬ghLf´
169

3y43x

+

++  = + 
916

13y4x

+

++

(m.J.) 3x+4y+3 = + (4x+3y+1)

(m.J.) x-y-2 = 0 k¦W« 7x+7y+4 = 0

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.2

1) xU ne®nfh£o¬ m¢RfS¡»ilna c´sgF½ia ,Urk¡T¿L«

ò´Ë (-3,2) vÅ± m¡nfh£o¬ rk¬gh£il¡fh©f.

2) M½ÆÈUªJ xU nfh£o¦F c´s br§F¤J¤ bjhiyî 5 br.Û. mj¬

rh­î -1 vÅ± m¡nfh£o¬ rk¬gh£oid¡ fh©f.

3) bt£L¤J©LfË¬ TLj± 9 cilaJ«  (2 ,2)  v¬w ò´ËÆ¬

tÊahf¢ br±tJkhd ne®nfh£o¬ rk¬gh£il¡ fh©f.

4) M½ÆÈUªJ 4x-3y+7 = 0 v¬w nfh£o¦F tiua¥gL« br§F¤J¡

nfh£o¬ Ús¤ij¡ fh©f.

5) (-1,k)  v¬w ò´ËÆÈUªJ  5x-12y+13 = 0 v¬w ne®nfh£o¦F

tiua¥gL« br§F¤J¡ nfh£o¬ Ús« 2 vÅ± k-Æ¬ k½¥bg¬d?

6) M½ÆÈUªJ tiua¥gL« br§F¤J¡nfh£o¬ Ús«  4  myF.

m¢br§F¤J¡nfhL  x-m¢Rl¬ V¦gL¤J« nfhz« α =135o vÅ±

m¡nfh£o¬ rk¬gh£il¡ fh©.

7) (-2,  3) v¬w ò´Ë tÊahf¢ br±Y« ne®nfhlhdJ x-m¢Rl¬

V¦gL¤J« nfhz« 30o vÅ± m¡nfh£o¬ rk¬gh£il¡ fh©f.

8) 5x+12y-7 = 0 k¦W« 4x-3y+1 = 0 v¬w nfhLfS¡F ,il¥g£l

nfhz¤½¬ ,Urkbt£oÆ¬ rk¬ghLfis¡ fh©f.

4.3 ne®nfhLfË¬ FL«g«ne®nfhLfË¬ FL«g«ne®nfhLfË¬ FL«g«ne®nfhLfË¬ FL«g«ne®nfhLfË¬ FL«g«
(FAMILY OF LINES)

4.3.1. ,U ne®nfhLfË¬ FL«g«,U ne®nfhLfË¬ FL«g«,U ne®nfhLfË¬ FL«g«,U ne®nfhLfË¬ FL«g«,U ne®nfhLfË¬ FL«g«
,U ne®nfhLf´ bt£L« ò´Ëia¡ fhz m¡nfhLfË¬

rk¬ghLfis¤ Ô®¡f nt©L«.
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4.3.2 xU ò´Ë tÊ¡ nfhLf´xU ò´Ë tÊ¡ nfhLf´xU ò´Ë tÊ¡ nfhLf´xU ò´Ë tÊ¡ nfhLf´xU ò´Ë tÊ¡ nfhLf´
_¬W m±yJ mj¦F nk¦g£l nfhLf´ xU ò´ËtÊ¢

br±YkhÆ¬ mit xU ò´ËtÊ¡ nfhLf´ vd¥gL«.

a
1
x+b

1
y+c

1
 = 0 ................(i)    a

2
x+b

2
y+c

2
 = 0 ................(ii)

a
3
x+b

3
y+c

3
 = 0 ................(iii) v¬w ne®nfhLf´ xU ò´ËtÊ¢

br±tj¦fhd Ãgªjid

333

222

111

cba

cba

cba

 = 0

4.3.3 ,UnfhLfS¡F ,il¥g£l nfhz«,UnfhLfS¡F ,il¥g£l nfhz«,UnfhLfS¡F ,il¥g£l nfhz«,UnfhLfS¡F ,il¥g£l nfhz«,UnfhLfS¡F ,il¥g£l nfhz«

gl¤½±  φ  v¬gJ  m
1
 = tan θ

1
 k¦W«  m

2
 = tan θ

2
  v¬w rh­îfisíila

nfhLfS¡F ,il¥g£l nfhzbkÅ±

tan φ  =      
21

21

mm1

m-m

+

∴ φ = tan-1

21

21

mm1

m-m

+

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) m
1
 = m

2
 vÅ± bfhL¡f¥g£L´s nfhLf´ ,iznfhLf´ mjhtJ

,UnfhLf´ ,izahdJ vÅ± mt¦¿¬ rh­îf´ rk«.

(ii) m
1
m

2
 = -1 vÅ± bfhL¡f¥g£L´s nfhLf´ br§F¤J¡ nfhLf´.

mjhtJ bfhL¡f¥g£L´s nfhLf´ br§F¤J¡ nfhLfbsÅ±
mt¦¿¬ rh­îfË¬ bgU¡f¦gy¬ -1.

x1 o    x

y

y1

θ
2

φ

y=
m 2

x+
c 2

y=m
1 x+c

1

θ
1

P
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 7

3x+4y = 13, 2x-7y+1 = 0 k¦W«k¦W«k¦W«k¦W«k¦W« 5x-y=14 v¬w nfhLf´ xUv¬w nfhLf´ xUv¬w nfhLf´ xUv¬w nfhLf´ xUv¬w nfhLf´ xU
ò´ËtÊ¢ br±Y« vd ÃWîf.ò´ËtÊ¢ br±Y« vd ÃWîf.ò´ËtÊ¢ br±Y« vd ÃWîf.ò´ËtÊ¢ br±Y« vd ÃWîf.ò´ËtÊ¢ br±Y« vd ÃWîf.

Ô®î :

3x+4y-13 = 0

2x-7y +1 = 0

5x-y -14 = 0 v¬w nfhLf´ xU ò´Ë tÊ¢ br±tj¦fhdf£L¥ghL

1415

172

1343

−−

−

−

 = 0

,§F

1415

172

1343

−−

−

−

= 3(98+1) - 4 (-28-5)-13 (-2+35)

= 297 + 132-429

= 429-429 = 0

=> bfhL¡f¥g£L´s nfhLf´ xU ò´ËtÊ¢ br±Y«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 8

r h ­î  r h ­î  r h ­î  r h ­î  r h ­î  5 myFfS´smyFfS´smyFfS´smyFfS´smyFfS´s 3x+4y = 7 ,   x+y-2 = 0 M»a nfhLf´M»a nfhLf´M»a nfhLf´M»a nfhLf´M»a nfhLf´
rª½¡F« ò´ËÆ¬ tÊahf¢ br±Y« ne®nfh£o¬rª½¡F« ò´ËÆ¬ tÊahf¢ br±Y« ne®nfh£o¬rª½¡F« ò´ËÆ¬ tÊahf¢ br±Y« ne®nfh£o¬rª½¡F« ò´ËÆ¬ tÊahf¢ br±Y« ne®nfh£o¬rª½¡F« ò´ËÆ¬ tÊahf¢ br±Y« ne®nfh£o¬
rk¬gh£il¡ fh©f.rk¬gh£il¡ fh©f.rk¬gh£il¡ fh©f.rk¬gh£il¡ fh©f.rk¬gh£il¡ fh©f.

Ô®î :

3x+4y = 7 ..........(1)

x+y = 2 ...............(2)

rk¬ghLf´ (1), (2) I¤ Ô®¡f (1, 1) v¬gJ bt£L« ò´ËahF«.

(m.J.)  (x
1
, y

1
) = (1, 1) k¦W« m = 5

∴ nfh£o¬ rk¬ghL y-1=5(x-1)

(m.J.)  y-1 = 5x-5

5x-y-4 = 0
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 9

5x+6y = 20 k¦W«k¦W«k¦W«k¦W«k¦W« 18x-15y = 17 v¬w nfhLf´ br§F¤J¡v¬w nfhLf´ br§F¤J¡v¬w nfhLf´ br§F¤J¡v¬w nfhLf´ br§F¤J¡v¬w nfhLf´ br§F¤J¡
nfhLf´ vd ÃWîf.nfhLf´ vd ÃWîf.nfhLf´ vd ÃWîf.nfhLf´ vd ÃWîf.nfhLf´ vd ÃWîf.

Ô®î :

bfhL¡f¥g£L´s nfhLf´

5x+6y = 20 ................... (1) k¦W«

18x-15y = 17 ................ (2)

m
1
 = (1)-¬ rh­î = - ( )

6
5  = -

6
5

m
2
 = (2)-¬ rh­î = - ( )

15-
18 =

15
18 = 

5
6

m
1
m

2
 =

6
-5 x

5
6 = -1 ∴ bfhL¡f¥g£L´s nfhLf´ br§F¤J¡

nfhLfshF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 10

4x+3y-5 = 0 v¬w nfh£o¦F ,izahf v¬w nfh£o¦F ,izahf v¬w nfh£o¦F ,izahf v¬w nfh£o¦F ,izahf v¬w nfh£o¦F ,izahf (2, -5), v¬w ò´Ëv¬w ò´Ëv¬w ò´Ëv¬w ò´Ëv¬w ò´Ë

tÊ¢br±Y« nfh£o¬ rk¬gh£il¡ fh©f.tÊ¢br±Y« nfh£o¬ rk¬gh£il¡ fh©f.tÊ¢br±Y« nfh£o¬ rk¬gh£il¡ fh©f.tÊ¢br±Y« nfh£o¬ rk¬gh£il¡ fh©f.tÊ¢br±Y« nfh£o¬ rk¬gh£il¡ fh©f.

Ô®î :

4x + 3y -5 = 0-¬ rh­î  = -
3
4  = m

∴ ,¡nfh£o¦F ,izahd nfh£o¬ rh­î = -
3
4  nkY« m¡nfhL

(x
1
, y

1
) = (2, -5) tÊ¢ br±»wJ

∴ njitahd nfh£o¬ rk¬ghL

y+5 = -
3
4  (x-2)

=> 4x + 3y + 7 = 0

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 11

4x-3y-8 = 0, 3x-4y+6 = 0 k¦W«k¦W«k¦W«k¦W«k¦W« x+y-9 = 0 M»a ne®nfhLfisM»a ne®nfhLfisM»a ne®nfhLfisM»a ne®nfhLfisM»a ne®nfhLfis
g¡f§fshf¡ bfh©l K¡nfhz« X® ,Urkg¡f K¡nfhz«g¡f§fshf¡ bfh©l K¡nfhz« X® ,Urkg¡f K¡nfhz«g¡f§fshf¡ bfh©l K¡nfhz« X® ,Urkg¡f K¡nfhz«g¡f§fshf¡ bfh©l K¡nfhz« X® ,Urkg¡f K¡nfhz«g¡f§fshf¡ bfh©l K¡nfhz« X® ,Urkg¡f K¡nfhz«
vd¡ fh£Lf.vd¡ fh£Lf.vd¡ fh£Lf.vd¡ fh£Lf.vd¡ fh£Lf.
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Ô®î :

4x-3y-8 = 0 v¬w nfh£o¬ rh­î  = m
1
 =- ( )

3-
4

m
1
 =

3
4

3x-4y+6 = 0 v¬w nfh£o¬ rh­î = m
2
 = - ( )

4-
3

m
2
 =

4
3

x+y-9 = 0 v¬w nfh£o¬ rh­î = m
3
 = - ( )

1
1  = -1

nfhLf´  (1),  (3) -¡F ,il¥g£l nfhz« α  vÅ±

∴ tanα = 
31

31

mm1

m-m

+
 =

( )1-1

1

3
4

3
4

+

+

= 

3
1-

3
7

= 7

∴ α = tan-1(7)

(2),   (3)-¡F ,il¥g£l nfhz« β vÅ±

tan β = 
32

32

mm1

m-m

+
= 

( )1-1

1

4
3

4
3

+

+

= 

4
1

4
7

 

 
 = 7

∴ β = tan-1(7)

α = β  vdnt bfhL¡f¥g£L´s K¡nfhz« X® ,Urkg¡f

K¡nfhz« MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 12

100 bghU£fË¬ Ãiyahd Éiy %.bghU£fË¬ Ãiyahd Éiy %.bghU£fË¬ Ãiyahd Éiy %.bghU£fË¬ Ãiyahd Éiy %.bghU£fË¬ Ãiyahd Éiy %.  700 k¦W« mj¬k¦W« mj¬k¦W« mj¬k¦W« mj¬k¦W« mj¬
njhuhakhd Éiy %.njhuhakhd Éiy %.njhuhakhd Éiy %.njhuhakhd Éiy %.njhuhakhd Éiy %.  1,800 vÅ± vÅ± vÅ± vÅ± vÅ± x   bghU£fË¬ bkh¤jbghU£fË¬ bkh¤jbghU£fË¬ bkh¤jbghU£fË¬ bkh¤jbghU£fË¬ bkh¤j
Éiyia¡ fh©f.Éiyia¡ fh©f.Éiyia¡ fh©f.Éiyia¡ fh©f.Éiyia¡ fh©f.

Ô®î :

y = Ax + B v¬gJ  x, y -± c´s bghJthd xUgo¢ rk¬ghL

v¬f.

,§F y = bkh¤j Éiy
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x = jahÇ¡f¥gL« bghU£fË¬ v©Â¡if

A, B kh¿Èf´

 x = 0 vÅ±, y = Ãiyahd Éiy

(m.J.) y = 700 =>  O+B = 700

∴ B = 700

x = 100 vÅ±,  y = 1800

=> 1800 = 100A + 700

∴ A = 11

∴ x bghU£f´ jahÇ¥gj¦fhd bkh¤j Éiy

y = 11x + 700

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 13

jahÇ¡f¥gL« bghU£fË¬ v©Â¡if jahÇ¡f¥gL« bghU£fË¬ v©Â¡if jahÇ¡f¥gL« bghU£fË¬ v©Â¡if jahÇ¡f¥gL« bghU£fË¬ v©Â¡if jahÇ¡f¥gL« bghU£fË¬ v©Â¡if 500-ÈUªJÈUªJÈUªJÈUªJÈUªJ
1000-khf caU«nghJ jahÇ¥ò bryî %.khf caU«nghJ jahÇ¥ò bryî %.khf caU«nghJ jahÇ¥ò bryî %.khf caU«nghJ jahÇ¥ò bryî %.khf caU«nghJ jahÇ¥ò bryî %.  6,000-ÈUªJÈUªJÈUªJÈUªJÈUªJ
%.%.%.%.%.  9,000-khf caU»wJ. khf caU»wJ. khf caU»wJ. khf caU»wJ. khf caU»wJ.  x, y-¡F ,il¥g£l bjhl®ò X®¡F ,il¥g£l bjhl®ò X®¡F ,il¥g£l bjhl®ò X®¡F ,il¥g£l bjhl®ò X®¡F ,il¥g£l bjhl®ò X®
xUgo¢ rh ®bgÅ± bryîxUgo¢ rh ®bgÅ± bryîxUgo¢ rh ®bgÅ± bryîxUgo¢ rh ®bgÅ± bryîxUgo¢ rh ®bgÅ± bryî  (y) k¦W« jahÇ¡f¥gL«k¦W« jahÇ¡f¥gL«k¦W« jahÇ¡f¥gL«k¦W« jahÇ¡f¥gL«k¦W« jahÇ¡f¥gL«
bghU£fË¬ v©Â¡ifbghU£fË¬ v©Â¡ifbghU£fË¬ v©Â¡ifbghU£fË¬ v©Â¡ifbghU£fË¬ v©Â¡if  (x) ,t¦W¡»il¥g£l,t¦W¡»il¥g£l,t¦W¡»il¥g£l,t¦W¡»il¥g£l,t¦W¡»il¥g£l
bjhl®¾id¡ fh©f.bjhl®¾id¡ fh©f.bjhl®¾id¡ fh©f.bjhl®¾id¡ fh©f.bjhl®¾id¡ fh©f.

Ô®î :

y = Ax + B ,§F

B = Ãiyahd Éiy/  x = jahÇ¡f¥gL« bghU£fË¬ v©Â¡if

k¦W« y = bkh¤j Éiy

x = 500 vÅ±, y = 6,000

=> 500A + B = 6,000 ----------------(1)

x = 1000 vÅ±,   y = 9,000

=> 1000A + B = 9,000 ----------------(2)

(1),  (2)-I¤ Ô®¡f  A = 6,  B = 3,000

vdnt x,   y -¡F ,il¥g£l bjhl®ò  y = 6x + 3,000
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.3

1) 4x+3y = 10, 3x-4y = -5 k¦W« 5x+y = 7 v¬w nfhLf´ xU ò´Ë tÊ¡

nfhLf´ vd ÃWîf.

2) 3x-4y = 7, 4x-5y = 11 k¦W« 2x+3y+k = 0 v¬w nfhLf´ xU ò´Ë

tÊ¢ br¬wh± k-Æ¬ k½¥ig¡ fh©f.

3) x+2y+3 = 0 k¦W« 3x+y+7 = 0 v¬w nfhLf´ rª½¡F« ò´Ë tÊahfî«

3y-4x = 0 v¬w nfh£o¦F ,izahfî« c´s ne®nfh£o¬

rk¬gh£il¡ fh©f.

4) x+2y = 6 k¦W« y = x v¬w nfhLf´ rª½¡F« ò´Ë tÊahfî«

3x+y-1 = 0 v¬w nfh£o¦F br§F¤jhfî« c´s ne®nfh£o¬

rk¬gh£il¡ fh©f.

5) K¡nfhz« ABC-Æ¬ Kid¥ò´Ëf´ Kiwna A(1, 2), B(-1, -3) k¦W«

C(5, -1).  A tÊahf BC-¡F tiua¥gL« br§nfh£o¬ rk¬gh£il¡

fh©f.

6) x bghU£f´ jahÇ¥gj¦fhd bkh¤j bryî (y) MdJ 3x-4y+600 = 0

v¬w rk¬gh£odh± bgw¥gL»wJ.  Ãiyahd bjhÊiy

el¤Jtj¦fhd bryî k¦W« jahÇ¡f¥gL« x²bthU m½f¥goahd

bghUS¡F MF« TLj± bryití« fh©f.

7) 100  bghU£f´ jahÇ¥gj¦fhd njhuhakhd bryî %. 1,200 k¦W«

Ãiyahd bryî %. 500 vÅ± x myFf´ jahÇ¥gj¦F MF« bkh¤j

bryÉid¡ fh©f (x, y-¡F ,il¥g£l bjhl®ò X® xUgo¢ rh®ò)

8) jahÇ¡f¥gL« bghU£fË¬ v©Â¡if 5000-ÈUªJ  7000 Mf

caU« nghJ mj¦fhd bkh¤j bryî %. 26,000 ÈUªJ %. 34,000khf

caU»wJ.  x, y-¡F ,il¥g£l bjhl®ò X® xUgo¢ rh®bgÅ± bryî

(y) k¦W« jahÇ¡f¥gL« bghU£fË¬ v©Â¡if (x) ,t¦W¡»il¥

g£l bjhl®¾id¡ fh©f.

9) jahÇ¡f¥gL« bghU£fË¬ v©Â¡if 60000-ÈUªJ %. 8000 Mf

caU«nghJ mj¦fhd bryî %. 33,000-ÈUªJ %.  40,000 Mf

caU»wJ. x, y-¡F ,il¥g£l bjhl®ò X® xUgo¢ rh®bgÅ± bryî

(y) k¦W« jahÇ¡f¥gL« bghU£fË¬ v©Â¡if (x) ,t¦W¡»il¥

g£l bjhl®¾id¡ fh©f.
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4.4 t£l¤½¬ rk¬ghLt£l¤½¬ rk¬ghLt£l¤½¬ rk¬ghLt£l¤½¬ rk¬ghLt£l¤½¬ rk¬ghL
(EQUATION OF CIRCLE)

xU js¤½± Ãiyahd xU ò´ËÆÈUªJ xU
khwhj öu¤½± efU« ò´ËÆ¬ ,a§Ftiu t£l«
MF«.  mªj Ãiyahd ò´Ë t£l¤½¬ ikabkdî«/
khwhj öu« mj¬ Mu« vdî« Tw¥gL«. gl¤½±  O

v¬gJ t£l ika« nkY« OP = r v¬gJ t£l¤½¬

MukhF«.

4.4.1 ika«/ Mu« bfhL¡f¥go¬ t£l¤½¬ rk¬ghLika«/ Mu« bfhL¡f¥go¬ t£l¤½¬ rk¬ghLika«/ Mu« bfhL¡f¥go¬ t£l¤½¬ rk¬ghLika«/ Mu« bfhL¡f¥go¬ t£l¤½¬ rk¬ghLika«/ Mu« bfhL¡f¥go¬ t£l¤½¬ rk¬ghL

t£l¤½¬ ika« C(h, k) vdî«

Mu« ‘r’ vdî« bfh´f.

P(x, y) v¬gJ t£l¤½¬ nkY´s

VnjD« xU ò´Ë v¬f.

CP = r  => CP2 = r2

(m.J.)  (x-h)2 + (y-k)2 = r2  v¬gJ

t£l¤½¬ rk¬ghlhF«

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

‘r’ myF Mukhfî«/ M½ia ikakhfî« cila t£l¤½¬

rk¬ghL

x2 + y2 = r2

4.4.2 (x
1
, y

1
),   (x

2
, y

2
) v¬w ò´Ëfis ,iz¡F« nfh£oidv¬w ò´Ëfis ,iz¡F« nfh£oidv¬w ò´Ëfis ,iz¡F« nfh£oidv¬w ò´Ëfis ,iz¡F« nfh£oidv¬w ò´Ëfis ,iz¡F« nfh£oid

É£lkhf¡ bfh©l t£l¤½¬ rk¬ghLÉ£lkhf¡ bfh©l t£l¤½¬ rk¬ghLÉ£lkhf¡ bfh©l t£l¤½¬ rk¬ghLÉ£lkhf¡ bfh©l t£l¤½¬ rk¬ghLÉ£lkhf¡ bfh©l t£l¤½¬ rk¬ghL

C-I ikakhf¡ bfh©l
t£l¤½¬ xU É£l¤½¬ Kid¥

ò´Ëf´ A(x
1
, y

1
),  B(x

2
, y

2
) v¬f.

P(x, y) v¬gJ t£l¥ gÇ½Æ¬

nkY´s xU ò´Ë v¬f.

| A P B  =  miu t£l¤½± c´s

nfhz«  =  90o. vdnt  AP-í« BP-í«

x¬W¡ bfh¬W br§F¤jhf mikí«.

AP-Æ¬ rh­î =
1

1

x-x

y-y
= m

1
 v¬f

C
R

r
P(x, y)

 O  L       M x

y

(h, k)

A
(x

1
, y

1
)

B
(x

2
, y

2
)

C

P(x, y)

.

P

O

r
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BP-í¬ rh­î = 
2

2

x-x

y-y
 = m

2
 v¬f

AP  ⊥  BP  vdnt  m
1
m

2
 = -1

=>
1

1

x-x

y-y

2

2

x-x

y-y
 = -1

=> (x-x
1
) (x-x

2
) + (y-y

1
) (y-y

2
) = 0 ,Jnt njitahd t£l¤½¬

rk¬ghlhF«

4.4.3 xU t£l¤½¬ bghJ tot rk¬ghLxU t£l¤½¬ bghJ tot rk¬ghLxU t£l¤½¬ bghJ tot rk¬ghLxU t£l¤½¬ bghJ tot rk¬ghLxU t£l¤½¬ bghJ tot rk¬ghL
x2+y2+2gx+2fy+c = 0 v¬w rk¬gh£il vL¤J¡ bfh´f

(,§F g, f,c v¬gd kh¿Èf´) -----(1)

ie., (x2+2g x) + (y2+2fy) = -c

ie., (x2+2g x+g2-g2) + (y2+2fy+f2-f2) = -c

=> (x2+2gx+g2) + (y2+2fy+f2) = g2+f2 -c

ie., (x+g)2 + (y+f)2 = g2+f2-c

[x-(-g)]2 + [y-(-f)]2 = { }
2

22 cfg −+

,¢rk¬gh£il (x-h)2 + (y-k)2 = r2 v¬w t£l¤½¬ rk¬gh£Ll¬

x¥¾l rk¬ghL (1), ika« (-g, -f) Mu« c-f  g  22
+  cila xU t£l¤ij¡

F¿¡»wJ.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) ,J x, y-± X® ,Ugo¢ rk¬ghL

(ii) x2 k¦W« y2 ¬ Fzf§f´ rk«

(iii) rk¬gh£o± xy cW¥ò ,±iy.

(iv) g2+f2-c >0 vÅ± t£l« bk­ahdJ

(v) g2+f2-c = 0 vÅ± t£l« xU ò´Ë t£lkhF«.

(vi) g2+f2-c < 0 vÅ± t£l« f¦gidahd t£lkhF«.

(vii) ,u©L m±yJ mj¦F nk¦g£l t£l§f´ xnu ika¤ij¥

bg¦¿Uªjh± mit bghJika t£l§f´ vd¥gL«

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 14

(3,  5) I ikakhf¡ bfh©l t£l¤½¬ Mu« I ikakhf¡ bfh©l t£l¤½¬ Mu« I ikakhf¡ bfh©l t£l¤½¬ Mu« I ikakhf¡ bfh©l t£l¤½¬ Mu« I ikakhf¡ bfh©l t£l¤½¬ Mu« 4

myFfbsÅ± m²t£l¤½¬ rk¬gh£il¡ fh©f.myFfbsÅ± m²t£l¤½¬ rk¬gh£il¡ fh©f.myFfbsÅ± m²t£l¤½¬ rk¬gh£il¡ fh©f.myFfbsÅ± m²t£l¤½¬ rk¬gh£il¡ fh©f.myFfbsÅ± m²t£l¤½¬ rk¬gh£il¡ fh©f.
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Ô®î :

(h, k) -I ikakhfî« ‘r’ I Mukhfî« cila t£l¤½¬ rk¬ghL

(x-h)2 + (y-k)2 = r2

,§F (h, k) = (3, 5) ,   r = 4

vdnt t£l¤½¬ rk¬ghL (x-3)2 + (y-5)2 = 16

=> x2+y2-6x-10y+18 = 0

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 15

(2, 3) I ikakhf bfh©L´s xU t£l« I ikakhf bfh©L´s xU t£l« I ikakhf bfh©L´s xU t£l« I ikakhf bfh©L´s xU t£l« I ikakhf bfh©L´s xU t£l« (1, 4) tÊ¢tÊ¢tÊ¢tÊ¢tÊ¢
br±»wJ. m²t£l¤½¬ rk¬gh£oid¡ fh©f.br±»wJ. m²t£l¤½¬ rk¬gh£oid¡ fh©f.br±»wJ. m²t£l¤½¬ rk¬gh£oid¡ fh©f.br±»wJ. m²t£l¤½¬ rk¬gh£oid¡ fh©f.br±»wJ. m²t£l¤½¬ rk¬gh£oid¡ fh©f.

Ô®î :

(2, 3), (1, 4) ,t¦W¡»il¥g£l öu« MukhF«.

(m.J.) r = ( ) ( )
22

3-4  2-1 +  = 11+  = 2

ika«   = (2, 3)

∴ t£l¤½¬ rk¬ghL

(x-2)2 + (y-3)2 = 2
2

=> x2+y2-4x-6y+11 = 0

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 16

x 2+y 2-6x+8y-24 = 0 v¬w t£l¤½¬ ika¤ijí«v¬w t£l¤½¬ ika¤ijí«v¬w t£l¤½¬ ika¤ijí«v¬w t£l¤½¬ ika¤ijí«v¬w t£l¤½¬ ika¤ijí«

Mu¤ijí« fh©f.Mu¤ijí« fh©f.Mu¤ijí« fh©f.Mu¤ijí« fh©f.Mu¤ijí« fh©f.

Ô®î :

x2+y2-6x+8y-24 = 0  v¬wij t£l¤½¬ bghJ¢ rk¬ghL

x2+y2+2gx+2fy+c = 0-îl¬ x¥¾l

2g = -6 ; 2f = 8 ;

  g = -3 ; f = 4  ; c = -24

∴ t£lika« = (-g, -f) = (3, -4)

 k¦W« Mu« = cfg
22

−+  = ( )24169 −−+  = 7

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 17

(3, 2),  (-7, 8) v¬w ò´Ëfis ,iz¡F«nfh£oidv¬w ò´Ëfis ,iz¡F«nfh£oidv¬w ò´Ëfis ,iz¡F«nfh£oidv¬w ò´Ëfis ,iz¡F«nfh£oidv¬w ò´Ëfis ,iz¡F«nfh£oid
É£lkhf¡ bfh©l t£l¤½¬ rk¬gh£il¡ fh©f.É£lkhf¡ bfh©l t£l¤½¬ rk¬gh£il¡ fh©f.É£lkhf¡ bfh©l t£l¤½¬ rk¬gh£il¡ fh©f.É£lkhf¡ bfh©l t£l¤½¬ rk¬gh£il¡ fh©f.É£lkhf¡ bfh©l t£l¤½¬ rk¬gh£il¡ fh©f.
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Ô®î :

(x
1
, y

1
),   (x

2
, y

2
) v¬w ò´Ëfis t£l¤½¬ Kidò ò´Ëfshf¡

bfh©l t£l¤½¬ rk¬ghL

(x-x
1
) (x-x

2
) + (y-y

1
) (y-y

2
) = 0

,§F (x
1
, y

1
)  = (3, 2)

(x
2
, y

2
)  = (-7, 8)

∴ t£l¤½¬ rk¬ghL

(x-3) (x+7) + (y-2) (y-8) = 0

x2+y2+4x-10y-5 = 0

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 18

(-3,  2)  I ikakhfî« I ikakhfî« I ikakhfî« I ikakhfî« I ikakhfî« 8πππππ  myif R¦wsthfî«myif R¦wsthfî«myif R¦wsthfî«myif R¦wsthfî«myif R¦wsthfî«

bfh©l t£l¤½¬ rk¬gh£il¡ fh©f.bfh©l t£l¤½¬ rk¬gh£il¡ fh©f.bfh©l t£l¤½¬ rk¬gh£il¡ fh©f.bfh©l t£l¤½¬ rk¬gh£il¡ fh©f.bfh©l t£l¤½¬ rk¬gh£il¡ fh©f.

Ô®î :

R¦wsî = 2π r = 8π

=> r   = 4

ika« = (-3, 2)   r  = 4

vdnt t£l¤½¬ rk¬ghL

(x+3)2 + (y-2)2 = 42

(m.J.) x2+y2+6x-4y-3 = 0

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 19

(1 ,  1 ) ,  (2 ,  -1 ) ,   (2 ,  3 )  M»a ò´Ëf´ tÊ¢  br±Y«M»a ò´Ëf´ tÊ¢  br±Y«M»a ò´Ëf´ tÊ¢  br±Y«M»a ò´Ëf´ tÊ¢  br±Y«M»a ò´Ëf´ tÊ¢  br±Y«

t£l¤½¬ rk¬gh£il¡ fh©f.t£l¤½¬ rk¬gh£il¡ fh©f.t£l¤½¬ rk¬gh£il¡ fh©f.t£l¤½¬ rk¬gh£il¡ fh©f.t£l¤½¬ rk¬gh£il¡ fh©f.

Ô®î :

njitahd t£l¤½¬ rk¬ghL

x2+y2+2gx+2fy+c = 0 ----------------(1)

t£l« (1) MdJ (1, 1), (2, -1),  (2, 3) M»a ò´Ëf´ tÊ¢ br±»wJ.

vdnt 1+1+2g+2f+c = 0

(m.J.) 2g+2f+c = -2 -----------------(2)
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4+1+4g-2f+c = 0

(m.J.) 4g-2f+c = -5 -----------------(3)

4+9+4g+6f+c = 0

(m.J.)  4g+6f+c = -13 -----------------(4)

rk¬ghLf´ (2), (3),  (4) I¤ Ô®¡f

g = -
2
7 ,  f = -1 k¦W«  c = 7.

,«k½¥òfis (1) -± ¾u½Æl

x2+y2-7x-2y+7 = 0 v¬gJ njitahd t£l« MF«.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.4

1) t£lika« (-4, -2) Mfî«/ Mu« 6 myFfisí« cila t£l¤½¬

rk¬gh£il¡ fh©f.

2) (-2, 0) tÊahf¢ br±Y« t£l¤½¬ ika« (2, 3)  vÅ± m²t£l¤½¬

rk¬gh£il¡ fh©f.

3) x2+y2-2x+5y+7 = 0 v¬w t£l¤½¬ R¦wsî k¦W« gu¥gsî fh©f.

4) (5, 4) v¬w ò´ËÆ¬ tÊahf¢ br±Y« t£l«  x2+y2+8x-12y+15 = 0

v¬w t£l¤½¬ ika¤ij bghJ ikakhf¡ bfh©lh± m²t£l¤½¬

rk¬gh£il¡ fh©f.

5) (2, -7), (6, 5) v¬w ò´Ëfis ,iz¡F« nfh£oid É£lkhf¡

bfh©l t£l¤½¬ rk¬ghL fh©f.

6) (5, 2), (2, 1), (1, 4) M»a ò´ËfË¬ tÊahf¢ br±Y« t£l¤½¬

rk¬gh£il¡ fh©f.

7) (4, 1),  (6, 5) v¬w ò´ËfË¬ tÊahfî«  4x+y = 16 v¬w nfh£o¬

ÛJ ika¤ijí« cila t£l¤½¬ rk¬gh£il¡ fh©f.

8) Mu« 5 vdî« x+3y = 17,  3x-y = 3 M»a É£l§fisí« bfh©l

t£l¤½¬ rk¬gh£il¡ fh©f.

9) 3x-2y-1 = 0,   4x+y-27 = 0 v¬w nfhLf´ bt£L« ò´ËÆ¬ tÊahf¢

br±Y« t£l¤½¬ ika« (2, 3) vÅ± m²t£l¤½¬ rk¬gh£il¡

fh©f.
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4.5 bjhLnfhLf´bjhLnfhLf´bjhLnfhLf´bjhLnfhLf´bjhLnfhLf´
(TANGENTS)

4.5.1 bjhLnfh£o¬ rk¬ghLbjhLnfh£o¬ rk¬ghLbjhLnfh£o¬ rk¬ghLbjhLnfh£o¬ rk¬ghLbjhLnfh£o¬ rk¬ghL
t£l¤½¬ rk¬ghL x2+y2+2gx+2fy+c = 0 v¬f

P(x
1
, y

1
) v¬gJ bfhL¡f¥g£L´s ò´Ë. P-Æ± tiua¥gL«

bjhLnfhL PT v¬f.

t£l ika« C (-g, -f).

P tÊ¢ br±Y« t£l¤½¬ Mu« = CP

P tÊ¢ br±Y« bjhLnfhL = PT

CP-Æ¬ rh­î = 
gx

fy

1

1

+

+

∴ PT-Æ¬ rh­î - ( )
fy

gx

1

1

+

+
  {Q PT |   CP}

vdnt bjhLnfhL PT- Æ¬ rk¬ghL

y-y
1
 = -

( )
fy

gx

1

1

+

+

 (x-x
1
)

=> yy
1
 + f(y-y

1
) - y

1

2+xx
1
+g(x-x

1
)-x

1

2 = 0 -----------------(1)

(x
1
, y

1
) t£l¤½¬ nkY´s xU ò´Ë

vdnt  x
1

2+y
1

2+2gx
1
+2fy

1
+c = 0 -----------------(2)

(1) + (2) => xx
1
 + yy

1
 + g(x+x

1
) + f(y+y

1
) + c = 0 v¬gnj bjhLnfh£o¬

njitahd rk¬ghlhF«.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) bfhL¡f¥£L´s t£l¤½¬ rk¬gh£oY´s x2 I  xx
1
 vdî«/  y2 I

yy
1

 vdî«, x I 
2

xx 1+
 vdî« y I  

2

yy 1+
 vdî« kh¿Èia c ahfî«

g½Èl (x
1
, y

1
)-± tiua¥gL« bjhLnfh£o¬ rk¬ghL (m.J.)

xx
1
+yy

1
+g(x+x

1
)+f(y+y

1
)+c = 0 »il¡»wJ.

(ii) x2+y2 = a2 v¬w t£l¤½¦F (x
1
, y

1
)-± tiua¥gL« bjhLnfh£o¬

rk¬ghL xx
1
 + yy

1
 = a2

(iii) (x
1
, y

1
) v¬w ò´ËÆÈUªJ x2+y2+2gx+2fy+c = 0 v¬w t£l¤½¦F

tiua¥gL« bjhLnfh£o¬ Ús«

c2fy2gxyx 11
2
1

2
1 ++++

C(-g,-f)

P(x
1
, y

1
) T

.
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(iv) ò´Ë P(x
1
, y

1
) MdJ x

1

2+y
1

2+2g
1
x

1
+2fy

1
+c 

≥

<
 0 v¬gij¥

bghW¤J 
x2+y2+2gx+2fy+c = 0 v¬w t£l¤½¦F btËÆnyh/ t£l¥

gÇ½ Ûnjh m±yJ t£l¤½¦F´nsnah mikí«.

4.5.2 x2+y2 = a2 v¬w t£l¤½¦Fv¬w t£l¤½¦Fv¬w t£l¤½¦Fv¬w t£l¤½¦Fv¬w t£l¤½¦F  y = mx + c v¬w ne®nfhLv¬w ne®nfhLv¬w ne®nfhLv¬w ne®nfhLv¬w ne®nfhL
bjhLnfhlhf miktj¦fhd f£L¥ghLbjhLnfhlhf miktj¦fhd f£L¥ghLbjhLnfhlhf miktj¦fhd f£L¥ghLbjhLnfhlhf miktj¦fhd f£L¥ghLbjhLnfhlhf miktj¦fhd f£L¥ghL c2 = a2 (1+m2)

y = mx+c (m.J.) mx-y+c = 0 v¬w nfhL

t£l¤½¦F bjhLnfhlhf mikªjh±/ t£l
ika¤½ÈUªJ m¤bjhLnfh£o¦F
tiu­ggL« br§F¤J¡ nfh£o¬ Ús«
mªj t£l¤½¬ Mu¤½¦F rkkhf ,U¡F«.

(m.J) + 
2m1

c

+

 = a

,UòwK« t®¡f¥gL¤j c2 = a2 (1+m2) ,Jnt njitahd f£L¥
ghlhF«

4.5.3 bjhLnfhLfË¬ bjhLeh©bjhLnfhLfË¬ bjhLeh©bjhLnfhLfË¬ bjhLeh©bjhLnfhLfË¬ bjhLeh©bjhLnfhLfË¬ bjhLeh©
xU t£l¤½¦F btËna c´s xU ò´ËÆÈUªJ m²t£l¤½¦F

tiua¥gL« ,u©L bjhLnfhLfË¬ bjhLò´Ëfis¢ nr®¡F« nfhL
bjhLnfhLfË¬ bjhLeh© vd¥gL«.

bjhLehÂ¬ rk¬ghLbjhLehÂ¬ rk¬ghLbjhLehÂ¬ rk¬ghLbjhLehÂ¬ rk¬ghLbjhLehÂ¬ rk¬ghL

t£l¤½¬ rk¬ghLt£l¤½¬ rk¬ghLt£l¤½¬ rk¬ghLt£l¤½¬ rk¬ghLt£l¤½¬ rk¬ghL
x2+y2+2gx+2fy+c = 0  v¬f

P(x
1
, y

1
) v¬w ò´ËÆÈUªJ t£l¤½¦F   PQ ,  PR v¬w

bjhLnfhLf´ tiua¥gL»¬wd.  QR v¬w eh© bjhLnfhLfË¬
bjhLeh© MF«.

P (x
1
, y

1
)

R (x
3
, y

3
)

Q (x
2
, y

2
)

c
.

O(0, 0)

y=mx+c
T

.
a

N
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Q (x
2
, y

2
) R(x

3
, y

3
) v¬w ò´ËfË± tiua¥gL« bjhLnfhLfË¬

rk¬ghLf´

 xx
2
+yy

2
+g(x+x

2
)+f(y+y

2
)+c = 0 ------------------(1)

xx
3
+yy

3
+g(x+x

3
)+f(y+y

3
)+c = 0 ------------------(2)

,²ÉU bjhLnfhLfS« (x
1
, y

1
) tÊ¢ br±tjh± (1),  (2)-ÈUªJ

x
1
x

2
+y

1
y

2
+g(x

1
+x

2
)+f(y

1
+y

2
)+c = 0 ------------------(3)

x
1
x

3
+y

1
y

3
+g(x

1
+x

3
)+f(y

1
+y

3
)+c = 0 ------------------(4)

Mdh± (3), (4)-ÈUªJ (x
2
, y

2
), (x

3
, y

3
) v¬w ò´Ëf´

xx
1
+yy

1
+g(x+x

1
)+f(y+y

1
)+c = 0 ------------------(5)

v¬w nfh£o¬ nk± mik»¬wd vdnt rk¬ghL (5) MdJ

QR-¬ rk¬ghlhF«.

bjhLnfhLfË¬ bjhLehÂ¬ rk¬ghL

xx
1
+yy

1
+g(x+x

1
)+f(y+y

1
)+c = 0

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 20

x 2+y 2-26x+12y+105 = 0 v¬w t£l¤½¦Fv¬w t£l¤½¦Fv¬w t£l¤½¦Fv¬w t£l¤½¦Fv¬w t£l¤½¦F  (7,  2) ±±±±±
tiua¥gL« bjhLnfh£o¬ rk¬gh£il¡ fh©f.tiua¥gL« bjhLnfh£o¬ rk¬gh£il¡ fh©f.tiua¥gL« bjhLnfh£o¬ rk¬gh£il¡ fh©f.tiua¥gL« bjhLnfh£o¬ rk¬gh£il¡ fh©f.tiua¥gL« bjhLnfh£o¬ rk¬gh£il¡ fh©f.

Ô®î :

x2+y2-26x+12y+105 = 0 v¬w t£l¤½¦F  (7, 2) ± tiua¥gL«

bjhLnfh£o¬ rk¬ghL

x(7) + y(2) -13(x+7) + 6(y+2) + 105  =  0

(m.J.) 3x-4y-13 = 0

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 21

x2+y2-64 = 0 v¬w t£l¤½¦Fv¬w t£l¤½¦Fv¬w t£l¤½¦Fv¬w t£l¤½¦Fv¬w t£l¤½¦F 3x+4y-p = 0 v¬w nfhLv¬w nfhLv¬w nfhLv¬w nfhLv¬w nfhL
bjhLnfhblÅ± bjhLnfhblÅ± bjhLnfhblÅ± bjhLnfhblÅ± bjhLnfhblÅ± p-Æ¬ k½¥ig¡ fh©f.Æ¬ k½¥ig¡ fh©f.Æ¬ k½¥ig¡ fh©f.Æ¬ k½¥ig¡ fh©f.Æ¬ k½¥ig¡ fh©f.

Ô®î :

y = mx+c v¬w nfhL

x2+y2 = a2 v¬w t£l¤½¦F bjhLnfhlhf miktj¦fhd f£L¥ghL

 c2 = a2(1+m2)  ------------ (1)
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3x+4y = p-Æ±

m = -
4
3 , c = 

4

p

x2+y2 = 64 -±

a = 64 = 8

(1)  => (
4

p
)2  = 64[(1+(

4
-3 )2]

p2 = 16x100 = 1600

∴ p = + 1600 = +40

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 22

(-1, -3) v¬w ò´ËÆÈUªJv¬w ò´ËÆÈUªJv¬w ò´ËÆÈUªJv¬w ò´ËÆÈUªJv¬w ò´ËÆÈUªJ  x2+y2+x+2y+6 = 0 v¬wv¬wv¬wv¬wv¬w
t£l¤½¦F tiua¥gL« bjhLnfh£o¬ Ús« fh©f.t£l¤½¦F tiua¥gL« bjhLnfh£o¬ Ús« fh©f.t£l¤½¦F tiua¥gL« bjhLnfh£o¬ Ús« fh©f.t£l¤½¦F tiua¥gL« bjhLnfh£o¬ Ús« fh©f.t£l¤½¦F tiua¥gL« bjhLnfh£o¬ Ús« fh©f.

Ô®î :

(-1, -3) v¬w ò´ËÆÈUªJ x2+y2+x+2y+6 = 0 v¬w t£l¤½¦F

tiua¥gL« bjhLnfh£o¬ Ús«

( ) ( ) ( ) ( ) 63-21-3-1-
22

++++  =  3 myFf´.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  4.5

1) x2+y2 = 10 v¬w t£l¤½¦F  (1, 3)-± tiua¥gL« bjhLnfh£o¬

rk¬ghL fh©f.

2) x2+y2+2x-3y-8 = 0 v¬w t£l¤½¦F  (2, 3)-± tiua¥gL« bjhL

nfh£o¬ rk¬ghL fh©f.

3) (2, -3)-ÈUªJ  x2+y2-8x-9y+12 = 0 v¬w t£l¤½¦F tiua¥gL« bjhL

nfh£o¬ Ús« fh©f.

4) lx+my+n = 0 v¬w nfhL x2+y2 = a2 -¡F bjhLnfhlhf miktj¦fhd

f£L¥ghL ahJ?

5) x2+y2 = 169 v¬w t£l¤½¦F (5, 12) k¦W« (12, -5)-± tiua¥gL«

bjhLnfhLf´ x¬W¡bfh¬W br§F¤jhf mikí« vd ÃWîf.

6) (-2, 3)-ÈUªJ  2x2+2y2 = 3 -¡F tiua¥gL« bjhLnfh£o¬ Ús«

fh©f.
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.6

V¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­f

1) P,Q,R v¬gd xU nfh£L¥ ò´Ëf´ nkY« PQ É¬ rh­î = 
3
2 vÅ±

QR ¬ rh­î

(a) 
3
2 (b) -

3
2 (c) 

2
3 (d) -

2
3

2) x+y+7 = 0 v¬w nfhL x  m¢Rl¬ Äif ½irÆ± V¦gL¤J« nfhz«.

(a) 45o (b) 135o (c) 210o (d) 60o

3) 3x-5y+8 = 0 vD« nfh£o¬ rh­î

(a) 
5
3 (b) -

5
3 (c) 

3
5 (d) -

3
5

4) xU nfh£o¬ rh­î < 0 vÅ± m¡nfhL x -m¢Rl¬ V¦gL¤J« nfhz«

(a) FW§nfhz« (b) ÉÇnfhz« (c) 90o (d) 0o

5) njit É½Æ¬ tistiuÆ¬ rh­î

(a) Äif v© (b) Fiwv© (c) 0 (d) ∞

6) ax+by+c = 0 k¦W«  px+qy+r = 0 vD« nfhLf´ br§F¤J¡

nfhLfbsÅ±

(a) p
a

= q
b

(b) 
b
a

=
p

q
(c) 

b
a

=-
q

p
(d) 

b
a

=-
p

q

7) ax+by+c = 0 -¡F br§F¤jhf c´s nfh£o¬ rh­î

(a) -
b
a

(b) -
a
b

(c) 
a
b

(d) 
b
a

8) ax+3y+5 = 0 k¦W«  2x+6y+7 = 0 v¬w nfhLf´ ,izbaÅ± ‘a’ -Æ¬

k½¥ò

(a) 2 (b) -2 (c) 1 (d) 6

9) 2x+3y-7 = 0 k¦W«  3x+ay+5 = 0 vD« nfhLf´ br§F¤J¡

nfhLfbsÅ± ‘a’ Æ¬ k½¥ò

(a) 2 (b) -2 (c) 3 (d) -3

10) x2+y2+6y-9 = 0 v¬w t£l¤½¬ ika«

(a) (0, 3) (b) (0, -3) (c) (3, 0) (d) (-3, 0)

11) ika« (0, 0) k¦W« Mu« 3 myFila t£l¤½¬ rk¬ghL

(a) x2+y2 = 3 (b) x2+y2 = 9 (c) x2+y2 = 3      (d)x2+y2 =3 3
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12) t£l ika« (1, 2) k¦W« t£l¥ gÇ½ÆY´s ò´Ë  (5, 5) vÅ±

É£l¤½¬ Ús«

(a) 5 (b) 45 (c) 10 (d) 50

13) x2+y2+ax+by+9 = 0 v¬w t£l¤½¬ ika« (1, -3) vÅ± Mu«

(a) 10 (b) 1 (c) 5 (d) 19

14) (x-2)2 + (y-4)2 = 25 v¬w t£l¤½¬ gu¥gsî

(a) 25 (b) 5 (c) 10 (d) 25 π

15) x2+y2 = 5 -¡F (1, 2)-± tiua¥gL« bjhLnfh£o¬ rk¬ghL

(a) x+y = 5 (b) x+2y = 5 (c) x-y = 5 (d) x-2y = 5

16) x2+y2-4x+6y-1 = 0 v¬w t£l¤½¦F (3, 4)-ÈUªJ tiua¥gL« bjhL

nfh£o¬ Ús«

(a) 7 (b) 6 (c) 5 (d) 8

17) x2+y2 = 5 v¬w t£l¤½¦F y = 2x + c xU bjhLnfhblÅ±  c-Æ¬

k½¥ò

(a) + 5 (b) + 25 (c) + 5 (d) + 2
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,ª½a®fS«/ »nu¡f®fS« thdÉaiy¥ g¦¿ m¿tj¦fhf
½ÇnfhzÄ½ia xU fUÉahf¥ ga¬gL¤½d®.  ½ÇnfhzÄ½ v¬w
th®¤ij »nu¡f th®¤ijfshd ̀ oÇnfhzhp (Trigona) k¦W« ̀ bk£uh¬p
(Metron) v¬w ,U th®¤ijfËdh± cUth¡f¥g£lJ.  ,j¬bghU´ xU
K¡nfhz¤½¬ nfhz msåLfshF«.  Mu«g¡fhy¤½± ,j¦fhf
k£Lnk ½ÇnfhzÄ½ ga¬gL¤j¥g£lJ. ,¥ghl¥gF½ F¿¥¾L«
tifÆ± nk«gL¤j¥g£L/ j¦nghJ ,j¬ ga¬ghL ÉÇîgL¤j¥
g£L´sJ.

lhyÄ v¬gtuh±jh¬ ,u©lh« ü¦wh©L fhy¤½±
Kj¬Kjyhf ½ÇnfhzÄ½ ò¤jf« vGj¥g£lJ.  #h®÷ bu£o¡fµ
(1514-1577) v¬gt®jh¬ Kj¬Kjyhf ½ÇnfhzÄ½ rh®òfis
br§nfhz§fË¬ _y« tiuaiw br­jh®.  ,j¬_ykhf/ ½ÇnfhzÄ½
fÂj¤½¬ Äf¥gHikahd m§f« vdî«/ ca®fÂj¤½± Äfî« r¡½
th­ªj fUÉahf És§F»wJ v¬gijí« m¿ayh«.

Kªja tF¥òfË± go¤j¿ªj ½ÇnfhzÄ½ fU¤JU¡f´
¼yt¦iw Ãidî T®nth«

Ãidî T®f:Ãidî T®f:Ãidî T®f:Ãidî T®f:Ãidî T®f:

1. nfhz¤½¬ msit (ghifkhÂ Kiw)nfhz¤½¬ msit (ghifkhÂ Kiw)nfhz¤½¬ msit (ghifkhÂ Kiw)nfhz¤½¬ msit (ghifkhÂ Kiw)nfhz¤½¬ msit (ghifkhÂ Kiw)

(a) xU br§nfhz« = 90o (ghiff´)

(b) xU ghif (1o) = 60' (fiyf´)

(c) xU fiy (1') = 60'' (Éfiyf´)

2. RH±Kiw msåL (m) Miua¬ msåLRH±Kiw msåL (m) Miua¬ msåLRH±Kiw msåL (m) Miua¬ msåLRH±Kiw msåL (m) Miua¬ msåLRH±Kiw msåL (m) Miua¬ msåL

Miua¬ :Miua¬ :Miua¬ :Miua¬ :Miua¬ :

Mu¤½¦F rkkhd t£lÉ± t£l¤½¬ ika¤½± jh§F« nfhz«
xU Miua¬ vd¥gL«.  ,ij 1c v¬W F¿¥¾lyh«.  bghJthf “c”

v¬w F¿ÞL ,±yhkY« vGjyh«.

π Miua¬  = 180o,      1 Miua¬  = 57o 17' 45''

O

B

A

r

r

r

1
c

½ÇnfhzÄ½½ÇnfhzÄ½½ÇnfhzÄ½½ÇnfhzÄ½½ÇnfhzÄ½
(TRIGONOMETRY)

5
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nuoa¬nuoa¬nuoa¬nuoa¬nuoa¬
6
 π

4
 π

3
 π

2
 π  π 3

2
 π 2π

ghifghifghifghifghif  30o  45o  60o  90o 180o 270o 360o

3. Ñ³ tF¥òfË± go¤jij¥ngh±nfhz§f´ 90o íl¬ Ã¬WÉlhk±
vªj msthfî« ,U¡fyh«.  nfhz§f´ fofhu« R¦W« Ãiy¡F
v½®½irÆ± ms¡f¥g£lh± Äif¡ nfhzkhF«.  nfhz§f´ fofhu« R¦W«
½irÆ± ms¡f¥g£lh± Fiw¡ nfhzkhF«.

5.1 ½ÇnfhzÄ½ É»j§fË¬ bjhl®òf´½ÇnfhzÄ½ É»j§fË¬ bjhl®òf´½ÇnfhzÄ½ É»j§fË¬ bjhl®òf´½ÇnfhzÄ½ É»j§fË¬ bjhl®òf´½ÇnfhzÄ½ É»j§fË¬ bjhl®òf´
(TRIGONOMETRIC IDENTITIES)

t£lika« O (0, 0) Mu« r myF bfh©l
t£l« x¬iw tiuf. t£l¤½¬ ÛJ P(x, y)

v¬gJ VnjD« xU ò´Ë vd¡bfh´.  PM ⊥

OX v¬¿U¡FkhW tiuf. j¦nghJ
K¡nfhz« ∆OMP xU br§nfhz
K¡nfhzkhF«.  ,¡nfhz¤½¬ xU Kid
Ma¤½Y«/ ,¬bdhU Kid X-m¢¼¬ Äif¥
gF½ÆY« mL¤j Kid/ P t£l¤½¬ Ûjhd
xU ò´Ëahfî« mik»wJ.

|XOP = θ vd it.
∆OMPÆÈUªJ/ OM = x = θ-É¦F mL¤J´s g¡f«

MP  = y = θ-É¦F v½nuí´s g¡f«
OP  = r  = ∆OMP f®z¤½¬ Ús«

tiuaiw

Sine rh®ò : sinθθθθθ = =
r

y 

Cosine rh®ò : cosθθθθθ =  =
r

 x

Tangent rh®ò : tan θθθθθ =  =
x

y 

cosecant, secant k¦W« cotangant rh®òf´ ahî«/ Kiwna sine,

cosine k¦W« tangent rh®òfË¬ jiyÑÊfshF«

i.e.     cosecθθθθθ = 
θsin 

1  = 
y
r 

θ-É¦F v½®g¡f¤½¬ Ús«
θ-É¦F mL¤J´s g¡f¤½¬ Ús«

θ-É¦F mL¤J´s g¡f¤½¬ Ús«
f®z¤½¬ Ús«

θ-É¦F v½® g¡f¤½¬ Ús«
f®z¤½¬ Ús«

→
x1 x

y

y1

O      M

θ

r

P(x, y)

gl« 5.1

y

x

↑

←

↓
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    secθθθθθ = 
θ cos

1  = 
x
r 

    cotθθθθθ = 
θtan 

1  = 
y
 x

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) tanθ = 
θ

θ

cos
sin  ; cotθ = 

θ

θ

sin 
cos 

(ii) XuyF Mu t£l« vÅ± r = 1, vdnt

     sin θ = y   ;    cosec θ = 
y
1

      cos θ = x   ;    sec θ = 
x
1 v¬W mikí«

(iii) rh®òrh®òrh®òrh®òrh®ò          ,iz¢,iz¢,iz¢,iz¢,iz¢     rh®òrh®òrh®òrh®òrh®ò

sine cosine

tangent cotangent

secant cosecant

(iv) (sinθ)2, (secθ)3, (tanθ)4, ... k¦W« bghJthf (sinθ)n v¬gt¦iw
vËik¡fhf Kiwna sin2θ, sec3θ, tan4θ, ...., sinnθ v¬W
vGJj± kuò. Mdh± (cos x)-1 v¬gij cos-1x v¬W vGJj±
TlhJ. VbdÅ± cos-1x v¬gj¬ bghU´ ntWg£ljhF«.
(,J xU nfhzkhF«)

5.1.1 ½ÇnfhzÄ½ K¦bwhUikf´½ÇnfhzÄ½ K¦bwhUikf´½ÇnfhzÄ½ K¦bwhUikf´½ÇnfhzÄ½ K¦bwhUikf´½ÇnfhzÄ½ K¦bwhUikf´

(i) sin2
θ θ θ θ θ  + cos2

θ θ θ θ θ = 1

Ã%gz«:   br§nfhzK¡nfhz« ∆OMPÆÈUªJ (gl« 5.1)

x2 + y2 = r2

 cos2θ + sin2θ  = 1    (Q r = 1)

(ii) 1 + tan2
θ θ θ θ θ = sec2

θθθθθ

Ã%gz« :   1 + tan2θ = 1 + 

2

2

x

y 

= 
2

22

x

 x y+  = 
2

2

x

r  = 
2x

1  = ( )
2

x
1

 = sec2θ
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(iii) 1 + cot2
θ θ θ θ θ = cosec2

θθθθθ

Ã%gz« :   1 + cot2θ = 1 + 2

2

y

 x

= 
2

22

y

xy +
 = 2

2

y

r 
 = 2y

1 
 = ( )2

y
1

= cosec2θ

vdnt

(i) sin2
θ θ θ θ θ + cos2

θ θ θ θ θ = 1

(ii) 1 + tan2θ θ θ θ θ = sec2θθθθθ

(iii) 1 + cot2
θ θ θ θ θ = cosec2

θθθθθ

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 1

cos4A - sin4A = 1-2sin2A  vd Ã%¾. vd Ã%¾. vd Ã%¾. vd Ã%¾. vd Ã%¾.
Ô®î:

cos4A-sin4A = (cos2A + sin2A) (cos2A-sin2A)

= cos2A-sin2A

= 1-sin2A-sin2A

= 1-2sin2A

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 2

(sinA+cosA) (1-sinA cosA) = sin3A + cos3A vd ÃWîfvd ÃWîfvd ÃWîfvd ÃWîfvd ÃWîf

Ô®î:

R.H.S. = sin3A + cos3A

= (sinA+cosA) (sin2A + cos2A - sinA cosA)

= (sinA + cosA) (1-sinA cosA) = L.H.S.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 3

sec4A - 1 = 2tan2A + tan4A vd¡ fh©¾ vd¡ fh©¾ vd¡ fh©¾ vd¡ fh©¾ vd¡ fh©¾

Ô®î :

L.H.S. = Sec4A-1

= (sec2A+1) (sec2A-1)

= (1+tan2A+1) (1+tan2A-1)

= (2+tan2A) tan2A

= 2tan2A + tan4A = R.H.S.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

Acot1

Atan1

2

2

+

+
 = 

Acos

Asin

2

2

  = tan2A  vd ÃWîf vd ÃWîf vd ÃWîf vd ÃWîf vd ÃWîf

Ô®î:

Acot1

Atan1
2

2

+

+  = 
Acosec

Asec
2

2

 = 


















Asin
1

Acos
1

2

2

= 
Acos

Asin
2

2

 = tan2A

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 5

θθθθθθθθ tan  sec

1

−
= secθθθθθ + tanθθθθθ vd ÃWîf vd ÃWîf vd ÃWîf vd ÃWîf vd ÃWîf

Ô®î:

L.H.S. = θθ  tan sec
1
-

gF½/ ÉF½ ,²Éu©ilí« (secθ + tanθ) Édh± bgU¡»dh±

= 
) tan (sec ) tan- sec(

 tan sec
θ+θθθ

θ+θ

= 
θθ

θ+θ

22  tan- sec

 tansec
= secθ + tanθ  =  R.H.S

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 6

tanA  cotB

tanB  cotA

+

+
 = cotA tanB vd ÃWîf. vd ÃWîf. vd ÃWîf. vd ÃWîf. vd ÃWîf.

Ô®î:

L.H.S. = 
 tanA cotB
 tanBcotA 

+

+  = 

cotA
1

tanB
1   

 tanBcotA 

+

+

= 
( )

cotA tanB
 tanBcotA 

 tanBcotA 
+

+

= cotA tanB = R.H.S.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 7

(sinθθθθθ + cosecθθθθθ)2 + (cosθθθθθ + secθθθθθ)2 = tan2
θθθθθ + cot2

θθθθθ + 7 vd ÃWîf. vd ÃWîf. vd ÃWîf. vd ÃWîf. vd ÃWîf.

Ô®î :

L.H.S. = (sinθ + cosecθ)2 + (cosθ + secθ)2

= sin2θ + cosec2θ + 2sinθcosecθ + cos2θ + sec2θ + 2cosθsecθ

= (sin2θ + cos2θ) + (1+cot2θ) + 2 + (1+tan2θ) + 2

= 1 + 6 + tan2θ + cot2θ

= tan2θ + cot2θ + 7 = R.H.S.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 8

(1+cotA+tanA)(sinA-cosA) = 

Acosec

secA

2
 - 

Asec

cosecA

2
 vd ÃWîf vd ÃWîf vd ÃWîf vd ÃWîf vd ÃWîf

Ô®î:

L.H.S. = (1+cotA+tanA)(sinA-cosA)

= sinA - cosA + cotAsinA - cotA cosA + tanAsinA - tanA cosA

= sinA - cosA + cosA -
sinA

Acos 2

 + 
cosA

Asin 2

 - sinA

= 
cosA

Asin 2

 - 
sinA

Acos 2

= 
Acosec

secA
2  - 

Asec

cosecA
2

Ãidî T®f:Ãidî T®f:Ãidî T®f:Ãidî T®f:Ãidî T®f:

θθθθθ  0o   30o   45o  60o   90o

sinθ 0
2
1

2

1

2

3    1

cosθ 1
2

3
2

1

2
1    0

tanθ 0
3

1
1 3    ∞
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 9

A = 45o vÅ±/  (i) sin2A = 2sinA cosA   (ii) cos2A = 1-2sin2A

v¬gdt¦iw rÇgh®¡fî«.v¬gdt¦iw rÇgh®¡fî«.v¬gdt¦iw rÇgh®¡fî«.v¬gdt¦iw rÇgh®¡fî«.v¬gdt¦iw rÇgh®¡fî«.

Ô®î:

(i) L.H.S. = sin2A

= sin90o = 1

R.H.S. = 2sinA cosA = 2sin45o  cos45o

= 2 ( )
2

1
 ( )

2

1

= 1

rÇgh®¡f¥g£lJ.

(ii) L.H.S. = cos2A = cos90o = 0

R.H.S. = 1 - 2sin2A = 1-2sin245o

= 1 - 2 ( )
2

1 2

= 1-1 = 0

rÇgh®¡f¥g£lJ.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 10

4cot245o - sec260o + sin330o = 
8

1  vd Ã%¾.

Ô®î:

L.H.S. = 4cot245o - sec260o + sin330o

= 4(1)2 - (2)2 + (
2
1 )3

= 
8
1

 = R.H.S.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 5.1

1) asin2θ + bcos2θ = c vÅ±/ tan2θ = 
c-a
b-c vd¡ fh£Lf.
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2)  tanAcotA 
1
+ = sinA cosA  vd Ã%¾.

3)
tanA1
tanA1

+

−  = 
1cotA
1-cotA

+
  vd Ã%¾.

4)
θ−sin1

1  + 
θ+sin1

1 = 2sec2θ   vd Ã%¾.

5) cosec4A - cosec2A = cot2A + cot4A  vd Ã%¾.

6)
1-cosecA

cosecA + 
1cosecA

cosecA
+

 = 2sec2A  vd Ã%¾.

7) (1+cotA - cosecA)(1+tanA + secA) = 2  vd Ã%¾.

8)
tanA-1

cosA
 + cotA-1

sinA
= sinA + cosA  vd Ã%¾.

9)
θ

θ

cot-1
tan + 

θ

θ

tan-1
cot  = 1 + cosecθ secθ  vd¡ fh£Lf.

10) 3(sinx - cosx)4 + 6(sinx + cosx)2 + 4(sin6x + cos6x) = 13  vd¡ fh£Lf.

11) A = 30o vÅ± Ñ³tUtdt¦iw rÇgh®¡fî«.

(i) cos2A = cos2A - sin2A = 2cos2A-1 = 1-2sin2A

(ii) sin2A = 2sinA cosA

(iii) cos3A = 4cos3A - 3cosA

(iv) sin3A = 3sinA - 4sin3A

(v) tan2A = 
Atan-1

Atan2
2

12)
3
4

cot230o +2sin260o -2cosec260o -
4
3

tan230o  Æ¬ k½¥ig¡ fh©f.

13) 4cot245o - sec260o + sin330o  Æ¬ k½¥ig¡ fh©f.

14) cos
4
π

cos
3
π

 - sin
4
π

sin
3
π  Æ¬ k½¥ig¡ fh©f.

15) secA + tanA = 
2
3

 vÅ±, tanA = 
12
5  vd ÃWîf.

16) 4tanA = 3 vÅ±, 
cosAsinA
2cosA-Asin5

+
= 1 vd¡ fh©¾.
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17) acosθ + bsinθ = c k¦W« bcosθ - a sinθ = d vÅ±/ a2+b2 = c2+d2

vd¡ fh©¾.

18) tanθ = 7

1
 vÅ± 

θsec  θcosec

θsec-θcosec
22

22

+
Æ¬ k½¥ò fh©f.

19) sec2θ = 2+2tanθ vÅ±, tanθ  it¡ fh©f.

20) x = secθ + tanθ vÅ±/ sinθ = 
1x

1x
2

2

+

−  vd¡ fh©¾.

5.2 ½ÇnfhzÄ½ É»j§fË¬ F¿f´½ÇnfhzÄ½ É»j§fË¬ F¿f´½ÇnfhzÄ½ É»j§fË¬ F¿f´½ÇnfhzÄ½ É»j§fË¬ F¿f´½ÇnfhzÄ½ É»j§fË¬ F¿f´
(SIGNS OF TRIGONOMETRIC RATIOS)

5.2.1 0o nfhz å¢¼ÈUªJ nfhz å¢¼ÈUªJ nfhz å¢¼ÈUªJ nfhz å¢¼ÈUªJ nfhz å¢¼ÈUªJ 360o nfhz å¢R tiuÆ±nfhz å¢R tiuÆ±nfhz å¢R tiuÆ±nfhz å¢R tiuÆ±nfhz å¢R tiuÆ±
½ÇnfhzÄ½ É»j§fË± V¦gL« F¿fË¬ kh¦w§f´.½ÇnfhzÄ½ É»j§fË± V¦gL« F¿fË¬ kh¦w§f´.½ÇnfhzÄ½ É»j§fË± V¦gL« F¿fË¬ kh¦w§f´.½ÇnfhzÄ½ É»j§fË± V¦gL« F¿fË¬ kh¦w§f´.½ÇnfhzÄ½ É»j§fË± V¦gL« F¿fË¬ kh¦w§f´.
Mu myF  r,  t£l ika« O(0,0) v¬w t£l¤ij tiuf. P(x,y)

v¬w ò´Ëia t£l¤½¬ÛJ vL¤J¡bfh´f.

→
x1 x

y

y1

O        M

θ

r

P(x, y)

gl« 5.2(a)

↑

←

↓

→
x1 x

y

y1

M

         O

θ

r

P(x, y)

gl« 5.2(c)

→

x1 x

y

y1

o  Mθ

r
P(x, y)

gl« 5.2(d)

↑ ↑

←

↓

←

↓

→
x1 x

y

y1

M     O

θ

r

P(x, y)

gl« 5.2(b)

↑

←

↓
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RH¦nfhL OP=r, OX-l¬ nfhz msî θ−it V¦gL¤JkhW
bfh´f.

ÃiyÃiyÃiyÃiyÃiy (1) θθθθθ
o  Kj± fh± gF½Æ± ,U¡ifÆ±Kj± fh± gF½Æ± ,U¡ifÆ±Kj± fh± gF½Æ± ,U¡ifÆ±Kj± fh± gF½Æ± ,U¡ifÆ±Kj± fh± gF½Æ± ,U¡ifÆ±  i.e. 0o < θθθθθ < 90o

tiugl« 5.2(a)ÆÈUªJ/ ,§F  x, y  ,itÆu©L« ÄifahF«.
vdnt v±yh ½ÇnfhzÄ½ É»j§fS« Äif¡ F¿íilajhF«.

ÃiyÃiyÃiyÃiyÃiy (2) θθθθθ   ,u©lh« fh±gF½Æ± ,U¡ifÆ±,u©lh« fh±gF½Æ± ,U¡ifÆ±,u©lh« fh±gF½Æ± ,U¡ifÆ±,u©lh« fh±gF½Æ± ,U¡ifÆ±,u©lh« fh±gF½Æ± ,U¡ifÆ±     i.e. 90o <θθθθθ < 180o

tiugl« 5.2(b)ÆÈUªJ/ ,§F  x-Fiw nkY« y-Äif.  vdnt
sinθ Äifahfî«/ cosθ k¦W« tanθ  Fiwahfî« ,U¡F«.

ÃiyÃiyÃiyÃiyÃiy (3) θ θ θ θ θ _¬wh« fh±gF½Æ± ,U¡ifÆ±_¬wh« fh±gF½Æ± ,U¡ifÆ±_¬wh« fh±gF½Æ± ,U¡ifÆ±_¬wh« fh±gF½Æ± ,U¡ifÆ±_¬wh« fh±gF½Æ± ,U¡ifÆ± i.e. 180o <θθθθθ <270o

tiugl« 5.2(c) ÆÈUªJ x, y ,itÆu©L« FiwahF«.  vdnt
sinθ k¦W« cosθ Fiwahfî«  tanθ  Äifahfî« ,U¡F«.

ÃiyÃiyÃiyÃiyÃiy (4) θ θ θ θ θ eh¬fh« fh±gF½Æ± ,U¡ifÆ±eh¬fh« fh±gF½Æ± ,U¡ifÆ±eh¬fh« fh±gF½Æ± ,U¡ifÆ±eh¬fh« fh±gF½Æ± ,U¡ifÆ±eh¬fh« fh±gF½Æ± ,U¡ifÆ± i.e. 270o <θθθθθ < 360o

tiugl« 5.2(d) ÆÈUªJ x-Äif nkY« y-Fiw. vdnt sinθ k¦W«
tanθ Fiw   nkY« cosθ  Äif.

vdnt/

½Ç»nzhÄ½ rh®òfË¬ F¿fis ,ªj m£ltizÆ¬ _y«
vËjhf Ãidî Twyh«.

A → Ι M« fh±gF½Æ± v±yh (All) ½ÇnfhzÄ½ É»j§fS« Äif
k½¥òiladthF«.

S → II  M« fh±gF½Æ±  Sinθ  nkY«  Cosecθ  k£Lnk Äif
k½¥òiladthF« ¾w mid¤J« Fiw k½¥òiladthF«.

T → III  M« fh±gF½Æ±  Tanθ  k¦W«  Cotθ  k£Lnk Äif
k½¥òiladthF«/ ¾w mid¤J« Fiw k½¥òiladthF«.

C → IV M« fh±gF½Æ±  Cosθ  nkY«  Secθ  k£Lnk Äif
k½¥òiladthF«/ ¾w mid¤J« Fiw k½¥òiladthF«.

fh±gF½fh±gF½fh±gF½fh±gF½fh±gF½ sinθθθθθ cosθθθθθ tanθθθθθ cosecθθθθθ secθθθθθ cotθθθθθ

I

II

III

IV

+

+

-

-

+

-

-

+

+

-

+

-

+

+

-

-

+

-

-

+

+

-

+

-

S   A

T   C
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5.2.2 bfhL¡f¥g£l nfhz« mikí« fh±gF½iabfhL¡f¥g£l nfhz« mikí« fh±gF½iabfhL¡f¥g£l nfhz« mikí« fh±gF½iabfhL¡f¥g£l nfhz« mikí« fh±gF½iabfhL¡f¥g£l nfhz« mikí« fh±gF½ia
Ã®zÆ¤j±Ã®zÆ¤j±Ã®zÆ¤j±Ã®zÆ¤j±Ã®zÆ¤j±

θ < 90o vd¡bfh´. ¾¬ò

(90o-θ) Kj± fh±gF½ÆY«        (270o-θ) _¬wh« fh±gF½ÆY«

(90o+θ) ,u©lh« fh±gF½ÆY« (270o+θ) eh¬fh« fh±gF½ÆY«

(180o-θ) ,u©lh« fh±gF½ÆY« (360o-θ) eh¬fh« fh±gF½ÆY«

(180o+θ) _¬wh« fh±gF½ÆY«    (360o+θ) Kj± fh±gF½Æ± miktdthF«

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) 90o I (m) II M« fh±gF½Æ± miktjhf¡bfh´syh«
(ii) 180o II (m) III M«  fh±gF½Æ± miktjhf¡bfh´syh«
(iii) 270o III (m) IV M«  fh±gF½Æ± miktjhf¡bfh´syh«
(iv) 360o IV (m) I M«  fh±gF½Æ± miktjhf¡bfh´syh«

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 11

              Ñ³tU« nfhz§f´ vªj fh±gF½fË± mikí«Ñ³tU« nfhz§f´ vªj fh±gF½fË± mikí«Ñ³tU« nfhz§f´ vªj fh±gF½fË± mikí«Ñ³tU« nfhz§f´ vªj fh±gF½fË± mikí«Ñ³tU« nfhz§f´ vªj fh±gF½fË± mikí«
v¬gij Ã®zÆ¡fî«v¬gij Ã®zÆ¡fî«v¬gij Ã®zÆ¡fî«v¬gij Ã®zÆ¡fî«v¬gij Ã®zÆ¡fî«

   (i) 210o (ii) 315o (iii) 745o

gl« 5.3(a)ÉÈUªJ
210o = 180o + 30o

180o + θo v¬w
toÉ± c´sJ
∴ 210o _¬wh«
fh±gF½Æ± mikí«

gl« 5.3(b)ÉÈUªJ
315o = 270o + 45o

270o + θo v¬w
toÉ± c´sJ
∴ 315o eh¬fh«
fh±gF½Æ± mikí«

gl« 5.3(c)ÉÈUªJ
745o = ,U KG
RH¦¼ nkY« 25o

745o=2x360o+25o

∴ 745o Kjyh«
fh±gF½Æ± mikí«

x'  x

y

y'

210o

gl« 5.3(a)

o →

gl« 5.3(b)

→
x' x

y

y'

315o

o

gl« 5.3(c)

→
x' x

y

y'

745o

o

↑ ↑ ↑

←

↓

←

↓

←

↓



164

E© fÂj¤½¬ fU¤J¡fS´/ rh®¾¬ fU¤J xU Äf K¡»akhd
fU¤JUthF«.  m¬whl th³¡ifÆ± rh®¾¬ fU¤J ga¬gL¤j¥
gL»wJ.  cjhuzkhf/ ``m©zh¥ g±fiy¡ fHf¤½± ¾.bl¡. go¥ò
gÆY« x²bthU khztD¡F« go¥¾¬ KoÉ± nj®¢¼¡ F¿ÞL
tH§f¥gL»wJpp/ v¬w th¡»a« xU rh®ig¡ F¿¡F«.  ,ªj
th¡»a¤ij Muh­ifÆ±/ rh®¾¦fhd njití´s c£fU¤J¡fis¡
fhzyh«.

,²th¡»a¤½ÈUªJ eh« m¿tJ v¬dbtÅ±/ khzt®fis
Kj± fzkhfî«/ tiuaW¡f¥g£l nj®¢¼¡ F¿ÞLf´ ,u©lhtJ
fzkhfî«/ Kj± fz¤½± ,U¡F« x²bthU cW¥¾idí« ,u©lh«
fz¤½± jÅ¤jÅna xnu X® cW¥òl¬ xU É½¥go cwîgL¤j¥
gL»wJ.

,nj ngh¬W/ filÆ± ,U¡F« x²bthU É¦gid¥ bghUS¡F«
jÅ¤jÅna XU Éiy ,U¥gij¡ fhzyh«.  bghUshjhu ghl¤½±/ ,nj
ngh¬W bkh¤j bryî k¦W« c¦g¤½ ,itÆu©o¬ bjhl®ig rh®ò
vd¡ fUjyh«.

Mifah± ,U cW¥ò¡fis/ Kj±cW¥¾¬ k½¥¾¦nf¦wthW
,u©lhtJ cW¥¾¦F Ã¢ra k½¥ò ,U¡FkhW xU É½ia
V¦gL¤J«nghJ ,u©lhtJ cW¥ò/ Kjyh« cW¥¾¬ rh®ò k½¥ò vd
m¿a¥gL»wJ.

6.1. bk­ k½¥¾¬ rh®òf´bk­ k½¥¾¬ rh®òf´bk­ k½¥¾¬ rh®òf´bk­ k½¥¾¬ rh®òf´bk­ k½¥¾¬ rh®òf´
(FUNCTION OF A REAL VALUE)

(i) kh¿Èkh¿Èkh¿Èkh¿Èkh¿È (constant) :

fÂj¤½±/ vªj ̀ `x¬Wpp j¬Dila k½¥ig/ fz¡ÑLfË¬nghJ
kh¦whk± it¤J´snjh mj¦F kh¿È v¬W bga®.  ,ij a, b, c... v¬w
vG¤J¡fsh± F¿¥gJ kuò.

rh®òfS« mt¦¿¬ tiugl§fS«
(FUNCTIONS AND THEIR GRAPHS) 6
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vL¤J¡fh£lhf : xU Miua¬ v¬gJ kh¿È nfhzkhF«.  xU
bk­ba©kh¿ÈahF«.

(ii) kh¿kh¿kh¿kh¿kh¿ (Variable) :

fz¡Ñ£o¬nghJ vªj ` `x¬Wpp  g¬k½¥ò bfh©lhjhf
mik»wnjh mJ kh¿ v¬wiH¡f¥gL»wJ. ,ij x, y, z,... v¬w
vG¤J¡fsh± F¿¥gJ kuò.

vL¤J¡fh£lhf : 4x+3y = 1 v¬w rk¬gh£o± “x” k¦W« “y”

,itÆu©L« kh¿fshF«.   ,itÆu©L« 4x+3y = 1 v¬w ne®nfh£o¬
ÛJ mikí« ò´ËfS´ x¬whF«.  Mifah± nfh£o¬ÛJ´s bt²ntW
ò´Ëfis F¿¥¾LifÆ±/ x, y  ,itÆu©L« bt²ntW k½¥ig¥
bgW«.

kh¿f´ ,U tif¥gL«:

(i) rhuh kh¿rhuh kh¿rhuh kh¿rhuh kh¿rhuh kh¿    (ii) rh®ªj kh¿rh®ªj kh¿rh®ªj kh¿rh®ªj kh¿rh®ªj kh¿

xU kh¿ j¬Å¢irahf vªj xU k½¥igí« bgw¡ToajhÆ¬
m«kh¿ rhuh kh¿rhuh kh¿rhuh kh¿rhuh kh¿rhuh kh¿ v¬wiH¡f¥gL«.

xU kh¿/ j¬Dila k½¥ig k¦bwhU kh¿Æ¬ k½¥ig bghW¤J
bgWkhÆ¬ m«kh¿ rh®ªj kh¿rh®ªj kh¿rh®ªj kh¿rh®ªj kh¿rh®ªj kh¿ vd miH¡f¥gL«.

,²tifÆ± y = 5x2-2x+3  v¬w rk¬gh£o±  “x” v¬gJ rhuh
kh¿ahfî«/ “y”  v¬gJ rh®ªj kh¿ahfî« k¦W«  “3”  v¬gij
kh¿Èahfî« m¿a¥gL»wJ.  nkY«  “x” v¬gij k½¥gf« v¬W«  “y”

v¬gij å¢rf« v¬W« Twyh«.

6.1.1 _oa k¦W« ½wªj ,ilbtËf´_oa k¦W« ½wªj ,ilbtËf´_oa k¦W« ½wªj ,ilbtËf´_oa k¦W« ½wªj ,ilbtËf´_oa k¦W« ½wªj ,ilbtËf´
A, B v¬gd Kiwna  a, b v¬w

bk­ba©fis¡ F¿¡f£L«/ ,§F  a < b.

A, B ¡F ,ilÆ± mik»¬w v±yh
ò´ËfS¡FÇa bk­ba©f´ bgW« k½¥ò
x.  a, b ¡F ,ilÆ±  a < x < b v¬wthW
k½¥ò bgW«.

,j¬ KG Ãiyiaí« Ñ³¡f©l
KiwÆ± M­î br­ayh«.

(i) ½wªj ,ilbtË½wªj ,ilbtË½wªj ,ilbtË½wªj ,ilbtË½wªj ,ilbtË
{x : a < x < b} v¬w fz« ½wªj ,ilbtË vd miH¡f¥gL»wJ.

,J (a, b) vd F¿¡f¥gL»wJ.

A B

a b−∞ ∞
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,ªj ,ilbtËÆ± Koî¥ ò´Ëf´ nr®¡f¥glÉ±iy
(c£glÉ±iy).

vL¤J¡fh£lhf : (4/ 6) v¬w ,ilbtËÆ± 3 xU cW¥ò ,±iy/
Mdh± 5.9 xU cW¥ghF« (4/ 6)-± 4-«/ 6-« cW¥ò¡f´ m±y.

(ii) _oa ,ilbtË_oa ,ilbtË_oa ,ilbtË_oa ,ilbtË_oa ,ilbtË
{x : a < x < b} v¬w fz« _oa ,ilbtË vd miH¡f¥gL»wJ

[a, b] vd¡ F¿¡f¥gL»wJ.

[a, b] ,ilbtËÆ± Koî¥ ò´Ëf´ c£gL¤j¥g£L´sJ.

vL¤J¡fh£lhf [4, 6]  v¬w ,ilbtËÆ± 4-«/ 6-« cW¥ò¡f´
MF«.

nkY«/ gh½ _oa/ gh½ ½wªj ,ilbtËfis¥ g¦¿ eh« ,§F
F¿¥¾l nt©oí´sJ.

mjhtJ (a, b] = {x : a < x < b} v¬gJ ,l¥òw« (,lJ) ½wªj
,ilbtË vd miH¡f¥gL»wJ.

nkY« [a, b) = {x : a < x < b} v¬gJ ty¥òw« (tyJ) ½wªj
,ilbtË vd¥gL»wJ.

Óuhf v±yh ÃiyfËY« b-a = h  v¬gij ,ilbtËÆ¬ Ús«
vd miH¡f¥gL»wJ.

6.1.2 xU ò´ËÆ¬ m©ikaf« xU ò´ËÆ¬ m©ikaf« xU ò´ËÆ¬ m©ikaf« xU ò´ËÆ¬ m©ikaf« xU ò´ËÆ¬ m©ikaf« (Neighbourhood of a point)

a v¬gij VnjD« xU bk­ba© vd¡bfh´nth«,   ∈>0 v¬gij
xU Äf Äf¢¼¿a bk­ba©zhf vL¤J¡bfh´nth«.  (a-∈, a+∈) v¬w
½wªj ,ilbtË/ ò´Ë “a”-É¬ “∈” m©ikaf« vd miH¡f¥gL«.
,ij N

a, ∈
  v¬w F¿Þ£lh± F¿¡fyh«.

vL¤J¡fh£lhf N
3
,

4
1   = (3-

4
1 , 3+

4
1 )

     = {x : 
4

11 < x <
4

13 }

N
2
,

5
1  = (2-

5
1 , 2+

5
1 )

      = {x : 
5
9  < x <

5
11 }

a            b(     )−∞ ∞

a            b[     ]−∞ ∞
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6.1.3 rh®òf´rh®òf´rh®òf´rh®òf´rh®òf´

tiuaiwtiuaiwtiuaiwtiuaiwtiuaiw

fz« AÆÈUªJ fz« B ¡F tiuaW¡f¥g£l rh®ò v¬gJ ‘A’±
c´s x²bthU cW¥igí« ‘B’± c´s xnu xU cW¥òl¬ bjhl®ògL¤J«
É½ahF«. A v¬w fz« rh®¾¬ k½¥gf« vdî« B v¬gJ Jiz
k½¥gf« vdî« miH¡f¥gL»wJ.

A-ÆÈUªJ B-¡F tiuaW¡f¥gll rh®ig  f : A→B vd eh«
vGJ»nwh«.  f -I jÉu/ F, g, φ k¦W« ¾w F¿ÞLfisí«/ rh®ig¡ F¿¥¾l
ga¬gL¤J»nwh«.

A-Æ± c´s xU cW¥ò ‘a’-I  ‘B’-± c´s vªj xnuxU cW¥òl¬
‘f’dh± bjhl®ògL¤j¥gL»wnjh mJ ‘a’Æl¤J ‘f’-¬ k½¥ò m±yJ ‘f’-¬
Ñ³ ‘a’-É¬ ¾«g« v¬W miH¡f¥gL»wJ.

eh« rh®òfis Ñ³¡f©lthW gl« _y« F¿¥¾lyh«

f : A→B

x  v¬gij k½¥gf« A-Æ¬ VnjD« X® cW¥ghfî«  x-¦fhd  f -¬
k½¥ig “y” vdî« F¿¥¾lyh«.

y = f(x) v¬W vGjyh«.  “y-ahdJ x-¬ rh®ò” v¬W go¡fyh«.
k½¥gf¤½± c´s x²bthU ò´ËÆl¤J« rh®¾¬ k½¥ghdJ/ rh®ò
É½ah± bgw¥gL«.  v¥bghGJ« rh®ghdJ xU th­¥ghlhfnth/ tÇir¢
nrhoahfnth/ m£ltizahfnth m±yJ m¿îW¤jÈ¬ fzkhfnth
,U¡fyh«.

xU rh®ò ,aª½u¤ij¥ ngh¬wnj.  m½± k½¥gf¤½± c´s xU
cW¥ig¥ nghL«bghGJ å¢rf¤½± c´s mj¦F x¤j k½¥ghf btË
tU»wJ.

a f(a)

gl« 6.1
k½¥gf« Jizk½¥gf«
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f(x) = x3  v¬w rh®ig¡ fUJf.

         gl« (6.2)

Ñ³¡f©l rk¬ghLfis¡ fUjyh«.

(i) y = x2-4x+3

(ii) y = sin2x

(iii) y = mx + c

(iv) V = 

3

h
2

rπ

(v) s = ut + 
2

at 2

(i)  y -ahdJ  x -¬ rh®ò vd TW»nwh«.
(ii),  (iii) -±  y,  x -¬ rh®ò (m,  c  v¬git kh¿Èf´)

(iv) V -ahdJ r,  h -± rh®ò  (,U kh¿Èf´)

(v) S -MdJ u, t k¦W« a -± xU rh®ò  (_¬W kh¿f´)

6.1.4 rh®¾¬ m£ltiz¡ F¿ÞLrh®¾¬ m£ltiz¡ F¿ÞLrh®¾¬ m£ltiz¡ F¿ÞLrh®¾¬ m£ltiz¡ F¿ÞLrh®¾¬ m£ltiz¡ F¿ÞL
m£ltiz¥gL¤j¥g£l nrhjid KothdJ/ ms¡f¥g£l

msåLfS¡»ilÆyhf rh®¾¬ bjhl®¾id btË¥gL¤J»wJ.

vL¤J¡fh£lhf/ thÅiy m¿¡if ika¤½± xU F¿¥¾£l ehË±
bgw¥g£l bt¥gÃiy msåL T (o»Ç) v¬gJ neu« t(kÂ)ia¢ rh®ªjJ.

t 1 2 3 4 5 6 7 8 9 10

T 22 21 20 20 17 23 25 26 26.5 27.3

,ªj m£ltiz T -ahdJ  t-± xU rh®ò vd tiuaW»wJ. nkY«
,ij T = f(t) ah± F¿¡fyh«.

,nj ngh¬W ½ÇnfhzÄ½ rh®òfË¬ m£ltiz/ kl¡iffË¬
m£ltiz/ nkY« gy rh®òfis m£ltiz toÉ± fhz¥gL«.

k½¥gf¤½±
c´s v©c´ns
br±»wJ

rh®¾¬ É½
f(x)=x3

c´ns br±Y« v©Â¬
rh®ò k½¥ò btËna

tU»wJ
27

↓

3

→
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6.1.5 rh®¾¬ tiugl És¡f«rh®¾¬ tiugl És¡f«rh®¾¬ tiugl És¡f«rh®¾¬ tiugl És¡f«rh®¾¬ tiugl És¡f«
rhuhj kh¿ x -¬ k½¥òfis/ x-m¢R bjhiythfî«/ rh®¾¬ _y«

m«k½¥òfS¡F x¤j ‘y’-¬ k½¥òfis y-m¢R bjhiythfî« bg¦W
(x, y) v¬w ò´ËfË¬ bjhF¥ig xy js¤½± F¿¥¾L« Kiw¡F ̀rh®¾¬
tiugl« És¡f«p v¬W miH¡f¥gL»wJ.

6.1.6 rh®òfË¬ br§F¤J nfhL nrhjidrh®òfË¬ br§F¤J nfhL nrhjidrh®òfË¬ br§F¤J nfhL nrhjidrh®òfË¬ br§F¤J nfhL nrhjidrh®òfË¬ br§F¤J nfhL nrhjid
x Ma bjhiy rkkhfî«/ ntWg£l y Ma bjhiyîfis¥ bg¦w

,U tÇir nrhofis¡ fUJnth«.  ,²ÉU tÇir¢ nrhofË¬
tiugl¥ ò´Ëf´ xU br§F¤J¡ nfh£o± mikí«.  ,«KiwahdJ
xU tiugl«/ rh®¾¬ tiugl¤ij¡ F¿¡»wjh vd m¿ayh«.

nrhjidnrhjidnrhjidnrhjidnrhjid :

xU br§F¤JnfhL xU tiugl¤ij x¬¿¦F nk¦g£l ò´ËfË±
bt£Lkhdh± m²tiugl«/ xU rh®¾¬ tiugl« m±y.

Ñ³¡ f©l tiugl§f´ rh®¾¬ tiu gl§f´ m±y

gl§f´ (6.3), (6.4), (6.5) ÈUªJ br§F¤J¡ nfhLf´ tis tiuia
x¬¿¦F nk¦g£l ò´ËfË± bt£Ltij fhz Ko»wJ.  vdnt
,²tiugl§f´ rh®¾¬ tiugl¤ij¡ F¿¡fhJ.

gl« (6.6),  (6.7) -± vªj xU F¤J¡nfhL« tistiuia x¬¿¦F
nk¦g£l ò´ËfË± bt£lÉ±iy vdnt ,J br§F¤J¡nfh£L¢
nrhjidia Ãiwî br­tjh± rh®òfË± tiugl§fshF«.

x'

y

y'

gl« 6.3

x

x'

y

y'

gl« 6.4

x

x'

y

y'

gl« 6.5

x

x'

y

y'

gl« 6.6

x x'

y

y'

gl« 6.7

x
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 1

(i) 3.5 < x < 7.5 v¬w ,ilbtËÆ¬ Ús« v¬d?v¬w ,ilbtËÆ¬ Ús« v¬d?v¬w ,ilbtËÆ¬ Ús« v¬d?v¬w ,ilbtËÆ¬ Ús« v¬d?v¬w ,ilbtËÆ¬ Ús« v¬d?
(ii) H = {x : 3 < x < 5} vÅ±vÅ±vÅ±vÅ±vÅ±  4.7 ∈∈∈∈∈H vd ,U¡f Koíkh?vd ,U¡f Koíkh?vd ,U¡f Koíkh?vd ,U¡f Koíkh?vd ,U¡f Koíkh?
(iii) H = {x : -4 < x < 7} vÅ±vÅ±vÅ±vÅ±vÅ± -5 ∈∈∈∈∈H vd ,U¡f Koíkh?vd ,U¡f Koíkh?vd ,U¡f Koíkh?vd ,U¡f Koíkh?vd ,U¡f Koíkh?
(iv) -3 ∈∈∈∈∈(-3, 0) v¬gJ rh¤½akhFkh v¬gJ rh¤½akhFkh v¬gJ rh¤½akhFkh v¬gJ rh¤½akhFkh v¬gJ rh¤½akhFkh?

Ô®î :

(i) ,§F ,ilbtË [a, b]  = [3.5, 7.5]

∴ ,ilbtËÆ¬ Ús« = b-a = 7.5 - 3.5 = 4

(ii) M«/ VbdÅ± 4.7/ v¬gJ 3-¦F« 5-¦F« ,ilÆ± c´s
xU ò´ËahF«.

(iii) ,±iy/ VbdÅ± -5 v¬gJ bfhL¡f¥g£l ,ilbtË¡F
btËÆ± c´sJ.

(iv) rh¤½ak±y VbdÅ± ½wªj ,ilbtËÆ± Koî¥ ò´Ëf´
nr®¡f¥glkh£lhJ vdnt -3∉ (-3, 0)

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 2

f(x) = 3x-1 v¬w rh®¾¬ tiugl« tiufv¬w rh®¾¬ tiugl« tiufv¬w rh®¾¬ tiugl« tiufv¬w rh®¾¬ tiugl« tiufv¬w rh®¾¬ tiugl« tiuf

Ô®î :

y = f(x) v¬f.

∴  y = 3x-1 v¬w rh®ig eh« tiua nt©L«
‘x’ -¡F g½yhf VnjD« xU v©iz¥ ¾u½Æ£L
mj¦F jFªj ‘y’ -¬ k½¥ig¡ fhz nt©L«.
vdnt ,²thW m£ltizia¥ bgwyh«.

x 0 1 2 -1 -2

y -1 2 5 -4 -7

,²t£lizÆ± c´s ò´Ëfis x, y js¤½± F¿¤J/ ò´Ëfis
,iz¤jh± ne®nfhL »il¡F«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 3

f(x) = x2-5 v¬w rh®¾¬ tiugl« tiuf.v¬w rh®¾¬ tiugl« tiuf.v¬w rh®¾¬ tiugl« tiuf.v¬w rh®¾¬ tiugl« tiuf.v¬w rh®¾¬ tiugl« tiuf.

Ô®î :

eh«  ‘x’-¡F ¼y v©fis¤ nj®î br­nth« mj¦F x¤j y-¦F
y k½¥òfis¡ fh©ngh«.

x'

y

y'

x
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m£ltiz (0, -5), (-1, 4) k¦W« gy
tÇir¢ nrhofis¤ jU»wJ.  ,¤jifa
ò´Ëfis xy js¤½± F¿¤J ,iz¥gj¬
_y« tiugl« »il¡»wJ.

x 0 1 2 3 -1 -2 -3

y -5 -4 -1 4 -4 -1 4

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

f(x) = x2-x+1  v¬W bfhL¡f¥g£l rh®¾±v¬W bfhL¡f¥g£l rh®¾±v¬W bfhL¡f¥g£l rh®¾±v¬W bfhL¡f¥g£l rh®¾±v¬W bfhL¡f¥g£l rh®¾±
(i) f(o)     (ii) f(-1) (iii) f(x+1) fh©.fh©.fh©.fh©.fh©.

Ô®î :

f(x) = x2-x+1

(i) f(o) = o2-o+1 = 1

(ii) f(-1) = (-1)2 -(-1)+1 = 3

(iii) f(x+1) = (x+1)2 - (x+1) + 1

= x2+2x+1-x-1+1  = x2+x+1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 5

f : R→→→→→R f(x) =  





<+

≥

2 x  if  2x

2x if4x  -x
2

  vd tiuaW¡f¥go¬vd tiuaW¡f¥go¬vd tiuaW¡f¥go¬vd tiuaW¡f¥go¬vd tiuaW¡f¥go¬

(i) f(-3)    (ii) f(5)      (iii) f(0)  ,t¦iw¡ fh©f.,t¦iw¡ fh©f.,t¦iw¡ fh©f.,t¦iw¡ fh©f.,t¦iw¡ fh©f.

Ô®î :

x = -3; vD«bghGJ f(x) = x+2    ∴ f(-3) = -3+2 = -1

x = 5 ;  vD«bghGJ f(x) = x2-4x  ∴ f(5) = 25 - 20 = 5

x= 0 ;  vD«bghGJ f(x) = x+2    ∴ f(o) = 0+2  = 2

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 6

f(x) = sinx ; g(x) = cosx vÅ±vÅ±vÅ±vÅ±vÅ±  f(ααααα+βββββ) = f(ααααα) g(βββββ) + g(ααααα) f(βββββ) vdvdvdvdvd
ÃWîf.ÃWîf.ÃWîf.ÃWîf.ÃWîf.

Ã%gz« :

f(x)  = sinx

∴ f(α+β) = sin (α+β) -------------(1)

f(α) = sinα ; f(β) = sinβ

g(α) = cosα ; g(β) = cosβ [Qg(x) = cosx]

,¥bghGJ

f(α) . g(β) + g(α) f(β)

x'

y

y'

x

y=x2-5
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= sinα  cosβ + cosα  sinβ

= sin (α+β) --------------(2)

(1), (2) ÈUªJ eh« bgWtJ
f(α+β) = f(α) g(β) + g(α) . f(β)

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 7

A = {-2, -1, 0, 1, 2} ,  f : A→→→→→R  f(x) = x2+3 vd tiuaW¡f¥go¬vd tiuaW¡f¥go¬vd tiuaW¡f¥go¬vd tiuaW¡f¥go¬vd tiuaW¡f¥go¬
rh®òrh®òrh®òrh®òrh®ò  f ¬ å¢rf« fh©.¬ å¢rf« fh©.¬ å¢rf« fh©.¬ å¢rf« fh©.¬ å¢rf« fh©.

Ô®î :

f (x)   = x2+3

f (-2)  = (-2)2+3 = 4+3 = 7

f (-1)  = (-1)2+3 = 1+3 = 4

f (0)   = 0 + 3 = 3

f (1)   = 12 + 3 = 4

f (2)   = 22 + 3 = 7

vdnt å¢rf« {3, 4, 7}

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 8

f(x) = 
x1

x-1

+
 vÅ±vÅ±vÅ±vÅ±vÅ± f(-x) = 

( )xf

1  vd¡ fh©fvd¡ fh©fvd¡ fh©fvd¡ fh©fvd¡ fh©f

Ô®î :

f(x) = 
x1
x-1

+

∴ f(-x) = 
( )

( )x-1

-x-1

+
 = 

x-1
x1+

 = 
( )xf
1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 9

f(x, y) = ax2 + bxy2+cx2y + dy3  vÅ± ¾¬tUtdt¦iw¡ fh©fvÅ± ¾¬tUtdt¦iw¡ fh©fvÅ± ¾¬tUtdt¦iw¡ fh©fvÅ± ¾¬tUtdt¦iw¡ fh©fvÅ± ¾¬tUtdt¦iw¡ fh©f

(i) f(1, 0)     (ii) f(-1, 1)

Ô®î :

f(x, y) = ax2+bxy2+cx2y+dy3 ---------------(1)

f(1, 0)fh©gj¦F ; x = 1 , y = 0 vd (1)-± ¾u½ÆLnth«.
∴ f(1, 0) = a(1)2 + 0 + 0 + 0 = a

f(-1, 1)ia¡ fhz ;  x = -1 k¦W« y = 1 vd rk¬ghL (1)± ¾u½Æl
∴ f(-1, 1) = a(-1)2 + b(-1)(1)2 + c(-1)2(1) + d(1)3

f(-1, 1) = a - b + c + d
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 10

f(x) = x2+3 vÅ± vÅ± vÅ± vÅ± vÅ± -3<x<3, x∈∈∈∈∈R v¬w v±iyÆ±v¬w v±iyÆ±v¬w v±iyÆ±v¬w v±iyÆ±v¬w v±iyÆ±
(i)  x-¬ v«k½¥¾¦F-¬ v«k½¥¾¦F-¬ v«k½¥¾¦F-¬ v«k½¥¾¦F-¬ v«k½¥¾¦F f(x) = 4 vd ,U¡F«?vd ,U¡F«?vd ,U¡F«?vd ,U¡F«?vd ,U¡F«?
(ii) f-¬ k½¥gf« ahJ?-¬ k½¥gf« ahJ?-¬ k½¥gf« ahJ?-¬ k½¥gf« ahJ?-¬ k½¥gf« ahJ?

Ô®î :

(i) f(x) = 4 vd bfhL¡f¥g£lJ
∴ x2+3 = 4   => x2 = 1 =>  x = + 1

x = -1 k¦W« 1 v¬w ,U k½¥òfS¡F f(x) = 4 vd ,U¡F«.
(ii) f -¬ k½¥gf« {x : -3<x<3, x∈R}

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 11

f(x) = 5x

4-x

+  v¬w rh®¾¬ k½¥gf« ahJ?v¬w rh®¾¬ k½¥gf« ahJ?v¬w rh®¾¬ k½¥gf« ahJ?v¬w rh®¾¬ k½¥gf« ahJ?v¬w rh®¾¬ k½¥gf« ahJ?

Ô®î :

x = -5 ¡F  ;  f(x) = 0
4-5-

 = 0
9-

MF«

0-Édh± tF¡fÉayhjjh± x = -5 V¦òilaj±y
vdnt x = -5  f-¬ k½¥gf¤½± ,U¡fhJ
vdnt f-¬ k½¥gfkhdJ {x : x ∈R ; x ≠ -5}

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 12

eh¦g¤ijªJ ng® mku¡Toa ngUªJ x¬iw khzt®eh¦g¤ijªJ ng® mku¡Toa ngUªJ x¬iw khzt®eh¦g¤ijªJ ng® mku¡Toa ngUªJ x¬iw khzt®eh¦g¤ijªJ ng® mku¡Toa ngUªJ x¬iw khzt®eh¦g¤ijªJ ng® mku¡Toa ngUªJ x¬iw khzt®
FG x¬W f±É¢ R¦WyhÉ¦fhf thlif¡F mk®¤jFG x¬W f±É¢ R¦WyhÉ¦fhf thlif¡F mk®¤jFG x¬W f±É¢ R¦WyhÉ¦fhf thlif¡F mk®¤jFG x¬W f±É¢ R¦WyhÉ¦fhf thlif¡F mk®¤jFG x¬W f±É¢ R¦WyhÉ¦fhf thlif¡F mk®¤j
ÉU«¾aJ. ngUªJ ÃWtd«/ FiwªjJ 30 eg®fshtJÉU«¾aJ. ngUªJ ÃWtd«/ FiwªjJ 30 eg®fshtJÉU«¾aJ. ngUªJ ÃWtd«/ FiwªjJ 30 eg®fshtJÉU«¾aJ. ngUªJ ÃWtd«/ FiwªjJ 30 eg®fshtJÉU«¾aJ. ngUªJ ÃWtd«/ FiwªjJ 30 eg®fshtJ
,Uªjh±jh¬ ngUªij thlif¡F ÉL«. Kj± 40 ng®,Uªjh±jh¬ ngUªij thlif¡F ÉL«. Kj± 40 ng®,Uªjh±jh¬ ngUªij thlif¡F ÉL«. Kj± 40 ng®,Uªjh±jh¬ ngUªij thlif¡F ÉL«. Kj± 40 ng®,Uªjh±jh¬ ngUªij thlif¡F ÉL«. Kj± 40 ng®
tiuÆ± jiy¡F %gh ­  1 0 0  f£lzkhF« .  4 0  ngU¡FtiuÆ± jiy¡F %gh ­  1 0 0  f£lzkhF« .  4 0  ngU¡FtiuÆ± jiy¡F %gh ­  1 0 0  f£lzkhF« .  4 0  ngU¡FtiuÆ± jiy¡F %gh ­  1 0 0  f£lzkhF« .  4 0  ngU¡FtiuÆ± jiy¡F %gh ­  1 0 0  f£lzkhF« .  4 0  ngU¡F
nk¦go¬/ ngUªJ f£lz« 40 ngU¡F nk¦g£l x²bthUnk¦go¬/ ngUªJ f£lz« 40 ngU¡F nk¦g£l x²bthUnk¦go¬/ ngUªJ f£lz« 40 ngU¡F nk¦g£l x²bthUnk¦go¬/ ngUªJ f£lz« 40 ngU¡F nk¦g£l x²bthUnk¦go¬/ ngUªJ f£lz« 40 ngU¡F nk¦g£l x²bthU
egU¡F« % . 100ÈUªJ/ 40 -¡F nk¦g£l v©Â¡ifÆ±egU¡F« % . 100ÈUªJ/ 40 -¡F nk¦g£l v©Â¡ifÆ±egU¡F« % . 100ÈUªJ/ 40 -¡F nk¦g£l v©Â¡ifÆ±egU¡F« % . 100ÈUªJ/ 40 -¡F nk¦g£l v©Â¡ifÆ±egU¡F« % . 100ÈUªJ/ 40 -¡F nk¦g£l v©Â¡ifÆ±

5

1
ghf¤ij fÊ¤J f£lzkhf tNÈ¡F«. bkh¤j bryitghf¤ij fÊ¤J f£lzkhf tNÈ¡F«. bkh¤j bryitghf¤ij fÊ¤J f£lzkhf tNÈ¡F«. bkh¤j bryitghf¤ij fÊ¤J f£lzkhf tNÈ¡F«. bkh¤j bryitghf¤ij fÊ¤J f£lzkhf tNÈ¡F«. bkh¤j bryit

R¦Wyh¢ br±Y« khzt®fË¬ v©Â¡if thÆyhf xUR¦Wyh¢ br±Y« khzt®fË¬ v©Â¡if thÆyhf xUR¦Wyh¢ br±Y« khzt®fË¬ v©Â¡if thÆyhf xUR¦Wyh¢ br±Y« khzt®fË¬ v©Â¡if thÆyhf xUR¦Wyh¢ br±Y« khzt®fË¬ v©Â¡if thÆyhf xU
rh®ghf fhzî«. nkY« ,j¬ k½¥gf¤ij¡ fh©f.rh®ghf fhzî«. nkY« ,j¬ k½¥gf¤ij¡ fh©f.rh®ghf fhzî«. nkY« ,j¬ k½¥gf¤ij¡ fh©f.rh®ghf fhzî«. nkY« ,j¬ k½¥gf¤ij¡ fh©f.rh®ghf fhzî«. nkY« ,j¬ k½¥gf¤ij¡ fh©f.

Ô®î :

R¦Wyh¢ br±Y« khzt®fË¬ v©Â¡if x vd¡ bfh´f.
∴ 30<x<45 ;  x  xU Äif KG v©zhF«.
bkh¤j bryî = (xU khztD¡fhd f£lz«) x

(khzt®fË¬ v©Â¡if)
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30 k¦W« 40-¡F ,ilÆ± khzt®fË¬ v©Â¡ifbaÅ±
jiy¡F %. 100 f£lzkhF«.

∴ bkh¤j bryî  y = 100x

khzt®fË¬ v©Â¡if 41-ÈUªJ 45 tiubaÅ± xU

khztD¡fhd f£lz« %. {100 - 
5
1 (x-40)} = 108-

5
x

bkh¤j bryî y = (108-
5
x )x  = 108x - 

5
x 2

   vdnt rh®ò É½ahdJ y = 




≤≤

≤≤

45x41 ;  -108x

40x30 ;100x      

5
x

2  x xU Äif KG v©

k½¥gf« {30, 31, ............, 45}

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 13

f(x) = log
10

 (1+x) v¬w rh®¾¬ k½¥gf«/ å¢rf« ,t¦iw¡v¬w rh®¾¬ k½¥gf«/ å¢rf« ,t¦iw¡v¬w rh®¾¬ k½¥gf«/ å¢rf« ,t¦iw¡v¬w rh®¾¬ k½¥gf«/ å¢rf« ,t¦iw¡v¬w rh®¾¬ k½¥gf«/ å¢rf« ,t¦iw¡
fh©f.fh©f.fh©f.fh©f.fh©f.
Ô®î :

Fiw bk­ba©Â¦F kl¡if k½¥ò tiuaW¡f¥glhjJ
v¬gij eh« m¿nth«. nkY«  log0 = -∞  v¬gijí« m¿nth«.

∴ (1+x) < 0 -É¦F  log (1+x) bk­ k½¥ò bgwhJ
x→-1 vd ,U¡ifÆ±/  log (1+x)→ -∞ vd mikí«
vdnt  f -¬ k½¥gf« (-1, ∞)

(m.J.) -1 -¡F m½fkhd bk­ba©f´. ,¢rh®¾¬ å¢rf« R+

(Äif bk­ba©fË¬ fzkhF«)

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 14

f(x) = 127x-x
2

+  v¬w rh®¾¬ k½¥gf« fh©.v¬w rh®¾¬ k½¥gf« fh©.v¬w rh®¾¬ k½¥gf« fh©.v¬w rh®¾¬ k½¥gf« fh©.v¬w rh®¾¬ k½¥gf« fh©.

Ô®î :

f(x) = ( )( )4-x3-x

(x-3) (x-4) > 0 v¬w v±iyÆ± k£L« f(x) xU bk­k½¥ò¢
rh®ghF«. mjhtJ `3’-¡F«/ `4p-¡F« btËÆ±  x  ,U¡ifÆ±

∴ f(x)-¬ k½¥gf«   x > 4 k¦W«  x < 3  (m.J.) [-∞, 3) k¦W« (4, ∞]  MF«.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  6.1

1) y = 3 v¬w ne®nfh£o¬ tiugl« tiuf.

2) f(x) = tanx k¦W« f(y) = tany  vÅ±  f(x-y) = 
f(y) f(x)  1

f(y) - f(x)

+
 vd ÃWîf.
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3) f(x) = 
sinxx
tanxx

+

+  vÅ± f(
4
π ) = 

22

4

+π

+π
 vd ÃWîf.

4) f(x) = 
2

42

x

xx1 ++
 vÅ± f(

x
1 ) = f(x)  vd ÃWîf.

5) f(x) = x2-3x+7 vÅ± 
( ) ( )

h

xfhxf −+ ia¡ fh©f.

6) f(x) = sinx + cosx  vÅ± f(0) + f(
2
π

) + f(π) + f(3
2
π

)-¬k½¥ig fh©f.

7) g(x) = 
x
11 −  -¬ k½¥gf« fh©f.

8) R¦Wyh ÃWtd«/ xU R¦Wyhit V¦ghL br­»wJ. R¦Wyh
br±gt®fË¬ v©Â¡if 25-¡F Fiwî vÅ±/ eg® x¬W¡F %. 100

f£lzkhF«. 25 eg® m±yJ mj¦F m½fkhf m½fg£r« 110 eg®f´
tiu br±th®f´ vÅ±/ br±Y« eg®fË¬ v©Â¡ifÆ±

5
1 kl§if 110-ÈUªJ fÊ¤J xU egU¡fhd f£lzkhf

tNÈ¡f¥gL»wJ. R¦Wyh br±Y« eg®fË¬ v©Â¡if “n” _y«
bkh¤j bryî¢ rh®¾¦fhd É½ia¥ bgWf. x²bthU É½¡F«
k½¥gf« fh©f.

9) f(x) = 65x-x 2
+  v¬w rh®¾¬ k½¥gf« fh©f.

10) ¾¬tU« tiugl§fS´ vit xU rh®¾¬ tiuglkhfhJ?

x'

y

y'

gl« (iv)

x x'

y

y'

gl« (v)

x

x'

y

y'

gl« (i)

x x'

y

y'

gl« (ii)

x x'

y

y'

gl« (iii)

x
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11) f(x) = sinx  ; g(x) = cosx  vÅ±
f(α-β) = f(α) g(β) - g(α) . f(β) ; α, β, x∈R vd ÃWîf.

12) f(x) = 
53x

1x
+

−  vÅ±/  f(
x
1 ) k¦W« 

f(x)
1

 ,t¦¿id vGJf.

13) f(x) = 4  x2
+  vÅ±/  f(2x) k¦W« f(0) ,t¦iw¡ fh©f.

14) f(x) = 5x-6  v¬w rh®¾¬ tiugl« tiuf.

15) f(x) = x2 k¦W« g(x) = 2x2  v¬w rh®òfË¬ tiugl§fis tiuf.

16) f(x) = x2-4 vÅ±, f(x), 2f(x) k¦W« -f(x) v¬gdt¦¿¬ tiugl§fis
tiuf.

6.2 kh¿È¢rh®ò k¦W« neÇÆa± rh®òkh¿È¢rh®ò k¦W« neÇÆa± rh®òkh¿È¢rh®ò k¦W« neÇÆa± rh®òkh¿È¢rh®ò k¦W« neÇÆa± rh®òkh¿È¢rh®ò k¦W« neÇÆa± rh®ò
(CONSTANT FUNCTION AND LINEAR FUNCTION)

6.2.1. kh¿È¢ rh®ò kh¿È¢ rh®ò kh¿È¢ rh®ò kh¿È¢ rh®ò kh¿È¢ rh®ò (Constant function)

xU rh®¾¬ å¢rf« xnu xU cW¥¾id¡ bfh©ljhÆ¬
m¢rh®ò kh¿È¢ rh®ò v¬wiH¡f¥gL«. ,ij f(x) = a, v¬w kh¿Èahf/
k½¥gf¤½± c´s v±yh x-¦F« ,U¡F«
vL¤J¡fh£lhf :

f(x) = 2  k¦W«  f(x) = -3 v¬gd kh¿È¢ rh®òfshF«.

       
f : A→B

gl« 6.8 xU kh¿È¢ rh®ig¡ F¿¡F«

           A  B
        gl« 6.8

f(x) = c  v¬w kh¿È¢ rh®¾¬ tiu¥gl¤ij eh« tiuayh«.

gl«  (6.9) _y« eh« m¿tJ ahbjÅ±
kh¿È¢ rh®¾¬ tiugl«  x-m¢¼¦F
,izahf¢ br±Y« xU ne®¡nfhlhF«.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

cwî¡fz«  H = [(1, 5), (2, 5), (3, 5), (4, 5)} xU
kh¿È¢ rh®ghF«.

1 .a

2 .b

3 .c

4 .d

x'

y

y'

Fig 6.9

x

y=c

O

y=f(x)
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6.2.2 neÇÆa± rh®òneÇÆa± rh®òneÇÆa± rh®òneÇÆa± rh®òneÇÆa± rh®ò (Linear function)

xU rh®¾¬ É½ f(x) = ax+b, a ≠ 0 k¦W« a, b  ,itÆu©L«
bk­ba©fshÆ¬ m¢rh®ò neÇÆa± rh®ò vd¥gL«.

neÇÆa± rh®¾¬ tiugl« xU ne®¡nfhlhF«.

6.2.3 l -v¬w ne®nfh£o¬ rh­î É»j«v¬w ne®nfh£o¬ rh­î É»j«v¬w ne®nfh£o¬ rh­î É»j«v¬w ne®nfh£o¬ rh­î É»j«v¬w ne®nfh£o¬ rh­î É»j« (Slope of the line l)

br§F¤j±yhj l v¬w ne®¡nfh£o¬ ÛJ P(x
1
, y

1
) k¦W« Q(x

2
, y

2
)

v¬gd ,U bt²ntW ò´ËfshÆ¬/ ,ªne®¡nfh£o¬ rh­î
É»j¤ij m  v¬w vG¤jh± F¿¥gJ kuò.

m = 
12

12

x-x

y-y
 = vd m¿ayh«.

vdnt f(x) = ax+b, (a≠0) v¬w neÇÆa± rh®ig f(x) = mx+c v¬W«
vGjyh«. ,§F  m  rh­î É»j¤ijí«  c, y -m¢¼¬ bt£L¤
J©ilí« F¿¡F«.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) m  xU Äifba© vÅ±/ ne®¡nfhL ty¥òwkhf nk±neh¡»¢
br±Y«.

(ii) m  xU Fiwba© vÅ±/ ne®¡nfhL ty¥òwkhf Ñ³neh¡»¢
br±Y«.

(iii) m = 0 vÅ± ne®¡nfhL »ilk£lkhf ,U¡F«.
(iv) m  tiuaW¡f¥glÉ±iybaÅ±/ ne®¡nfhL br§F¤jhf¢

br±Y«.

6.2.4 xU ne®¡nfh£il F¿¡F« neÇÆa± rh®¾id Ñ³tU«xU ne®¡nfh£il F¿¡F« neÇÆa± rh®¾id Ñ³tU«xU ne®¡nfh£il F¿¡F« neÇÆa± rh®¾id Ñ³tU«xU ne®¡nfh£il F¿¡F« neÇÆa± rh®¾id Ñ³tU«xU ne®¡nfh£il F¿¡F« neÇÆa± rh®¾id Ñ³tU«
khWg£l tot§fË± F¿¡fyh«.khWg£l tot§fË± F¿¡fyh«.khWg£l tot§fË± F¿¡fyh«.khWg£l tot§fË± F¿¡fyh«.khWg£l tot§fË± F¿¡fyh«.

(i) y = mx+c, (rh­î É»j«-bt£L¤J©L tot«rh­î É»j«-bt£L¤J©L tot«rh­î É»j«-bt£L¤J©L tot«rh­î É»j«-bt£L¤J©L tot«rh­î É»j«-bt£L¤J©L tot«)

(ii) y-y
1
 = m(x-x

1
) : (rh­î É»j«-ò´Ë tot«rh­î É»j«-ò´Ë tot«rh­î É»j«-ò´Ë tot«rh­î É»j«-ò´Ë tot«rh­î É»j«-ò´Ë tot«)

(iii)
a
x +

b

y
= 1; (bt£L¤J©L tot«bt£L¤J©L tot«bt£L¤J©L tot«bt£L¤J©L tot«bt£L¤J©L tot«)

(iv)
21

1

x-x

x-x
=

21

1

y-y

y-y
 ; (,U ò´Ë tot«,U ò´Ë tot«,U ò´Ë tot«,U ò´Ë tot«,U ò´Ë tot«)

,¢rk¬ghLfË± c´skh¿fË¬ go x¬W¡F nk¦g£lj±y/
,¤jifa cwîfis¡ F¿¡F« rk¬ghLf´ Kj±go¢ rk¬ghLf´
m±yJ neÇÆa± rk¬ghLf´ vd miH¡f¥gL»¬wd.

6.2.5 neÇÆa± rh®òfË¬ ga¬ghLf´neÇÆa± rh®òfË¬ ga¬ghLf´neÇÆa± rh®òfË¬ ga¬ghLf´neÇÆa± rh®òfË¬ ga¬ghLf´neÇÆa± rh®òfË¬ ga¬ghLf´
(i) CÊa® xUtÇ¬ C½a É»j¤ij/ fhy¤ij¥ bghU¤j¢

rh®ghf fUjyh«.

y-ò´ËfË¬ É¤½ahr«
x-ò´ËfË¬ É¤½ahr«
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(ii) M© (m) bg© t®f¤½¬ Mí£½wid/ fhy¤½¬
rh®ghf vGjyh«

(iii) bghU´ k¦W« Éiy ,itÆu©ilí« neÇÆa± rh®ghf
btË¥gL¤jyh«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 15

CÊa® xUtÇ¬ r«gs«CÊa® xUtÇ¬ r«gs«CÊa® xUtÇ¬ r«gs«CÊa® xUtÇ¬ r«gs«CÊa® xUtÇ¬ r«gs«  2002-M« tUl¤½± %.-M« tUl¤½± %.-M« tUl¤½± %.-M« tUl¤½± %.-M« tUl¤½± %. 7,500

MF«.MF«.MF«.MF«.MF«.   2004-M« tUl¤½± %.-M« tUl¤½± %.-M« tUl¤½± %.-M« tUl¤½± %.-M« tUl¤½± %. 7750 vd ,U¡F«. r«gs¤ij vd ,U¡F«. r«gs¤ij vd ,U¡F«. r«gs¤ij vd ,U¡F«. r«gs¤ij vd ,U¡F«. r«gs¤ij
fhy¤½¬ (tUl«) thÆyhf rh®ò tot¤½± fh© nkY«fhy¤½¬ (tUl«) thÆyhf rh®ò tot¤½± fh© nkY«fhy¤½¬ (tUl«) thÆyhf rh®ò tot¤½± fh© nkY«fhy¤½¬ (tUl«) thÆyhf rh®ò tot¤½± fh© nkY«fhy¤½¬ (tUl«) thÆyhf rh®ò tot¤½± fh© nkY«
2005-M« tUl¤½¦fhd r«gs¤ij ,¢rh®ò _y« fh©.-M« tUl¤½¦fhd r«gs¤ij ,¢rh®ò _y« fh©.-M« tUl¤½¦fhd r«gs¤ij ,¢rh®ò _y« fh©.-M« tUl¤½¦fhd r«gs¤ij ,¢rh®ò _y« fh©.-M« tUl¤½¦fhd r«gs¤ij ,¢rh®ò _y« fh©.
Ô®î :

S - r«gs¤ijí« (%)/  t - tUl¤ijí«F¿¡f£L«.

  tUl« r«gs« (%)

2002 (t
1
) 7,500 (S

1
)

2004 (t
2
) 7,750 (S

2
)

2005 (t)    ?     (S)

r«gs¤ij/ tUl¤½¬ thÆyhf F¿¡F« neÇÆa± rh®ghdJ

S - S
1

= 
12

12

tt

SS

−

−
(t-t

1
)

S - 7500 = 
2002 - 2004
7500 - 7750 (t - 2002)

S - 7500 = 
2

250 (t - 2002)

S = 7,500 + 125 (t - 2002)
 t = 2005

S = 7500 + 125 (2005 - 2002)

= 7500 + 125 (3)

= 7500 + 375  = 7875

2005-M« tUl¤½yhd r«gs« %. 7,875.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 16

(1, 2)  k¦W«k¦W«k¦W«k¦W«k¦W«   (3, 6) v¬w ò´Ëfis¡v¬w ò´Ëfis¡v¬w ò´Ëfis¡v¬w ò´Ëfis¡v¬w ò´Ëfis¡
bfh©l ne®¡ nfh£o¬ rh­î É»j« fh©.bfh©l ne®¡ nfh£o¬ rh­î É»j« fh©.bfh©l ne®¡ nfh£o¬ rh­î É»j« fh©.bfh©l ne®¡ nfh£o¬ rh­î É»j« fh©.bfh©l ne®¡ nfh£o¬ rh­î É»j« fh©.

Ô®î :

(1, 2) k¦W« (3, 6) v¬w ò´Ëfis xy

js¤½± F¿¤J ,u©ilí« nr®¡f

rh­î  m = 
12

12

xx

yy

−

−
 = 

1-3
2-6 = 2

B(3, 6)

A
(1

, 2
)

y
2
 - y

1

 = 4

x
2
 - x

1
 = 2

y

xO
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6.3. mL¡F¢ rh®òmL¡F¢ rh®òmL¡F¢ rh®òmL¡F¢ rh®òmL¡F¢ rh®ò
(POWER FUNCTION)

6.3.1 mL¡F¢ rh®òmL¡F¢ rh®òmL¡F¢ rh®òmL¡F¢ rh®òmL¡F¢ rh®ò
xU rh®¾¬ tot« f(x) = axn,  a k¦W« n  ,itÆu©L« ó÷Ía«

m±yh kh¿ÈfshÆ¬/ ,¢rh®ò mL¡F¢ rh®ò vd¥gL«.

vL¡fh£lhf f(x) = x4, f(x) = 2
x

1
 k¦W« f(x) = 3x 2

1

v¬gd mL¡F¢
rh®òfshF«.

6.3.2 ax-¬ rh®ò-¬ rh®ò-¬ rh®ò-¬ rh®ò-¬ rh®ò  (Exponential function)

a > 0 vd ,U¡ifÆ±/  a-ia mokhdkhf¡ bfh©l ax  rh®ò/
f(x) = ax  vd F¿¡f¥gL«. ,§F  a  xU Äif bk­ba©zhF«

a -Æ¬ bt²ntW k½¥òfS¡F f(x) = ax v¬w rh®ò (k¦W« ,j¬
tiugl«) bt²ntW jÅ¤j¬ikíilaij ¾¬tUtdt¦¿¬ _y«
m¿ayh«.

6.3.3 f(x) = ax,  a>1 -¬ tiugl«-¬ tiugl«-¬ tiugl«-¬ tiugl«-¬ tiugl«
2X -¬ tiu gl¤ij¥ g¦¿ m¿j±¬ tiu gl¤ij¥ g¦¿ m¿j±¬ tiu gl¤ij¥ g¦¿ m¿j±¬ tiu gl¤ij¥ g¦¿ m¿j±¬ tiu gl¤ij¥ g¦¿ m¿j±
f(x) = ax -±  a = 2  vÅ±/  f(x) = 2x  MF«
x -¬ bt²ntW k½¥òfS¡F 2x -¬ bt²ntW k½¥òfis¡

f©L m£ltiz¥ gL¤Jf.

x -3 -2 -1 0 1 2 3

2x

8
1

4
1

2
1 1 2 4 8

O

y

gl« 6.10
xx'

y = 2x    (y=ax ; a > 1)

(0, 1)
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c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) 2x -¬ tiugl« VWKf« cilaJ. ,lJ òw¤½± x -m¢R
tiugl¤½¬ f¦gid¤ bjhLnfhlhf mikí«.

(ii) 2x -¬ tiugl« ,l¥òw« x-m¢ir bjhL« tifÆ± Ñ³neh¡»
tU«.

(iii) ,¢rh®ò/ ts®¢¼ia F¿¡F« rh®ghF«.

6.3.4 f(x) = ax, a < 1 -¬ tiugl«-¬ tiugl«-¬ tiugl«-¬ tiugl«-¬ tiugl«

(
2

1
)x tiugl¤ij¥ g¦¿ m¿j±tiugl¤ij¥ g¦¿ m¿j±tiugl¤ij¥ g¦¿ m¿j±tiugl¤ij¥ g¦¿ m¿j±tiugl¤ij¥ g¦¿ m¿j±

f(x) = ax   vÅ±;  a = 
2
1  ∴ f(x) = (

2
1 )x  MF«.

x  -3 -2 -1 0 1 2 3

         (
2
1 )x  8 4 2 1

2
1

4
1

8
1

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) ,²tiugl« ,w§FKf« cilaJ.

(ii) tiugl« x-m¢¼¬ Äif¥ gF½Æ± beU§»¢ br±»wJ.

(iii) a-É¬ bt²ntW k½¥òfS¡F V¦w tifÆ± tiugl« VWKf«
,w§FKf« cilajhF«.

(iv) a> 1 vÅ±/ 0 <
a
1 < 1 MF«. y = ax -tiuglK« y = (

a
1 )x -¬

tiuglK«  y m¢ir¥ bghW¤J x¬W k¦bwh¬¿¬
¾u½gÈ¥ghF«.

O

y

gl« 6.11
xx'

y = (
2
1 )x

(0, 1)

f(x) = ax  ;  a<1
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(v) a = 1 vÅ±, f(x) = ax -¬ tiugl« »ilk£l ne®¡nfhlhF«.

(vi) f(x) = ax -¬ k½¥gf« k¦W« å¢rf« Kiwna R k¦W« (0, ∞) MF«.

6.3.5 f(x) = ex -¬ tiugl«-¬ tiugl«-¬ tiugl«-¬ tiugl«-¬ tiugl«
mL¡F¢ rh®òfË± m½fkhf¥

ga¬gL¤j¥gL« rh®òfË± Äf K¡»a
rh®ò  ex -¬ rh®ghF«.  ,§F  e  xU
É»jKwh v©zhF«.  e -¬ k½¥ò 2-¡F«/
3-¡F« ,il¥g£ljhF«. (e = 2.718

njhuhakhf). vdnt ex -¬ tiugl« y = 2x

-¬ tiugl¤ij¥ ngh¬W mik»wJ.

6.3.6 kl¡if¢ rh®òkl¡if¢ rh®òkl¡if¢ rh®òkl¡if¢ rh®òkl¡if¢ rh®ò (Logarithmic Functions)

0 < a < 1 or a > 1 vÅ±,  ay = x  v¬gij  log
a
x = y  vd kl¡if

toÉ± F¿¡fyh«.  f(x) = log
a
x  v¬w rh®ò  x-¬ v±yh k½¥òfS¡F«

tiuaiw br­a¥glhjJ.  a -xU Äifba©/ vdnt  ay -í« ÄifahF«.
Mifah±/ x = ay  vd ,U¡ifÆ±/ 0<a<1 m±yJ a>1 vd¡bfh©L
log

a
x ia  x > 0 -É¦F tiuaiw br­a¥gL»wJ.

0 < a < 1 m±yJ a > 1 vÅ±, (i) log
a
a = 1

k¦W« (ii) log
a
1 = 0

gl« 6.13 -± f(x) = log
a
x  -¬ tiugl«

fh©¾¡f¥g£L´sJ. a>1 vÅ± tiugl«
VWKfKilaJ.  0<a<1 vÅ± tiugl«
,w§FKfKilaJ.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) log
a
1 = 0 vd ,U¥gjh± y = log

a
x -¬ tiugl«  x  m¢ir x = 1

v¬w ,l¤½± bt£L«.

(ii) y -m¢¼¬ Ñ³¥gF½¡F Äf beU¡fkhd KiwÆ± tiugl«
mikí«

(iii) a -¬ bt²ntW k½¥òfS¡F tiugl« VW k¦W« ,w§F Kf«
cilajhF«.

(iv) y = log
a
x -¬ k½¥gf« (0, ∞), å¢rf« R  MF«.

(v) f(x) = ax k¦W« g(x) = log
a
x ,itÆu©o¬ tiugl§f´. y = x

v¬w nfh£o¦F rk¢Óuhf mikí«.

x'

y

y'

x

O

y = ex

gl« 6.12

(0, 1)

x'

y

y'

gl« 6.13

x
(1, 0)

y=log
a
x

O
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(vi) rk¢Ó® nfh£gh£o¬go  log
e
x  -¬

tiugl«  y = x  v¬w ne®¡nfh£il¥
bghW¤J ex tiugl¤½¬`¾u½gÈ¥¾¬
_y« tiuayh«.  ,ijna gl« 6.14±
fh£l¥g£L´sJ.

6.4 •½ÇnfhzÄ½ RH± rh®òf´•½ÇnfhzÄ½ RH± rh®òf´•½ÇnfhzÄ½ RH± rh®òf´•½ÇnfhzÄ½ RH± rh®òf´•½ÇnfhzÄ½ RH± rh®òf´
(CIRCULAR FUNCTIONS)

6.4.1 Ó® RH± rh®òÓ® RH± rh®òÓ® RH± rh®òÓ® RH± rh®òÓ® RH± rh®ò (Periodic Functions)

½ÇnfhzÄ½ RH± rh®òfË± c´s kh¿ ‘θ’-É¦F g½yhf ‘θ+α’ vd
kh¦w« br­J«/ rh®¾¬ k½¥ò khwhk± ,Uªjh± ,¢rh®ò RH± j¬ik
th­ªj Ó®RH± rh®ò vdî«/ k¦W« Û¢¼W Äif k½¥òila “α”-it
RH±å¢R v¬W« miH¥g®.

sin(θ+2π) = sinθ, cos (θ+2π) = cosθ v¬g½ÈUªJ sinθ, Cosθ v¬gd
2π-ia RH± å¢rhf¡ bfh©l Ó® RH± rh®ò v¬W eh« Twyh«.
nkY« tan (θ+π) = tanθ v¬gjh± tanθ  v¬gJ π-ia RH± å¢rhf¥ bg¦w
Ó®RH± rh®ghF«.

,¥bghGJ  2π Ús« bfh©l ,ilbtËÆ±  sine, cosine

rh®òfË¬ tiugl« k£Lnk ek¡F njit. 0 < θ < 2π m±yJ -
2
π <θ

< 3
2
π  vd¡bfh´. nkY« f(θ+2π) = f(θ) v¬gij ga¬gL¤J«bghGJ

,t¦¿¬ tiugl§f´ ek¡F¡ »il¡F« t£l¢rh®òfshf ,U¥gjh±
,²tiugl« tiua¥gLtJ vËjhf c´sJ v¬gij¡ fhzyh«.

6.4.2 sinx -¬ tiugl«.-¬ tiugl«.-¬ tiugl«.-¬ tiugl«.-¬ tiugl«.  0<x<2πππππ     -± -± -± -± -± sine rh®ig¡ fUJf.rh®ig¡ fUJf.rh®ig¡ fUJf.rh®ig¡ fUJf.rh®ig¡ fUJf.

y = sinx

gl« 6.14

x'

y

y'

x
(1, 0)

y=log
a

x

O

y=ex

(0, 1)

y

gl« 6.15

x   -π             0        π            2π     3π           4π

2
π        3

2
π-

2
π

3

2

1

-1

-2

x   0
6
π

4
π

3
π

2
π

3
2π

4
3π

6
5π

π
6
7π

4
5π

3
4π

2
3π

3
5π

4
7π     

6
11 π

sinx   0
2
1

2

1

2

3  1
2

3
2

1

2
1  0 -

2
1 -

2

1
-

2

3  -1
2

3-   -
2

1
 -

2
1
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c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) tiugl« Äf Úskhf m½fkhf tiua nt©oÆU¥gjh± x, y

msî¤ ½£l§f´ x¬W¡bfh¬W ntWg£lit.
(ii) sinx -¬ tiugl« jilÆ¬¿ ,U¥gjh± ,J xU bjhl® rh®ghF«.
(iii) sinx -¬ Û¥bgU/ Û¢¼W k½¥òf´ Kiwna 1 k¦W« -1 vd

m¿ayh«. mjhtJ sinx   rh®¾¬ tiugl«  y = 1 k¦W«  y =-1

v¬w ,UnfhLfS¡F ,ilÆ± mikí«.
(iv) x²bthU 2π ,ilbtËÆY« k½¥òf´ ½U«g tU«.  mjhtJ

,¢rh®¾¬ RH±å¢R nfhz« 2π  MF«.

6.4.3 f(x) = cosx -¬ tiugl«-¬ tiugl«-¬ tiugl«-¬ tiugl«-¬ tiugl«
0< x < 2π v¬w ,ilbtËÆ± cosx  rh®ig fU¤½± bfh´f.

x -π -
2
π 0

2
π

π 3
2
π 2π

2
5π 3π

cosx -1 0 1 0 -1 0 1 0 -1

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) y = cosx ¬ tiugl« jilÆ¬¿ ,U¥gjh± ,¢rh®ò bjhl® rh®ghF«.
(ii) tiugl¤½ÈUªJ cosx ¬ Û¥bgU/ Û¢¼W k½¥òf´ Kiwna

1, -1 v¬g bjËth»¬wd. mjhtJ ,²tiugl« y = 1 k¦W«
y = -1 v¬w ,U ,iz nfhLfË¬ ,ilÆ± mikí«.

(iii) ,²tiugl« y-m¢ir¥ bghW¤J rk¢ÓuhdJ.
(iv) ,¢rh®ò 2π I RH± å¢rhf cila Ó® RH± rh®ò MF«.

6.4.4 tanx -¬ tiu gl«¬ tiu gl«¬ tiu gl«¬ tiu gl«¬ tiu gl«

0 M± tFgLtJ tiuaW¡f¥glÉ±iy v¬gjh± tan
2
π ¬

k½¥ò fhz KoahJ. tanx -± kh¿ahdJ vªj xU bk­ba©izí«

F¿¡F«  x = 0 vD« bghGJ k½¥ò  y = 0  v¬gijí« 
2
π it

m½fÇ¡F«nghJ y m½fÇ¥gijí« fh©f.

y = cosx
y

y' gl« 6.16

xx'

(-2π, 1)

(-3
2
π , 0)

(-π, -1)

(0, 1)

(-
2
π ,0)

(
2
π , 0)

(π, -1)

(3
2
π , 0)O
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tanx  rh®¾¬ k½¥ò x = 0 v¬w ,l¤½± 0 MF«. tanx rh®¾¬
k½¥ò 0-ÉÈUªJ

2
π -it beU§FifÆ± Äf m½fÇ¡F«. k½¥òf´

v±iyÆ¬¿ m½fÇ¥gij¡ fhzyh«. ò´ËÆ£l nfhLf´ tiugl¤½¬
m§fk±y. ,it ahî« bjhiy¤bjhLnfhLfshF«. ,²tiugl«
x²bthU bjhiybjhLnfh£ilí« bjhlhk± br±Y« ,j¦F fhuz«

v¬dbtÅ±, 
2
π ,

2
3 π  v¬w ,l§fË± tanx rh®¾¦F k½¥òf´ »ilahJ

y = tanx

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) tan x rh®¾¬ tiugl«   x = +
2
π , + 

2
3 π , +

2
5 π ,... M»a

ò´ËfËl¤J bjhl®¢¼a¦wit.

(ii) tanx rh®ò Fiw m±yJ Äif v© k½¥ig¥ bgW«.

(iii) tanx  rh®¾¬ RH±å¢R  π  MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 17

tan x xU Ó® RH± rh®gh? m²thwhÆ¬ mj¬ RH± å¢RxU Ó® RH± rh®gh? m²thwhÆ¬ mj¬ RH± å¢RxU Ó® RH± rh®gh? m²thwhÆ¬ mj¬ RH± å¢RxU Ó® RH± rh®gh? m²thwhÆ¬ mj¬ RH± å¢RxU Ó® RH± rh®gh? m²thwhÆ¬ mj¬ RH± å¢R
ahJ? mj¬ k½¥gf« k¦W« å¢rf« ahit?ahJ? mj¬ k½¥gf« k¦W« å¢rf« ahit?ahJ? mj¬ k½¥gf« k¦W« å¢rf« ahit?ahJ? mj¬ k½¥gf« k¦W« å¢rf« ahit?ahJ? mj¬ k½¥gf« k¦W« å¢rf« ahit?

Ô®î :

y = tanx(gl« 6.17), tiugl¤½±/  -
2
π Kj±

2
π  tiuÆ± c´s

tiugl« 
2
π -ÉÈUªJ

2
3 π -tiuÆ± ½U«g¡ »il¡»wJ. ,j¬

thÆyhf  tan x  RH± å¢R  π  cila Ó® RH± rh®ò vd m¿»nwh«.

y

y' gl« 6.17

xx'   -2π      -3
2
π      -π        -

2
π       0          

2
π        π           3

2
π  

2

4

3

2

1

-1

-2

-3

-4
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k½¥gf« : {x ; x ≠
2
π  + kπ, k  xU KG v©}

å¢f« : R (bk­ba©fË¬ fz«)

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 18

secant  rh®¾¬ k½¥gf« ahJ?rh®¾¬ k½¥gf« ahJ?rh®¾¬ k½¥gf« ahJ?rh®¾¬ k½¥gf« ahJ?rh®¾¬ k½¥gf« ahJ?
Ô®î :

secant,  cosine rh®òf´ x¬W¡bfh¬W jiyÑÊf´.  cosx = 0

v¬w  x-¬ k½¥òfS¡F secant  rh®ò tiuaW¡f KoahJ vdnt secant

rh®¾¬ k½¥gf« 
2
π + kπ , (k xU KG v©)-ia¤ jÉu mid¤J

bk­ba©fË¬ fz«.  mjhtJ {x : x ≠
2
π + kπ, k xU KG v©}

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 19

Ñ³¡f©l rh®¾¬ RH± å¢R ahJÑ³¡f©l rh®¾¬ RH± å¢R ahJÑ³¡f©l rh®¾¬ RH± å¢R ahJÑ³¡f©l rh®¾¬ RH± å¢R ahJÑ³¡f©l rh®¾¬ RH± å¢R ahJ?

Ô®î :

rh®¾¬ tiugl¤½±/  rh®ò  k½¥ghdJ x²bthU 4
myFfS¡F« ½U«g khwhk± »il¡»wJ. vdnt f(x) = f(x+4) mid¤J
x -¦F« nkY« tiuglkhdJ 4 myFf´ ty¥òw¤½Y« k¦W«
,l¥òw¤½Y« tiua¥g£L´sJ. vdnt ,j¬ RH± å¢R 4 MF«.

6.5 rh®òfË¬ Ûjhd fÂj mo¥gil¢ braÈf´rh®òfË¬ Ûjhd fÂj mo¥gil¢ braÈf´rh®òfË¬ Ûjhd fÂj mo¥gil¢ braÈf´rh®òfË¬ Ûjhd fÂj mo¥gil¢ braÈf´rh®òfË¬ Ûjhd fÂj mo¥gil¢ braÈf´
(ARITHMETIC OF FUNCTION)

6.5.1 ,a¦fÂj rh®òf´,a¦fÂj rh®òf´,a¦fÂj rh®òf´,a¦fÂj rh®òf´,a¦fÂj rh®òf´ (Algebraic functions)

rhuhj kh¿fË¬ mL¡Ff´ k¦W« t®¡f _ykhfnth nkY«
eh¬F mo¥gil¢ braÈfshd T£l±/ fÊ¤j±/ bgU¡f±/ tF¤j±
,t¦iw¡ bfh©L mika¥ bgW« KoîW v©Â¡ifí´s
cW¥òfis bfh©l rh®¾¦F ,a¦fÂj rh®ò v¬W bga®.

y

y' gl« 6.18

xx'-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

1

-1

y = f(x)
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vL¤J¡fh£lhf, 53x + , 7 x  4x2-7x+3,3x-2, 2x-3  k¦W« ¾w

rh®òf´ ,a¦fÂj rh®òf´ MF«.

nkY«/ É»jKW rh®òfisí« m±yJ g±YW¥ò¡ nfhitiaí«
c´sl¡»aJ ,a¦fÂj rh®òf´.

f(x) = a
0
xn+a

1
xn-1+a

2
xn-2+....... +a

n

,§F a
0
, a

1
, a

2
, ........, a

n
 v¬gd bfG¡f´ v¬W« Fiw k½¥g¦w

n v¬w v© KG g±YW¥ò¡ nfhitÆ¬ goahF«.  ,J x -¬ mid¤J
k½¥òfS¡F« tiuaW¡f¥g£lJ v¬gJ bjÇªjnj.

6.5.2 rh®òfË¬ Ûjhd fz¡Ñ£L¢ braÈf´rh®òfË¬ Ûjhd fz¡Ñ£L¢ braÈf´rh®òfË¬ Ûjhd fz¡Ñ£L¢ braÈf´rh®òfË¬ Ûjhd fz¡Ñ£L¢ braÈf´rh®òfË¬ Ûjhd fz¡Ñ£L¢ braÈf´
D-ia k½¥gfkhf¡ bfh©l bk­k½¥ò¢ rh®òfis fU¤½±

bfh´. ,¢rh®òfË¬ fz¤ij E  vd¡ F¿ÆLf.

f, g ∈ E.  vd¡ bfh´.

f + g, fg ,  f ÷ g  v¬gd Ñ³fhQ« KiwfË± tiuaW¡f¥
gL»¬wd.

(f + g) (x) = f(x) + g(x), ∀ x∈D

(f - g) (x) = f(x) - g(x),

(fg)  (x) = f(x) g(x),

(
g
f )  (x) = 

g(x)

f(x)
; g(x) ≠ 0

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) f + g, f - g, fg v¬w rh®òfË¬ k½¥gf«  f-¡F« g-¡F« bghJthd
D v¬w k½¥gfkhF«.

(ii) f  k¦W« g -¡F bghJthd k½¥gf«  D-±  g(x) = 0 v¬w

tifÆyhd x -¬ k½¥òfis¤ jÉ®¤J tU« fz«/ 
g
f  v¬w

rh®¾¬ k½¥gfkhF«.

(iii) f2 v¬w rh®ò  f  v¬w rh®ig  f-M± bgU¡FtjhY«  fn  v¬w
rh®ò/ f-ia n kl§F f-M± bgU¡Ftjh± »il¡F«. ,§F n
xU ,a± v©zhF«.

6.5.3 rh®òfË¬ T£l±rh®òfË¬ T£l±rh®òfË¬ T£l±rh®òfË¬ T£l±rh®òfË¬ T£l±
(i) vL¤J¡fh£lhf f(x) = 3x+4 ; g(x) =5x-2 v¬w neÇÆa±

rh®òfis fU¤½± bfh´f ,t¦¿¬ TLj± (f+g) (x)
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f(x) = 3x+4

g(x) = 5x-2

f(x)+g(x) = (3x+5x) + (4-2)

   ∴ f(x)+g(x) = 8x+2 = (f+g) (x)

(ii) f(x) = 3x2-4x+7 k¦W«  g(x) = x2-x+1 v¬w ,Ugo¢
rk¬ghLfis fU¤½± bfh´f. ,t¦¿¬ TLj±
f(x)+g(x) = (3x2-4x+7) + (x2-x+1)

= (3x2+x2) + (-4x-x) + (7+1)

f(x) + g(x)= 4x2-5x+8 = (f+g) (x)

(iii) f(x) = log
e
x ; g(x) = log

e
(5x) v¬w kl¡if¢ rh®òfis fU¤½±

bfh´f. ,t¦¿¬ TLj± f(x)+g(x) = log
e
x + log

e
5x

= log
e
5x2.  f(x) + f(y) ≠ f(x+y) v¬gij¡ fh©.

(iv) f(x) = ex k¦W« f(y) = ey v¬w mL¡F¢ rh®òfis fU¤½±
bfh´f. ,t¦¿¬ TLj± f(x)+f(y) is  ex+ey

(v) f(x) = sinx, g(x) = tanx vÅ± f(x)+g(x) -ahdJ
sinx + tanx

6.5.4 rh®òfË¬ fÊ¤j±rh®òfË¬ fÊ¤j±rh®òfË¬ fÊ¤j±rh®òfË¬ fÊ¤j±rh®òfË¬ fÊ¤j±
(i) f(x) = 4x2-3x+1 k¦W« g(x) = 2x2+x+5 v¬w rh®òfS¡F (f-g) (x)

= f(x)-g(x)  = (4x2-2x2) + (-3x-x) + (1-5) = 2x2-4x-4

(ii) f(x) = e3x k¦W« g(x) = e2x  vÅ±
(f-g) (x) = f(x) - g(x) = e3x - e2x

(iii) f(x) - log
e

5x k¦W« g(x) = log
e

3x vÅ±
(f-g) (x) is f(x) - g(x)  = log

e

5x - log
e

3x

      = log
e

)(
3x
5x

    = log
e

3
5

6.5.5 rh®òfË¬ bgU¡f±rh®òfË¬ bgU¡f±rh®òfË¬ bgU¡f±rh®òfË¬ bgU¡f±rh®òfË¬ bgU¡f±
(i) f(x) = x+1, g(x) = x-1 rh®òfË¬ bgU¡f± f(x) g(x), (x+1) (x-1)  = x2-1

(ii) f(x) = (x2-x+1) k¦W« g(x) = x+1

rh®òfË¬ bgU¡f± f(x) g(x)

(x2-x+1) (x+1) = x3-x2+x+x2-x+1

= x3+1

(iii) f(x) = log
a
x  k¦W« g(x) = log

a
3x

vÅ± (fg)x  = f(x)g(x) = log
e
x  log

x
3x

(iv) f(x) = e3x ; g(x) = e5x  f(x) g(x)-ahdJ
e3x . e5x = e3x+5x = e8x



188

6.5.6 rh®òfË¬ tF¤j±rh®òfË¬ tF¤j±rh®òfË¬ tF¤j±rh®òfË¬ tF¤j±rh®òfË¬ tF¤j±

(i) f(x) = e4x k¦W« g(x) = e3x

vÅ± 
( )

( )xg

xf
is 

3x

4x

e

e = e4x-3x = ex

(ii) f(x) = x2-5x+6 ; g(x) = x-2 vÅ±

( )

( )xg

xf
 =

)2x(
6 x 5x 2

−

+−

=
( )( )

2x

2-x3-x

−
= x-3

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 20

f(x) = x 
3  k¦W« k¦W« k¦W« k¦W« k¦W« g(x) = 2x+1 vÅ±vÅ±vÅ±vÅ±vÅ±

(i) (f+g) (1)        (ii) (f-g) (3)       (iii) (fg) (0)      (iv) (f÷÷÷÷÷g) (2)

,t¦iw¡ fh©f,t¦iw¡ fh©f,t¦iw¡ fh©f,t¦iw¡ fh©f,t¦iw¡ fh©f

Ô®î :

(i) (f+g) (x)= f(x) + g(x) v¬gij m¿nth«
∴ (f+g) (1)= f(1) + g(1)

 = (1)3 + 2(1)+1 = 4

(ii) (f-g) (x) = f(v) - g(x) v¬gij m¿nth«.
∴ (f-g) (3) = f(3) - g(3)

= (3)3 - 2(3) - 1 = 20

(iii) (fg)(x) = f(x) g(x) v¬gij m¿nth«.
∴ fg(0) = f(0) g(0)

= (03) (2 x 0 + 1) = 0

(iv) (f÷g) (x) = f(x) ÷ g(x) v¬gij m¿nth«.
∴ (f÷g) (2)= f(2) ÷ g(2)

= 23 ÷ 2(2) + 1

= 23 ÷ 5 = 
5
8

6.6 ¼y ¼w¥ò¢ rh®òf´¼y ¼w¥ò¢ rh®òf´¼y ¼w¥ò¢ rh®òf´¼y ¼w¥ò¢ rh®òf´¼y ¼w¥ò¢ rh®òf´
(SOME SPECIAL FUNCTIONS)

6.6.1 k£L¢ rh®òk£L¢ rh®òk£L¢ rh®òk£L¢ rh®òk£L¢ rh®ò f(x) = |x|

x -¬ x²bthU bk­ba©Â¦F« x -¬ v©zhdit  |x|  v¬f.
mjhtJ k½¥gf« bk­ba©fË¬ fz« mj¬ å¢r« Äif
bk­ba©f´.
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tiugl« ,U gF½fis cilaJ

x > 0 vÅ± f(x) = x

x < 0 vÅ±, f(x) = -x

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) tiugl« y-m¢ir¥ bghW¤J rk¢ÓUilaJ.

(ii) x = 0  É¦F  ,¢rh®ò Û¢¼W k½¥ig¥ bgW»wJ.

6.6.2 F¿¢rh®òF¿¢rh®òF¿¢rh®òF¿¢rh®òF¿¢rh®ò (Signum function)

F¿¢rh®ò f(x) ¬ tiugl¤ij tiuayh«.

f(x) = 




=

≠

0 x,  0

0 x,x

|x|

m±yJ f(x) = 








<=−

=

>=

0for x  -1

0for  x       0   

0for x  1

x
x

x
x

x > 0 vD«bghGJ y = 1  v¬w rh®¾¬ tiugl« x -m¢¼¦F
,izahf nk¦òw« xU myF öu¤½± c´s xU nfhlhF«.  x = 0

vÅ± y = 0 xU ò´Ë  (0, 0) »il¡»wJ. x < 0 vD«bghGJ  y =-1  v¬w
rh®¾¬ tiugl« x-m¢¼¦F ,izahd 1 myF öu¤½± ÑnH c´s
nfhlhF«. ,²tiu gl¤½± x= 0 ¦F x¤j ò´Ë Él¥g£L´sJ.

6.6.3 go¢ rh®ògo¢ rh®ògo¢ rh®ògo¢ rh®ògo¢ rh®ò (Step function)

Û¥bgU KG v© rh®ò f(x) = [x] -±
x -I Él Äif¥glhj Û¥bgU KG
v©fis¡ F¿¡»wJ.

bghJthf/
0 <  x < 1 -±  f(x) = [x] = 0

1 <  x < 2 -±  f(x) = [x] = 1

2 <  x < 3 -±  f(x) = [x] = 2

-2< x < -1 -±  f(x) = [x] = -2

-5< x < -4 -±  f(x) = [x] = -5  ,²thwhf k¦W« gy

F¿¥ghf, [4.5] = 4, [-1] = -1, [-3.9] = -4  MF«.

x'

y

y'
gl« (6.19)

xO

y=-x y=
x

f(x) = |x|

x'

y

y'

gl« (6.20)

xO

y=1, x>0

y=-1, x<0

x'

y

y'
gl« (6.21)

x

3

2

1

-1

-2

-3

-1-2-3 21 3O
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,U KG¡fS¡F ,ilÆ± mikí« x -¡F ,nj totik¥ig¥
ga¬gL¤½ tiuí«bghGJ v±yh bk­ba©fS¡fhd tiugl«
nk¦f©lthW »il¡»wJ.

6.7 ne®khW rh®òne®khW rh®òne®khW rh®òne®khW rh®òne®khW rh®ò
(INVERSE OF A FUNCTION)

6.7.1 x¬W-x¬W rh®òx¬W-x¬W rh®òx¬W-x¬W rh®òx¬W-x¬W rh®òx¬W-x¬W rh®ò (One-one function)

k½¥gf¤½± c´s ,U ntWg£l cW¥ò¡fis å¢rf¤½± c´s
,U bt²ntW cW¥ò¡fSl¬ bjhl®ògL¤J« rh®ò 1-1 rh®ò
vd¥gL«. 1-1 rh®ò gl« 6.22 fh£l¥g£L´sJ.

6.7.2 nk±KG¢ rh®ònk±KG¢ rh®ònk±KG¢ rh®ònk±KG¢ rh®ònk±KG¢ rh®ò (Onto function)

f: A→B v¬w rh®¾± B ahdJ å¢rf« vÅ± ‘f’ xU nk± KG¢
rh®ò MF«.  gl« 6.22.

6.7.3 ne®khW rh®òne®khW rh®òne®khW rh®òne®khW rh®òne®khW rh®ò (Inverse function)

‘f’ v¬gJ 1-1/ k¦W« nk±KG¢ rh®ò vÅ±  f -1: B→A v¬gJ
f(a) = b  m²thW  b∈B  v¬w cW¥ig   a∈A v¬w cW¥òl¬
bjhl®ògL¤J« rh®ò ne®khW rh®ò MF«. mJ f: A→B ¬ ne®khW
rh®ò MF«.

1  .a

2  .b

3 . c

3 .d
gl« 6.22

f : A→B

1  .a

2  .b

3  .c

4 .d

f : A→B

gl« 6.23

gl« 6.24

gl« (6.24)± f(x
1
) = y

1
 k¦W« ¾w

gl« 6.25

gl« (6.25)g f -1(y
1
) = x

1
 k¦W« ¾w

f -1: B→A

x
1
 y

1

x
2
 y

2

x
3
 y

3

A B

f : A→B

x
1
 y

1

x
2
 y

2

x
3
 y

3

A B
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c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) f : A→B  1-1/ nk±KG¢rh®ò vÅ±  f   -1
: B→A 1-1/ nk±KG¢

rh®ò MF«.
(ii) f: A→B v¬w 1-1/ nk±KG¢rh®ò vÅ± mj¬ ne®khW rh®ò

xUik¤j¬ik th­ªjJ.
(iii) f-¬ k½¥gf«  f  -1-¬ å¢rhfî«  f  -1-¬ k½¥gf«  f  -¬

å¢rhfî« mik»wJ.
(iv) f-¬ bjhl®¢¼ahdJ vÅ± f-1 bjhl®¢¼ahdJ.
(v) tÇir¥gL¤j¥g£l nrhoÆ± Kj± v©izí«/ ,u©lhtJ

v©izí« x¬W¡bfh¬W ,l« kh¦w« br­í« bghGJ x-

m¢R/   y-m¢R x¬W¡bfh¬W ,l« kh¦w« Éisit¡
bfhL¡F«.  x = y v¬w _iyÉ£l¡ nfh£il¥ bghW¤J
¾u½gÈ¥¾¬ Éisth± x, y ,l« khW«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 21

f(x) = 2x+1, vÅ±vÅ±vÅ±vÅ±vÅ± f-1(x)-¬ rk¬gh£il¡ fh©f.¬ rk¬gh£il¡ fh©f.¬ rk¬gh£il¡ fh©f.¬ rk¬gh£il¡ fh©f.¬ rk¬gh£il¡ fh©f.
Ô®î :

y = 2x+1, x k¦W«  y-ia ,l« kh¦w

∴ x = 2y+1 => y = 
2

1-x

vdnt  f-1(x) = 
2

1-x

6.7.4 ne®khW ½ÇnfhzÄ½ rh®òf´ne®khW ½ÇnfhzÄ½ rh®òf´ne®khW ½ÇnfhzÄ½ rh®òf´ne®khW ½ÇnfhzÄ½ rh®òf´ne®khW ½ÇnfhzÄ½ rh®òf´  (Inverse Trignometric

functions)

sinx, cosx, tanx  M»at¦¿¬ ne®khWf´ Kiwna
sin-1x, cos-1x, tan-1x  MF«
sin-1x : -1<x<1 vd ,U¡Fkhdh± x = siny vd ,Uªjh±

k£Lnk y = sin-1x MF«/ nkY«

 -
2
π < y <

2
π

cos-1x : -1<x<1 vÅ± x = cosy k¦W« 0<y<π  vd ,Uªjh± k£Lnk
y = cos-1 x  vd ,U¡F«

tan-1x : x  xU bk­ba© vÅ±/  x = tany k¦W« -
2
π <y<

2
π

vd ,Uªjh± k£Lnk  y=tan-1x vd mikí«

cosec-1x : | x | > 1, x = cosecy k¦W«  -
2
π <y<

2
π , y ≠ 0 vd

,Uªjh± k£Lnk  y = cosec-1x  vd mikí«.
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sec-1x : | x | > 1, x = secy k¦W«  0<y<π  y ≠
2
π vd ,Uªjh±

k£Lnk y = sec-1x vd mikí«

cot-1x : x xU bk­ba© vÅ±/  x = coty  k¦W« 0<y<π ,Uªjh±
k£Lnk  y = cot-1x

xU nfh£il¥ bghW¤J ,U
ò´Ëf´ rk¢Ó® cilad vÅ± mit
m¡nfh£oid¥ bghW¤J x¬W¡ bfh¬W
¾u½gÈ¥òf´ MF«. m¡nfhlhdJ
rk¢Ó®nfhL v¬W miH¡f¥gL«.

(i) gl«  6.26 ÈUªJ y = x v¬w
nfh£il¥ bghW¤J y = sin x  tiu
gl¤½¬ ¾u½gÈ¥ò y = sin -1x

v¬gij fhzyh«.

(ii) y = cos x  k¦W«  y = cos-1x tiugl§f´
6.27 nkY« 6.28 ± F¿¡f¥g£L´sd.

6.8 gyju¥g£l rh®òf´gyju¥g£l rh®òf´gyju¥g£l rh®òf´gyju¥g£l rh®òf´gyju¥g£l rh®òf´
(MISCELLANEOUS FUNCTIONS)

6.8.1 x¦iw¢ rh®òx¦iw¢ rh®òx¦iw¢ rh®òx¦iw¢ rh®òx¦iw¢ rh®ò (Odd Function)

f(x) v¬w rh®ò f(-x) = -f(x)  vd v±yh x-¦F«  ,U¡Fkhdh± f(x)

v¬w rh®ò x¦iw¢ rh®ò v¬W miH¡f¥gL»wJ.

x'

y

y'

x

-2π -π -1 1 π 2π

-1

π

-2π

2π

π

1

y = sin-1x

y = sin x

gl« 6.26

y = x

o

x'

y

y'

x−2π         −π       0      π       2π

2π

1

-1

y = x
y =cos x

gl« 6.27

xx'

y

y'

gl« 6.28

2π

π

  0

−π

-2π

y = cos-1x
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v.fh.: 1. f(x) = sinx  v¬f
f(-x) = sin(-x) = -sinx = -f(x) v¬gjh±
f(x) x¦iw¢ rh®ò MF«.

v.fh. 2. f(x) = x3  v¬f
f(-x) = (-x)3  = -x3 = - f(x) vdnt
f(x) xU x¦iw¢ rh®ò MF«.

6.8.2 ,u£il¢ rh®ò,u£il¢ rh®ò,u£il¢ rh®ò,u£il¢ rh®ò,u£il¢ rh®ò (Even function)

v±yh x-¦F« f(-x) = f(x) vÅ± f(x) MdJ ,u£il¢ rh®ò v¬W
miH¡f¥gL«.

vfh.: 1 f(x) = cosx   v¬f.
f(-x) = cos(-x) = cosx = f(x) vdnt
f(x) xU ,u£il¢rh®ò

2. f(-x) = (-x)2 = x2 = f(x) v¬gjh±
f(x) xU ,u£il¢ rh®ò.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) f(x) v¬gJ ,u£il¢rh®ò vÅ± f(x) ¬ tiugl« y-m¢ir¥
bghW¤J rk¢Ó® cilaJ.

(ii) xU rh®ò ,u£il¢ rh®ghfnth m±yJ x¦iw¢ rh®ghfnth
,±yhk± ,U¥gj¦F th­¥òf´ c´sd.

(iii) f(x) v¬gJ x¦iw rh®ò vÅ± mJ M½ia¥ bghW¤J
rk¢ÓUilaJ.

6.8.3 fy¥ò¢ rh®òfy¥ò¢ rh®òfy¥ò¢ rh®òfy¥ò¢ rh®òfy¥ò¢ rh®ò (rh®¾dJ rh®ò)rh®¾dJ rh®ò)rh®¾dJ rh®ò)rh®¾dJ rh®ò)rh®¾dJ rh®ò) - Composite Function (Function

of a function)

f : A→B nkY« g : B→C v¬gd ,U rh®òf´ vÅ± gof : A→C

ahdJ (gof) (x)  = g[f(x)]  v±yh x∈A, v¬gJ f,  g-¬ fy¥ò¢ rh®ò
vd¥gL»wJ.

i.e., z = g(y) = g[f(x)] vd m¿nth«.

x

A
B

f g

C

z

y=f(x)

gl« 6.29
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c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) (gof) v¬w braÈÆ± KjÈ± ‘f’ -I bra±gL¤½a ¾wF g I
bra±gL¤j nt©L«.

(ii) bghJthf fog ≠ gof

(iii) fo(goh) = (fog)oh

(iv) (fof
 -1

)(x) = x,  ,§F  f -1  v¬gJ ‘f’-¬ ne®khW MF«.
(v) f-« g-« jÅ¤jÅahf nk±KG¢ rh®ghf ,U¡F«nghJ k£Lnk

gof  nk±KG¢ rh®ghF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 22

f(x) = | x |  v¬gJ xU ,u£il¢rh®ò vd ÃWîf.v¬gJ xU ,u£il¢rh®ò vd ÃWîf.v¬gJ xU ,u£il¢rh®ò vd ÃWîf.v¬gJ xU ,u£il¢rh®ò vd ÃWîf.v¬gJ xU ,u£il¢rh®ò vd ÃWîf.
Ã%gz«:

f(x) = | x |

∴ f(-x) = | -x | = | x | = f(x)

=> f(-x) = f(x)

vdnt f(x) = | x | v¬gJ ,u£il¢ rh®ghF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 23

f(x) = | x-4 | v¬w rh®ò x¦iwí« m±y ,u£ilí«v¬w rh®ò x¦iwí« m±y ,u£ilí«v¬w rh®ò x¦iwí« m±y ,u£ilí«v¬w rh®ò x¦iwí« m±y ,u£ilí«v¬w rh®ò x¦iwí« m±y ,u£ilí«
m±y vd ÃWîf.m±y vd ÃWîf.m±y vd ÃWîf.m±y vd ÃWîf.m±y vd ÃWîf.

Ã%gz« :

f(x) = | x-4 |  ∴ f(-x) = | -x-4 |

∴ = | - (x+4) |

= | x+4 |

  ∴ f(-x) ≠ f(x) k¦W« f(-x)  ≠ -f(x)

  ∴ f(x) = | x-4 | v¬w rh®ò x¦iwí« m±y/ ,u£ilí« m±y.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 24

f(x) = ex-e-x  v¬gJ xU x¦iw¢ rh®ò vd ÃWîf.v¬gJ xU x¦iw¢ rh®ò vd ÃWîf.v¬gJ xU x¦iw¢ rh®ò vd ÃWîf.v¬gJ xU x¦iw¢ rh®ò vd ÃWîf.v¬gJ xU x¦iw¢ rh®ò vd ÃWîf.

Ã%gz«:

f(x) = ex-e-x

f(-x) = e-x-e-(-x)

= e-x-ex = -[ex-e-x]

= - f(x)

vdnt f(x) = ex-e-x  xU x¦iw¢ rh®ghF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 25

f(x) = 1-x ; g(x) = x2+2x vÅ±vÅ±vÅ±vÅ±vÅ± fog ≠ ≠ ≠ ≠ ≠ gof  v¬gij rÇgh®¡fî«v¬gij rÇgh®¡fî«v¬gij rÇgh®¡fî«v¬gij rÇgh®¡fî«v¬gij rÇgh®¡fî«
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Ô®î :

L.H.S. (fog)x = f(x2+2x)

= 1-(x2+2x)

= 1-2x-x2

R.H.S. (gof)x = g(1-x)

= (1-x)2 + 2(1-x)

= 3-4x+x2

L.H.S. ≠ R.H.S.

vdnt fog ≠ gof

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 26

f(x) = 1-x, g(x) = x2+2x  k¦W«k¦W«k¦W«k¦W«k¦W«  h(x) = x+5  vÅ±vÅ±vÅ±vÅ±vÅ± (fog) oh -¬-¬-¬-¬-¬
k½¥ò fh©.k½¥ò fh©.k½¥ò fh©.k½¥ò fh©.k½¥ò fh©.

Ô®î :

g(x) = x2+2x ∴(fog) x = f[g(x)]

= f(x2+2x)

= 1-2x-x2

{(fog) oh} (x) = (fog) (x+5)

= 1-2 (x+5)-(x+5)2

= -34-12x-x2

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 27

f(x) = | x |, g(x) = 2x   vÅ±/vÅ±/vÅ±/vÅ±/vÅ±/   (i)  f{g(-5)}     (ii) g{f(-6)} ,itfË¬,itfË¬,itfË¬,itfË¬,itfË¬
k½¥ò fh©.k½¥ò fh©.k½¥ò fh©.k½¥ò fh©.k½¥ò fh©.

Ô®î :

(i) f{g(-5)}

g(x) = 2x  ∴g(-5) = 2x(-5) = -10

f((g(-5)) = f(-10) = |-10| = 10

(ii) g{f(-6)}

f(x) = | x |

∴ f(-6) = |-6| = 6

g{f(-6)} = g(6) = 2 x 6 = 12

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 28

f(x) = 2x+7 and g(x) = 3x+b  vÅ±vÅ±vÅ±vÅ±vÅ±  f{g(x)} = g{f(x)} v¬w tifÆ±v¬w tifÆ±v¬w tifÆ±v¬w tifÆ±v¬w tifÆ±
b -Æ¬ k½¥ò fh©.Æ¬ k½¥ò fh©.Æ¬ k½¥ò fh©.Æ¬ k½¥ò fh©.Æ¬ k½¥ò fh©.

R.H.S.   g{f(x)}

g{f(x)}= g{2x+7}

= 3(2x+7) + b

= 6x+21+b
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Ô®î:
L.H.S.    f{g(x)}

f{g(x)} = f{3x+b}

= 2(3x+b) + 7

= 6x+2b+7

      f{g(x)} = g{f(x)}

6x+(2b+7) = 6x+(b+21)

  ∴ 2b+7 =  b+21

b = 21-7

b = 14

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 6.2

1) (i) f(x) = x2 + 12x + 36 v¬w rh®ò x¦iwí« m±y/ ,u£il m±y
vd Ã%¾.

(ii) f(x) = 2x3 + 3x v¬gJ x¦iw¢rh®ò vd Ã%¾.

2) f(x) = tanx, vÅ±

f(2x) = 
( )

( ){ }
2

xf-1

x2f
 v¬gij rÇgh®¡fî«

3) φ(x) =log
x1
x-1

+
 vÅ± φ(a) + φ(b) = φ ( )

ab1
ba

+

+  v¬gij rÇgh®¡fî«

4) f(x) = logx ; g(x) = x3, vÅ± Ñ³tUtdt¦iw fh©f.
a) f{g(2)} b) g{f(2)}

5) f(x) = x3  k¦W«  g(x) = 2x+1 vÅ± Ñ³tUtdt¦iw¡ fh©f.

(i)  (f+g) (0) (ii)   (f+g) (-2)      (iii)  (f-g) (-2)

(iv)  (f-g) ( 2 ) (v)   (fg) (1- 2 )      (vi)  (fg) (0.5)

(vii)  (f ÷ g) (0) (viii)  (f ÷ g) (-2) f ÷ g ¬ k½¥gf¤ij¡ fh©f.

6) f(x) = sinx, g(x) = cosx  vÅ± Ñ³tUtdt¦iw¡ fz¡»Lf.

(i) (f+g) (0) k¦W« (f+g) (
2
π )

(ii) (f-g) (-
2
π ) k¦W« (f-g) (π)

(iii) (fg) (
4
π ) k¦W« (fg) (-

4
π )

(iv) (f÷g) (0) k¦W« (f÷g) (π) ; nkY« (
g
f )¬ k½¥gf« fh©f.
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7) Ñ³tU« rh®òfË¬ k½¥gf§fis¡ fh©f.

(i) 
cosx1
1

+
(ii) 

cosx1
x

−
(iii) 

xcos-xsin

1
22

(iv) 
1  | x |

| x |

+
(v) 

cosx1
cosx1

−

+
(vi) tanx

8) 1975« tUl« xU bjhÊyhËÆ¬ C½a« %. 1200. 1977± mt®
M©L C½a« %. 1350. mtuJ C½a¤ij fhy¤½¬ neÇa±
rh®ghf vGJf.  nkY« 1978¬ C½a« fh©.

9) xU eh£o± kÅjÅ¬ ruhrÇ th³eh´ taJ 2003-± 70 tUl§f´/
1978-± mJ 60 Mf ,UªjJ. th³eh´ v½®gh®¥ig neu¤½¬
xUgo¢ rh®ghf (neÇÆa±) fUJf. mªeh£o± 2013« tUl«
th³¡if v½®gh®¥ò v¤jid tUl§f´ vd ô»¡fyh«?

10) neÇa± rh®¾¦F f(-1) = 3  k¦W«   f(2) = 4 vÅ±
(i)  f -ia¡ fh©f.
(ii) f(3)-ia¡ fh©f.    (iii) f(a) = 100 v¬w tifÆ± a-it¡ fh©f.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  6.3

V¦òila Éilia¤ bjÇî br­f .V¦òila Éilia¤ bjÇî br­f .V¦òila Éilia¤ bjÇî br­f .V¦òila Éilia¤ bjÇî br­f .V¦òila Éilia¤ bjÇî br­f .
1) (3, 5] ,ilbtËÆ± c´s xU ò´ËahdJ

(a) 3 (b) 5.3 (c) 0 (d) 4.35

2) ó÷Ía« m±yhj ,ilbtË
(a) (-∞, ∞) (b) -3<x<5 (c) -1<x<1 (d) [-∞, -1]

3) Ñ³tU« rh®òfË± vªj rh®ò f(x) = f(
x
1 ) v¬w tifÆ± ,U¡F«.

(a) f(x) = 
x

1x
2

+ (b) f(x) = 
x

1x
2

−   (c) f(x) = 
x
x-1

2
 (d) f(x) = x

4) x-¬ v«k½¥¾¦F  f(x) = 
2
x  v¬w rh®ò bk­ k½¥g¦w rh®ghF«?

(a) x < 0 (b) x < 0 (c) x < 2 (d) x < 2

5) f(x) = 
3x
4-x

+
 v¬w rh®¾¬ k½¥gf«

(a) {x / x ≠ -3} (b) { x / x > -3} (c) {   } (d) R

6) f(x) = sinx v¬w rh®¾¬ RH± å¢R 2π  vÅ± g(x) = 3sinx -¬ RH±
å¢rhdJ

(a) 3π (b) 6π (c)2π (d)
3
π
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7) cotx  rh®¾¬ RH± å¢rhdJ

(a) 2π (b) π (c) 4π (d) 
2
π

8) sinx k¦W« cosx rh®òfË¬ jiyÑ³ rh®òfS¡F RH± å¢rhdJ

(a) π (b) 
π2

1 (c) 2π (d) 
π

2

9) f(x) = -2x+4 vÅ± f-1(x) ahJ?

(a) 2x-4 (b) -
2
x  + 2 (c) -

2
1 x+4 (d) 4-2x

10) f(x) = log
5
x k¦W« g(x) = log

x
5 vÅ±/ (fg) (x) ahdJ

(a) log
25

x2 (b) log
x225 (c) 1 (d) 0

11) f(x) = 2x k¦W« g(x) =(
2
1 )x  f(x) . g(x) ¬ k½¥ghdJ

(a) 4x (b) 0 (c) 1x (d) 1

12) xU rh®¾± rhuh kh¿ mL¡F¡ F¿ahf bra±go¬ m¢rh®ò
(a) mL¡F¢ rh®ò (b) kl¡if¢ rh®ò
(c) ½ÇnfhzÄ½ rh®ò (d) ne®khW rh®ò

13) f(x) = | x |-¬ Û¢¼W k½¥ò

(a) 0 (b) 1 (c) -1 (d) 
2
1

14) f(x) = 
x

| x |
; x>0 v¬w rh®¾¬ tiugl¤½¦fhd rh­î

(a) m=1 (b) m=0

(c) m=-1 (d) m tiuaW¡f¥glhjJ

15) f(x) = [x] v¬w Û¥bgU KG v© rh®¾¬ å¢rf« 3<x<4 vÅ± f(x) ¬
k½¥ò
(a) 1 (b) 3 (c) 4             (d) 2
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fÂj¤½¬ xU gF½ahd E©fÂj« v¬gJ X® msåL k¦bwhU
mså£il¥ bghW¤J khW« åj¤ij¥ g¦¿ TWtjhF«. E©
fÂj¤½¦F É¤½£lt®f´ Ir¡ Ãô£lD« fh£¾iuL É±bA±« ~gh¬
È¾Å£R« Mth®f´.

E© fÂjkhdJ tif E©fÂj«/ bjhif E© fÂj« vd
,U tiffshf¥ ¾Ç¡f¥g£L´sJ. ,ªj ghl¤½± eh« tif¡bfGit¥
g¦¿í« mij¡ fhQ« Kiwiaí« f¦f c´nsh«.

7.1 rh®¾¬ v±iyrh®¾¬ v±iyrh®¾¬ v±iyrh®¾¬ v±iyrh®¾¬ v±iy
(LIMIT OF A FUNCTION)

7.1.1 v±iyÆ¬ tÊKiwv±iyÆ¬ tÊKiwv±iyÆ¬ tÊKiwv±iyÆ¬ tÊKiwv±iyÆ¬ tÊKiw (Limiting Process):

tif E©fÂj¤½¬ gÇkhz ts®¢¼¡F ̀ v±iyÆ¬ fU¤JUp
,¬¿aikahjjhF«.

Ñ³tU« vL¤J¡fh£o¬ _y« `v±iyÆ¬ tÊKiwia bjËî
gL¤Jnth«.

XuyF MuK´s t£l¤½D´ ‘n’ g¡f§fis¡ bfh©l xG§F gy
nfhz« x¬W tiua¥g£L´sJ v¬f. myF t£l¤½¬ gu¥gsit¡
fh£oY« (π rJu myFf´), gy nfhz¤½¬ gu¥gsî FiwthdJ
v¬gij eh« m¿nth«. gy nfhz¤½¬ g¡f§fis m½fÇ¡f/ m½fÇ¡f
gynfhz¤½¬ gu¥gsî« m½fkh»wJ. Mdh± mj¬ gu¥gsî
v¥bghGJ« myF t£l¤½¬ gu¥gsit¡ fh£oY« Fiwthfnt c´sJ.
vdnt gy nfhz¤½¬ g¡f§f´ m½fÇ¡f m½fÇ¡f gy nfhz¤½¬
gu¥gsthdJ myF t£l¤½¬ gu¥gsit neh¡» mQF»wJ vdyh«.

tif E©fÂj«tif E©fÂj«tif E©fÂj«tif E©fÂj«tif E©fÂj«
(DIFFERENTIAL CALCULUS)

7
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7.1.2 rh®¾¬ v±iyrh®¾¬ v±iyrh®¾¬ v±iyrh®¾¬ v±iyrh®¾¬ v±iy (Limit of a function)

f : R→ R  X® rh®ò v¬f. x bfhL¡f¥g£l 'a' v¬w bk­ v©iz
mQF«bghGJ/ f(x)-ia k½¥ghf¡ bfh©l  f  v¬w rh®ò mQF« bk­
v© l -ia¡ fhz eh« Ka±nth«.

vL¤Jiu¤j±vL¤Jiu¤j±vL¤Jiu¤j±vL¤Jiu¤j±vL¤Jiu¤j± 1

f : R→R ,  f(x) = 2x + 1,  x→3 vd X® rh®ò tiuaW¡f¥g£L´sJ
v¬f.

x →→→→→ 3+ 3.1 3.01 3.001 3.0001 3.00001 . . .

f(x) = 2x  + 1 7.2 7.02 7.002 7.0002 7.00002 . . .

| f(x) – 7 | 0.2 0.02 0.002 0.0002 0.00002 . . .

nk¦f©l m£ltizÆÈUªJ x→3+  (m.J. 3-¬ tyJ g¡f¤½ÈUªJ
x→3) f(x)→7  v¬gij eh« c¦W neh¡Fnth«. ,§F f(x)-¬ (x→3+) tyJ
g¡f v±iy 7 MF«.

nkY«

x→→→→→3- 2.9 2.99 2.999 2.9999 2.99999  …

f(x) = 2x +1 6.8 6.98 6.998 6.9998 6.99998  …

| f(x) – 7 | 0.2 0.02 0.002 0.0002 0.00002  …

nk¦f©l m£ltizÆÈUªJ x→3+  (m.J. 3-¬ ,lJ g¡f¤½ÈUªJ
x→3) f(x)→7  v¬gJ bjËth»wJ. ,§F f(x)-¬ (x→3+) ,lJ g¡f v±iy
7 MF«.

           Mfnt x,  _¬iw neh¡» (x→3) ,UòwK« mQF«bghGJ f(x)→7-¬
k½¥ig eh« 3-¡F Äf mUfhikÆ± vL¤J¡ bfh©lhY« f(x) 7-¡F
mUfhikÆ± c´sJ vd ,j¬_y« bjËth»wJ.

| f(x) – 7 | ,¬ É¤½ahr¤ij¡ Fiw¥gj¦F V¦wh¦ngh± eh«  x-¬ k½¥ig
3-¡F Äf Äf mUfhikÆ± bfh©L br±yyh«.

,jid   )(
3

xfLt

x→

 =  7 v¬W F¿¡fyh«.

vL¤Jiu¤j±vL¤Jiu¤j±vL¤Jiu¤j±vL¤Jiu¤j±vL¤Jiu¤j± 2

f : R - {2}→R,  f(x) 
2

42

−

−

x

x

,   x→2 vd X® rh®ò tiuaW¡f¥ g£L´sJ

v¬f
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x 1.9 1.99 1.999 1.9999 2 2.0001 2.001 2.01 2.1

f(x) 3.9 3.99 3.999 3.9999 - 4.0001 4.001 4.01 4.1

|f(x)-4| 0.1 0.01 0.001 0.0001 - 0.0001 0.001 0.01 0.1

nk¦f©l m£ltizÆÈUªJ ,lJ k¦W« tyJ òw§fËÈUªJ
x  ,u©il neh¡»  (x→2) mQF«bghGJ f(x)→ 4 vd bjËth»wJ.
mjhtJ f(x)-4-¬ É¤½ahr¤ij¡ Fiw¥gj¦F V¦wh¦ngh± eh« x-¬
k½¥ig 2-¡F ÄfÄf mUfhikÆ± bfh©L br±yyh«.

m.J. )(
2

xfLt

x→

 =  4

x-¬ k½¥ig a-¡F Äf mUfhikÆ± bfh©L br±Y«bghGJ
(Mdh± a-¡F rk« ,±iy) f(x)-l−¬ É¤½ahr¤ij¡ Fiw¥gj¦F
V¦wh¦ngh± l v¬w xU bk­ v© c´sJ vd nk¦f©l ,u©L
vL¤Jiu¤j±f´ bjËîgL¤J»¬wd. ,ªj 'l'-ia eh« x, a-ia mQF«
bghGJ f(x)-¬ v±iy v¬»nwh«.

,ij )(xfLt

ax→
 = l vd F¿¡fyh«.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) f(x)-± x = a vd ¾u½ÆL«bghGJ ek¡F rh®¾¬ k½¥ò f(a)

»il¡»wJ.  bghJthf f(a) ≠ l.  f(a) tiuaW¡f¥glÉ±iy
v¬whY« f(x)-¬ v±iy l,  x→a v¬gJ xU KoîW v©zhf
tiuaW¡f¥glyh«.

(ii) )(xfLt

ax
+

→

,  )(xfLt

ax
−

→

 M»ad Ãiybg¦W rkkhdh±

)(xfLt

ax→
 ÃiybgW«

7.1.3 v±iyÆ¬ mo¥gil nj¦w§f´v±iyÆ¬ mo¥gil nj¦w§f´v±iyÆ¬ mo¥gil nj¦w§f´v±iyÆ¬ mo¥gil nj¦w§f´v±iyÆ¬ mo¥gil nj¦w§f´

(i)
ax

Lt

→

[f(x)+g(x)]  =  
ax

Lt

→

f(x) +
ax

Lt

→

 g(x)

(ii)
ax

Lt

→

[f(x) -g(x)]   = 
ax

Lt

→

f(x) - 
ax

Lt

→

g(x)

(iii)
ax

Lt

→

 [f(x) . g(x)]  =  
ax

Lt

→

f(x) . 
ax

Lt

→

g(x)
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(iv)
ax

Lt

→

[f(x) / g(x)]  = 
ax

Lt

→

f(x) / 
ax

Lt

→

g(x) ,    ( ( )xgLt

ax→

≠ 0)

(v)
ax

Lt

→

[c f(x)]         =  c 
ax

Lt

→

f(x)

7.1.4 v±iyfË¬ K¡»a th­ghLf´v±iyfË¬ K¡»a th­ghLf´v±iyfË¬ K¡»a th­ghLf´v±iyfË¬ K¡»a th­ghLf´v±iyfË¬ K¡»a th­ghLf´

(i)
ax

Lt

→

  
ax

ax
nn

−

−
   =  n a n-1 , n  xU É»jKW v© v¬f.

(ii)
θ

θ

θ

sin

0→

Lt   =  1,  θ   Miua¬ vÅ±

(iii)
x

a

Lt

x

x

1

0

−

→

  =   log 
e

a

(iv)
0→x

Lt   
x

e
x

1−
    = 1

(v)
∞→n

Lt (1 + 1/n) n   = e

(vi)
0→x

Lt  (1+x) 1/x  = e

(vii)
0→x

Lt  
( )

x

x+1log
  =  1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 1

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf   
1

642

2 +

+−

→ x

xx

Lt

x

Ô®î :

              
1

642

2 +

+−

→ x

xx

Lt

x

=    
( )

( )1

64

2

2

2

+

+−

→

→

xLt

xxLt

x

x

=    
( ) ( )

12

6242
2

+

+−

=  2/3

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 2

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf   
xx

xx

Lt

x 2cos32sin2

2cos22sin3

4 −

+

→π
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Ô®î :

xxLt

xxLt

x

x

2cos32sin2

2cos22sin3

4

4

−

+

→

→

π

π
=    

( ) ( )

( ) ( )2cos32sin2

2cos22sin3

ππ

ππ

−

+

= 

2

3

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 3

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf      
5

252

5 −

−

→ x

x

Lt

x

Ô®î :

5

25
2

5 −

−

→ x

x

Lt

x

=  
( ) ( )

( )5

55

5 −

−+

→ x

xx

Lt

x

=  )5(
5

+
→

xLt

x

   = 10

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf    
0→x

Lt   
x

xx

4

5232 −−+

Ô®î :

             
0→x

Lt  
x

xx

4

5232 −−+

= 
0→x

Lt
( )( )

( ) 







−++

−++−−+

xxx

xxxx

52324

52325232

= 
0→x

Lt   
( ) ( )

( )xxx

xx

52324

5232

−++

−−+

= 

0→x

Lt

  
( )xxx

x

52324

8

−++

= 
0→x

Lt   
xx 5232

2

−++

= 
22

2

+

  =  
2

1



204

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 5

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf    
ax

Lt

→
3131

5353

ax

ax

−

−

Ô®î :

ax

Lt

→

     
3131

5353

ax

ax

−

−
  =   









−

−
÷

−

−

→ ax

ax

ax

ax

Lt

ax

3/13/15/35/3

= 
5
3 a-2/5  ÷ 

3
1 a-2/3   = 

5
9 a-2/5 + 2/3 = 

5
9 a4/15

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 6

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf  
0→x

Lt   
x

x

3sin

5sin

Ô®î :

       
0→x

Lt    
x

x

3sin

5sin
=  

0→x

Lt



















×

×

x

x

x

x

x

x

3

3sin
3

5

5sin
5

=  
3

5
  

0→x

Lt   



















x

x

x

x

3

3sin
5

5sin

 = 
3

5

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 7

1

1
4

1 −

−

→ x

x

Lt

x

  =   
ax

Lt

→

  
22

33

ax

ax

−

−
 vÅ±/ vÅ±/ vÅ±/ vÅ±/ vÅ±/  a-Æ¬ k½¥ig¡ fh©f.Æ¬ k½¥ig¡ fh©f.Æ¬ k½¥ig¡ fh©f.Æ¬ k½¥ig¡ fh©f.Æ¬ k½¥ig¡ fh©f.

Ô®î :

LHS = 
1

14

1 −

−

→ x

x

Lt

x

   =  4

RHS = 
ax

Lt

→

 
22

33

ax

ax

−

−

= 

ax

ax

Lt

ax

ax

Lt

ax

ax

−

−

−

−

→

→

22

33

  =  
a

a

2

3 2

  =  
2

3 a
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∴   4 =  
2

3 a

∴   a =   
3
8

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  8

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf    
2

2

154

56

xx

x

Lt

x +

−

∞→

Ô®î :

2

2

154

56

xx

x

Lt

x +

−

∞→

= 

15
4

5
6

2

+

−

∞→

x

x
Lt

x

y = 
x
1    v¬f  ,  x →∞  vÅ± y→0

2

2

154

56

xx

x

Lt

x +

−

∞→

 =   
0→y

Lt   
154

56
2

+

−

y

y

=    -5/15    =    - 1/3.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 9

ÃWîf ÃWîf ÃWîf ÃWîf ÃWîf :  
3

2222
...321

n

n

Lt

n

++++

∞→

  =  
3

1

Ô®î :

3

2222
...321

n

n

Lt

n

++++

∞→

 =  
( ) ( )

36

121

n

nnn

Lt

n

++

∞→

= 
∞→n

Lt   














 +







 +









n

n

n

n

n

n 121

6

1

= 
∞→n

Lt   















+








+

nn

1
2

1
11

6

1

      y = 1/n  ,  n →∞  vÅ± y→0

= ( ) ( ) ( )[ ]211
6

1

0→y

Lt

=  
3

1
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  7.1

1) Ñ³tUtdt¦iw k½¥¾Lf.

(i)
1

2
3

2 +

+

→ x

x

Lt

x

(ii)
xx

xx

Lt

x cos4sin3

cos3sin2

4 −

+

→π

(iii)
107

65
2

2

2 +−

+−

→ xx

xx

Lt

x

(iv)
x

xx

Lt

x

+−−

→

22

0

(v) 








−
−

−→ xxx

x

Lt

x 3

9

3 23
(vi)

θ

θ

θ

tan

0→

Lt

(vii)
3131

8585

ax

ax

Lt

ax −

−

→

(viii)
x

x

Lt

x 3

5sin

0→

(ix)
1

1

+

−

∞→ x

x

Lt

x

(x)
x

x

Lt

x 2sin

8tan

0→

(xi)
( ) ( )

( ) ( )18

2413

−+

−−

∞→ xx

xx

Lt

x

(xii)
152

635
2

2

+−

−+

∞→ xx

xx

Lt

x

2) 80
2

2

2
=

−

−

→ x

x

Lt

nn

x

 vÅ±  n-ia¡ fh©f.  (n xU Äif KG v©)

3)
( )

.
11

0
n

x

x

Lt

n

x

=
−+

→

 vd ÃWîf.

4) f(x)  =   
32

128
5

7

−

−

x

x

 vÅ± ,  
2→x

Lt   f (x) nkY« f (2)  v¬gd ÃiybgWkhÆ¬

mitfis¡ fh©f.

5) f(x) =
1+

+

x

qpx

, 
0→x

Lt    f(x) = 2 nkY« 
∞→x

Lt f(x) = 1 vÅ±,

f (-2)  =  0 vd ÃWîf.

7.2  bjhl® rh®òbjhl® rh®òbjhl® rh®òbjhl® rh®òbjhl® rh®ò
(CONTINUITY OF A FUNCTION)

7.2.1 bjhl®¢¼bjhl®¢¼bjhl®¢¼bjhl®¢¼bjhl®¢¼ (Continuity)

bghJthf/  f(x) v¬w xU rh®ò  x = a -,± bjhl®¢¼ahf c´sJ
vÅ± mj¬ tiugl¤½±  x = a   vD« ò´ËÆ± K¿î vJ« ,±iy
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v¬gjh»wJ.  x = a-,± VnjD« K¿î ,U¡FkhÆ¬/ eh« mªj rh®ig
x = a-,± bjhl®¢¼ahf ,±iy vd¡ Twyh«.  xU F¿¥¾£l
,ilbtËÆ± xU rh®ò bjhl®¢¼ahf ,U¡f nt©L« vÅ± mªj rh®ò
mªj ,ilbtËÆ± c´s mid¤J ò´ËfËY« bjhl®¢¼ahf ,U¡f
nt©L«.

vL¤Jiu¤j±vL¤Jiu¤j±vL¤Jiu¤j±vL¤Jiu¤j±vL¤Jiu¤j± 1

nk¦f©l tiugl¤½ÈUªJ  y = x2  v¬w tiugl¤½¦F vªjÉj
K¿î« ,±iy vd m¿a Ko»wJ.  Mifah±  x-¬ v±yh k½¥òfS¡F«
mJ bjhl®¢¼ahf c´sJ.

vL¤Jiu¤j±vL¤Jiu¤j±vL¤Jiu¤j±vL¤Jiu¤j±vL¤Jiu¤j± 2

                     y = 
( )

2
2

1

−x

 v¬w tiugl¤½¦F x = 2-± K¿t c´sJ vd

m¿a Ko»wJ. vdnt mªj rh®ò  x = 2-± bjuhl®¢¼ahf ,±iy v¬W
Tw¥gL»wJ.

x' x

y

y'

(x-2)

1
y =

2

x' x

y

y = x2

y'
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tiuaiwtiuaiwtiuaiwtiuaiwtiuaiw
f(x) v¬w xU rh®ò  x = a-± bjhl®¢¼ahf ,U¡f nt©L« vÅ±

(i)  f(a)  fhz¤j¡fjhfî«

(ii)        
ax

Lt

→

 f(x)   fhz¤j¡fjhfî«

(iii)       
ax

Lt

→

 f(x)  =  f(a) vdî« ,U¤j± nt©L«.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

nk¦T¿a ÃgªjidfË± x¬W m±yJ mj¦F nk¦g£l
T¦W¡f´ f(x) v¬w rh®ò¡F x = a-± bghUªjÉ±iy vÅ± mªj rh®ò
x = a-± bjhl®¢¼ahf ,±iy vd¥gL»wJ.

7.2.2 bjhl® rh®òfË¬ g©òf´bjhl® rh®òfË¬ g©òf´bjhl® rh®òfË¬ g©òf´bjhl® rh®òfË¬ g©òf´bjhl® rh®òfË¬ g©òf´:

f(x) nkY« g(x) v¬w ,U rh®òf´  x = a-± bjhl®¢¼ahf c´sJ
vÅ±

(i) f(x) + g(x) , x = a-± bjhl®¢¼ahdJ

(ii) f(x) – g(x) , x = a-± bjhl®¢¼ahdJ

(iii) f(x) .  g(x) ,  x = a-± bjhl®¢¼ahdJ

(iv)
( )

( )xg

xf

    x = a-± bjhl®¢¼ahdJ, g(a)  ≠ 0.

(v) f(x) at x = a-± bjhl®¢¼ahdJ/ nkY« f(a) ≠ 0 vÅ±
)(

1

xf

 , x = a-±

bjhl®¢¼ahf c´sJ

(vi) f(x),  x = a-± bjhl®¢¼ahdJ vÅ±  |f(x)| ,  x = a-± bjhl®¢¼ahf
c´sJ.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) x²bthU g±YW¥ò rh®ò« bjhl®¢¼ rh®ghF«.

(ii) x²bthU É»jKW rh®ò« bjhl®¢¼ rh®ghF«.

(iii) kh¿È rh®ò bjhl®¢¼ rh®ghF«.

(iv) K¦bwhUik rh®ò bjhl®¢¼ rh®ghF«.



209

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  10

f(x)  =  







=

≠

0;1

0;
3sin

x

x

x

x

 v¬f v¬f v¬f v¬f v¬f

x = 0-± ,ªj rh ®ò bjhl®¢¼ rh ®ghf c´sjh vd± ,ªj rh ®ò bjhl®¢¼ rh ®ghf c´sjh vd± ,ªj rh ®ò bjhl®¢¼ rh ®ghf c´sjh vd± ,ªj rh ®ò bjhl®¢¼ rh ®ghf c´sjh vd± ,ªj rh ®ò bjhl®¢¼ rh ®ghf c´sjh vd
nrhjid br­fnrhjid br­fnrhjid br­fnrhjid br­fnrhjid br­f.

Ô®î :

             x = 0-± nk¦T¿a rh®ò bjhl®¢¼ahf c´sjh v¬gj¦F _¬W
Ãgªjidf´ bghUªJ»¬wdth vd nrh½¥ngh«.

(i) x = 0-± f(a) = f(0) = 1

(ii)
0→x

Lt   f(x)   =  
0→x

Lt

x

x3sin
    =   3.

(iii)
0→x

Lt  f(x)  =  3  ≠ f(0)  =  1

Ãgªjid (iii) -ia ½U¥½ br­aÉ±iy

vdnt bfhL¡f¥g£L´s rh®ò  x  =  0-± bjhl®¢¼ahf ,±iy.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 11

6 5x  - x

8 6x   x
2

2

+

++
 v¬w rh®¾± bjhl®¢¼Æ¬ikia V¦gL¤J«v¬w rh®¾± bjhl®¢¼Æ¬ikia V¦gL¤J«v¬w rh®¾± bjhl®¢¼Æ¬ikia V¦gL¤J«v¬w rh®¾± bjhl®¢¼Æ¬ikia V¦gL¤J«v¬w rh®¾± bjhl®¢¼Æ¬ikia V¦gL¤J«

ò´Ëfis¡ fh©f.ò´Ëfis¡ fh©f.ò´Ëfis¡ fh©f.ò´Ëfis¡ fh©f.ò´Ëfis¡ fh©f.

Ô®î :

bjhl®¢¼Æ¬ikia¡ fhz rh®¾¬ gF½ia ó÷Ía¤½¦F
rkgL¤j nt©L«.

i.e., x2 – 5x + 6 = 0

⇒ (x – 3) ( x – 2) = 0

⇒ x = 3; x = 2.

x = 3 nkY« x = 2 vD« ò´ËfË± bfhL¡f¥g£L´s rh®ò
bjhl®¢¼ahf ,±iy.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 12

%%%%% . 10,000-I _¬W khj¤½¦F xU nrÄ¥ò fz¡»± I _¬W khj¤½¦F xU nrÄ¥ò fz¡»± I _¬W khj¤½¦F xU nrÄ¥ò fz¡»± I _¬W khj¤½¦F xU nrÄ¥ò fz¡»± I _¬W khj¤½¦F xU nrÄ¥ò fz¡»± 12%

T£L t£o åj¤½± nghl¥gL»wJ. t£oahdJ mrYl¬T£L t£o åj¤½± nghl¥gL»wJ. t£oahdJ mrYl¬T£L t£o åj¤½± nghl¥gL»wJ. t£oahdJ mrYl¬T£L t£o åj¤½± nghl¥gL»wJ. t£oahdJ mrYl¬T£L t£o åj¤½± nghl¥gL»wJ. t£oahdJ mrYl¬
khjhkhj« T£l¥gL»wJ. ÃYit¤ bjhif/ fhy« ,jidkhjhkhj« T£l¥gL»wJ. ÃYit¤ bjhif/ fhy« ,jidkhjhkhj« T£l¥gL»wJ. ÃYit¤ bjhif/ fhy« ,jidkhjhkhj« T£l¥gL»wJ. ÃYit¤ bjhif/ fhy« ,jidkhjhkhj« T£l¥gL»wJ. ÃYit¤ bjhif/ fhy« ,jid
És¡F« tiugl« tiuªJ bjhl®¢¼Æ¬ik ò´Ëfis¡És¡F« tiugl« tiuªJ bjhl®¢¼Æ¬ik ò´Ëfis¡És¡F« tiugl« tiuªJ bjhl®¢¼Æ¬ik ò´Ëfis¡És¡F« tiugl« tiuªJ bjhl®¢¼Æ¬ik ò´Ëfis¡És¡F« tiugl« tiuªJ bjhl®¢¼Æ¬ik ò´Ëfis¡
fh©f.fh©f.fh©f.fh©f.fh©f.
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Ô®î :

Kj± khj KoÉ± ÃYit¤ bjhif
10,000 + 10,000 (.01) = Rs. 10,100.

,u©lhtJ khj KoÉ± ÃYit¤ bjhif
10,100 + 10,100(.01) = Rs. 10,201.

_¬whtJ khj KoÉ± ÃYit¤ bjhif
10,201 + 10,201 (.01) = Rs. 10,303.01.

(m.J.)

X  (fhy«)                     1              2          3

Y (ÃYit¤ bjhif)    10,100           10,201           10,303.01

ÃYit¤ bjhif - fhy« tiugl«

t = 1, t = 2, t = 3 vD« ò´ËfË± tiugl« bjhl®¢¼ ,±yhJ
,U¥gij f©»nwh«.

Mfnt t = 1, t =2, t = 3 M»a ò´ËfË± tiugl« bjhl®¢¼
bgwÉ±iy.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

x²bthU khj¡ fil¼ÆY« t£oia¡ fz¡»£L ÃYit¤
bjhifnahL T£L« neu¤½± bjhl®¢¼Æ¬ik fhz¥gL»wJ.

0x' 1

10,000

10,100

10,201

ÃYit¤
bjhif

fhy« (khj¤½±)

10,303.01

2 3 x

y
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  7.2

1) cos x  X® bjhl® rh®ò vd ÃWîf.

2)
2012

562
2

2

−+

−+

xx

xx

 v¬w rh®ò¡F bjhl®¢¼Æ¬ik ò´Ëfis¡ fh©f.

3) kh¿È rh®ò xU bjhl®¢¼ahd rh®ò vd¡fh£Lf.

4) f(x) = | x | v¬gJ M½Æ± bjhl®¢¼ahdJ vd ÃWîf.

5) f(x) = 
1

2

−

+

x

x

 ,  x  = 1-± bjhl®¢¼a¦w rh®ò vd ÃWîf.

6)
( ) ( )43

2

−−

+

xx

x

 v¬w rh®ò¡F bjhl®¢¼a¦w ò´Ëfis¡ fh©f.

7.3   tifÆlÈ¬ fU¤JUtifÆlÈ¬ fU¤JUtifÆlÈ¬ fU¤JUtifÆlÈ¬ fU¤JUtifÆlÈ¬ fU¤JU
(CONCEPT OF DIFFERENTIATION)

7.3.1 tif¡bfGtif¡bfGtif¡bfGtif¡bfGtif¡bfG  (Differential coefficient)

y = f(x) v¬w rh®¾± 'x'-± V¦gL« Äf¢ ¼¿a kh¦w« mjid x¤j
kh¦w¤ij y-ÆY« V¦gL¤J« ,²thwhf  x-¬ ¼¿a khW« åj« ∆x

vdî« y-¬ khW« åj¤ij  ∆y vdî« bfh´f.

y =  f(x)

y+∆y  = f (x + ∆x )

∆y   = f (x + ∆x )  -  f(x)

x

xfxxf

x

y

∆

−∆+
=

∆

∆ )()(

x

y

∆

∆
 v¬gJ khW« åj¤½¬ É»j« vd miH¡f¥gL«.

0→∆x

Lt
x

y

∆

∆
 v¬gJ x-I bghW¤j  y-¬ tif¡bfG vd¥gL«. ,jid 

dx

dy

vd F¿¥¾Lnth«.

           ∴
dx

dy

    = 
0→∆x

Lt   
x

y

∆

∆

,²thW tif¡bfGit bgW«Kiwia tifÆl± v¬»nwh«.
,jid y

1

 ,  f /(x) ,   D( f (x) )  vd F¿Þ£o¬ _y« F¿¡fyh«.
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7.3.2 tif¡bfG fhzÈ¬ tot fÂj És¡f«.tif¡bfG fhzÈ¬ tot fÂj És¡f«.tif¡bfG fhzÈ¬ tot fÂj És¡f«.tif¡bfG fhzÈ¬ tot fÂj És¡f«.tif¡bfG fhzÈ¬ tot fÂj És¡f«.
P (a , f (a) ) nkY« Q ( a + h , f (a + h) )  v¬gd y = f (x) v¬w

tistiuÆ¬ ÛJ´s ,u©L ò´Ëf´ v¬f.

PL, QM v¬git x-m¢R¡F tiua¥g£l F¤J¡nfhLf´  MQ-¡F
br§F¤jhf PR-ia tiuf.

PR = LM = h

          nkY« QR = MQ - LP

=  f (a+h) – f (a)

        

PR

QR

   =  
h

afhaf )()( −+

Q ò´Ë P-ia neh¡» efU«bghGJ h→0 Mfî«/ v±iyÆ¬ Kothf
PQ v¬w eh© P-± mªj tistiu¡F PT v¬w bjhLnfhlhf mikí«.

bjhLnfhL PT-Æ¬ rh­î = 

PQ

Lt

→

 (PQ-É¬ rh­î)

= 
( ) ( )

h

afhaf

Lt

h

−+

→0

∴ f(x)-¬ tif¡bfG v¬gJ y = f (x) v¬w tistiuÆ¬ (a, f(a))

ò´ËÆ± tiua¥g£l bjhLnfhL MF«.

7.3.3 mo¥gil Kiw _y« tif¡bfG fhQ« åj«mo¥gil Kiw _y« tif¡bfG fhQ« åj«mo¥gil Kiw _y« tif¡bfG fhQ« åj«mo¥gil Kiw _y« tif¡bfG fhQ« åj«mo¥gil Kiw _y« tif¡bfG fhQ« åj«
y  =  f (x)  v¬w rh®¾¬ tif¡bfGit tif¡fhzÈ¬

tiuaiwÆ¬ _y« fhQ« Kiwna mo¥gil Kiw _y« tif¡ fhQ«
ÉjkhF«. ,ij ab-initio v¬W« TWt®. ,ªj mo¥gil KiwahdJ
¾¬tU« IªJ Ãiyfis¡ bfh©ljhf mik»wJ.

S L M

P R

Q

xx' T

y

y = x2

y'



213

gogogogogo (i) bfhL¡f¥g£L´s rh®ig  y-¡F rk¥gL¤½l y = f(x) vd MF«.

gogogogogo (ii) bfhL¡f¥g£L´s rh®¾±  x-ia  x + ∆x kh¦¿ y + ∆y -¬ ò½a
k½¥ig¡ fh©f.

gogogogogo (iii) ∆y = f(x +∆x) – f(x) v¬w toÉ± vG½ ∆y-ia RU¡Ff.

gogogogogo (iv)
x

y

∆

∆
-ia k½¥¾Lf.

gogogogogo  (v)

x

y

Lt

x ∆

∆

→∆ 0

-ia fh©f.

7.3.4 mo¥gil Kiw _y« ½£l rh®òfË¬ tif fhz±mo¥gil Kiw _y« ½£l rh®òfË¬ tif fhz±mo¥gil Kiw _y« ½£l rh®òfË¬ tif fhz±mo¥gil Kiw _y« ½£l rh®òfË¬ tif fhz±mo¥gil Kiw _y« ½£l rh®òfË¬ tif fhz±

(i) xn  -¬ tif bfG ¬ tif bfG ¬ tif bfG ¬ tif bfG ¬ tif bfG (n X® É»jKW v© v¬f.X® É»jKW v© v¬f.X® É»jKW v© v¬f.X® É»jKW v© v¬f.X® É»jKW v© v¬f.)

Ã%gz«:

y = xn v¬f.
∆x , ∆y v¬gd Kiwna x, y fË± V¦gL« Äf¢ ¼¿a kh¦w§f´ v¬f.
∴   y + ∆y= (x + ∆x)n

∆y = (x + ∆x)n – y

= (x + ∆x)n - xn

      
x

y

∆

∆
= 

( )

x

xxx
nn

∆

−∆+

∴   
dx

dy

= 
0→∆x

Lt    
x

y

∆

∆

= 

0→∆x

Lt

 
( )

x

xxx
nn

∆

−∆+

=   
0→∆x

Lt
      ( )

xxx

xxx
nn

−∆+

−∆+

)(

 ∴     
dx

dy

=  
xxx

Lt

→∆+ )(
  

( )

xxx

xxx
nn

−∆+

−∆+

)(
     ∆x → 0 v¬gjh±, x + ∆x→ x

=  n xn-1         ( Q  

ax

ax

Lt

nn

ax −

−

→

  =   nan-1 )

( ) 1−
=

nn

nxx

dx

d
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(ii) sinx  rh®¾¬ tif¡bfGrh®¾¬ tif¡bfGrh®¾¬ tif¡bfGrh®¾¬ tif¡bfGrh®¾¬ tif¡bfG
                y = sinx

∆x, ∆y v¬gd Kiwna x, y fË± V¦gL« Äf¢ ¼¿a kh¦w§f´
v¬f.

y + ∆y = sin(x + ∆x)

                 ∆y = sin(x + ∆x) – y

= sin( x +∆x) – sinx

x

y

∆

∆
= 

x

xxx

∆

−∆+ sin)sin(

=    
x

xx

x

∆

∆







 ∆
+

2
sin

2
cos2

= 

2

2
sin

.
2

cos
x

x

x

x

∆

∆








 ∆
+

∴
dx

dy

= 
0→∆x

Lt  
x

y

∆

∆

= 

0→∆x

Lt

 cos(x + ∆x/2). 

2

2
sin

0 x

x

Lt

x ∆

∆

→∆

=   cosx   

2

2
sin

0
2

x

x

Lt
x ∆

∆

→
∆

=   (cosx).1             ( Q    

1
sin

0
=

→ θ

θ

θ

Lt

)

= cosx

( ) xx

dx

d

cossin =
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(iii) ex -¬ tif¡ bfG-¬ tif¡ bfG-¬ tif¡ bfG-¬ tif¡ bfG-¬ tif¡ bfG
y = ex

∆x ,  ∆y v¬gd Kiwna x, y fË± V¦gL« Äf¢ ¼¿a kh¦w§f´
v¬f.

y + ∆y =  ex+∆x

∆y =  ex+∆x- y

∆y =  ex+∆x - ex

= ex (e∆x – 1 )

        
x

y

∆

∆
= 

x

1) - (e e xx

∆

∆

             ∴∴∴∴∴
dx

dy

= 
x

y

Lt

x ∆

∆

→∆ 0

= 
0→∆x

Lt

x

1) - (e e xx

∆

∆

= ex  
0→∆x

Lt

x

1) - (e x

∆

∆

=  ex 1 (
0→h

Lt
h

1) - (e
h

 = 1 )

=  ex

∴ 
dx
d (ex) = ex

(iv) log x -¬ ti¡bfG¬ ti¡bfG¬ ti¡bfG¬ ti¡bfG¬ ti¡bfG
y = log x

           ∆x,  ∆y v¬gd Kiwna x, y fË± V¦gL« Äf¢ ¼¿a kh¦w§f´
v¬f.

                  y + ∆y = log  (x + ∆x)

       ∆y = log  (x + ∆x) - y

= log  (x + ∆x) - log
  

x

       ∆y = 






 ∆+

x

xx

e
log
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                                             = 






 ∆
+

x

x

e
1log

    
x

y

∆

∆
= 

x

x

x

e

∆








 ∆
+1log

∴     
dx

dy

= 
x

y

Lt

x ∆

∆

→∆ 0

= 
0→∆x

Lt  
x

x

x

e

∆








 ∆
+1log

      
x
x∆ = h v¬f

∴       ∆x = hx     ∆x→0 vÅ±, h→0

∴      
dx

dy
= 0h

Lt
→

 
hx

h)  (1 log +

= 
x
1

0h
Lt
→

 
h

h)  (1 log e +

= 
x
1

0h
Lt
→

 log (1 + h)
h
1

= 
x
1  1

= 
x
1  (Q 

0h
Lt
→

 log (1 + h)
h
1

 = 1)

∴ ( )x

dx

d

log  = 
x
1

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

         
dx
d (log  x) = 

x
1

0h
Lt
→

 log (1 + h)
h
1

= 
x
1  log

e
e

(v) kh¿ÈÆ¬ tif¡ bfGkh¿ÈÆ¬ tif¡ bfGkh¿ÈÆ¬ tif¡ bfGkh¿ÈÆ¬ tif¡ bfGkh¿ÈÆ¬ tif¡ bfG

kh¿Èia  k  vd¡ bfh©lh±  y = k  MF«.
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∆x ,  ∆y   v¬gd Kiwna x,  y fË± V¦gL« Äf¢ ¼¿a kh¦w§f´
v¬f.

      y + ∆y = k

∆y = k – y

= k – k

∆y = 0

∴     
x

y

∆

∆
= 0

∴     
dx

dy
= 

0→∆x

Lt

x

y

∆

∆
 = 0

∴     
dx
d  (kh¿È) = 0

7.3.5 tif¡bfGÉ¬ bghJ É½f´tif¡bfGÉ¬ bghJ É½f´tif¡bfGÉ¬ bghJ É½f´tif¡bfGÉ¬ bghJ É½f´tif¡bfGÉ¬ bghJ É½f´

É½É½É½É½É½ 1 :  T£l± É½T£l± É½T£l± É½T£l± É½T£l± É½

( )vu

dx

d

+  = 
dx

dv

dx

du

+   ,    u,  v  v¬gd x-¬ rh®òf´ v¬f.

Ã%gz«:

y = u + v  v¬f.   ∆x,  ∆u, ∆v, ∆y  v¬gd Kiwna x, u, v, y fË±
V¦gL« Äf¢¼W kh¦w§f´ v¬f.

       y + ∆y =  (u + ∆u) + (v + ∆v)

       ∆y =  (u + ∆u)  +(v + ∆v) – y

=   u + ∆u + v + ∆v – u – v.

       ∆y =  ∆u + ∆v

∴        
x

y

∆

∆
= 

x
u

∆

∆  + 
x
v

∆

∆

∴        
dx

dy
= 

0→∆x

Lt

x

y

∆

∆

= 








∆

∆
+

∆

∆

→∆ x

v

x

u

Lt

x 0

=  
x

v

Lt

x

u

Lt

xx ∆

∆
+

∆

∆

→∆→∆ 00



218

= 
dx
du  + 

dx
dv

∴      
dx

dy
= 

dx
du  + 

dx
dv

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

,ªj É½ia x-± c´s KoîW rh®òfË¬ T£l±fS¡F
Ú£o¡fyh«.

É½É½É½É½É½ 2 :  fÊ¤j± É½fÊ¤j± É½fÊ¤j± É½fÊ¤j± É½fÊ¤j± É½
u,   v  v¬gd  x,  y-± tif¡fhd j¡f rh®òf´. nkY«  y = u-v

vÅ±

dx

dy
 = 

dx
du  - 

dx
dv

É½É½É½É½É½ 3 :  bgU¡f± É½bgU¡f± É½bgU¡f± É½bgU¡f± É½bgU¡f± É½

( ) v

dx

dv

uuv

dx

d

+=
dx

du

  ,  u,  v  v¬gd  x-¬ rh®òf´

Ã%gz«:

  y = uv  v¬f  u  nkY« v v¬gd  x-¬ jÅ¥g£l rh®òf´ v¬f.

∆x,  ∆u, ∆v, ∆y  v¬gd x, u, v, y  fË± V¦gL« Äf¢¼W kh¦w§f´
v¬f.

     y + ∆y =  (u + ∆u)(v + ∆v)

          ∆y =  (u + ∆u)(v + ∆v) - y

=   (u + ∆u)(v + ∆v) – uv

=    u. ∆v + v ∆u + ∆u ∆v

∴ 
x

y

∆

∆
= u

x
v

∆

∆ +v
x
u

∆

∆ +
x
u

∆

∆  ∆v

∴ 
dx

dy
= 

0→∆x

Lt

x

y

∆

∆

= 
0→∆x

Lt  u
x
v

∆

∆ + 
0→∆x

Lt v
x
u

∆

∆  + 
0→∆x

Lt

x
u

∆

∆
∆v

= u
0→∆x

Lt  
x
v

∆

∆ + v
0→∆x

Lt

x
u

∆

∆  + 
0→∆x

Lt

x
u

∆

∆

0→∆x

Lt ∆v
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= u
dx
dv + v

dx
du + 

dx
du (0)   (Q  ∆x→0, ∆v = 0)

     

dx

dy

= u
dx
dv  + v

dx
du

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :bgU¡f± É½Æ¬ Ú£o¥òbgU¡f± É½Æ¬ Ú£o¥òbgU¡f± É½Æ¬ Ú£o¥òbgU¡f± É½Æ¬ Ú£o¥òbgU¡f± É½Æ¬ Ú£o¥ò

y = uvw vÅ±

      
dx

dy
= uv

dx
d (w) + wu

dx
d (v) + wv

dx
d (u)

É½É½É½É½É½ 4 : tF¤j± É½tF¤j± É½tF¤j± É½tF¤j± É½tF¤j± É½

                    








v

u

dx

d

   =    
2

v

dx

dv

u

dx

du

v −

 ,  u  nkY«  v  v¬gd  x-¬ rh®òf´

Ã%gz«:

y  = 
v

u

 v¬f.  u  nkY«  v  v¬gd  x-¬ jÅ¥g£l rh®òf´.

∆x,  ∆u, ∆v, ∆y v¬gd Kiwna  x, u, v,  y fË± V¦gL« Äf¢¼W
kh¦w§f´ v¬f.

                             y + ∆y =  
v  v
u u 

∆+

∆+

              ∆y =  
v  v
u u 

∆+

∆+ -y

= 
v  v
u u 

∆+

∆+  -  
v
u

= 
v)  v(v

v)  u(v - u) (u v

∆+

∆+∆+

= 
v)  v(v

 vu   -u  v
∆+

∆∆

           
x

y

∆

∆
=  

vvv

x

v

u

x

u

v

∆+

∆

∆
−

∆

∆

2

..

∴      
dx

dy
=   

0→∆x

Lt

x

y

∆

∆
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= 
0→∆x

Lt  
vvv

x

v

u

x

u

v

∆+

∆

∆
−

∆

∆

2

..

= 
0  v

u - v

2

dx
dv

dx
du

+
 (Q ∆x →0, ∆v = 0)

                                   

dx

dy

  =   
2

..

v

dx

dv

u

dx

du

v −

É½É½É½É½É½ 5 :    bgU¡F rh®gyÅ¬ tif¡ bfGbgU¡F rh®gyÅ¬ tif¡ bfGbgU¡F rh®gyÅ¬ tif¡ bfGbgU¡F rh®gyÅ¬ tif¡ bfGbgU¡F rh®gyÅ¬ tif¡ bfG :

                [ ])( xfc

dx

d

   =  [ ])( xf

dx

d

c   ,  c v¬gJ kh¿È.

Ã%gz«:

          y  = c f(x) v¬f.

          ∆x , v¬gJ  x-± V¦gl¡Toa Äf¢¼¿a kh¦w«.  ∆y  v¬gJ y-±
V¦gL« Äf¢¼W kh¦w« v¬f.

     y + ∆y =  c f(x + ∆x)

     ∆y =  cf(x + ∆x) – y

     ∆y =  cf(x + ∆x)  - c f(x)

=  c(f(x + ∆x) – f(x))

   
x

y

∆

∆
=   

( )

x

xfxxfc

∆

−∆+ )()(

∴       
dx

dy
= 

0→∆x

Lt  
x

y

∆

∆

= 
0→∆x

Lt  
x

f(x)) - x)(x c(f

∆

∆+

=  c f |(x)

∴  
dx
d    (cf(x))  =   c f |(x)
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th­ghLf´th­ghLf´th­ghLf´th­ghLf´th­ghLf´ :

(i)
dx

d

 ( x n ) =  nxn-1

(ii)
dx

d

 








x

1
= 

2

1

x

−

(iii)      
dx

d

 ( x ) =   1

(iv)      
dx

d

 ( x ) =   
x2

1

(v)      
dx

d

 ( k x ) =   k

(vi)
dx

d

  (sinx) =  cosx

(vii)
dx

d

  (cosx) =  - sinx

(viii)
dx

d

  (tanx) =  sec2x

(ix)
dx

d

  (cosecx) =  - cotx .cosecx

(x)
dx

d

  (secx) =   secx .tanx

(xi)
dx

d

 (cotx) =  - cosec2x

(xii)
dx

d

  (ex) =   ex

(xiii)
dx

d

  ( )bxa

e
+

=  a  
bxa

e
+

(xiv)
dx

d

 (log x) =  
x

1

(xv)
dx

d

[ log ( x + a )] =   
ax +

1

(xvi)
dx

d

 (kh¿È)   =  0.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  13

6x4 – 7x3 + 3x2 – x + 8  -ia -ia -ia -ia -ia x -I¥ bghW¤J tifÆLf.I¥ bghW¤J tifÆLf.I¥ bghW¤J tifÆLf.I¥ bghW¤J tifÆLf.I¥ bghW¤J tifÆLf.

Ô®î :

                y =  6x4 – 7x3 + 3x2 – x + 8

                          
dx

dy
 =  

dx
d (6x4) – 

dx
d (7x3) + 

dx
d (3x2) – 

dx
d (x) + 

dx
d (8)

                                =  6 
dx
d (x4) –7 

dx
d (x3) + 3

dx
d (x2) – 

dx
d (x) + 

dx
d (8)

                                =  6(4x3) – 7(3x2) + 3(2x) – (1) + 0

                          
dx

dy
 =  24x3 – 21x2 + 6x - 1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 14

3x2/3 – 2 log
e
 
 

x + ex -ia ia ia ia ia x-ia¥ bghW¤J tif¡bfG fh©f.-ia¥ bghW¤J tif¡bfG fh©f.-ia¥ bghW¤J tif¡bfG fh©f.-ia¥ bghW¤J tif¡bfG fh©f.-ia¥ bghW¤J tif¡bfG fh©f.

Ô®î :

               y = 3x2/3 – 2 log 
e 

x + ex  v¬f.

                    
dx

dy

=  3
dx

d

 (x2/3) – 2 
dx

d

 (log
e
x) +

dx

d

 (ex)

=   3 ( 2 / 3) x –1 / 3 – 2 ( 1 / x ) +  ex

=  2 x -1/ 3 – 2 / x  +  ex

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 15

y = cos x + tan x vÅ±vÅ±vÅ±vÅ±vÅ±,  
dx

dy
   iaiaiaiaia x = 

6

π
-± fh©f.± fh©f.± fh©f.± fh©f.± fh©f.

Ô®î :

                 y  = cos x + tan x

            
dx

dy

   =     
dx

d

 ( cos x ) + 
dx

d

 ( tan x )

= - sin x + sec2 x

              
dx

dy

  (at  x =
6

π
 ) =   - sin 

6

π

 + (sec π/6)2

= -

2
1

 + 
3
4

= 
6
5
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 16

cosx . logx  ,    x-ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.

Ô®î :

Let   y = cosx . logx

      
dx

dy

=  cosx 
dx

d

 (logx)  + logx 
dx

d

 (cosx)

=  cosx 
x
1  +  (logx) (-sinx)

=  
x

 xcos -  sinx logx

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 17

x2 ex logx -IIIII  x -ia¥ bghW¤J tifÆLfia¥ bghW¤J tifÆLfia¥ bghW¤J tifÆLfia¥ bghW¤J tifÆLfia¥ bghW¤J tifÆLf

Ô®î :

     y =  x2 ex  logx v¬f.

         
dx

dy

=  x2 ex 
dx

d

 ( logx ) + x2 logx  
dx

d

 (ex) +  ex logx 
dx

d

 (x2)

=   (x2 ex ) (1/x) + x2 logx (ex ) + ex logx (2x)

=  x ex + x2 ex logx + 2x ex logx

=  x ex ( 1 + x logx + 2 logx )

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 18

1 x  - x

1 x   x
2

2

+

++
 ,  x -ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.

Ô®î :

                 y    = 
1  x - x

1  x  x
2

2

+

++ v¬f.

dx

dy

=  
( ) ( ) ( ) ( )

22

2222

)1(

1111

+−

+−++−+++−

xx

xx

dx

d

xxxx

dx

d

xx

= 22

22

1)  x - (x

1) -(2x  1)  x  (x - 1) (2x  1)  x  (x

+

++++−

= 22

2

1)  x - (x

)x-(1 2

+
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  7.3

1) mo¥gil Kiw _y« ¾¬tU« rh®òfis tifÆLf.
(i)   cosx    (ii)   tanx    (iii)     cosecx     (iv)   √x

2) x-ia¥ bghW¤J tifÆLf.

(i) 3x4 – 2x3 + x +8 (ii) 4x

5
- 3x

2
+

x
5

(iii)
x

e

x

x ++
3

1
(iv)

x

xx
2

23 −+

(v) tanx  +  logx (vi) x3 ex

(vii)
x

2  4x-3x 23
+

(viii)    axn + nx

b

(ix) (x2 + 1) (3x 2 - 2) (x)  (x2 + 2) sin x

(xi) secx tanx (xii)   x2 sinx + 2x sinx + ex

(xiii) (xz- x + 1)(x2 + x +1) (xiv)  xn logx

(xv) x2 tanx + 2x cotx + 2 (xvi)  √x . secx

(xvii) x

x

e 1

e

+
(xviii) 

 xcos  1
 xcos - 1

+

(xix)
x

x

53

53

+

−
(xx)























+

−
43

2

2
log

x

x

e
x

(xxi)

2

1








+

x

x (xxii)   x 2  log x

(xxiii)   x tanx  +  cos x (xxiv)  
( )x

e
x

+1

7.3.6 rh®¾¬ rh®ò¡F tif¡bfG fhz± - r§»È É½rh®¾¬ rh®ò¡F tif¡bfG fhz± - r§»È É½rh®¾¬ rh®ò¡F tif¡bfG fhz± - r§»È É½rh®¾¬ rh®ò¡F tif¡bfG fhz± - r§»È É½rh®¾¬ rh®ò¡F tif¡bfG fhz± - r§»È É½

y -MdJ  u-¬ rh®ò. nkY«  u-MdJ  x-¬ rh®ò vÅ±

dx

dy
 = 

du

dy

dx
du

y-MdJ  u-¬ rh®ò ,  u-MdJ  v-¬ rh®ò nkY«  v-MdJ  x-¬

rh®ò vÅ± , 
dx

dy
 = 

du

dy

dv
du  

dx
dv  vd ÉÇî br­J tif¡bfG

fhzyh«.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 19

x-ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.

                           (i)   (sinx)                (ii)  e
x

Ô®î :

(i) y =  (sinx)           sinx  =  u v¬f.

y    =  u

du

dy
 = 

2
1   u-1/2  nkY«  

dx
du    =  cosx

       ∴ dx

dy
= 

du

dy
 

dx
du

= 
2
1  u –1 / 2  cos x

= 
(sinx)2

 xcos

(ii)       y = e

dx

dy
 =

dx
d (e

      
)

= e
    

 
dx
d   ( x )

= 
x2

e x

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  20

log  
x-x

-xx

e - e

e  e +
-IIIII  x-ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.

Ô®î :

y =  log  
x-x

-xx

e - e

e  e +
 v¬f.

y =  log(ex + e-x) – log(ex - e-x)

dx

dy
= 

dx
d { log (ex + e-x) }  - 

dx
d { log (ex - e-x) }

= 
x-x

-xx

e  e

e  e

+

−
 -

x-x

-xx

e - e

e  e +

   x

   x

   x
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= 
)e - (e )e  (e

)e  (e - )e - (e
x-xx-x

2-xx2-xx

+

+

= 
2x-2x

-2x2x-2x2x

e - e

e - 2 - e- e  2-e +

= 
xx

ee
22

4
−

−

−

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 21

log (logx)-IIIII    x-ia¥ bghW¤J tif¥gL¤Jfia¥ bghW¤J tif¥gL¤Jfia¥ bghW¤J tif¥gL¤Jfia¥ bghW¤J tif¥gL¤Jfia¥ bghW¤J tif¥gL¤Jf

Ô®î :

y =    log (logx) v¬f.

dx

dy

= 
dx
d { log (logx)}

= 
xlog

1
 

dx

d

 (log x)

= 
xlog

1

x

1

        ∴        
dx

dy

= 
xx log

1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 22

e4x  sin 4x -IIIII   x-ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.
Ô®î :

y =  e4x  sin 4x  v¬f.

      
dx

dy
= e4x 

dx
d ( sin 4x)  +   sin 4x  

dx
d (e4x)

= e4x ( 4 cos4x)   +  sin 4x (4 e4x)

=  4 e4x ( cos 4x + sin 4x )

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  7.4

x -ia¥ bghW¤J tifÆLf.

1) 223 2
+− xx 2) ( 8 – 5x )2/3

3) sin ( ex ) 4) esec x
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5) log sec x 6)
2

x

e

7) log ( x + 1)(x 2
+ ) 8) cos ( 3x - 2)

9) log cos x2 10) log {e2x 2)(x / 2)-(x + }

11) e sin x + cos x 12) ecot x

13) log  { (ex / ( 1 + ex ) } 14) log ( sin2x )

15)
tan x

e 16) sin x2

17) {log ( log ( log x )}n 18) cos 2 x

19) e–x log ( ex + 1) 20) log { (1 + x2) / (1 – x2) }

21)
3 3 1++ xx 22) sin ( log x )

23)
( )x

x
loglog

24) (3 x2 +4 ) 3

7.3.7 jiyÑÊ rh®¾¬ tifÆl±jiyÑÊ rh®¾¬ tifÆl±jiyÑÊ rh®¾¬ tifÆl±jiyÑÊ rh®¾¬ tifÆl±jiyÑÊ rh®¾¬ tifÆl±

y  =  f (x) v¬gJ  x-± c´s tifÆl¤j¡f rh®ghf ,UªJ/ mj¬
jiyÑÊ rh®ò  x = f -1(y) vd tiuaW¡f¥g£oUªjh±

 

dx

dydy

dx 1
= , 

dx

dy

≠  0 vd¡ bfh´syh«.

th ­ghLf´th ­ghLf´th ­ghLf´th ­ghLf´th ­ghLf´

(i)
dx
d (sin-1 x) = 2x-1

1

(ii)
dx
d (cos-1 x) = 2x-1

-1

(iii)
dx
d (tan-1 x) = 

) x (1

1
2

+

(iv)
dx
d (sec-1 x) = 

1 - x

1
2

x

(v)
dx
d (cosec-1 x) = 

1 - x

1 -
2

x

(vi)
dx
d (cot-1 x) = 

) x 1(

1 -
2

+
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 23

cos –1 ( 4 x3 - 3x ) -IIIII  x-ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.

Ô®î :

y = cos –1 ( 4 x3 – 3 x ) v¬f.
x = cos θ v¬f.

∴ y = cos –1 ( 4 cos 3θ  – 3 cos θ )

= cos –1 ( cos 3θ )

y =  3θ

∴ y = 3 cos-1 x

       
dx

dy

=  
21

3

x−

−

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 24

tan –1










+

−

x

x

1

1

 -IIIII  x-ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.

Ô®î : y = tan–1 








+

−

x

x

1

1
 v¬f;

x =  tan θ  v¬f.

∴ y = tan–1 








+

−

θ

θ

tan1

tan1

= tan–1 








+

−

θπ

ϑπ

tan4/tan1

tan4/tan

= tan–1
















− θ

π

4
tan

y =  θ
π

−
4

y =   x
1

tan
4

−
−

π

∴

dx

dy

=  -
2

1

1

x+

7.3.8 kl¡if rh®òfË¬ tifÆl±kl¡if rh®òfË¬ tifÆl±kl¡if rh®òfË¬ tifÆl±kl¡if rh®òfË¬ tifÆl±kl¡if rh®òfË¬ tifÆl±
y = f (x )  v¬gJ X® rh®ò v¬f.  ,UòwK« kl¡if vL¤J mªj

rh®ò¡F tif fhQ« Kiwia kl¡if rh®òfË¬ tifÆl± v¬»nwh«.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  25

( )

( ) ( )
52

3

532

12

−+

+

xx

x

  -IIIII  x-ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.

Ô®î :

y =  
( )

( ) ( )
52

3

532

12

−+

+

xx

x

 v¬f.

   log y =  log 
( )

( ) ( ) 







−+

+

52

3

532

12

xx

x

=  3 log (2x + 1 ) – 2 log ( x + 2 ) – 5 log ( 3x – 5 )

   x -ia bghW¤J tif¡ fhz/

y

1
. 

dx

dy

= 
12

3

+x

(2)  - 2  
2

1

+x

 (1)  - 5 
53

1

−x

 . 3

y

1
. 

dx

dy

=  
12

6

+x

 -  
2

2

+x

 - 
53

15

−x

      
dx

dy

=  y 








−
−

+
−

+ 53

15

2

2

12

6

xxx

=  
( )

( ) ( )







−
−

+
−

+−+

+

53

15

2

2

12

6

532

12
52

3

xxxxx

x

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 26

(sin x)cos x -IIIII  x-ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.ia¥ bghW¤J tifÆLf.
Ô®î :

y =  (sin x)cos x  v¬f.

,UòwK« kl¡if vL¡f/

log y = cos x  log sin x

x -ia¥ bghW¤J tif fhz

y

1
. 

dx

dy

=  cos x ( ) ( )x

dx

d

xx

dx

d

cos.sinlogsinlog +

=  cos x ( )xxx

x

sinsinlogcos.
sin

1
−+

=  xx

x

x

sinlogsin
sin

cos
2

−
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dx

dy

=  y [ ]xxxx sinlogsincoscot −

=  ( ) [ ]xxxxx
x

sinlogsincoscotsin
cos

−

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 7.5

x -ia¥ bghW¤J tifÆLf.

1) sin –1 (3x - 4x3) 2) tan-1










−

−

2

3

31

3

x

xx

3) cos–1 








+

−

2

2

1

1

x

x

4) Sin–1 
21

2

x

x

+

5) tan–1 
2

1

2

x

x

−
6) tan–1 













 −+

x

x 11 2

7) cot -1
xx −+

2
1 8) tan–1 

22
xa

x

−

9) xx 10) (sin x)log x

11) x x
1

sin
−

12) (3x – 4)x-2

13) e
x

x 14) xlog x

15) 3

54

54

x

x

−

+ 16) (x2 + 2)5  (3x4 – 5)4

17) x x

1

18) (tan x)cos x

19)

x

x









+

1
1 20)

2

2

1

1

x

x

−

+

21)

( )
2

23

32

5

+

+

x

xx 22) a x

23)
x

x 24) (sin x) x
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7.3.9c£gL rh®òfË¬ tif¡ fhz±c£gL rh®òfË¬ tif¡ fhz±c£gL rh®òfË¬ tif¡ fhz±c£gL rh®òfË¬ tif¡ fhz±c£gL rh®òfË¬ tif¡ fhz±
               y = f (x) v¬w toÉ± c´s rh®òf´btË¥gil¢ rh®òf´ MF«.
f ( x,y) = c,  (c v¬gJ kh¿È)  v¬w mik¥¾± c´s rh®òf´ c£gL
rh®òf´ MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 27

xmyn  =  (x + y)m+n  vÅ±vÅ±vÅ±vÅ±vÅ±,  
dx

dy

 =  
x

y

 vd ÃWîfvd ÃWîfvd ÃWîfvd ÃWîfvd ÃWîf

Ô®î :

xmyn  =  (x + y)m+n

,UòwK« kl¡if fhz/
m log x  + n log y   =  (m + n) log (x + y)

x -ia bghW¤J tifÆl

=+
dx

dy

y

n

x

m

 







+









+

+

dx

dy

yx

nm

1

⇒

=+
dx

dy

y

n

x

m

 
dx

dy

yx

nm

yx

nm

.
+

+
+

+

+

⇒
dx

dy

yx

nm

dx

dy

y

n

+

+
−.

 =  
x

m

yx

nm

−
+

+

⇒ 









+

+
−

yx

nm

y

n

dx

dy = 
x

m

yx

nm

−
+

+ ⇒

 

( )









+

−−+

yxy

nymynynx

dx

dy

  =   
( )yxx

mymxnxmx

+

−−+

⇒

 








 −

y

mynx

dx

dy

 =  
x

mynx −

∴ 

dx

dy

=   








−







 −

mynx

y

x

mynx

.

=     
x

y

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  7.6

dx

dy

 -ia¡ fh©f.

1) y2  =  4ax 2)   x2 + y2 = 9
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3) xy  =  c2 4)   
2

2

a

x

  +  
2

2

b

y

  =  1

5)
2

2

a

x

 - 
2

2

b

y

 = 1 6) ax2 + 2hxy + by2 = 0

7) x2 – 2xy + y2 = 16 8) x4 + x2y2 + y4  =  0

9)
x

 +  
y

 =  
a

10) xy  =  yx

11) x2 + y2 + x + y  + λ  = 0 12) y = cos ( x + y )

13) xy = ex-y 14) (cos x) y = ( sin y)x

15) x2 –  xy  + y2  = 1

7.3.10   Jiz myF rh®òfË¬ tif¡ fhz±Jiz myF rh®òfË¬ tif¡ fhz±Jiz myF rh®òfË¬ tif¡ fhz±Jiz myF rh®òfË¬ tif¡ fhz±Jiz myF rh®òfË¬ tif¡ fhz±

x,  y  v¬w ,U kh¿fSnk ntbwhU _¬whtJ kh¿Æ¬ _y«
mika¥ bgWtJ JizayF rh®ghF«.  _¬whtJ kh¿ia Ú¡fhk±

dx

dy

 -ia fhzyh«.

x  =  f(t) ; y =  g(t)   v¬f.

                                
dx

dy

= 
dt

dx

dt

dy

÷

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 28

x  =  a ( θθθθθ - sinθθθθθ )   ;    y  =   a  ( 1 - cosθθθθθ ) vÅ±vÅ±vÅ±vÅ±vÅ±  

dx

dy -ia¡ fh©f.ia¡ fh©f.ia¡ fh©f.ia¡ fh©f.ia¡ fh©f.

Ô®î :

θd

dx

=  a ( 1 - cosθ)     ;    
θd

dy

 = a ( sinθ )

dx

dy

=  
θd

dy

   ÷    

θd

dx

=   
( )θ

θ

cos1

sin

−a

a

= 
θ/2 2sin

θ/2cos  θ/22sin 
2

= cot θ/2
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  7.7

dx

dy

 -ia¡ fh©f.ia¡ fh©f.ia¡ fh©f.ia¡ fh©f.ia¡ fh©f.

1) x  =  a cosθ , y = b sinθ 2) x = ct ,  y =

t

c

3) x   =  a secθ , y = b tan θ 4) 3 x = t3, 2y = t2

5) x   =  a cos3

θ

,y =a sin3

θ 6) x = log t, y = sin t

7) x   =  eθ (sinθ  + cosθ ) ;  y  =  eθ (sinθ  -  cos θ )

8) x   = 

t

,  y = t + 
t

1
9) x =  cos (log t)  ;  y  =  log (cost)

10) x   =   2cos2θ  ;  y = 2 sin2θ 11) x  =  at2 ,  y  =  2at

7.3.11 bjhl® tifÆl±bjhl® tifÆl±bjhl® tifÆl±bjhl® tifÆl±bjhl® tifÆl±

y = f(x) v¬w rh®¾¬ tif¡ bfG 

dx

dy

 mjhtJ  f '(x) v¬gJ«

x-¬ rh®ghf mikayh«.  f '(x) -ia Û©L« tif¥gL¤jyh«.  ,jid

Û©L« tif¥gL¤j ,u©lh« tif¡bfGit¥ bgW»nwh«.

,jid 
2

2

dx

yd  m±yJ  y
2 

 vd vGjyh«.  
2

2

dx

yd -iaí« ,njngh±

bjhl®ªJ tif¥gL¤jyh«.  mij _¬wh« tifbfG v¬ngh«.

,jid 
dx

d  








2

2

dx

yd  =
3

3

dx

yd

 v¬ngh«.  ,u©L k¦W« mj¦F nkY«

tifÆLjiy ca® tifÆLj± v¬W« ,jid¡ fhQ« Kiwia bjhl®

tifÆl± v¬W« miH¡»nwh«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 29

y  =  e x log x    vÅ±vÅ±vÅ±vÅ±vÅ±  y
2

-ia¡ fh©f.ia¡ fh©f.ia¡ fh©f.ia¡ fh©f.ia¡ fh©f.

Ô®î :

   y = ex log x

   y
1

= ex  
dx

d

 (log x) + log x  
dx

d

 (ex)

= 
x

e
x

  +  log x (ex)



234

   y
1

= ex  







+ x

x

log
1

  y
2

= ex 
dx

d









+ x

x

log
1

 +  







+ x

x

log
1

  
dx

d

 (ex)

   y
2

= ex  x

ex

xxx









++









+− log
111

2

= ex  








+++− x

xxx

log
111

2

= ex  








+






 −
x

x

x

log
12

2

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  30

x = a  (t + sin t)  nkY«nkY«nkY«nkY«nkY«  y = a(1 – cos t), vÅ±vÅ±vÅ±vÅ±vÅ±

2

2

dx

yd

  iaiaiaiaia t = 
2

π
 -± fh©f.± fh©f.± fh©f.± fh©f.± fh©f.

Ô®î :

    x =  a ( t + sint ) ;   y  =  a ( 1 – cost)

  

dt

dx

=  a( 1 + cost)  ;   
dt

dy

 =  a sint

=  2a cos2 t/2   ;     =  2a  sint/2 cost/2

  
dx

dy

= 
dt

dy

  ÷   dt

dx

= 
t/2cos 2a

 t/2cos  sin t/2 2a
2

=  tan t/2

  
2

2

dx

yd

= 
dx

d










dx

dy

= 2sec
2

1
t/2  

dx

dt

=  

2
cos2

1
.

2
sec

2

1
2

2

t
a

t

=  
a4

1
sec4 t/2
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







2

2

dx

yd

t = π /2
 = 

a4

1

 (secπ /4)4

 = 

a4

1

 4   =   
a

1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 31

y  = ( )
m

xx
21++  vÅ±vÅ±vÅ±vÅ±vÅ± ( 1 + x2) y

2
 + x y

1
 – m2y  =  0 vd Ã%¾.vd Ã%¾.vd Ã%¾.vd Ã%¾.vd Ã%¾.

Ô®î :

   y = ( )
m

xx
2

1++ ,

  y
1

=  m  ( )
1

2
1

−

++
m

xx   








+

+
212

2
1

x

x

= m  ( )
1

2
1

−

++
m

xx   














+

++

2

2

1

1

x

xx

=   
( )

2

2

1

1

x

xxm

m

+

++

  y
1

=  
2

1 x

my

+

            ⇒  ( 1 + x2) (y
1
)2   =  m2y2

x -ia bghW¤J tif¡ fhz/ »il¥gJ
                     ( 1 + x2). 2 (y

1
)  (y

2
)  +  (y

1
)2 ( 2x)  =   2m2y y

1

               2 y
1 
-M± ,UòwK« tF¡f

                       ( 1 + x2 ) y
2

 +  x y
1

  =  m2y

          ⇒         ( 1 + x2 ) y
2
 +  x y

1
 - m2y  =  0

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 32

x  =  t  +  

t

1

   nkY«nkY«nkY«nkY«nkY«  y  =  t -  
t

1
  vÅ±vÅ±vÅ±vÅ±vÅ± ; 








2

2

dx

yd

-¬ k½¥ig¬ k½¥ig¬ k½¥ig¬ k½¥ig¬ k½¥ig

t  =  2  v¬w ò´ËÆ± fh©f.v¬w ò´ËÆ± fh©f.v¬w ò´ËÆ± fh©f.v¬w ò´ËÆ± fh©f.v¬w ò´ËÆ± fh©f.
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Ô®î :

  x =  t  +  
t

1
;      y =  t -  

t

1

dt

dx

=  1  -  
2

1

t

;    
dt

dy

=  1 + 
2

1

t

dt

dx

=   
2

2
1

t

t −
     ;     

dt

dy

 = 
2

2 1

t

t +

dx

dy

= 
dt

dy

 ÷   

dt

dx

=     
2

2 1

t

t +
  .  

1
2

2

−t

t

   =      
1

1
2

2

−

+

t

t









2

2

dx

yd

 = 








dx

dy

dx

d

=   








−

+

1

1
2

2

t

t

dx

d

= 
( ) ( )( )

( ) 











−

+−−

22

22

1

2121

t

tttt

dx

dt

=  
( ) ( )11

4
2

2

22 −











−

−

t

t

t

t

=   
( )

32

3

1

4

−

−

t

t









2

2

dx

yd

 at  t = 2 =   
( )

( )
3

3

14

24

−

−

= 
27
32 -

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  7.8

1) y  =  ( 4x-1)2  vÅ±  
2

2

dx

yd

  -ia¡ fh©f.
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2) y  =  e-ax  vÅ±/  
2

2

dx

yd

 -ia¡ fh©f.

3) y  =  log (x + 1)  vÅ±,  
2

2

dx

yd

- ia¡ fh©f.

4) x  =  at2 ,  y  =  2at  vÅ±/  y
2

-ia¡ fh©f.

5) x  =  a cosθ,   y  =  b sin θ  vÅ± y
2
 -ia¡ fh©f.

6) x   =  a  cos3θ ,  y = a sin3θ  v¬gd JizayF rk¬ghLf´ vÅ±

2

2

dx

yd

 -ia¡ fh©f.

7) y  =  Aeax  -  B e-ax  vÅ±  
2

2

dx

yd

  =  a2y  vd ÃWîf.

8)         y  =  x2 logx  vÅ±/  
2

2

dx

yd

  =  3 + 2 log x  vd ÃWîf.

9) y  = 
x

e

1sin −

 vd¡ bfh©L  (1- x2) y
2

 – x y
1

 – y = 0  vd ÃWîf.

10) y  =  a cos ( logx) + b sin ( logx) vÅ±  x2 y
2

 + x y
1

 + y  = 0  vd ÃWîf.

11) y  =  log x   vÅ±  
2

2

dx

yd

 -ia¡ fh©f.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 7.9

V¦òila Éilia¤ bjÇî br ­f .V¦òila Éilia¤ bjÇî br ­f .V¦òila Éilia¤ bjÇî br ­f .V¦òila Éilia¤ bjÇî br ­f .V¦òila Éilia¤ bjÇî br ­f .

1)
2→x

Lt    
2

12
2

+

++

x

xx

   =

(a) 
2

1
(b)  2 (c) 

4

11
(d) 0

2)
2x →

Lt   
1 - x  x

1 - x - 2x
2

2

+
  =

(a)  0 (b)  1 (c) 5 (d) 2

3)
1x →

Lt   
1 - x

1 - x
n

m

 MdJ

(a) mn (b)  m + n (c)  m - n (d) 
n
m
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4)
∞→x

Lt
9) -x (x

4) (x  2)-(x +
   =

            (a)  1 (b)  0 (c)  9 (d)  -4

5)
∞→x

Lt
 [(1/x) + 2]  =

(a) ∞ (b)  0                     (c)  1 (d)  2

6)
∞→x

Lt

6  2n

n  ...  3  2  1
2

+

++++
 MdJ

(a)  2                   (b)  6 (c) 
4
1

(d)   
2
1

7)
2/x π→

Lt

x
sin x

=

(a) π (b) 
2
π

(c) 
π

2
               (d) ,½± VJÄ±iy

8) f(x) = 
6

362

−

−

x

x

  vÅ± x-¬ v«k½¥¾¦F jÉu  f(x) MdJ v±yh

bk­ba©f´¬ ÛJ tiuaW¡f¥g£L´sJ.

(a)  36 (b)  6 (c)  0                  (d) ,½± VJÄ±iy

9)
2

82
2

−

−

x

x

   vD« rh®¾¬ bjhl®¢¼Æ¬ik ò´ËahdJ

(a)  0 (b)  8 (c)  2 (d) 4

10) f(x) vD« rh®ò x = a -± bjhl®¢¼ahf ,U¡f nt©LbkÅ± 
ax →

Lt f(x)=

(a)  f (a) (b)  f (-a) (c) 2 f (a) (d)  f(1/a)

11) 2 x -± tif¡bfG  x -ia bghW¤J

(a) x (b)  1/2 x (c)  1/ x (d)  1/4 x

12) 








xdx

d 1
  =

(a)   log x (b) 1/x2 (c)  -(1/x2) (d)  -(1/x)

13) y = 2x  vÅ±  
dx

dy

   =

(a)  2xlog 2 (b) 2x (c)  log 2x (d)  x log 2
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14) f(x) = x2 + x + 1 vÅ±  f / (0)  =

(a)  0 (b) 3 (c) 2 (d)  1

15) 







3

1

xdx

d

  =

(a)  
4

3

x

− (b)  -(1/x3) (c)  -(1/x4) (d)  -(2/x2)

16) f(x) = cos x + 5 vÅ±  f / (π/2)  =

(a) 5 (b)  -1 (c) 1 (d)  0

17) y = 5ex - 3 log x  vÅ±  
dx

dy

 =

(a)  5ex – 3x (b)  5ex – 3/x (c)  ex - 3/x (d)  5ex – 1/x

18) ( )x

e

dx

d log
  =

(a)  log x (b) elog x (c) 1/x (d)  1

19) y  = xsin   vÅ±   
dx

dy

 =

(a) 
x

x

sin2

cos
(b) 

x

x

cos2

sin
(c) 

x

x

sin

cos
(d)

x

x

sin

cos

20)
dx

d

  (e4x)  =

(a) e4x (b)     4e4x (c) ex (d)  4e4x-1

21)
dx

d

 ( sin2 x)  =

(a) 2 sin x (b)  sin 2x (c)  2 cos x (d)  cos 2x

22.     
dx

d

 ( log sec x)  =

(a)  sec x (b)   1/secx (c)   tan x (d) sec x tan x

23) y  =  2-x vÅ±  
dx

dy

 =

(a)  2 x-1 (b) 2-x log 2 (c)  2-x log(1/2) (d) 2-x  log 4

24)
dx

d

 (tan-1 2x) =

(a)    
2

1

1

x+
(b)   

2
41

2

x+
(c)  

2

2

41

2

x

x

+
(d)

2
41

1

x+
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25) y  =  
2

ax

e  vÅ±   
dx

dy

 =

(a)  2axy (b)   2ax (c)   2ax2 (d)    2ay

26)
dx

d

  (1 + x2 )2   =

(a)  2x (1 + x2) (b)  4x ( 1 + x2) (c)  x ( 1+x2 )3 (d)  4x2

27) f (x)  =  
x

xlog
  vÅ±  f /( e) =

(a)  1/e (b)  -1 (c)   0 (d)   
2

1

e

28)
dx

d

( x logx)  =

(a)  log x (b)   1 (c)  1+ logx (d)  
x

xlog

29) x  =  log sin θ  ;   y  =  log cos θ  vÅ±/   
dx

dy

  =

(a)  - tan2 θ (b)  tan2 θ (c)   tan θ (d) - cot2 θ

30) y = x  nkY«  z =  1/ x   vÅ±/    
dz

dy

  =

(a)  x2 (b)  - x2 (c) 1 (d)  - 1/x2

31) x  =  t2  nkY«  y  =  2t  vÅ±/  
dx

dy

 =

(a) 2t (b) 1/t (c)   1 + 2t (d)   1/2t

32) y  =  e2x   vÅ±/  
2

2

dx

yd

   =

(a) 2y (b)  4y (c)   y (d)   0

33) y  =  sin mx  vÅ±/   
2

2

dx

yd

  =

(a) - m2y (b)   m2y (c)  my (d)  - my

34) y  =  3x3 + x2 + 1   vÅ±/   
2

2

dx

yd

 =

(a)   18 x (b)  18 x  + 1 (c) 18x + 2 (d)  3x2 + 1
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35) y  =  log sec x   vÅ±/  
2

2

dx

yd

   =

(a)  sec2x (b)  tanx (c)  secx tanx (d)   cos x

36) y = e3x  vÅ±/  
2

2

dx

yd

 -¬ k½¥ò  x = 0 vD«bghGJ/

(a)  3 (b)  9 (c) 0 (d)  1

37) y  =   x log x  vÅ±/   y
2

  =

(a)  1 (b)  log x (c)  1/x (d)  x

38) y = log ( sin x )    vÅ±/   
2

2

dx

yd

  =

(a)  tanx (b)  cot x (c)  sec2 x (d)  -cosec2x

39) y  =  x4  vÅ±/  y
3
  =

(a)  4x3 (b)  12x2 (c)  0 (d)  24x

40) y  =  log x  vÅ±/  y
2
  =

(a) 1/x (b)   - 1/x2            (c)   ex               (d)  1

41) y2 =  x    vÅ±/ 
dx

dy

  =

(a)  1 (b)  1/2x (c) 1 / 2y (d)  2y

42) ( )a

x

dx

d

  ,     (  a  ≠ 0) -¬ k½¥ò

(a)  a x a-1 (b)  ax (c)  0 (d)  x a-1

43)
dx

d

(a a ) ,  (a  ≠ 0)  ¬ k½¥ò

(a)   0 (b)    a a a-1 (c)  1 (d)  a log a

44)
dx

d

( log √x)  =

(a)   1/ √x (b)  1 / 2x (c)  1/x (d)  1/ 2√x
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E© fÂj¤½¬ ,u©lhtJ gF½ahd bjhif E© fÂj¤ij¥
g¦¿ eh« m¿ªJ bfh´s Ka±nth«. bjhif E©fÂj¤½¬ g§F
m¿Éa±/ bjhÊ± E£g« ngh¬wt¦¿¬ bra±gh£oY«/ nkY«
bghUshjhu«/ tÂfÉa± v¬w k¦w ¾ÇîfË¬ bra±gh£oY« msÉl
KoahjJ MF«.

8.1  bjhif E© fÂj¤½¬ fU¤JUbjhif E© fÂj¤½¬ fU¤JUbjhif E© fÂj¤½¬ fU¤JUbjhif E© fÂj¤½¬ fU¤JUbjhif E© fÂj¤½¬ fU¤JU
(CONCEPT  OF  INTEGRATION)

eh« 7-tJ ghl¤½± f(x) v¬w rh®ò¡F tif¡bfG fh©gij¥
g¦¿ Muh­ªnjh«.  bghJthf f /(x) v¬gJ x-ia rh®ªj k¦bwhU
rh®ghF«.  ,ªj ghl¤½± tifÆlÈ¬ `jiyÑ³ kh¦W Kiwp v¬w
braiy¥ g¦¿ Muha Ma¤jkhnth«.  ,ªj braiy eh« `jiyÑ³
tifÞL fhz±p m±yJ ̀ bjhif fhz±p v¬ngh«.

            ( )[ ]xF

dx

d
  =  f(x) vÅ±

F(x)  -ia f(x) -¬ bjhif vd Twyh«.  ,ij¡ Ñ³¡f©lthW
F¿Þ£o± F¿¥¾lyh«.

                        F(x)  =  ( )∫ xf  dx

“∫ ”  v¬w F¿Þ£o¦F bjhif¡F¿ÞL v¬W bga®. f(x) -ia
bjhF¡f¥gL« rh®ò v¬W«  dx MdJ x  -I bjhifÆlÈ¬ kh¿
v¬gijí« cz®¤J»wJ.  f(x) dx  v¬gij bjhif cW¥ò v¬W«
TWt®.

bghJthf ( )∫ xf  dx  =  F(x)  + C, ,½± C v¬gJ bjhif fhzÈ¬

kh¿È MF«.  vdnt ( )∫ xf  dx  v¬gij tiuaW¡f¥glhj bjhif¡

fhz± vd TWtJ tH¡f«.

bjhif E©fÂj«bjhif E©fÂj«bjhif E©fÂj«bjhif E©fÂj«bjhif E©fÂj«
(INTEGRAL CALCULUS) 8
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8.2        bjhifÞ£o¬ EQ¡f§f´bjhifÞ£o¬ EQ¡f§f´bjhifÞ£o¬ EQ¡f§f´bjhifÞ£o¬ EQ¡f§f´bjhifÞ£o¬ EQ¡f§f´
(INTEGRATION  TECHNIQUES)

½£l Koîf´½£l Koîf´½£l Koîf´½£l Koîf´½£l Koîf´

(i) ∫∫∫∫∫ xn dx =    C

n

x
n

+
+

+

1

1

 ,  n ≠ -1

(ii) dx

x
n∫

1
=

1

1

+−

+−

n

x
n

   +   C , n ≠ 1

(iii) ∫ dx

x

1 = log x  +  C

(iv) ∫
+ ax

dx

= log (x+a) +  C

(v) ∫∫∫∫∫ k.f(x) dx = k ∫∫∫∫∫ f(x)dx   + C

(vi) ∫∫∫∫∫ k. dx = kx + C

(vii) ∫∫∫∫∫ ex dx = ex  +  C

(viii) ∫∫∫∫∫ ax dx =
a

a

e

x

log
  + C

(ix) ∫∫∫∫∫ sinx dx = - cosx  + C

(x) ∫∫∫∫∫ cosx dx = sinx  +  C

(xi) ∫∫∫∫∫ sec2x dx = tanx  +  C

(xii) ∫∫∫∫∫ secx tanx dx = secx  +  C

(xiii) ∫∫∫∫∫ cosec2x dx = - cotx  +  C

(xiv) ∫∫∫∫∫ cotx cosec x dx = - cosecx  +  C

(xv) ∫∫∫∫∫ [ f
1
(x) +  f

2
(x)] dx = ∫ f

1
(x) dx  +  ∫ f

2
(x) dx

(xvi) ∫
−

2
1 x

dx =    sin-1 x  +  C

(xvii) ∫
+

2
1 x

dx =    tan-1x  +  C

(xviii) ∫
−1

2
xx

dx
=    sec –1 x  + C
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(xix)
( )

( )∫
xf

xf
/

 dx =    log  f(x)   +  C

(xx) ∫[f(x)]n f '(x)dx =   
( )[ ]

1

1

+

+

n

xf
n

 + C

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 1

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf     dx
x

1
x

2

∫ 







−

Ô®î:

dx

x

x

2
1

∫ 







− = dx

x

x∫ 







+−

2

2 1
2

=   ∫ ∫ ∫ ∫ ∫ (x2 - 2 + x-2) dx

= C

x

x

x

+−−
1

2
3

3

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 2

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf ∫
+−

x2

x2x

ex

xe2xe
  dx

Ô®î:

            ∫
+−

x

xx

ex

xexe

2

22
dx =   dx

ex

xe

ex

x

ex

e

x

x

xx

x

∫ 







+−

22

2

2

2

=   dx

x

dx

e

dx

x
x ∫∫∫ +−

121
2

=   ∫x −2 dx -2 ∫e-x dx + ∫
x
1 dx

=  
12-

x
1-2

+

+

+2e-x + log x + c

=   -
x
1

+2e-x + log x + c

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  3

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf   dx
2x

1x

∫
+

+
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Ô®î :

dx

x

x

∫
+

+

2

1

= ∫∫
+

−

+

+

22

2

x

dx

dx

x

x

(bjhF½Æ± 1-ia T£o fÊ¡f)

= ∫∫
+

−+

2
2

x

dx

dxx

= ∫(x+2) 2
1

 dx  - ∫ (x+2) 2
1

−
dx

= ( ) ( ) Cxx ++−+ 2

1

2

3

222
3

2

= ( )
( )

C

x

x +





−

+
+ 1

3

2
22 2

1

= ( ) ( ) Cxx +−+ 12
3

2
2

1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf ∫ + dxsin2x1

Ô®î:

∫ + dxx2sin1 = dxxxxx∫ ++ cossin2cossin 22

= ( ) dxxx∫ +
2

cossin

= ( )∫ + dxxx cossin

= (sinx - cosx)  +  C

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  8.1

¾¬tUtdt¦iw k½¥¾Lf :

1) ( )∫ − dxx 14
3

2) dx

x

xx∫ 







−+

7
5

4

3) ∫ 







+++ dxe

x

xx
x

5
82 3

4) ∫ 







+ dx

x

x

2

1
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5) dx

x

x

3
1

∫ 







+ 6) ( )∫ + dxxecxx

2cos2tan.sec5

7)     ∫ 






 ++
dx

x

xx 1
2527

8) dx

x

xx

∫ 






 ++ 43
23

9) dx

xx

e
x

∫ 










−

+

1

2
3

2
10) dx

x

x

∫ 






 +

4

3
1

11) ( )( ) dxxx∫ +− 3223 12) ( ) dxxx∫ +
2

1

13) dxxx

x
∫ 








−+ sin7cos3

1
3

14) dx

x

x

∫
−1

15) dx

x

x

∫
+

+

3

2
16) dx

x

x

∫
+

+

1

3

17) dx

x

x

∫
+

−

1

1
2

2

18) ∫
+

dx

x

x

2

2

1

19) ∫ − dxx2sin1 20) ∫
+

dx

x

dx

cos1

21) ( ) dxex
x

∫
−−

−
4

22) dx

xe

xe

x

x

∫
−

23) ( )∫ +−
−−

dxexx
x21

24) ( ) dxx∫ +
2

23

25) ( ) dxex
x

∫ ++
−− 722

26) dx

x
∫

− sin1

1

8.2.1 <L br­Kiw (¾u½Æl± Kiw) _y« bjhif fhz±<L br­Kiw (¾u½Æl± Kiw) _y« bjhif fhz±<L br­Kiw (¾u½Æl± Kiw) _y« bjhif fhz±<L br­Kiw (¾u½Æl± Kiw) _y« bjhif fhz±<L br­Kiw (¾u½Æl± Kiw) _y« bjhif fhz±

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  5

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf  ∫
+ xx

dx

Ô®î:

xx + =  ( )xx +1

( )x+1 =   t  v¬f
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dx

x2

1
=  dt

          ∴ ∫
+ xx

dx

=   
( )∫

+ xx

dx

1

=   dt

t
∫

2

=  2 log t + C   =  2 log ( ) Cx ++1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 6

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf    dxe
x

1
x

1

2

−

∫

Ô®î :

x

1−
=  t  v¬f

dx

x
2

1

=  dt

∴   dxe

x

x

1

2

1 −

∫ =   dte
t

∫
=   et  + C

=   Ce
x +

−1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 7

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf    ∫ dxxsec

Ô®î :

∫ dxxsec =   
( )

dx

xx

xxx

∫
+

+

)tan(sec

tansecsec

=   
( )

dx

xx

xxx

∫
+

+

tansec

tansecsec 2

sec x  +  tan x   =  t v¬f

(sec x tan x + sec2x) dx   =  dt
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        ∴ ∫ dxxsec =   ∫
t

dt

=   log t   +  C

vdnt ∫ dxxsec  =   log (sec x + tan x)  +  C

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 8.2

¾¬tUtdt¦iw k½¥¾Lf¾¬tUtdt¦iw k½¥¾Lf¾¬tUtdt¦iw k½¥¾Lf¾¬tUtdt¦iw k½¥¾Lf¾¬tUtdt¦iw k½¥¾Lf.

1) ( ) dxx∫
−

−
5

32 2)
( )
∫

−
2

23 x

dx

3) dxx∫ +
5 34 4) dxe

x

∫
+34

5)
( )

dx

x

x

∫
− 2

3

2

1
6) ( ) ( ) dxxxx 413

32
−++∫

7) ( ) dxxx∫
2sin 8) dx

x

x

∫
sin

9) dx

x

x

∫
2

)(log
10) ( ) dxxxx ++∫

212

11) dx

x

x

∫
+12

12) ( )( ) dxxxx

3
2 21∫ ++

13) dx

xx

x

∫
++

+

53

32
2

14) dx

x

x

∫
+

6

2

4

15) dx

ee

ee

xx

xx

∫ −

−

+

−
16) ∫

xx

dx

log

17) dx

x

x

∫
)(logsec 2

18) dx

x
∫

+
3

)12(

1

19) ∫ )(logloglog xxx

dx

20) ∫ −
4

2

 tan x)21(

sec x dx

21) ∫ dxxcot 22) ∫ cosec x   dx
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23)
( )∫

+ xx

dx

log1
24) ∫ +

4

2-1

  1

   tan

x

xx dx

25) dx

x

x

∫
+ log3

26)
( )∫

+1
4

xx

dx

27) dx

x

xx

∫
tansec 2

28) dxx∫ + 42

29) ( ) dxxx 2.1
4

2

∫ − 30) ( ) dxxxx 412
2

+++∫

31) dx

xba

x

∫
+ tan

sec2

32) ∫ dxxtan

8.2.2 K¡»a bjhifÞLf´K¡»a bjhifÞLf´K¡»a bjhifÞLf´K¡»a bjhifÞLf´K¡»a bjhifÞLf´

(i) ∫
+

22
ax

dx

=   C

a

x

a

+






−1tan
1

(ii) ∫
−

22
ax

dx

=   C

ax

ax

a

+








+

−
log

2

1

(iii) ∫
−

22
xa

dx

=   C

xa

xa

a

+








−

+
log

2

1

(iv) ∫
−

22
xa

dx

=  C

a

x

+






−1sin

(v) ∫
+

22
ax

dx

=   ( ) Caxx +++
22log

(vi) ∫
−

22
ax

dx

=   ( ) Caxx +−+
22log

nk¦f©l th­ghLfis ga¬gL¤½ bjhifÆLjÈ¬ Ô®îfis
fhQ« Kiwia ¾¬tU« fz¡FfË± eh« f¦f c´nsh«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 8

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf ∫ 2
x - 4

dx
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Ô®î :

∫ 2 x- 4

dx
 = ∫ 22 x - (2)

dx
  = sin-1 (

2
x ) + c

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L   9

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf   ∫
+

2
x5

dx

Ô®î :

∫
+

25 x

dx

=   
( )
∫

+
2

2

5 x

dx

=   C

x

+






−

5
tan

5

1 1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 10

             k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf  ∫
− 7x

dx

2

Ô®î :

∫
− 7

2
x

dx

=   
( )

∫
−

2
2

7x

dx

=   C

x

x

+










+

−

7

7
log

72

1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 11

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf     ∫
− 94x

dx

2

Ô®î :

∫
− 94

2
x

dx

=  
( )

∫
−

4
94

2
x

dx

                                            =   
( )

∫
−

22
232

1

x

dx

                                            =   ( ) Cxx +




 −+

22
23log

2

1
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8.2.3 ∫
++ cbxax

dx

2
 v¬w mik¥¾± c´s bjhifÞLfis¡ v¬w mik¥¾± c´s bjhifÞLfis¡ v¬w mik¥¾± c´s bjhifÞLfis¡ v¬w mik¥¾± c´s bjhifÞLfis¡ v¬w mik¥¾± c´s bjhifÞLfis¡

fhQ« KiwfhQ« KiwfhQ« KiwfhQ« KiwfhQ« Kiw

gF½Æ± c´s bjhF¡f¥gL« rh®ig fhuÂgL¤j Koíkhdh±
mij gF½ ¾¬d§fshf¥ ¾Ç¤J bfh´syh«.  ,±iybaÅ±/ gF½Æ±
c´s bjhF¡f¥gL« rh®ig t®¡f§fË¬ TLj± m±yJ É¤½ahrkhf
kh¦¿ mik¤J ¾wF bjhifÆl nt©L«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 12

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf  ∫
−+

2
x6x7

dx

Ô®î :

7 + 6x – x2 = 7 - (x2 - 6x)

= 7 – (x2 – 6x + 9 – 9)

= 7 + 9 – (x – 3 )2

= 16 – (x-3)2

∴   ∫
−+

2
67 xx

dx

=   
( ) ( )
∫

−−
22

34 x

dx

=   
( )

( )
C

x

x

+








−−

−+

× 34

34
log

42

1

=    C

x

x

+








−

+

7

1
log

8

1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 13

      k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf  ∫
++ 23xx

dx

2

Ô®î :

x2 + 3x + 2   =   (x + 1) ( x + 2 )

23

1
2

++ xx

  =  
21 +

+
+ x

B

x

A

 v¬f.

           ⇒             1         =  A ( x +2)  +  B ( x + 1)

x = -1  vÅ±     A  = 1

x = -2   vÅ±    B = -1
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∴  

∫
++ 232

xx

dx

=   ∫
+1x

dx

  -  ∫
+ 2x

dx

=  log ( x+1)  -  log ( x+2)  +  C

=  C

x

x

+
+

+

2

1
log

8.2.4   dx
cbxax

qpx

2∫
++

+
   v¬w mik¥¾± c´s bjhifÞLfis¡v¬w mik¥¾± c´s bjhifÞLfis¡v¬w mik¥¾± c´s bjhifÞLfis¡v¬w mik¥¾± c´s bjhifÞLfis¡v¬w mik¥¾± c´s bjhifÞLfis¡

fhQ« Kiw.fhQ« Kiw.fhQ« Kiw.fhQ« Kiw.fhQ« Kiw.

ax2 + bx + c -ia fhuÂgL¤j Koahk± ,Uªjh±  

cbxax

qpx

++

+

2

-ia

px  +  q  =  A  ( )cbxax

dx

d

++
2

  +  B vd¡bfh´f

px + q =   A ( 2ax + b)  +  B vD« toÉ± vG½/  A k¦W«  B-¬
k½¥òfis¡ fhz nt©L«. ¾wF tH¡fkhd KiwÆ± bjhif fhz
nt©L«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 14

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf    dx
3x2x

72x

2∫
++

+

Ô®î :

2x + 7 =  A  

dx

d

 ( 2x2 + x + 3 )   +  B  v¬f

                       2x + 7 =   A ( 4x + 1 )  + B

x -¬ Fzf¤ij rkgL¤j »il¥gJ

                      4A  =  2     ;     A + B  =  7

⇒     A  =   1/2    ;     B  =   13 / 2

∴ 

dx

xx

x

∫
++

+

32

72
2

  =  dx

xx

x

∫
++

++

32

213)14(21
2

 = dx

xx

x

∫
++

+

32

14

2

1
2

  +  ∫
++ 322

13
2

xx

dx

I
1
  =   dx

xx

x

∫
++

+

32

14

2

1
2     nkY«     I

2
   =   ∫

++ 322

13
2

xx

dx
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       I
1
    =   ( )32log

2

1 2
++ xx     +  C

1

       I
2
    =    ∫

++ 322

13
2

xx

dx

         =     
( ) ( )∫

−++ 16123414

13
2

x

dx

                                                        =    
( )
∫

++
22

)423(414

13

x

dx

                                                        = 








 +
×

−

423

41
tan

23

4

4

13 1 x

 + C
2

∴

dx

xx

x

∫
++

+

32

72
2

  =   ( )32log
2

1 2
++ xx    +    









 +−

423

41
tan

23

13 1 x

  +   C

8.2.5 ∫
++ cbxax

dx

2

 v¬w mik¥¾± c´s bjhifÞLfis¡v¬w mik¥¾± c´s bjhifÞLfis¡v¬w mik¥¾± c´s bjhifÞLfis¡v¬w mik¥¾± c´s bjhifÞLfis¡v¬w mik¥¾± c´s bjhifÞLfis¡

fhQ« Kiw.fhQ« Kiw.fhQ« Kiw.fhQ« Kiw.fhQ« Kiw.

ax2 +bx +c -ia t®¡f§fË¬ TLj± m±yJ É¤½ahrkhf kh¦¿
mik¤J cÇa th­¥ghLfis¥ ga¬gL¤½ bjhif fhz nt©L«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 15

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf  ∫
−+

2
x4x5

dx

Ô®î :

5 + 4x – x2 =  - (x2 - 4x -5)

=  -  (x2 - 4x + 4 - 4 - 5)

=  -  [(x - 2 )2 - 9]

=   9 - (x - 2)2

∫
−+

2
45 xx

dx

=   
( )

∫
−−

2
29 x

dx

=   
( )

∫
−−

22 23 x

dx

=   C

x

+






 −−

3

2
sin 1
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  16

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf  ∫
−+ 2016x4x

dx

2

Ô®î :

                        4x2 + 16 – 20  =  4 (x2 + 4x – 5 )

                                                =  4 [ x2 + 4x + 4 – 4 –5]

                                                =  4  [ (x + 2)2 – 9]

               ∫
−+ 20164

2
xx

dx

  =   ∫
−+ ]9)2[(4 2

x

dx

                                                =   
( )

∫
−+

22
322

1

x

dx

                                                 =   ( ){ } Cxxx +−+++ 542log
2

1 2

8.2.6 ∫
++

+

cbxax

qpx

2

dx  v¬w mik¥¾± c´s bjhifÞLfisv¬w mik¥¾± c´s bjhifÞLfisv¬w mik¥¾± c´s bjhifÞLfisv¬w mik¥¾± c´s bjhifÞLfisv¬w mik¥¾± c´s bjhifÞLfis

fhQ« KiwfhQ« KiwfhQ« KiwfhQ« KiwfhQ« Kiw

bjhF½ia/ gF½Æ¬ tif¡bfG k¦W« kh¿ÈÆ¬ thÆyhf
,U¡F«go Ñ³¡f©lthW vGjKoí«.

px + q = A
dx
d (ax2 + bx + c) + B

A k¦W« B-¬ k½¥òfis¡ f©L¾o¤J ¾wF tH¡fkhd KiwÆ±
bjhif fhz nt©L«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 17

     k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf    dx

12xx

12x

2
∫

−+

+

Ô®î :

2x+1   =   A 

( )122
−+ xx

dx

d

 + B v¬f

2x + 1  =  A ( 2x +2)  +  B

cW¥òfË¬ Fzf¤ij¢ rkgL¤j
                                 2A  =  2  ;  2A + B  =  1

                          ⇒  A =  1      ;          B  =  -1
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            ∴  

∫
−+

+

1 2  

1  2
2

xx

x

dx = 
( )

dx

xx

x

∫
−+

−+

12

122.1

2

=
( )

dx

xx

x

∫
−+

+

12

22

2
-  ∫

−+ 12
2

xx

dx

I
1
  =   

( )
dx

xx

x

∫
−+

+

12

22

2
 v¬f

x2 + 2x – 1  =   t2  v¬f

                      (2x + 2 ) dx   =  2t dt

∴ I
1
  =  ∫ 2

2

t

t

 dt =   2 ∫ dt

=   2t

=    2 122
−+ xx    +  C

1

I
2
  =   -  ∫

−+ 122
xx

dx v¬f

             =   -   
( ) ( )

∫
−+

22
21x

dx

     =  - ( )( )121log
2

−+++ xxx    +C
2

∴ ∫
−+

+

1 2x   x

1 2x 
2

dx  =  2 12
2

−+ xx  -  ( )( )121log 2
−+++ xxx   +  C

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  8.3

Ñ³¡f©litfis k½¥ÕL br­f

1) dx

x
∫

+
2

3

1
2) ∫

+ 12
2

x

dx

3) ∫
− 4

2
x

dx

4) ∫
−

2
5 x

dx

5) ∫
−19

2
x

dx

6) ∫
+

2
3625 x

dx

7) ∫
−

2
49 x

dx

8) ∫
++ 32

2
xx

dx
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9) ∫
++ 569 2

xx

dx

10) ∫
++ 24

2
xx

dx

11) ∫
+−

23 xx

dx

12) dx

xx

x

∫
−+

+

54

1
2

13) dx

xx

x

∫
+−

−

23

67
2

14) dx

xx

x

∫
+−

+

34

2
2

15) ∫
−+

+
dx

xx

x

32

14

2
16) dx

xx

x

∫
−+

+

12

42

2

8.2.7 gF½ bjhifÞLgF½ bjhifÞLgF½ bjhifÞLgF½ bjhifÞLgF½ bjhifÞL
u,  v  v¬gd  x -± c´s tif¡bfG fhz¤j¡f rh®òf´ vÅ±

               ∫ dvu    =   uv  -  ∫ duv  v¬gJ gF½ bjhifÞ£L th­ghlhF«.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) bjhF¡f¥gL« rh®ò bgU¡f± gydhf ,Uªjh± mjid RU¡»/
T£l± nkY« fÊ¤j± É½fis ga¬gL¤½ bjhifia¡ fhzyh«.
,±iybaÅ± eh« gF½ bjhifÞL Kiwia¥ ga¬gL¤½
bjhifÞL br­j± nt©L«.

(ii) gF½ bjhifÞL Kiwia ga¬gL¤J«bghGJ eh«  'ILATE'

vG¤JfË¬ tÇir¥go  u  v¬w rh®ig Ã®za« br­a nt©L«.
,§F I → ½ÇnfhzÄ½Æ¬ ne®khW rh®ò

L → kl¡if¢ rh®ò
A → ,a¦ rh®ò
T → ½ÇnfhzÄ½¢ rh®ò
E → mL¡F¤ bjhl® rh®ò

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 18

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf  dxex.
x

∫
Ô®î :

u    =  x     ,    dv  =  ex  dx  v¬f
                    du =  dx   ,      v  =  ex

dxex
x

∫ . =   x ex   ∫− dxe
x

=   x ex    -  ex   +   C

=   ex  ( x – 1 )  +  C
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 19

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf 
( )

dx

x1

xlog

2∫
+

Ô®î :

          u  =  log x    ;      dv  =  
( )

2
1 x

dx

+

  v¬f

        du  =  
x

1
      ;        v  =  

( )x+
−

1

1

∫ +
2x)1(

 xlog
dx =  - ( log x ) dx

xxx

1
.

1

1

1

1
∫

+
−−









+

=   ( )
( )

dx

xx

x

x
∫

+
+









+
−

1

1
log

1

1

=   ( ) dx

xx

x

x
∫ 









+
−+









+
−

1

11
log

1

1

(gF½ ¾¬d§fshf vGj)

=   
( )

( ) ( )xxx

x

+−+
+

− 1logloglog
1

1
+   C

=   
( )

( )
x

x

x

x +
+

+
−

1
loglog

1

1
   +  C

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 20

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf  ∫ dxx.sin2x

Ô®î :

                           u  =  x       ,   sin2x dx  = dv  v¬f

                         du  =  dx    ,    
2

2cos x−
 =  v

∫ dxxx 2sin.

  =  
2

2cos xx−
     +  

dx

x

∫ 2

2cos

                           =   
2

2cos xx−
   +  

2

2sin
.

2

1 x

                           =     
2

2cos xx−
  +  

4

2sin x

  +  C
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 21

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf    dxlogxx
n

∫ ,   n ≠≠≠≠≠ -1

Ô®î :

      u  =  log x   , dv  =  xn dx  v¬f

du  =  
x

1
  dx     , v  =  

1

1

+

+

n

x
n

dxxx
n log∫ =  

1

1

+

+

n

x
n

 log x   −  ∫ 1

1

+

+

n

x
n

 
x

1
  dx

=  
1

1

+

+

n

x
n

 log x   −   
1

1

+n

 dxx
n

∫

=  
1

1

+

+

n

x
n

 log x   − 
1

1

+n

   
1

1

+

+

n

x
n

    +  C

=   
1

1

+

+

n

x
n

 








+
−

1

1
log

n

x     +  C

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  8.4

Ñ³¡f©litfis k½¥ÕL br­fÑ³¡f©litfis k½¥ÕL br­fÑ³¡f©litfis k½¥ÕL br­fÑ³¡f©litfis k½¥ÕL br­fÑ³¡f©litfis k½¥ÕL br­f

1) dxex
x

∫
−

2) ∫ dxxx log

3) ∫ dxxlog 4) dxax
x

∫

5) ( ) dxx

2

log∫ 6) dx

x

x

∫ 2

log

7) ∫ dxxx 2cos 8) ∫ dxxx 3sin

9) dxx∫
−1cos 10) ∫

−
dxx

1tan

11) ∫ dxxxx tansec 12) dxex
x

∫
2

8.2.8    ½£l bjhifÞLf´½£l bjhifÞLf´½£l bjhifÞLf´½£l bjhifÞLf´½£l bjhifÞLf´

(i) dxax∫ −
22 =  ( ) Caxx

a

ax

x

+−+−−
22

2
22 log

22

(ii) dxax∫ +
22 =   ( ) Caxx

a

ax

x

+++++
22

2
22

log
22
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(iii) dxxa∫ −
22 =   C

a

xa

xa

x

+







+−

−1
2

22
sin

22

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 22

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf  dxx49
2

∫ −

Ô®î :

                    dxx∫ −
249     =    ( ) dxx∫ −

22
7

                                                   =    C

x

x

x

+







+−

−

7
sin

2

49
49

2

12

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 23

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf   dx916x
2

∫ +

Ô®î :

dxx∫ + 916 2
    =    dxx∫ 








+

16

9
16 2

                                             =  4 ∫ 







+ dxx

2

2

4

3

                     =  4  
( )

Cxxx

x

+






































+++








+

2

2

2
2

2

4

3
log

2

4
3

4

3

2

                     =  ( ) Cxxx

x

+++++ 9164log
8

9
916

2

22

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 24

           k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf   dx16x
2

∫ −

Ô®î :

dxx∫ − 162
=   ( ) dxx∫ −

22 4

= ( ) Cxxx

x

+−+−− 16log
2

16
16

2

22

=   ( ) Cxxx

x

+−+−− 16log816
2

22
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  8.5

Ñ³¡f©litfis k½¥ÕL br­fÑ³¡f©litfis k½¥ÕL br­fÑ³¡f©litfis k½¥ÕL br­fÑ³¡f©litfis k½¥ÕL br­fÑ³¡f©litfis k½¥ÕL br­f

1)  dxx∫ − 362
2)  ∫ − dxx

216

3)   ∫ + dxx
225 4)   dxx∫ − 252

5)   ∫ − dxx 54 2
6)   dxx∫ −169 2

8.3  ½£lkhd bjhifÞL½£lkhd bjhifÞL½£lkhd bjhifÞL½£lkhd bjhifÞL½£lkhd bjhifÞL
(DEFINITE  INTEGRAL)

x = a  nkY«  x = b  v±iyÆ±  f(x) v¬w bjhl®¢¼ rh®¾¬ ½£lkhd
bjhifÞlhdJ.

 dxxf

b

a

∫ )(   =  ( )[ ]b

a
xF  =  F (b) – F(a) ,½±  a,  b  ,u©L«

Kiwna Ñ³ v±iy/ nk± v±iy vd¥gL«.

½£lkhd bjhifÞ£il¡ fhz eh« KjÈ± bfhL¡f¥g£l
rh®ò¡F tH¡f«ngh± bjhif fhz nt©L«. ¾wF x-¡F nk±
v±iyia¥ ¾u½Æ£L »il¤j k½¥¾¦F« Ñ³ v±iyia¥ ¾u½Æ£L
»il¤j k½¥¾¦F« ,ilnaí´s É¤½ahr¤ij¡ fhz± nt©L«

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 25

          k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf   ( )∫ ++

2

1

3
dx12x4x

Ô®î :

( )∫ ++

2

1

3 124 dxxx    =   

2

1

24

2
2

4
4 








++ x

xx

                                                      =    ( 24

 
+ 22 +2) – ( 1 + 1 + 1)

                                                      =    ( 16 + 4 + 2 ) – 3  = 19
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 26

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf      dx
x1

2x
3

2

2∫
+

Ô®î :

                   dx

x

x

∫
+

3

2

21

2
     =    ∫

10

5
t

dt

1 + x2  =  t     v¬f

2x dx   =  dt

x = 2  vÅ±  t =  5

x= 3  vÅ±   t = 10

=   [logt]10

5
    =  log 10  -  log 5

                             =     
5

10
log

e

                             =      log
e
 2

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 27

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf ∫
e

1

dxxlogx

Ô®î :

∫ x logx dx

                              u  =  log x            dv  =  x dx     v¬f

                             du  =  
x

1
  dx        v  =  

2

2
x

    ∫ dxxx log = 
2

2
x

 logx    −   ∫ 2

2
x

 
x

1
 dx

= 
2

2
x

 logx    −   ∫ dxx

2

1

= 
2

x
2

log x − 
2

x
2
1

2
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∫
e

dxxx

1

log = 

e

x

x

x

1

22

4
log

2








−

= 








−−









−
4

1
0

4
log

2

e

e

e

= 
2
e x

2
1 −

4
e +

4
1

= 
4

1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 28

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf  dxxsin

2

π

0

2

∫

Ô®î :

                dxx∫
2sin =   dx

x

∫ 






 −

2

2cos1

= 
2
x  − 

4
 xsin2

                dxx∫
2

0

2sin

π

= 
2

04

2sin

2

π







−

xx

=  
4

π

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 29

k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf  

dxxe

0

x
2

∫
∞

−

Ô®î :

                 dxxe
x

∫
−

2

  v¬g½±
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                         x2  =  t   v¬f
                 2x dx    =  dt

                          x  =  0  vÅ±   t  =  0

                           x  = ∞    t  =  ∞

∴

                  

dxxe
x

∫
∞

−

0

2

    =    dte
t

∫
∞

−

0
2

1

                                              =   
2
1 ][

0

t

e
−

−
∞

                                              =     [ ]10
2

1
+

                                              =     
2

1

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼   8.6

Ñ³¡f©litfis k½¥ÕL br­fÑ³¡f©litfis k½¥ÕL br­fÑ³¡f©litfis k½¥ÕL br­fÑ³¡f©litfis k½¥ÕL br­fÑ³¡f©litfis k½¥ÕL br­f

1)    ( ) dxxx∫ ++

2

1

2
1 2)    ∫

+

2

0
2

5

x

  dx

3)    ∫
+

1

0

2
1 x

dx

4)   dx
x

∫
1

0

2

5)    dxe

x

∫
3

0

3 6)    dxxe
x

∫
1

0

2

7)    dx

e

e

x

x

∫
+

1

0

2
1

8)     dxx∫
4

0

2
tan

π

9)     dx

x

x

∫
+

1

0

41
10)  dx

x

x

∫
+

−
1

0

2

2

1

1

11)   dxx∫
2

1

log                                   12)   dxx∫ +

4

0

42
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13)    dxx∫
2

0

2cos

π

14) 
( )( )

dx

xx

x

∫
++

2

0
sin2sin1

cos

π

15) dxx∫ +

2

0

2cos1

π

16) 
( )

∫
+

2

1

2
log1

e

xx

dx

17)    ∫
−

3

0
29 x

dx

18) dxex
x

4

.

1

0

3

∫

8.3.1  tiuaW¤j¤ bjhifia¡ T£lÈ¬ v±iyahf¡ fhz±tiuaW¤j¤ bjhifia¡ T£lÈ¬ v±iyahf¡ fhz±tiuaW¤j¤ bjhifia¡ T£lÈ¬ v±iyahf¡ fhz±tiuaW¤j¤ bjhifia¡ T£lÈ¬ v±iyahf¡ fhz±tiuaW¤j¤ bjhifia¡ T£lÈ¬ v±iyahf¡ fhz±

nj¦w«:nj¦w«:nj¦w«:nj¦w«:nj¦w«:
_oa ,ilbtË [ a, b ]  ahdJ n  rk gF½fshf¥ ¾Ç¡f¥g£L/

mj¬ x²bthU gF½Æ¬ mfy«  h  vd bfh´f.  ∴ nh = b – a  ¾¬d®

[ ])(...)2()()(

0

nhafhafhafhLtdxxf

h

n

b

a

++++++=

→

∞→∫

a + h , a + 2h , a + 3h, . . . a + nh  v¬gd   [ a , b]  vD« ,ilbtËia n  rk
gF½fshf¥ ¾Ç¡F« ò´Ëf´ MF«.  x²bthU gF½Æ¬ mfy« h MF«.

[Ã%gz« njitÆ±iy]

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 30

tiuaW¤j¤ bjhifia T£lÈ¬ v±iyahf¡tiuaW¤j¤ bjhifia T£lÈ¬ v±iyahf¡tiuaW¤j¤ bjhifia T£lÈ¬ v±iyahf¡tiuaW¤j¤ bjhifia T£lÈ¬ v±iyahf¡tiuaW¤j¤ bjhifia T£lÈ¬ v±iyahf¡

bfh©Lbfh©Lbfh©Lbfh©Lbfh©L dxx

2

1

2

∫   k½¥ig¡ fh©fk½¥ig¡ fh©fk½¥ig¡ fh©fk½¥ig¡ fh©fk½¥ig¡ fh©f.

Ô®î :

      ∫
b

a

dxxf )(   =  
[ ])(...)2()(

0

nhafhafhafhLt

h

n

++++++

→

∞→

      dxx

b

a

∫
2

  =    
{ }222

0

)(...)2()( nhahahahLt

h

n

++++++

→

∞→

=   ( ) ( ) ( ){ }2222222

0

2...442 hnanhahahahahahLt

h

n

++++++++

→

∞→
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=   ( ) ( ){ }222222

0

...321...3212 nhnahnahLt

h

n

++++++++++

→

∞→

=  
( )









+++
+

+

→

∞→

)12()1(
62

1
2

2
2

0

nnn

hnn

ahnahLt

h

n

a  =  1  ;  h  =  1 v¬gjh±/

dxx∫
2

1

2
=  ( ) 







 ++
+++

∞→
26

)12()1(
1.

11

n

nnn

nn

n

n

n

Lt

n

=   






 ++
+

+
+

→∞
36

)12()1(1
1

n

nnn

n

n

Lt

n

=   


























+








+

+++

→

3

3

0
1 6

1
2

1
1

1
11

n

nn

n

n

Lt

n

                          =   


























+








+

++

→ 6

1
2

1
1

1
2

0
1

nn

n

Lt

n

                          =   
6

2
2 +   =   

3

7

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  8.7

tiuaW¤j¤ bjhifia T£lÈ¬ v±iyahf¡tiuaW¤j¤ bjhifia T£lÈ¬ v±iyahf¡tiuaW¤j¤ bjhifia T£lÈ¬ v±iyahf¡tiuaW¤j¤ bjhifia T£lÈ¬ v±iyahf¡tiuaW¤j¤ bjhifia T£lÈ¬ v±iyahf¡
bfh©L Ñ³¡f©l bjhiffË¬ k½¥ò fh©.bfh©L Ñ³¡f©l bjhiffË¬ k½¥ò fh©.bfh©L Ñ³¡f©l bjhiffË¬ k½¥ò fh©.bfh©L Ñ³¡f©l bjhiffË¬ k½¥ò fh©.bfh©L Ñ³¡f©l bjhiffË¬ k½¥ò fh©.

1)  ∫
2

1

dxx 2)  dxe
x

∫
1

0

3)   ∫
2

1

3
dxx 4)   dxx∫

1

0

2
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼   8.8

V¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­f

1) c = 5x4  ¬ jiyÑ³ tif¡bfGthdJ
(a)  x4 (b)  x5 (c)  4x5 + c (d)  5x4

2) ∫ dx3   =

(a) 3 (b) x + C (c) 3x (d)  3x + c

3) dx

x
∫

10
  =

(a)  
x

1
(b)  

2

1

x

− (c) 10 log x + C (d)   log x + C

4) ∫
−

dxe
x

  =

(a)   - e-x + C (b)   e-x + C (c) ex + C (d)   -ex + C

5) dxx∫ 21   =

(a)  21 x x (b)  14x x  + C (c)  x x  + C (d) x  + C

6) dxe
x

∫
5

 =

(a) 5x + C (b)   e5x + C (c) 
5
1

e5x + C   (d)  
x

e
5

5

1

7) ∫ dxaxsin   =

(a)  Cax

a

+
−

cos
1

(b) Cax

a

+cos
1

(c)  sin ax + C (d)  cos ax + C

8) dxx∫
−2

=

(a) C

x

+
1

(b) - C

x

+
1

(c) C

x

+
2

1
(d)  - C

x

+
2

1

9) dx

x
∫ 2

1
 =

(a)  log x   +  C (b)  xlog
2

1
(c)  log x  +  C (d) xlog

2

1
 +  C



267

10) dxe
x

∫
+4

  =

(a)  ex + C           (b) ex+4  +  C      (c)  
4

4+x

e

 +  C     (d)  e4x + C

11) dxx∫
2

sec2   =

            (a)  2 tan x + C    (b)  sec 2x tan x + C   (c)  tan2 x  + C   (d)  tan x + C

12) dx
xx −

∫ 3.2   =

(a) Cx +log
3

2
(b)  

( )

3
2log

3
2

e

x

  +  C

(c) 
( )

3
2log

3
2

x

x

(d)  log

x










3

2

13) dx

x
∫

+ 1

2
  =

(a)  2 log (x + 1 )  + C (b)  2 log (x + 1) + c

(c)  4 log (x + 1)  +  C (d)  log (x + 1)  +  C

14) ( ) dxx

8

1∫ +    =

(a)
( )

C

x

+
+

9

1
9

(b)
( )

C

x

+
+

7

1
7

 (c) (x+1)8 +C (d)  (x+1)4 + C

15) dx

x

x

∫
+1

4
4

3

   =

(a)  log ( x4 + 1 ) (b)   4 log ( x4 + 1 ) + C

(c) log ( x4 + 1 ) + C (d)  ,½± VJÄ±iy

16) ∫ dxxec cos  =

(a)  log (tan x/2) + C (b) log cosec x  +  C

(c) log tan x  +  C (d) log ( cosec x  +  tanx )

17)  dx

x

x

∫
+

5

4

1
 =

(a)  log ( 1 + x5 ) (b) log ( 1 + x4 ) + C

(c) log ( 1 + x5 ) + C (d) 
5

1
 log ( 1 + x5 ) + C
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18) ∫
+

22
ax

dx

 =

(a) 
a

x1tan −
 + C (b)  

a

1

a

x1tan −
 + C

(c) 
x

a1tan−
 + C (d)  

a

x

a

1
sin

1 −
 + C

19) [ ] dxxfxfe
x

)()(
/

+∫   =

(a)   ex f(x) + C (b)  ex f / (x)  + C

(c)   ex + C (d)   e-x + C

20) ( ) dxxxe
x

cossin +∫  =

(a)  ex cosx + c (b)  ex sinx cosx + C

(c)  ex + C cosx (d)  ex sinx + C

21) ∫
+

241 x

dx

  =

(a)   x2tan
2

1 1−
 + C(b) x

1tan
2

1 −
 + C

(c)  ( )cx +
−1tan

2

1
(d) tan-1 (2x) + C

22) ( ) dxx

3

32∫ +  =

(a)  
( )

4

32
4

+x

 + C (b) 
( )

8

32
3

+x

 + C

(c) 
( )

8

32
4

+x

 + C (d) 
( )

16

32
2

+x

 + C

23) dx

x
∫
2

1

1
  -¬ k½¥ò

(a)  log 2 (b) 0          (c)  log 3    (d)  2 log 2

24)   ∫
−

1

1

2
dxx  -¬ k½¥ò

(a)   
3

1
              (b)  

3

1
−            (c)   

3

2
−            (d)   

3

2
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25) ∫
−

0

1

4
x   dx   -¬ k½¥ò

(a) 0 (b) -1 (c)
5

1
(d) 

5

1
−

26) ( )∫ +

1

0

2 1x    dx  -¬ k½¥ò

(a)  
3

4
(b) 

3

2
(c) 

3

1
(d) 

3

4
−

27) dx

x

x

∫
+

1

0

21
 -¬ k½¥ò

(a)  log 2 (b) 2 log 2 (c)  log  
2

1
(d)   log 2

28) dxxx∫
4

1

  -¬ k½¥ò

             (a) 
5

62
(b) 

5

32
(c) 

4

15
(d) 

5

31

29) ∫
3

0

tan

π

dxx  -¬ k½¥ò

(a) log
2

1
(b) log 2 (c) 2 log 2 (d) log 2

30) ∫
π

0

sin dxx  -¬ k½¥ò

(a) 1 (b) 0 (c) 2 (d) -2

31) ∫
2

0

cos

π

dxx   -¬ k½¥ò

(a) 0 (b) 1 (c) -1 (d) 2
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32) ∫
∞−

+

0

1 x

x

e

e

  -¬ k½¥ò

(a) 0 (b) 1 (c)  2log
2

1
(d) log 2

33) ∫
∞

−

0

dxe
x

 -¬ k½¥ò

(a) 1 (b) 0 (c) ∞ (d) -1

34) ∫
−

4

0
216 x

dx

 -¬ k½¥ò

(a)
4

π
(b) 

3

π

(c) 

6

π

(d) 

2

π

35)

∫
−

+

1

1

21 x

dx

  -¬ k½¥ò

(a) 
2

π
(b) 

4

π

(c) 

4

π
−

(d)π
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xU t®¤jf¤½¦F njit¥gL« _yjd« Äf m½fkhf ,U¥¾¬
m«_yjd¤ij¤ ½u£L« bghU£L xU T£L¥ g§F ÃWtd« (Joint Stock

Company) Jt§f¥gL«.  mj¦fhd¥ ó®th§f Ma¤j ntiyfis¢
br­gt® mªÃWtd¤½¬ f®¤jh (Promoter) v¬wiH¡f¥gLth®.
,²Éj« Jt¡f¥gL« ÃWtdkhdJ ru¡F Kj±f´/ g§Ff´ k¦W« fl¬
g¤½u§f´ btËÆLj± _ykhf¤ jd¡F¤ njitahd Ã½ia¤ ½u£L«.
g¤½u§fË± F¿¥¾l¥gL« k½¥ò mt¦¿¬ Kf k½¥ò (Face Value)

(m±yJ) x¥ò k½¥ò (Nominal Value) (m±yJ) rk k½¥ò (Par Value)

vd¥gL«.

9.1 mo¥gil¡ bfh´iff´mo¥gil¡ bfh´iff´mo¥gil¡ bfh´iff´mo¥gil¡ bfh´iff´mo¥gil¡ bfh´iff´
(BASIC  CONCEPTS)

9.1.1 g§Ff´g§Ff´g§Ff´g§Ff´g§Ff´ (Shares)

ÃWtd¤½¦F¤ njit¥gL« bkh¤j _yjd« gy ¼¿a
myFfshf¥ ¾Ç¡f¥gL«.  mit g§Ff´ vd¥gL«.  vL¤J¡fh£lhf
xU ÃWtd¤½¦F¤ njit¥gL« bkh¤j _yjd« %. 5/00/000 v¬W«
mJ x²bth¬W« %. 10 k½¥ò´s myFfshf¥ ¾Ç¡f¥g£oU¥g jhfî«
bfh©lh± x²bthU myF« %. 10 Kf k½¥ò´s g§F MF«.
_yjd¤½¬ msití«/ mJ v¤jid myFfshf¥ ¾Ç¡f¥gL»wJ
v¬gijí« bghU¤J g§FfË¬ Kf k½¥ò mikí«.  g§Ffis
th§»at®f´ g§Fjhu®f´ (Share holders) vd¥gLt®.  g§Ffis KG
v© kl§FfË±jh¬ th§fnth É¦fnth Koí«.

9.1.2 ru¡F Kj±f´ ru¡F Kj±f´ ru¡F Kj±f´ ru¡F Kj±f´ ru¡F Kj±f´ (Stocks)

xU ÃWtd¤½¬ g§Ff´ KGikahfnth gF½ahfnth
brY¤j¥g£oU¡fyh«.  ÃWtdkhdJ KGikahf gz« brY¤j¥g£l
g§Ffis¤ bjhF¤J xU ru¡F Kjyhf (Stock) kh¦wyh«.  ru¡FKj±
v¬gJ bjhF¡f¥g£l _yjd g§F v¬gjh± mt¦iw ¾¬d msÉY«
th§f É¦f Koí«.

ru¡F Kj±f´/ g§Ff´ k¦W«ru¡F Kj±f´/ g§Ff´ k¦W«ru¡F Kj±f´/ g§Ff´ k¦W«ru¡F Kj±f´/ g§Ff´ k¦W«ru¡F Kj±f´/ g§Ff´ k¦W«
fl¬ g¤½u§f´fl¬ g¤½u§f´fl¬ g¤½u§f´fl¬ g¤½u§f´fl¬ g¤½u§f´

(STOCKS, SHARES AND DEBENTURES)

9
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9.1.3. fl¬ g¤½u§f´ fl¬ g¤½u§f´ fl¬ g¤½u§f´ fl¬ g¤½u§f´ fl¬ g¤½u§f´ (Debentures)

,it xU ÃWtd« bghJ k¡fËlÄUªJ bgW« fl¬ MF«.
ÃWtd« bgW« flD¡F F¿¥¾£l t£o rjåj¤½± t£o F¿¥¾£l fhy
,ilbtËfË± bfhL¡f¥gL«.  nkY« F¿¥¾£l fhy KoÉ± fl¬
½U¥¾¡ bfhL¡f¥gL«.

9.1.4 g§F åj«g§F åj«g§F åj«g§F åj«g§F åj« (Dividend)

g§FjhuU¡F ,ilna ¾Ç¤J¡ bfhL¡f¥gL« ÃWtd¤½¬
,yhg« g§F åj« vd¥gL«.  g§Fjhu® x²bthUtU« mt® th§»í´s
g§FfË¬ Kfk½¥¾¬ bkh¤j k½¥¾¦nf¦g É»jh¢ rhu mo¥gilÆ±
g§F åj« bgWt®.  g§F åj« bghJthf rjåj¤½± F¿¡f¥gL«.

9.1.5 g§F¢ rªijg§F¢ rªijg§F¢ rªijg§F¢ rªijg§F¢ rªij  (Stock Exchange)

ru¡F Kj±f´/ g§Ff´/ fl¬ g¤½u§f´ ,t¦¿¬ t®¤jf
gÇt®¤jidf´ g§F¢ rªijÆ± eilbW«.  m§F mit vªj
Éiy¡F¡ »il¡»wnjh mªj Éiyia mt¦¿¬ rªij Éiy
v¬»nwh«.  rªij ÉiyahdJ Kf k½¥¾¦F rkkhf/ m½fkhf/
Fiwthf ,Uªjh± Kiwna rkÉiy (at par) m½f Éiy (at premium)

fÊî Éiy (at discount) v¬wiH¡f¥gL«.

9.1.6 tUkhd åj«tUkhd åj«tUkhd åj«tUkhd åj«tUkhd åj«  (Yield or Return)

xUt® %. 100I g§F¢ rªijÆ± KjäL br­J th§F« xU
ÃWtd¤½¬ ru¡F KjY¡F mªj ÃWtd¤½ÈUªJ mt® bgW«
M©L tUkhd« mªj¢ ru¡F KjÈ¬ tUkhd åj« MF«.  ,J
bghJthf rjåj¤½± F¿¡f¥gL«.

9.1.7 juF juF juF juF juF (Brokerage)

ru¡F Kj±f´/ g§Ff´ fl¬ g¤½u§f´ ,t¦¿¬ th§f± É¦w±
gÇt®¤jidf´ mj¦fhd juf®f´ _ykhf eilbgW«.  mt®j«
nrit¡fhd¡ f£lz« juF MF«.  juf® bgW« jufhdJ Kfk½¥¾¬
mo¥gilÆ± fz¡»l¥gL«.  ,J bghJthf rjåjkhf F¿¡f¥gL«.
ru¡F Kj± th§f¥gL«nghJ juF/ rªij Éiyíl¬ T£l¥gL«.
É¦f¥gL«nghJ juF/ rªij ÉiyÆ± fÊ¡f¥gL«.

9.1.8 g§FfË¬ tiff´g§FfË¬ tiff´g§FfË¬ tiff´g§FfË¬ tiff´g§FfË¬ tiff´
K¡»akhf g§Ff´ ,Utif¥gL«.
(i) K¬DÇik¥ g§Ff´ (Preference shares)

(ii) rhjh¥ g§Ff´ (Equity or ordinary shares)
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K¬DÇik¥ g§Fjhu®fS¡FÇa jÅ cÇikf´:

(i) rhjh¥ g§Fjhu®fS¡F g§Fåj« mË¥gj¦F K¬dnu/
xU F¿¥¾£l Ãiyahd åj¤½± j§fË¬ g§F åj«
bgwyh«.

(ii) ÃWtd¤ij¡ fiy¡F« Ãiy V¦g£lh± K¬DÇik¥
g§Fjhu®f´ ÃWtd¤½¬ Mµ½Æ± K¬ cÇikíl¬ jkJ
_yjd¤ij¤ ½U«g¥ bgwyh«.

9.1.9 ru¡F Kj±fË¬ Ãytu¤ij¢ RU§f¡ TW« Kiwru¡F Kj±fË¬ Ãytu¤ij¢ RU§f¡ TW« Kiwru¡F Kj±fË¬ Ãytu¤ij¢ RU§f¡ TW« Kiwru¡F Kj±fË¬ Ãytu¤ij¢ RU§f¡ TW« Kiwru¡F Kj±fË¬ Ãytu¤ij¢ RU§f¡ TW« Kiw

`120,± c´s 15% ru¡FKj±p vÅ± r«kªj¥g£l ru¡F KjÈ¬

Kfk½¥ò %. 100, rªij Éiy %. 120,  g§F åj« 15% vd¡

bfh´nth«.

9.1.10 g§FfS¡F« fl¬ g¤½u§fS¡F« c´s ntWghLf´g§FfS¡F« fl¬ g¤½u§fS¡F« c´s ntWghLf´g§FfS¡F« fl¬ g¤½u§fS¡F« c´s ntWghLf´g§FfS¡F« fl¬ g¤½u§fS¡F« c´s ntWghLf´g§FfS¡F« fl¬ g¤½u§fS¡F« c´s ntWghLf´

Ñ³¡f©lit K¡»akhd ntWghLf´ MF«.

g§Ff´g§Ff´g§Ff´g§Ff´g§Ff´

1. g§F¥ gz« v¬gJ ÃWtd
_yjd¤½¬ X® m§fkhF«.
g§Fjhu®fis XusÉ¦F
ÃWtd¤½¬ brhªj¡fhu®f´
vdyh«.

2. g§Fjhu®fS¡F ÃWtd¤½¬
,yhg¤½± g§F »il¡F«.
,yhg« nghJkhdjhf ,±yh
knyh m±yJ K¦¿Y« ,±yhk±
nghdhnyh mt®fS¡F VJ«
»il¡fhk± nghfyh«.

3. fl¬ g¤½ujhu®fS¡F¡
bfhL¡f nt©oa t£o KjÈ±
bfhL¡f¥ g£L ÉL«.
v¨¼aJjh¬ g§Fjhu®fS¡F¥
g§Fåjkhf¤ ju¥gL«.

fl¬ g¤½u§f´fl¬ g¤½u§f´fl¬ g¤½u§f´fl¬ g¤½u§f´fl¬ g¤½u§f´

1. fl¬ g¤½u§f´ fl¬f´
k£Lnk. mt¦iw th§»at®f´
ÃW td¤½¦F¡ fl¬
bfhL¤jt® Mt®.

2. ÃWtd¤½¦F ,yhg« »il¤
jhY« »il¡fhÉ£lhY« fl¬
g¤½ujhu®fS¡F x¤J¡
bfh´s¥g£l t£o »il¤J
ÉL«.

3. fl¬ g¤½ujhu®f´ j§fË¬
t£oia K¬DÇikíl¬
bg¦W¡ bfh´t®.
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ru¡F Kj±f´/ g§Ff´/ fl¬ g¤½u§f´ ,t¦¿¬ th§f± É¦w±
elto¡iffË± ml§»í´s fÂjÉa± E£g§fis¥ ¾¬tU«
vL¤J¡fh£Lf´ És¡F«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 1

7% ru¡FKjÈ¬ru¡FKjÈ¬ru¡FKjÈ¬ru¡FKjÈ¬ru¡FKjÈ¬ %. %. %. %. %. 100 Kfk½¥ò´sKfk½¥ò´sKfk½¥ò´sKfk½¥ò´sKfk½¥ò´s     120 g§FfË¬g§FfË¬g§FfË¬g§FfË¬g§FfË¬
Xuh©L tUkhd¤ij¡ f©L¾o.Xuh©L tUkhd¤ij¡ f©L¾o.Xuh©L tUkhd¤ij¡ f©L¾o.Xuh©L tUkhd¤ij¡ f©L¾o.Xuh©L tUkhd¤ij¡ f©L¾o.

Ô®î:

Kfk½¥ò (%.)       M©L tUkhd« (%.)

100 7

120 x 100 ?

M©L tUkhd«= 
100

100 x 120  x 7

= %. 840

4. g§Fjhu®fS¡fhd g§F åj«
ÃWtd« <£L« ,yhg msit¢
rh®ª½U¡F«.

5. ÃWtd« j¬ g§Ffis ½U«g¥
bg¦W gz« juhJ.

6. ÃWtd« _l¥gLkhdh± g§F
jhu®f´ jkJ g§F gz¤ij
Xusî m±yJ K¦¿Y« ,H¡f
neÇlyh«.

7. g§FfË± KjäL br­tJ
Cf¤½¬ mo¥gilÆyhdJ.
vdnt gz¤½¦F CW
c©lhF« th­¥ò c©L.

 8.ÃWtd¤½¬ g§Fjhu®fË¬
T£l§fË± fyªJ bfh©L
X£lË¡F« cÇik g§F
jhu®fS¡F c©L.

4. fl¬ g¤½ujhu®fS¡fhd t£o
åj« K¬dnu Ô®khÅ¡f¥g£L
ÉL»wJ.

5. F¿¥¾£l fhy KoÉ± fl¬
g¤½ujhu®fS¡F mt®j«
KjäL ½U«g¡ bfhL¡f¥gL«.

6. fl¬ g¤½ujhu®fS¡F mt®j«
KjäL ½U«g¡ »il¤JÉL«.

7. CW c©lhF« th­¥ò Fiwî.

8. mJ ngh¬w cÇik VJ« fl¬
g¤½ujhu®fS¡F¡ »ilahJ.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 2

M©L tUkhd« %. 80 »il¡F« 8M©L tUkhd« %. 80 »il¡F« 8M©L tUkhd« %. 80 »il¡F« 8M©L tUkhd« %. 80 »il¡F« 8M©L tUkhd« %. 80 »il¡F« 8% ru¡F KjÈ¬ru¡F KjÈ¬ru¡F KjÈ¬ru¡F KjÈ¬ru¡F KjÈ¬

bjhifia¡ fh©f.bjhifia¡ fh©f.bjhifia¡ fh©f.bjhifia¡ fh©f.bjhifia¡ fh©f.

Ô®î:

tUkhd« (%)       ru¡FKj± (%)

8 100

80   ?

ru¡F Kj± = 
8

80 x 100

= %. 1,000

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 3

% .  1 0 0  Kfk½¥ò´s g§Ffis¡ bfh©l 6% .  1 0 0  Kfk½¥ò´s g§Ffis¡ bfh©l 6% .  1 0 0  Kfk½¥ò´s g§Ffis¡ bfh©l 6% .  1 0 0  Kfk½¥ò´s g§Ffis¡ bfh©l 6% .  1 0 0  Kfk½¥ò´s g§Ffis¡ bfh©l 6%

ru¡FKj±/ M©L tUkhd« %. 360 bfhL¥¾¬ th§f¥g£lru¡FKj±/ M©L tUkhd« %. 360 bfhL¥¾¬ th§f¥g£lru¡FKj±/ M©L tUkhd« %. 360 bfhL¥¾¬ th§f¥g£lru¡FKj±/ M©L tUkhd« %. 360 bfhL¥¾¬ th§f¥g£lru¡FKj±/ M©L tUkhd« %. 360 bfhL¥¾¬ th§f¥g£l

g§FfË¬ v©Â¡ifia¡ fh©f.g§FfË¬ v©Â¡ifia¡ fh©f.g§FfË¬ v©Â¡ifia¡ fh©f.g§FfË¬ v©Â¡ifia¡ fh©f.g§FfË¬ v©Â¡ifia¡ fh©f.

Ô®î:

tUkhd« (%)   ru¡FKj±(%)

6 100

360   ?

ru¡FKj±  =  
6

360 x 100  = Rs. 6,000

∴ g§FfË¬ v©Â¡if = 
100
6000  = 60.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

%. 100 Kfk½¥ò´s 150 g§FfË¬ M©L tUkhd«%. 100 Kfk½¥ò´s 150 g§FfË¬ M©L tUkhd«%. 100 Kfk½¥ò´s 150 g§FfË¬ M©L tUkhd«%. 100 Kfk½¥ò´s 150 g§FfË¬ M©L tUkhd«%. 100 Kfk½¥ò´s 150 g§FfË¬ M©L tUkhd«

%. 1200 vÅ± g§F åj« fh©f.%. 1200 vÅ± g§F åj« fh©f.%. 1200 vÅ± g§F åj« fh©f.%. 1200 vÅ± g§F åj« fh©f.%. 1200 vÅ± g§F åj« fh©f.

Ô®î:

ru¡FKj± (%) tUkhd« (%)

  150 x 100        1200

   100           ?
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tUkhd«= 
100 x 150

100  x 1200

= Rs. 8

g§F åj« = 8%

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 5

70,± c´s 770,± c´s 770,± c´s 770,± c´s 770,± c´s 7% ru¡FKj± %. 8400¡F v²tsîru¡FKj± %. 8400¡F v²tsîru¡FKj± %. 8400¡F v²tsîru¡FKj± %. 8400¡F v²tsîru¡FKj± %. 8400¡F v²tsî

th§f Koí« v¬W f©L¾o.th§f Koí« v¬W f©L¾o.th§f Koí« v¬W f©L¾o.th§f Koí« v¬W f©L¾o.th§f Koí« v¬W f©L¾o.

Ô®î:

  KjäL (%)   ru¡F Kj± (%)

70 100

8400   ?

ru¡FKj± = 
70

8,400
 x 100

= %. 12,000

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 6

1 01 01 01 01 0% fÊÉ± c´s ru¡FKjiy % .  9 000¡F xUt®fÊÉ± c´s ru¡FKjiy % .  9 000¡F xUt®fÊÉ± c´s ru¡FKjiy % .  9 000¡F xUt®fÊÉ± c´s ru¡FKjiy % .  9 000¡F xUt®fÊÉ± c´s ru¡FKjiy % .  9 000¡F xUt®

th§F»wh® . g§Fåj« 20th§F»wh® . g§Fåj« 20th§F»wh® . g§Fåj« 20th§F»wh® . g§Fåj« 20th§F»wh® . g§Fåj« 20% vÅ± mt®j« tUkhd¤ij¡vÅ± mt®j« tUkhd¤ij¡vÅ± mt®j« tUkhd¤ij¡vÅ± mt®j« tUkhd¤ij¡vÅ± mt®j« tUkhd¤ij¡

fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î:

KjäL (%)    tUkhd«(%)

90 20

9000   ?

tUkhd« = 
90

9,000
x 20

 = %. 2,000

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 7

44444% fÊÉ± c´sfÊÉ± c´sfÊÉ± c´sfÊÉ± c´sfÊÉ± c´s 8
4

3
% ru¡FKj± k½¥ò %.9300 vÅ±ru¡FKj± k½¥ò %.9300 vÅ±ru¡FKj± k½¥ò %.9300 vÅ±ru¡FKj± k½¥ò %.9300 vÅ±ru¡FKj± k½¥ò %.9300 vÅ±

mj¬ ml¡fÉiyia¡ fh©f.mj¬ ml¡fÉiyia¡ fh©f.mj¬ ml¡fÉiyia¡ fh©f.mj¬ ml¡fÉiyia¡ fh©f.mj¬ ml¡fÉiyia¡ fh©f.
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Ô®î:

ru¡F Kj± (%)     ml¡f Éiy (%)

100               (100-4) = 96

9300        ?

ml¡f Éiy = 
100

9,300
 x 96

= %. 8,928

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 8

Kjä£o¦F 8Kjä£o¦F 8Kjä£o¦F 8Kjä£o¦F 8Kjä£o¦F 8% »il¡F« 9»il¡F« 9»il¡F« 9»il¡F« 9»il¡F« 9% ru¡FKjÈ¬ ml¡fru¡FKjÈ¬ ml¡fru¡FKjÈ¬ ml¡fru¡FKjÈ¬ ml¡fru¡FKjÈ¬ ml¡f

Éiyia¡ fh©f.Éiyia¡ fh©f.Éiyia¡ fh©f.Éiyia¡ fh©f.Éiyia¡ fh©f.

Ô®î:

tUkhd« (%)  ml¡f Éiy (%)

8 100

9   ?

ml¡f Éiy = 
8
9 x 100

= %. 112.50

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 9

% . 7200¡F 6% .  7200¡F 6% .  7200¡F 6% .  7200¡F 6% .  7200¡F 6% ru¡FKjÈ¬ % .  100 Kfk½¥òru¡FKjÈ¬ % .  100 Kfk½¥òru¡FKjÈ¬ % .  100 Kfk½¥òru¡FKjÈ¬ % .  100 Kfk½¥òru¡FKjÈ¬ % .  100 Kfk½¥ò

g§Ffis rush th§»dh®.  mtU¡F %. 540 tUkhd«g§Ffis rush th§»dh®.  mtU¡F %. 540 tUkhd«g§Ffis rush th§»dh®.  mtU¡F %. 540 tUkhd«g§Ffis rush th§»dh®.  mtU¡F %. 540 tUkhd«g§Ffis rush th§»dh®.  mtU¡F %. 540 tUkhd«

»£oaJ vÅ± xU g§»¬ ml¡fÉiyia¡ fh©f.»£oaJ vÅ± xU g§»¬ ml¡fÉiyia¡ fh©f.»£oaJ vÅ± xU g§»¬ ml¡fÉiyia¡ fh©f.»£oaJ vÅ± xU g§»¬ ml¡fÉiyia¡ fh©f.»£oaJ vÅ± xU g§»¬ ml¡fÉiyia¡ fh©f.

Ô®î:

tUkhd« (%)     ml¡fÉiy (%)

540     7200

6       ?

ml¡fÉiy = 
540

6 x 7200

= %. 80
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 10

80,± c´s 2080,± c´s 2080,± c´s 2080,± c´s 2080,± c´s 20% ru¡FKjÈ¬ tUkhd åj« fh©f.ru¡FKjÈ¬ tUkhd åj« fh©f.ru¡FKjÈ¬ tUkhd åj« fh©f.ru¡FKjÈ¬ tUkhd åj« fh©f.ru¡FKjÈ¬ tUkhd åj« fh©f.

Ô®î:

  KjäL (%)    tUkhd« (%)

80  20

100 ?

tUkhd« åj« = 
80

100 x 20

= 25%

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 11

2525252525% fÊÉ± c´s 20fÊÉ± c´s 20fÊÉ± c´s 20fÊÉ± c´s 20fÊÉ± c´s 20% ru¡FKjÈ¬ tUkhd« åj«ru¡FKjÈ¬ tUkhd« åj«ru¡FKjÈ¬ tUkhd« åj«ru¡FKjÈ¬ tUkhd« åj«ru¡FKjÈ¬ tUkhd« åj«
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î:

KjäL (%)      tUkhd« (%)

    (100-25) = 75     20

100       ?

tUkhd åj« = 
75

100 x 20

= 26 3
2

 %

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 12

20% m½fÉiyÆ± c´s 20m½fÉiyÆ± c´s 20m½fÉiyÆ± c´s 20m½fÉiyÆ± c´s 20m½fÉiyÆ± c´s 20% ru¡FKjÈ¬ tUkhdru¡FKjÈ¬ tUkhdru¡FKjÈ¬ tUkhdru¡FKjÈ¬ tUkhdru¡FKjÈ¬ tUkhd
åj« fh©f.åj« fh©f.åj« fh©f.åj« fh©f.åj« fh©f.

Ô®î:

  KjäL (%)     tUkhd« (%)
120 20

100  ?

tUkhd åj« = 
120
100  x 20

= 16
3
2  %
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 13

%. 15 Kfk½¥ò´s 10%. 15 Kfk½¥ò´s 10%. 15 Kfk½¥ò´s 10%. 15 Kfk½¥ò´s 10%. 15 Kfk½¥ò´s 10% ru¡FKjÈ¬ g§Ff´ %.ru¡FKjÈ¬ g§Ff´ %.ru¡FKjÈ¬ g§Ff´ %.ru¡FKjÈ¬ g§Ff´ %.ru¡FKjÈ¬ g§Ff´ %.

10¡F »il¡Fkhdh± mj¬ tUkhd åj« fh©f.10¡F »il¡Fkhdh± mj¬ tUkhd åj« fh©f.10¡F »il¡Fkhdh± mj¬ tUkhd åj« fh©f.10¡F »il¡Fkhdh± mj¬ tUkhd åj« fh©f.10¡F »il¡Fkhdh± mj¬ tUkhd åj« fh©f.

Ô®î:

  KjäL (%)     Kfk½¥ò (%)
10   15

100    ?

Kfk½¥ò = 
10

100 x 15

= %. 150

,¥bghGJ

Kfk½¥ò (%)     tUkhd« (%)

100     10

150       ?

tUkhd åj« = 
100
150 x 10

=  15%

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 14

vJ ¼wªj KjäL? vJ ¼wªj KjäL? vJ ¼wªj KjäL? vJ ¼wªj KjäL? vJ ¼wªj KjäL? : 80,± c´s 7 80,± c´s 7 80,± c´s 7 80,± c´s 7 80,± c´s 7% ru¡F Kj±ru¡F Kj±ru¡F Kj±ru¡F Kj±ru¡F Kj±

m±yJ 96,± c´s 9m±yJ 96,± c´s 9m±yJ 96,± c´s 9m±yJ 96,± c´s 9m±yJ 96,± c´s 9% ru¡FKj±.ru¡FKj±.ru¡FKj±.ru¡FKj±.ru¡FKj±.

Ô®î:

x²bthU ru¡FKjÈY« %. (80 x 96) KjäL br­tjh­ bfh´nth«.

7% ru¡FKj±

KjäL (%) tUkhd« (%)

80 7

80 x 96   ?

tUkhd« = 
80

96 x 80  x 7

= %. 672
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9% ru¡FKj±
  KjäL (%) tUkhd« (%)

96 9

80 x 96 ?

tUkhd« = 
96

96 x 80 x 9

= %. 720

xnu Kjä£o¦F 9% ru¡F KjÈ± 7% ru¡FKjiy Él m½f
M©L tUkhd« »£L»wJ.

∴ 96,± c´s 9% ru¡FKj± ¼wªjJ.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 15

vJ ¼wªj KjäL? vJ ¼wªj KjäL? vJ ¼wªj KjäL? vJ ¼wªj KjäL? vJ ¼wªj KjäL? : 140,± c´s 20 140,± c´s 20 140,± c´s 20 140,± c´s 20 140,± c´s 20% ru¡FKj±ru¡FKj±ru¡FKj±ru¡FKj±ru¡FKj±
m±yJ 70,± c´s 10m±yJ 70,± c´s 10m±yJ 70,± c´s 10m±yJ 70,± c´s 10m±yJ 70,± c´s 10% ru¡FKj±.ru¡FKj±.ru¡FKj±.ru¡FKj±.ru¡FKj±.

Ô®î:

x²bthU ru¡F KjÈY« % . (140 x 70) KjäL br­tjh­
bfh´nth«.

20% ru¡FKj±

  KjäL (%) tUkhd« (%)

140 20

140 x 70   ?

tUkhd« = 
140

70 x 140 x 20

= %. 1,400

10% ru¡FKj±

 KjäL (%)  tUkhd« (%)

70 10

140 x 70   ?

tUkhd« = 
70

70 x 140 x 10

= %. 1,400
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xnu Kjä£o¦F ,U ru¡F Kj±fS« rkkhd tUkhd«
jU»¬wd.

∴ mit rkhd ru¡FKj±fshF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 16

92,± c´s %. 12/000 k½¥ò´s 692,± c´s %. 12/000 k½¥ò´s 692,± c´s %. 12/000 k½¥ò´s 692,± c´s %. 12/000 k½¥ò´s 692,± c´s %. 12/000 k½¥ò´s 6% ru¡FKjiyru¡FKjiyru¡FKjiyru¡FKjiyru¡FKjiy
xUt® th§» Éiy 96 MF«nghJ É¦»wh®. mt® milí«xUt® th§» Éiy 96 MF«nghJ É¦»wh®. mt® milí«xUt® th§» Éiy 96 MF«nghJ É¦»wh®. mt® milí«xUt® th§» Éiy 96 MF«nghJ É¦»wh®. mt® milí«xUt® th§» Éiy 96 MF«nghJ É¦»wh®. mt® milí«
,yhg« fh©f.,yhg« fh©f.,yhg« fh©f.,yhg« fh©f.,yhg« fh©f.

Ô®î:

ru¡FKj± (%) ,yhg« (%)
100     (96-92) = 4

12000 ?

,yhg« = 
100

12000 x 4

= %. 480

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 17

105,± th§»a %. 4250 k½¥ò´s ru¡FKjiy xUt®105,± th§»a %. 4250 k½¥ò´s ru¡FKjiy xUt®105,± th§»a %. 4250 k½¥ò´s ru¡FKjiy xUt®105,± th§»a %. 4250 k½¥ò´s ru¡FKjiy xUt®105,± th§»a %. 4250 k½¥ò´s ru¡FKjiy xUt®
87,± É¦»wh®.  mt® milí« e87,± É¦»wh®.  mt® milí« e87,± É¦»wh®.  mt® milí« e87,± É¦»wh®.  mt® milí« e87,± É¦»wh®.  mt® milí« e·····l« v²tsî?l« v²tsî?l« v²tsî?l« v²tsî?l« v²tsî?

Ô®î:

ru¡FKj± (%)            e·l«

100     (105-87) = 18

4250 ?

e · l « = 
100
4250 x 18

= %. 765

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 18

%. 25 Kfk½¥ò´s 400 g§Ffis%. 25 Kfk½¥ò´s 400 g§Ffis%. 25 Kfk½¥ò´s 400 g§Ffis%. 25 Kfk½¥ò´s 400 g§Ffis%. 25 Kfk½¥ò´s 400 g§Ffis
2

1 % juF bfhL¤JjuF bfhL¤JjuF bfhL¤JjuF bfhL¤JjuF bfhL¤J

É¦F«nghJ ,uhk¬ bfhL¡F« bkh¤j juF¤ bjhifia¡É¦F«nghJ ,uhk¬ bfhL¡F« bkh¤j juF¤ bjhifia¡É¦F«nghJ ,uhk¬ bfhL¡F« bkh¤j juF¤ bjhifia¡É¦F«nghJ ,uhk¬ bfhL¡F« bkh¤j juF¤ bjhifia¡É¦F«nghJ ,uhk¬ bfhL¡F« bkh¤j juF¤ bjhifia¡
fh©f.fh©f.fh©f.fh©f.fh©f.
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Ô®î:

Kfk½¥ò (%)         juF (%)

100  
2
1

400 x 25   ?

juF = 
100

25 x 400 x 
2
1

= %. 50

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 19

%. 100 Kf k½¥ò´s 70 g§Ffis xUt® th§»a%. 100 Kf k½¥ò´s 70 g§Ffis xUt® th§»a%. 100 Kf k½¥ò´s 70 g§Ffis xUt® th§»a%. 100 Kf k½¥ò´s 70 g§Ffis xUt® th§»a%. 100 Kf k½¥ò´s 70 g§Ffis xUt® th§»a
tifÆ± jufhf¡ bfhL¤jJ %. 105 vÅ± juF åj« fh©f.tifÆ± jufhf¡ bfhL¤jJ %. 105 vÅ± juF åj« fh©f.tifÆ± jufhf¡ bfhL¤jJ %. 105 vÅ± juF åj« fh©f.tifÆ± jufhf¡ bfhL¤jJ %. 105 vÅ± juF åj« fh©f.tifÆ± jufhf¡ bfhL¤jJ %. 105 vÅ± juF åj« fh©f.

Ô®î:

    Kfk½¥ò (%)          juF (%)
70 x 100   105

100   ?

juF åj« = 
100 x 70

100 x 105

 = 1
2
1  %

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 20

% .  5 / 0 0 0  k½¥ò´s ru¡FKjiy 9% .  5 / 0 0 0  k½¥ò´s ru¡FKjiy 9% .  5 / 0 0 0  k½¥ò´s ru¡FKjiy 9% .  5 / 0 0 0  k½¥ò´s ru¡FKjiy 9% .  5 / 0 0 0  k½¥ò´s ru¡FKjiy 9 2

1
% fÊîfÊîfÊîfÊîfÊî

ÉiyÆ±ÉiyÆ±ÉiyÆ±ÉiyÆ±ÉiyÆ± 2

1
% juF bfhL¤J xUt® th§F»wh® .   mªj juF bfhL¤J xUt® th§F»wh® .   mªj juF bfhL¤J xUt® th§F»wh® .   mªj juF bfhL¤J xUt® th§F»wh® .   mªj juF bfhL¤J xUt® th§F»wh® .   mªj

ru¡FKjÈ¬ ml¡f Éiyia¡ fh©f.ru¡FKjÈ¬ ml¡f Éiyia¡ fh©f.ru¡FKjÈ¬ ml¡f Éiyia¡ fh©f.ru¡FKjÈ¬ ml¡f Éiyia¡ fh©f.ru¡FKjÈ¬ ml¡f Éiyia¡ fh©f.

Ô®î:

Kfk½¥ò (%)         ml¡fÉiy (%)

100 (100-9 2
1

+ 2
1

) = 91

5000 ?

ml¡f Éiy = 
100
5000 x 91 = %. 4,550
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2% juF bfhL¤J/ %. 20/000 Kfk½¥ò´s ru¡FKjiyjuF bfhL¤J/ %. 20/000 Kfk½¥ò´s ru¡FKjiyjuF bfhL¤J/ %. 20/000 Kfk½¥ò´s ru¡FKjiyjuF bfhL¤J/ %. 20/000 Kfk½¥ò´s ru¡FKjiyjuF bfhL¤J/ %. 20/000 Kfk½¥ò´s ru¡FKjiy

xUt® 44xUt® 44xUt® 44xUt® 44xUt® 44% m½f ÉiyÆ± É¦»wh®.  É¦W »il¡F«m½f ÉiyÆ± É¦»wh®.  É¦W »il¡F«m½f ÉiyÆ± É¦»wh®.  É¦W »il¡F«m½f ÉiyÆ± É¦»wh®.  É¦W »il¡F«m½f ÉiyÆ± É¦»wh®.  É¦W »il¡F«

bjhif v²tsî?bjhif v²tsî?bjhif v²tsî?bjhif v²tsî?bjhif v²tsî?

Ô®î:

Kfk½¥ò (%)      É¦W¡»il¡F« bjhif (%)

100   (100+44-2) = 142

20,000   ?

É¦W »il¡F« bjhif = 
100

20000 x 142

= %. 28,400

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 22

%. 7/500¡F 15%. 7/500¡F 15%. 7/500¡F 15%. 7/500¡F 15%. 7/500¡F 15% ru¡FKjiy 18ru¡FKjiy 18ru¡FKjiy 18ru¡FKjiy 18ru¡FKjiy 18% m½f ÉiyÆ±m½f ÉiyÆ±m½f ÉiyÆ±m½f ÉiyÆ±m½f ÉiyÆ±

22222% juF bfhL¤J xUt® th§F»wh®.  th§»a ru¡F KjÈ¬juF bfhL¤J xUt® th§F»wh®.  th§»a ru¡F KjÈ¬juF bfhL¤J xUt® th§F»wh®.  th§»a ru¡F KjÈ¬juF bfhL¤J xUt® th§F»wh®.  th§»a ru¡F KjÈ¬juF bfhL¤J xUt® th§F»wh®.  th§»a ru¡F KjÈ¬

Kfk½¥igiaí« g§F yhg¤bjhifiaí« fh©f.Kfk½¥igiaí« g§F yhg¤bjhifiaí« fh©f.Kfk½¥igiaí« g§F yhg¤bjhifiaí« fh©f.Kfk½¥igiaí« g§F yhg¤bjhifiaí« fh©f.Kfk½¥igiaí« g§F yhg¤bjhifiaí« fh©f.

Ô®î:

ml¡fÉiy (%)     Kfk½¥ò (%)

    (100+18+2) = 120 100

7,500   ?

Kfk½¥ò = 
120
7500 x 100

= %. 6,250

nkY«

  Kfk½¥ò (%)          ,yhg g§F (%)

100      15

6,250       ?

,yhg g§F = 
100
6250 x 15

= %. 937.50
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 23

,uhk¬ % .  5 / 4 00¡F 9,uhk¬ % .  5 / 4 00¡F 9,uhk¬ % .  5 / 4 00¡F 9,uhk¬ % .  5 / 4 00¡F 9,uhk¬ % .  5 / 4 00¡F 9% ru¡F Kjiy 1 1r u¡F Kjiy 1 1r u¡F Kjiy 1 1r u¡F Kjiy 1 1r u¡F Kjiy 1 1% fÊÉ±fÊÉ±fÊÉ±fÊÉ±fÊÉ±

th§»dh® 1th§»dh® 1th§»dh® 1th§»dh® 1th§»dh® 1% juF bfhL¤jh® vÅ± mt®j« tUkhd rjåj«juF bfhL¤jh® vÅ± mt®j« tUkhd rjåj«juF bfhL¤jh® vÅ± mt®j« tUkhd rjåj«juF bfhL¤jh® vÅ± mt®j« tUkhd rjåj«juF bfhL¤jh® vÅ± mt®j« tUkhd rjåj«

fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î:

KjäL (%)        tUkhd« (%)

 (100-11+1) = 90        9

100        ?

tUkhd« = 
90

100 x 9

=  10%

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 24

90,± c´s 90,± c´s 90,± c´s 90,± c´s 90,± c´s 9 2

1
% ru¡F KjÈ± ,UªJ % .  1 9 38ru¡F KjÈ± ,UªJ % .  1 9 38ru¡F KjÈ± ,UªJ % .  1 9 38ru¡F KjÈ± ,UªJ % .  1 9 38ru¡F KjÈ± ,UªJ % .  1 9 38

tUkhd« »il¡f¤ njitahd Kjä£L¤ bjhif v²tsî?tUkhd« »il¡f¤ njitahd Kjä£L¤ bjhif v²tsî?tUkhd« »il¡f¤ njitahd Kjä£L¤ bjhif v²tsî?tUkhd« »il¡f¤ njitahd Kjä£L¤ bjhif v²tsî?tUkhd« »il¡f¤ njitahd Kjä£L¤ bjhif v²tsî?

(juF 1juF 1juF 1juF 1juF 1%)

Ô®î:

tUkhd« (%)             KjäL (%)

      9 2
1

  (90+1) = 91

     1938         ?

KjäL = 
2
19

1938
x 91

= 
2

19

1938
x 91

= 1938 x
19
2  x 91

= %. 18,564
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 25

80,± c´ %. 9 /000 k½¥ò´s 780,± c´ %. 9 /000 k½¥ò´s 780,± c´ %. 9 /000 k½¥ò´s 780,± c´ %. 9 /000 k½¥ò´s 780,± c´ %. 9 /000 k½¥ò´s 7% ru¡F Kjiy fk±ru¡F Kjiy fk±ru¡F Kjiy fk±ru¡F Kjiy fk±ru¡F Kjiy fk±

v¬gt® É¦W mj¬_y« »il¤j gz¤ij 120,± c´sv¬gt® É¦W mj¬_y« »il¤j gz¤ij 120,± c´sv¬gt® É¦W mj¬_y« »il¤j gz¤ij 120,± c´sv¬gt® É¦W mj¬_y« »il¤j gz¤ij 120,± c´sv¬gt® É¦W mj¬_y« »il¤j gz¤ij 120,± c´s

1515151515% ru¡FKjÈ± KjäL br­»wh® .   mtuJ tUkhd¤½±ru¡FKjÈ± KjäL br­»wh® .   mtuJ tUkhd¤½±ru¡FKjÈ± KjäL br­»wh® .   mtuJ tUkhd¤½±ru¡FKjÈ± KjäL br­»wh® .   mtuJ tUkhd¤½±ru¡FKjÈ± KjäL br­»wh® .   mtuJ tUkhd¤½±

V¦gL« kh¦w¤ij¡ fh©f.V¦gL« kh¦w¤ij¡ fh©f.V¦gL« kh¦w¤ij¡ fh©f.V¦gL« kh¦w¤ij¡ fh©f.V¦gL« kh¦w¤ij¡ fh©f.

Ô®î:

7% ru¡FKj±

ru¡FKj± (%)        tUkhd« (%)

100   7

9000   ?

tUkhd« = 
100
9000

x 7

= %. 630----- (1)

nkY«

ru¡FKj± (%)      É¦W¡»il¡F« bjhif %.
   100 80

    9000 ?

É¦W¡»il¡F« bjhif = 
100
9000

x 80

= %. 7,200

15% ru¡FKj±

KjäL (%)     tUkhd« (%)

     120     15

     7,200      ?

tUkhd« = 
120
7200

x 15

= %. 900------------ (2)

(1), (2) ,t¦iw x¥¾£L eh« Koî br­tJ v¬dbtÅ± tUkhd

kh¦w« (m½fÇ¥ò) %. 270 MF« v¬gjhF«.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 26

Kfk½¥ò %. 5000 c´s 20Kfk½¥ò %. 5000 c´s 20Kfk½¥ò %. 5000 c´s 20Kfk½¥ò %. 5000 c´s 20Kfk½¥ò %. 5000 c´s 20% ru¡F Kjiy xUt® 62ru¡F Kjiy xUt® 62ru¡F Kjiy xUt® 62ru¡F Kjiy xUt® 62ru¡F Kjiy xUt® 62%

m½f Éiy¡F É¦»wh®.  É¦W tªj gz¤ij¡ bfh©Lm½f Éiy¡F É¦»wh®.  É¦W tªj gz¤ij¡ bfh©Lm½f Éiy¡F É¦»wh®.  É¦W tªj gz¤ij¡ bfh©Lm½f Éiy¡F É¦»wh®.  É¦W tªj gz¤ij¡ bfh©Lm½f Éiy¡F É¦»wh®.  É¦W tªj gz¤ij¡ bfh©L 2222222222%

fÊÉ± c´s 15fÊÉ± c´s 15fÊÉ± c´s 15fÊÉ± c´s 15fÊÉ± c´s 15% ru¡FKjiy th§F»wh®.  mt®j« tUkhdru¡FKjiy th§F»wh®.  mt®j« tUkhdru¡FKjiy th§F»wh®.  mt®j« tUkhdru¡FKjiy th§F»wh®.  mt®j« tUkhdru¡FKjiy th§F»wh®.  mt®j« tUkhd

kh¦w« fh©f.kh¦w« fh©f.kh¦w« fh©f.kh¦w« fh©f.kh¦w« fh©f. (juFjuFjuFjuFjuF 2%)

Ô®î:

20% ru¡FKj±
   Kfk½¥ò (%) tUkhd« (%)

100        20

5,000        ?

tUkhd« = 
100
5000

x 20

= %. 1,000 -------------- (1)

nkY«

Kfk½¥ò (%)     É¦W »il¡F« bjhif (%)

      100        (162-2) = 160

     5,000 ?

É¦W»il¡F« bjhif = 
100
5000

x 160

= %. 8,000

15% ru¡FKj±

KjäL (%)        tUkhd« (%)

(100-22+2)= 80      15

8,000      ?

tUkhd« = 
80

8000
x 15

%. 1,500 ------------ (2)

(1), (2) ,t¦iw x¥¾£L eh« Koî br­tJ v¬dbtÅ± tUkhd
kh¦w« (m½fÇ¥ò) %. 500 MF« v¬gjhF«.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 27

89,± c´s 1289,± c´s 1289,± c´s 1289,± c´s 1289,± c´s 12% ru¡F KjÈY« 95,± c´s 8ru¡F KjÈY« 95,± c´s 8ru¡F KjÈY« 95,± c´s 8ru¡F KjÈY« 95,± c´s 8ru¡F KjÈY« 95,± c´s 8% ru¡Fru¡Fru¡Fru¡Fru¡F
KjÈY« rkkhd bjhiff´ KjäL br­a¥gL»w¬wd. (,UKjÈY« rkkhd bjhiff´ KjäL br­a¥gL»w¬wd. (,UKjÈY« rkkhd bjhiff´ KjäL br­a¥gL»w¬wd. (,UKjÈY« rkkhd bjhiff´ KjäL br­a¥gL»w¬wd. (,UKjÈY« rkkhd bjhiff´ KjäL br­a¥gL»w¬wd. (,U
elto¡iffËY« 1elto¡iffËY« 1elto¡iffËY« 1elto¡iffËY« 1elto¡iffËY« 1% juF )  1 2juF )  1 2juF )  1 2juF )  1 2juF )  1 2% ru¡F KjÈ± ,UªJru¡F KjÈ± ,UªJru¡F KjÈ± ,UªJru¡F KjÈ± ,UªJru¡F KjÈ± ,UªJ
k¦wij¡ fh£oY« %. 120 m½f tUkhd« »il¡Fkhdh±k¦wij¡ fh£oY« %. 120 m½f tUkhd« »il¡Fkhdh±k¦wij¡ fh£oY« %. 120 m½f tUkhd« »il¡Fkhdh±k¦wij¡ fh£oY« %. 120 m½f tUkhd« »il¡Fkhdh±k¦wij¡ fh£oY« %. 120 m½f tUkhd« »il¡Fkhdh±
x²bthU ru¡F KjÈY« KjäL br­a¥g£l bjhiffis¡x²bthU ru¡F KjÈY« KjäL br­a¥g£l bjhiffis¡x²bthU ru¡F KjÈY« KjäL br­a¥g£l bjhiffis¡x²bthU ru¡F KjÈY« KjäL br­a¥g£l bjhiffis¡x²bthU ru¡F KjÈY« KjäL br­a¥g£l bjhiffis¡
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î:

x²bthU ru¡F KjÈY« KjäL br­a¥g£l bjhif %. x v¬f.

12% ru¡FKj±

KjäL (%)    tUkhd« (%)

(89+1) = 90   12

       x   ?

tUkhd« = 
90
x x 12

= %. 
15
2 x

8% ru¡F Kj±

  KjäL (%)  tUkhd« (%)

      (95+1) = 96 8

x ?

tUkhd« = 
96

x x 8

= %.
12

x

fz¡»¬go

15
2 x  -

12
x = 120

15, 12 ,t¦¿¬ Û.¼.k. 60M± bgU¡Ff

ie. 8x - 5x = 7200

ie.       3x = 7200

ie.  x = %. 2,400
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½Uk½ ¾nukh mt®f´ 96,± c´s %.8/000 k½¥ò´s½Uk½ ¾nukh mt®f´ 96,± c´s %.8/000 k½¥ò´s½Uk½ ¾nukh mt®f´ 96,± c´s %.8/000 k½¥ò´s½Uk½ ¾nukh mt®f´ 96,± c´s %.8/000 k½¥ò´s½Uk½ ¾nukh mt®f´ 96,± c´s %.8/000 k½¥ò´s
77777% ru¡F Kjiy É¦gj¬ _y« »il¤j bjhifia %. 100ru¡F Kjiy É¦gj¬ _y« »il¤j bjhifia %. 100ru¡F Kjiy É¦gj¬ _y« »il¤j bjhifia %. 100ru¡F Kjiy É¦gj¬ _y« »il¤j bjhifia %. 100ru¡F Kjiy É¦gj¬ _y« »il¤j bjhifia %. 100
Kfk½¥òila g§Ffis¡ bfh©l 10Kfk½¥òila g§Ffis¡ bfh©l 10Kfk½¥òila g§Ffis¡ bfh©l 10Kfk½¥òila g§Ffis¡ bfh©l 10Kfk½¥òila g§Ffis¡ bfh©l 10% ru¡F KjÈ± KjäLru¡F KjÈ± KjäLru¡F KjÈ± KjäLru¡F KjÈ± KjäLru¡F KjÈ± KjäL
br­jjh± mtuJ tUkhd« %. 80 m½fÇ¤jJ vÅ± 10br­jjh± mtuJ tUkhd« %. 80 m½fÇ¤jJ vÅ± 10br­jjh± mtuJ tUkhd« %. 80 m½fÇ¤jJ vÅ± 10br­jjh± mtuJ tUkhd« %. 80 m½fÇ¤jJ vÅ± 10br­jjh± mtuJ tUkhd« %. 80 m½fÇ¤jJ vÅ± 10%

ru¡FKjÈ¬ xU g§»¬ ml¡f Éiyia¡ fh©f.ru¡FKjÈ¬ xU g§»¬ ml¡f Éiyia¡ fh©f.ru¡FKjÈ¬ xU g§»¬ ml¡f Éiyia¡ fh©f.ru¡FKjÈ¬ xU g§»¬ ml¡f Éiyia¡ fh©f.ru¡FKjÈ¬ xU g§»¬ ml¡f Éiyia¡ fh©f.

Ô®î:

7% ru¡FKj±

 ru¡FKj± (%)     tUkhd« (%)

100   7

8,000   ?

tUkhd« = 
100
8000 x 7

= %. 560

nkY«

ru¡FKj± (%)    É¦W »il¡F« bjhif (%)

100 96

8,000 ?

É¦W»il¡F« bjhif = 
100
8000 x 96

= %. 7,680

10% ru¡FKj±

tUkhd« = %. (560 + 80) = %. 640.

tUkhd« (%) ml¡f Éiy (%)

640 7680

10    ?

ml¡fÉiy = 
640
10  x 7680

= %. 120
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xU ÃWtd¤½¬ bkh¤j Kj± %. 5/00/000 MF«.  ,JxU ÃWtd¤½¬ bkh¤j Kj± %. 5/00/000 MF«.  ,JxU ÃWtd¤½¬ bkh¤j Kj± %. 5/00/000 MF«.  ,JxU ÃWtd¤½¬ bkh¤j Kj± %. 5/00/000 MF«.  ,JxU ÃWtd¤½¬ bkh¤j Kj± %. 5/00/000 MF«.  ,J
66666% g§FåjK« %. 100 Kfk½¥ò« c´s 1000 K¬DÇik¥g§FåjK« %. 100 Kfk½¥ò« c´s 1000 K¬DÇik¥g§FåjK« %. 100 Kfk½¥ò« c´s 1000 K¬DÇik¥g§FåjK« %. 100 Kfk½¥ò« c´s 1000 K¬DÇik¥g§FåjK« %. 100 Kfk½¥ò« c´s 1000 K¬DÇik¥
g§Ffshfî« g§Ffshfî« g§Ffshfî« g§Ffshfî« g§Ffshfî« %. 100 Kfk½¥ò´s 4/000 rhjh¥ g§Ffshfî«%. 100 Kfk½¥ò´s 4/000 rhjh¥ g§Ffshfî«%. 100 Kfk½¥ò´s 4/000 rhjh¥ g§Ffshfî«%. 100 Kfk½¥ò´s 4/000 rhjh¥ g§Ffshfî«%. 100 Kfk½¥ò´s 4/000 rhjh¥ g§Ffshfî«
mikªJ´sd.  mªj ÃWtd¤½¬ tUl ,yhg« %. 40/000mikªJ´sd.  mªj ÃWtd¤½¬ tUl ,yhg« %. 40/000mikªJ´sd.  mªj ÃWtd¤½¬ tUl ,yhg« %. 40/000mikªJ´sd.  mªj ÃWtd¤½¬ tUl ,yhg« %. 40/000mikªJ´sd.  mªj ÃWtd¤½¬ tUl ,yhg« %. 40/000
vÅ± 100 K¬DÇik g§Ffisí« 200 rhjh¥ g§Ffisí«vÅ± 100 K¬DÇik g§Ffisí« 200 rhjh¥ g§Ffisí«vÅ± 100 K¬DÇik g§Ffisí« 200 rhjh¥ g§Ffisí«vÅ± 100 K¬DÇik g§Ffisí« 200 rhjh¥ g§Ffisí«vÅ± 100 K¬DÇik g§Ffisí« 200 rhjh¥ g§Ffisí«
th§»í´s ½U. nfhgh± mt®fË¬  tUkhd« fh©f.th§»í´s ½U. nfhgh± mt®fË¬  tUkhd« fh©f.th§»í´s ½U. nfhgh± mt®fË¬  tUkhd« fh©f.th§»í´s ½U. nfhgh± mt®fË¬  tUkhd« fh©f.th§»í´s ½U. nfhgh± mt®fË¬  tUkhd« fh©f.

Ô®î :

K¬DÇik¥ g§Ff´= %. (1,000 x 100)

= %. 1,00,000

rhjh¥ g§Ff´ = %. (4,000 x 100)

= %. 4,00,000

bkh¤j g§Fyhg«= %. 40,000

K¬DÇik¥ g§FfS¡fhd ,yhg«

g§F (%) g§F,yhg« (%)

   100 6

 1,00,000 ?

g§Fyhg«  = %. 6,000

rhjh¥ g§FfS¡F¥ g§Fyhg«

= %. (40,000 - 6,000)

= %. 34,000

K¬DÇik¥ g§FfËÈUªJ nfhgh± bgW« tUkhd«

g§F (%) g§F,yhg« (%)

   1,00,000      6,000

   100 x 100        ?

yhg g§F = 
100000

100 x 100 x 6,000

= %. 600
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rhjh¥ g§FfËÈUªJ nfhgh± bgW« tUkhd«
g§F (%) g§F,yhg« (%)
4,00,000     34,000

200 x 100         ?

yhg g§F = 
400000

100 x 200 x 34,000

= %. 1,700

nfhgh± bgW« bkh¤j tUkhd«

= %. (600 + 1700)

= %. 2,300

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 30

xU ÃWtd¤½¬ _yjd« 16xU ÃWtd¤½¬ _yjd« 16xU ÃWtd¤½¬ _yjd« 16xU ÃWtd¤½¬ _yjd« 16xU ÃWtd¤½¬ _yjd« 16% g§Fåj« bfh©l 50/000g§Fåj« bfh©l 50/000g§Fåj« bfh©l 50/000g§Fåj« bfh©l 50/000g§Fåj« bfh©l 50/000
K¬DÇik¥ g§Ffisí« 25 / 0 00  r hjh¥ g§Ffisí«K¬DÇik¥ g§Ffisí« 25 / 0 00  r hjh¥ g§Ffisí«K¬DÇik¥ g§Ffisí« 25 / 0 00  r hjh¥ g§Ffisí«K¬DÇik¥ g§Ffisí« 25 / 0 00  r hjh¥ g§Ffisí«K¬DÇik¥ g§Ffisí« 25 / 0 00  r hjh¥ g§Ffisí«
bfh©ljhf c´sJ.  K¬DÇik k¦W« rhjh¥ g§Ff´bfh©ljhf c´sJ.  K¬DÇik k¦W« rhjh¥ g§Ff´bfh©ljhf c´sJ.  K¬DÇik k¦W« rhjh¥ g§Ff´bfh©ljhf c´sJ.  K¬DÇik k¦W« rhjh¥ g§Ff´bfh©ljhf c´sJ.  K¬DÇik k¦W« rhjh¥ g§Ff´
x²bth¬¿¬ Kfk½¥ò %. 10 MF«.  mªj ÃWtd¤½¦F¡x²bth¬¿¬ Kfk½¥ò %. 10 MF«.  mªj ÃWtd¤½¦F¡x²bth¬¿¬ Kfk½¥ò %. 10 MF«.  mªj ÃWtd¤½¦F¡x²bth¬¿¬ Kfk½¥ò %. 10 MF«.  mªj ÃWtd¤½¦F¡x²bth¬¿¬ Kfk½¥ò %. 10 MF«.  mªj ÃWtd¤½¦F¡
»il¤j bkh¤j ,yhg« %. 1 /60 /000,± ,UªJ %. 20 /»il¤j bkh¤j ,yhg« %. 1 /60 /000,± ,UªJ %. 20 /»il¤j bkh¤j ,yhg« %. 1 /60 /000,± ,UªJ %. 20 /»il¤j bkh¤j ,yhg« %. 1 /60 /000,± ,UªJ %. 20 /»il¤j bkh¤j ,yhg« %. 1 /60 /000,± ,UªJ %. 20 /000000000000000
nrÄ¥ò Ã½¡fhî« % .  1 0 / 0 0 0  k½¥¾w¡f Ã½¡fhfî«nrÄ¥ò Ã½¡fhî« % .  1 0 / 0 0 0  k½¥¾w¡f Ã½¡fhfî«nrÄ¥ò Ã½¡fhî« % .  1 0 / 0 0 0  k½¥¾w¡f Ã½¡fhfî«nrÄ¥ò Ã½¡fhî« % .  1 0 / 0 0 0  k½¥¾w¡f Ã½¡fhfî«nrÄ¥ò Ã½¡fhî« % .  1 0 / 0 0 0  k½¥¾w¡f Ã½¡fhfî«
xJ¡f¥gL»wJ vÅ± rhjh¥ g§Fjhu®fS¡F¡ bfhL¡f¥gL«xJ¡f¥gL»wJ vÅ± rhjh¥ g§Fjhu®fS¡F¡ bfhL¡f¥gL«xJ¡f¥gL»wJ vÅ± rhjh¥ g§Fjhu®fS¡F¡ bfhL¡f¥gL«xJ¡f¥gL»wJ vÅ± rhjh¥ g§Fjhu®fS¡F¡ bfhL¡f¥gL«xJ¡f¥gL»wJ vÅ± rhjh¥ g§Fjhu®fS¡F¡ bfhL¡f¥gL«
g§Fåj« fh©f.g§Fåj« fh©f.g§Fåj« fh©f.g§Fåj« fh©f.g§Fåj« fh©f.

Ô®î:

K¬DÇik¥ g§Ff´ = %. (50000 x 10)

= %. 5,00,000

rhjh¥ g§Ff´ = %. (25,000 x 10)

= %. 2,50,000

bkh¤j ,yhg¥ g§F = %. (1,60,000 - 20,000 - 10,000)

= %. 1,30,000

K¬DÇik¥ g§FfS¡fhd ,yhg«
   g§Ff´ (%)     g§F ,yhg« (%)

100   16

5,00,000   ?
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yhg¥ g§F = 
100

500000  x 16

= %. 80,000

rhjh¥ g§FfS¡fhd ,yhg¥ g§F

= %. (1,30,000 - 80,000)

= %. 50,000

rhjh¥ g§FfS¡F

g§Ff´ (%) ,yhg g§F (%)

  2,50,000    50,000

  100         ?

g§F åj« = 
250000

100 x 50,000

= 20%

9.2 x¥ò åj«x¥ò åj«x¥ò åj«x¥ò åj«x¥ò åj« (NOMINAL RATE)     bfh©l fl¬bfh©l fl¬bfh©l fl¬bfh©l fl¬bfh©l fl¬
g¤½u§fË¬ bk­ tUkhd åj«g¤½u§fË¬ bk­ tUkhd åj«g¤½u§fË¬ bk­ tUkhd åj«g¤½u§fË¬ bk­ tUkhd åj«g¤½u§fË¬ bk­ tUkhd åj«

(EFFECTIVE RATE OF RETURN)

fl¬ g¤½u§fS¡fhd t£oahdJ X® M©o± xU jlit¡Fnk±
bfhL¡f¥g£lh± mj¦F x¥ò åj« c´sJ v¬ngh«.  mªj x¥ò
åj¤½¦fhd bk­ahd tUkhd åj¤ij ¾¬tU« N¤½u« _y«
fhzyh«.

E = 
M
F

( )[ ]11
k

k
−+

i

,½±

E = bk­tUkhd åj«

F = fl¬ g¤½u Kfk½¥ò

M = fl¬ g¤½u¤½¬Kfk½¥¾¦F Ãfuhd rªij k½¥ò

i = M©L¡F XuyF gz¤½¦fhd x¥ò t£o

k = Xuh©L¡F t£o mË¡f¥gL« jlitf´.



292

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 31

% .  1 0 0  Kf k½¥ò´s 15% .  1 0 0  Kf k½¥ò´s 15% .  1 0 0  Kf k½¥ò´s 15% .  1 0 0  Kf k½¥ò´s 15% .  1 0 0  Kf k½¥ò´s 15% fl¬ g¤½u« 2fl¬ g¤½u« 2fl¬ g¤½u« 2fl¬ g¤½u« 2fl¬ g¤½u« 2% m½fm½fm½fm½fm½f
ÉiyÆ± »il¡»wJ t£oahdJ fhyh©L¡F xUKiwÉiyÆ± »il¡»wJ t£oahdJ fhyh©L¡F xUKiwÉiyÆ± »il¡»wJ t£oahdJ fhyh©L¡F xUKiwÉiyÆ± »il¡»wJ t£oahdJ fhyh©L¡F xUKiwÉiyÆ± »il¡»wJ t£oahdJ fhyh©L¡F xUKiw
mË¡f¥go¬ bk­ tUkhd åj« fh©f.mË¡f¥go¬ bk­ tUkhd åj« fh©f.mË¡f¥go¬ bk­ tUkhd åj« fh©f.mË¡f¥go¬ bk­ tUkhd åj« fh©f.mË¡f¥go¬ bk­ tUkhd åj« fh©f.

Ô®î :

E = 
M
F ( )[ ]11

k

k
−+ i

= 
102
100 ( )[ ]11

4

4
15.0 −+

= 
102
100

( )[ ]10375.01
4

−+

= 
102
100

( )[ ]10375.1
4

−

= 
102
100 [1.160-1]

= 
102
100 [0.160] = 0. 1569 = 15.69%

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 32

%. 1000 Kfk½¥ò´s 16%. 1000 Kfk½¥ò´s 16%. 1000 Kfk½¥ò´s 16%. 1000 Kfk½¥ò´s 16%. 1000 Kfk½¥ò´s 16% Ú® thÇa g¤½u§f´ %. 990¡FÚ® thÇa g¤½u§f´ %. 990¡FÚ® thÇa g¤½u§f´ %. 990¡FÚ® thÇa g¤½u§f´ %. 990¡FÚ® thÇa g¤½u§f´ %. 990¡F
btËÆl¥gL»¬wd. t£oahdJ miuah©L¡F xUKiwbtËÆl¥gL»¬wd. t£oahdJ miuah©L¡F xUKiwbtËÆl¥gL»¬wd. t£oahdJ miuah©L¡F xUKiwbtËÆl¥gL»¬wd. t£oahdJ miuah©L¡F xUKiwbtËÆl¥gL»¬wd. t£oahdJ miuah©L¡F xUKiw
mË¡f¥go¬ bk­ tUkhd åj« fh©f.mË¡f¥go¬ bk­ tUkhd åj« fh©f.mË¡f¥go¬ bk­ tUkhd åj« fh©f.mË¡f¥go¬ bk­ tUkhd åj« fh©f.mË¡f¥go¬ bk­ tUkhd åj« fh©f.

Ô®î :

E = 
M
F ( )[ ]11

k

k
−+ i

= 
990

1000 ( )[ ]11
2

2
16.0 −+

= 
99

100
( )[ ]108.01

2
−+

= 
99

100
( )[ ]108.1

2
−

= 
99

100 [1.166]

= 
99

100 [0.166] = 0.1677 = 16.77 %

kl¡if¡ fz¡ÑLf´

log    1.0375 = 0.0161

4 x
--------
0.0644

       antilog 0.0644

= 1.160

log 100 = 2.0000

log 0.160 = 1 .2041 +
--------
1.2041

log 102 = 2.0086 -
--------

1

.1955

      antilog

1

.1955

=  0.1569

kl¡if¡ fz¡ÑLf´
log 1.08 = 0.0334

2 x
--------
0.0668

      antilog 0.0668

= 1.166

log 100 = 2.0000

log 0.166 =

1

.2201 +
--------
1.2201

log 99 = 1.9956 -
--------

1

.2245

antilog 

1

.2245

= 0.1677
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 9.1

1) %. 25 Kfk½¥ò´s 10% ru¡FKjÈ¬ 300 g§FfË¬ M©L

tUkhd¤ij¡ fh©f.

2) %. 90 M©L tUkhd« jU« 9% ru¡FKjÈ¬ ru¡FKj±

bjhifia¡ f©L¾o.

3) %. 100 Kf k½¥ò´s/ %. 900 M©L tUkhd« jU« ru¡F KjÈ¬

g§FfË¬ v©Â¡ifia¡ fh©f.

4) %. 6480¡F 90,± c´s 9% ru¡FKj± v²tsî th§fyh«?

5) 112± c´s 7

2
1

% ru¡F KjÈ± %. 22/400 KjäL br­tjh±

»il¡F« M©L tUkhd« ahJ?

6) 4% m½fÉiyÆ± c´s %. 9/000 k½¥ò´s 8% ru¡FKjÈ¬ ml¡f

Éiy ahJ?

7) 120,± c´s 8% ru¡FKjÈ± KjäL br­tjh± »il¡F« tUkhd

åj« fh©f.

8) 80,± c´s 12% ru¡FKjÈ± »U·zh KjäL br­jh®.  tUkhd

åj« fh©f.

9) 120,± c´s 15% ru¡F KjÈ¬ tUkhd åj« fh©f.

10) 10% fÊÉ± c´s 18% ru¡F KjÈ¬ tUkhd åj« fh©f.

11) 4% m½f ÉiyÆ± c´s 8% ru¡F KjÈ¬ tUkhd åj« fh©f.

12) vJ ¼wªj KjäL? : 120,± c´s 6% ru¡FKj± m±yJ 95,± c´s

5% ru¡FKj±.

13) vJ ¼wªj KjäL : 10% m½f ÉiyÆ± c´s 18% ru¡F Kj±/ 4%

fÊÉ± c´s 12% ru¡FKj±?

14) %. 70 Kfk½¥ò´s 12% fl¬ g¤½u« 10% fÊÉ± »il¡»wJ vÅ±

mj¬ tUkhd åj« fh©f.
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15) 90,± c´s %. 100 Kfk½¥ò´s 18% fl¬g¤½u¤½± v²tsî KjäL

br­jh± M©L¡F %. 8/100 tUkhd« »£L«?

16) %. 8/000I g§F¢ rªijÆ± KjäL br­J 10% Kfk½¥ò %. 100 c´s

g§Ffis¡ bfh©l ru¡FKjiy xUt® th§»dh®.  mtU¡F

%.  500 tUkhd« »£L»wJ vÅ± th§f¥g£l g§F x¬¿¬

ml¡fÉiyia¡ fh©f.

17) ½U. r®kh mt®f´ %. 3900¡F 5% ru¡FKj± th§»dh®.  mtU¡F

%. 150 M©L tUkhd« »il¤jJ vÅ± th§»a ru¡FKjÈ¬

ml¡fÉiyia¡ fh©f.

18) 105,± th§»a %. 4/500 k½¥ò´s ru¡FKjiy 90,± É¦gjh± xUt®

milí« e·l« v²tsî?

19) %. 100 Kfk½¥ò´s jdJ 350 g§Ffis 1 2
1

% juF åj¤½±

½U. fnz· É¦F«nghJ mt® bfhL¡F« juF¤ bjhif fh©f.

20) %. 10 Kfk½¥ò´s 500 g§Ffis th§f ½U. unk· %. 100 juF gz«

bfhL¤jhbuÅ± juF åj« fh©f.

21) %. 6050¡F 1% juF bfhL¤J 9% m½f Éiyí´s 8% ru¡FKj±

v²tsî k½¥ò¡F th§fyh«?

22) 14% m½f ÉiyÆ± %. 1/035¡F 10% ru¡F Kjiy 1% juF bfhL¤J.

xUt® th§F»wh®/ Kfk½¥igí« g§F¤ bjhifiaí« fh©f.

23) 102,± c´s %. 10/000 Kfk½¥ò´s 20% ru¡FKjiy ½U. n#«µ

É¦»wh®. É¦W tªj gz¤ij¡ bfh©L 12% fÊÉ± c´s 15%

ru¡FKjiy th§F»wh®.  juF 2% vÅ± mtÇ¬ tUkhd kh¦w¤ij¡

fh©f.

24) 80,± c´s %. 9/000 k½¥ò´s 7% ru¡FKjiy ½Uk½. Rth½

É¦»wh®.  É¦W tªj gz¤ij 15% ru¡FKjÈ± KjäL br­jjh±

mtuJ tUkhd« %. 270 m½fkhdh± 15% ru¡FKjÈ¬ xU g§»¬

ml¡f Éiyia¡ fh©f.
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25) ½U. ghµf® %.34/000I 80,± c´s  8% ru¡FKjÈ± xU gF½iaí«

Û½ia 90,± c´s  7 2
1

% ru¡FKjÈ± KjäL br­»wh®.  mtuJ

M©L tUkhd« %. 3/000 vÅ± x²bthU tif ru¡F KjÈY« mt®

KjäL br­jJ v²tsî?

26) xU ÃWtd¤½¬ bkh¤j _yjd« %. 3/00/000/ ,½± c´sJ 10%

g§Fåj« bfh©l 1/000 K¬DÇik¥ g§Ff´. k¦wJ rhjh¥ g§Ff´.

X® M©o± mªj ÃWtd« %. 20/000 ,yhg g§F¤ bjhif bfhL¡f

Koî br­jJ.  v±yh g§FfË¬ Kfk½¥ò« jyh %. 100 vÅ± rhjh¥

g§FfË¬ g§Fåj« fh©f.

27) xU 16% g§F g¤½u« 5% fÊÉ± btËÆl¥gL»wJ. t£o M©L¡F

,UKiw mË¡f¥gLkhdh± bk­ tUkhd åj¤ij¡ fh©f.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 9.2

V¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­f

1) 100 Kfk½¥ò´s ru¡FKj± m½f ÉiyÆ± É¦f¥gL»wJ.  mj¬

rªij Éiy

(a)  90 (b) 120 (c) 100 (d) ,½± VJÄ±iy

2) %. 100 Kfk½¥ò´s g§F 110¡F É¦gidah»wJ 1%  juF

bfhL¡f¥g£lh± xU g§»¬ ml¡f Éiy

(a) 109 (b) 111 (c) 100 (d) ,½± VJÄ±iy

3) 100 Kfk½¥ò´s g§F 110¡F É¦f¥gL»wJ  1%  juF

mË¡f¥gLkhdh± xU g§F É¦W tªj gz«

(a) 109 (b) 111 (c) 100 (d) ,½± VJÄ±iy

4) g§F åj« fz¡»l mo¥gilahf¡ bfh´s¥gLtJ

(a) Kf k½¥ò (b) rªij k½¥ò (c) _yjd« (d) ,½± VJÄ±iy

5) 108,± c´s ru¡FKjiy th§f %. 8100KjäL br­a¥gL»wJ.

th§f¥g£l ru¡FKj±

(a) %. 7,500 (b) %. 7,000 (c) %. 7,300 (d) %. 7,800
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6) 102,± c´s %i. 5000 k½¥ò´s ru¡FKjiy th§f¤ njitahd

KjäL

(a) %. 6,000 (b) %. 5,300 (c) %. 5,200 (d) %. 5,100

7) %. 10/000 ru¡FKjiy 10% m½f ÉiyÆ± É¦gjh± »il¡F«

bjhif

(a) %. 12,000 (b) %. 11,000 (c) %. 6,000 (d) %. 12,500

8) 90,± c´s 9% ru¡FKjÈ¬ tUkhd åj«

(a) 10% (b) 9% (c) 6% (d) 8%

9) rkk½¥¾± c´s %.200 Kfk½¥ò´s 14% fl¬g¤½u¤½¬ tUkhd

åj«

(a) 14% (b) 15% (c) 7% (d) 28%

10) %. 100 Kfk½¥òila g§Ffis¡ bfh©l 10%.  ru¡F Kjiy th§f

½U. uh« g§F¢ rªijÆ± %.8/000 KjäL br­»wh®.  mtU¡F %.200

tUkhd« »il¤jh± mt® th§»a g§F x¬¿¬ ml¡f Éiy

(a) %. 280 (b) %. 250 (c) %. 260 (d) %. 400

11) 150,± c´s 9% ru¡F KjÈ¬ tUkhd åj«

(a) 6% (b) 10% (c) 6.75% (d) 6.5%

12) 3% ru¡FKjÈ± 4% tUkhd åj« vÅ± mj¬ rªijÉiy

(a) %. 75 (b) %. 133 (c) %. 80 (d) %. 120
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10.1 ika¥ ngh¡fsitf´ika¥ ngh¡fsitf´ika¥ ngh¡fsitf´ika¥ ngh¡fsitf´ika¥ ngh¡fsitf´
(MEASURES OF CENTRAL TENDENCY)

ruhrÇ v¬gJ bkh¤jÉtu§fË¬ ¾u½Ã½¤Jt k½¥ò MF«pp

- K®nu R. µ¾f± (Murray R.Speiegel)

ruhrÇf´ vd¥gL« ika¥ngh¡fsitf´/ bkh¤j Étu§fisí«
¾u½gÈ¡»¬w x¦iw k½¥ig jU»¬wd.  bkh¤j Étu§fS« rkkhd
m±yJ rkk¦w k½¥òfis cilajhf ,U¡F«.

ika¥ ngh¡fsitf´/ ,lmsåLf´ (Measures of Location)

v¬W« tH§f¥gL»wJ.

bghJthf X® kh¿Æ¬ f©l¿ªj Étu§f´ (observation)

m²Étu§fË± c´s VnjD« xU ika k½¥ig neh¡» ef®ªJ FÉ»wJ
v¬gJ f©l¿a¥L»wJ.  cjhuzkhf/ khzt®fË¬ cau« (br.Û.)
ml§»a Étu¤½± bgU«gh¬ikahd k½¥òf´ 160 br.Û£liu R¦¿
miktij czuyh«. ,«kh½Çahd/ VnjD« xU ika k½¥ig v±yh
Étu§fS« R¦¿ FÉ»¬w ngh¡»¦F ika¥ngh¡F v¬W bga®.
,«ika k½¥ig k½¥¾l ika¥ngh¡fsitf´ KaY»¬wd.

ruhrÇ msitfË± gytiff´ c©L mitahtd

(i) T£L¢ ruhrÇ (Arithmetic Mean)

(ii) ,ilÃiy (Median)

(iii) KfL (Mode)

(iv) bgU¡F¢ ruhrÇ (Geometric Mean)

(v) ,ir¢ruhrÇ (Harmonic Mean)

ò´ËÆaÈ± ruhrÇf´ K¡»akhdjhF«. lh¡l®. A.L.bgsÈ
(Bowley) ̀ `ò´Ëaiy¢ ruhrÇfË¬ m¿Éa± v¬W F¿¥¾LtJ Äfî«
bghU¤jkhdjhf ,U¡F«pp v¬W T¿ ruhrÇfË¬ K¡»a¤Jt¤ij
És¡»í´sh®.

ò´ËÆa±ò´ËÆa±ò´ËÆa±ò´ËÆa±ò´ËÆa±
(STATISTICS) 10
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Û´gh®itÛ´gh®itÛ´gh®itÛ´gh®itÛ´gh®it : Ó®glh Étu§f´Ó®glh Étu§f´Ó®glh Étu§f´Ó®glh Étu§f´Ó®glh Étu§f´ (Raw Data)

x
1
, x

2
,... x

n

 v¬»w jÅ¤j f©l¿ªj k½¥ò¡fS¡F

(i) T£L¢ruhrÇ = x  = 

n
xΣ

(ii) ,ilÃiy = ‘n’ x¦iw¥ gil v© vÅ±/ eL cW¥¾¬ k½¥ò
= ‘n’ ,u£il¥ gil v© vÅ±/
   ,U eL cW¥òfË¬ ruhrÇ

(iii) KfL = bgU«gh¬ikahf ÃfH¡Toa k½¥ò

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 1

Ñ³¡f©l Étu§fS¡F /  ru hrÇ /  ,ilÃiy /  KfLÑ³¡f©l Étu§fS¡F /  ru hrÇ /  ,ilÃiy /  KfLÑ³¡f©l Étu§fS¡F /  ru hrÇ /  ,ilÃiy /  KfLÑ³¡f©l Étu§fS¡F /  ru hrÇ /  ,ilÃiy /  KfLÑ³¡f©l Étu§fS¡F /  ru hrÇ /  ,ilÃiy /  KfL
M»ait fh©f.M»ait fh©f.M»ait fh©f.M»ait fh©f.M»ait fh©f.

3, 6, 7, 6, 2, 3, 5, 7, 6, 1, 6, 4, 10, 6

Ô®î :

ruhrÇ = x= 

n
xΣ

= 
14

6104 ....763 ++++++
 = 5.14

,ilÃiy :

nk¦F¿¥¾£L´s k½¥òfis VWtÇirÆ± (,w§FtÇirÆ±)
mik¡fî«.

1, 2, 3, 3, 4, 5, 6, 6, 6, 6, 6, 7, 7, 10

,§F   n = 14, v¬gJ ,u£il¥gil v©.
∴ ,ilÃiy = ,U eL cW¥ò´ËfË¬ ruhrÇ

= 6

KfL = 6 (Q 6 v¬w k½¥ò bfhL¡f¥g£L´s Étu§fË± 5
Kiw Ãf³tjh±)

bjhF¡f¥g£l Étu§f´ bjhF¡f¥g£l Étu§f´ bjhF¡f¥g£l Étu§f´ bjhF¡f¥g£l Étu§f´ bjhF¡f¥g£l Étu§f´ (jÅ¤jjÅ¤jjÅ¤jjÅ¤jjÅ¤j)

Ãf³bt©fis¡ bfh©l xU bjhF¥¾± c´s  x
1
, x

2
, ... x

n
  v¬»w

k½¥òfS¡F

(i) T£L¢ruhrÇ = 

x

= 

N
fxΣ

, ,§F N = Σf

(ii) ,ilÃiy = 
2
N ¡F r¦W Äifahd FÉî miy

   bt©Q¡F bjhl®òila  x -¬ k½¥ò

(iii) KfL = Äifahd Ãf³bt©Q¡F ,izahd x-¬ k½¥ò.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 2

Ñ³f©l Étu§fS¡F ru hrÇ /  ,ilÃiy /  KfLÑ³f©l Étu§fS¡F ru hrÇ /  ,ilÃiy /  KfLÑ³f©l Étu§fS¡F ru hrÇ /  ,ilÃiy /  KfLÑ³f©l Étu§fS¡F ru hrÇ /  ,ilÃiy /  KfLÑ³f©l Étu§fS¡F ru hrÇ /  ,ilÃiy /  KfL
M»ait fh©.M»ait fh©.M»ait fh©.M»ait fh©.M»ait fh©.

k½¥òk½¥òk½¥òk½¥òk½¥ò (x) 0 1 2 3 4 5

Ãf³bt©Ãf³bt©Ãf³bt©Ãf³bt©Ãf³bt© (f) 8 10 11 15 21 25

Ô®î :

x 0 1 2 3 4 5

f 8 10 11 15 21 25 N = Σf = 90

fx 0 10 22 45 84 125 Σfx = 285

cf 8 18 29 44 65 90

∴      ruhrÇ = 
N
fxΣ

= 3.17

,ilÃiy :

N = Σf = 90

2
N

 = 
2

90
 = 45

2
N

 = 45-¡F r¦W Äifahd FÉî Ãf³bt©  65 MF«.

∴ FÉî Ãf³bt© 65-¡F ,izahd  x-¬ k½¥ò 4 MF«.
∴ ,ilÃiy = 4

KfL :

,§F Äifahd Ãf³bt© 25 MF«. Äifahd Ãf³bt©Q¡F
,izahd x-¬ k½¥ò 5 MF«.

∴ KfL = 5

10.1.1bjhl® miybt© gutY¡fhd T£L¢ruhrÇbjhl® miybt© gutY¡fhd T£L¢ruhrÇbjhl® miybt© gutY¡fhd T£L¢ruhrÇbjhl® miybt© gutY¡fhd T£L¢ruhrÇbjhl® miybt© gutY¡fhd T£L¢ruhrÇ
,«KiwÆ± T£L¢ruhrÇ¡ fhz N¤½u«.

x = A+

( )cx 
N
fdΣ

,§F A = VnjD« xU tr½ahd _y¥ò´Ë (¾Çî
miybt©Â¬ ika k½¥ò¡fËÈYÄUªJ«
nj®ªbjL¡fyh«).

d =
c
A-x

 v¬gJ x²nth® ika k½¥ò¡fËÈUªJ

vL¡f¥g£l Éy¡f«
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c = ¾Çî ,ilbtË

N = Σf  = miybt©fË¬ TLj±

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 3

Ñ³f©lt¦¿¦F T£L¢ruhrÇ fh©Ñ³f©lt¦¿¦F T£L¢ruhrÇ fh©Ñ³f©lt¦¿¦F T£L¢ruhrÇ fh©Ñ³f©lt¦¿¦F T£L¢ruhrÇ fh©Ñ³f©lt¦¿¦F T£L¢ruhrÇ fh©

k½¥bg©k½¥bg©k½¥bg©k½¥bg©k½¥bg© 20-30   30-40    40-50     50-60 60-70  70-80

khzt®fË¬khzt®fË¬khzt®fË¬khzt®fË¬khzt®fË¬
    v©Â¡if    v©Â¡if    v©Â¡if    v©Â¡if    v©Â¡if    5      8       12          15     6       4

Ô®î :

    k½¥bg©     khzt®fË¬   ikak½¥ò   d =
c
A-x

  fd

     v©Â¡if   x   A=55, c=10

20-30 5 25 -3 -15

30-40 8 35 -2 -16

40-50 12 45 -1 -12

50-60 15 55 0 0

60-70 6 65 1 6

70-80 4 75 2 8

                 N = ΣΣΣΣΣf = 50         Σ        Σ        Σ        Σ        Σfd = -29

∴ T£L¢ruhrÇ

x = A+

( )cx  
N
fdΣ

= 55 + ( )10x 
50
-29

=  49.2

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

Ñ³f©lt¦¿¦F T£L¢ruhrÇ fh©Ñ³f©lt¦¿¦F T£L¢ruhrÇ fh©Ñ³f©lt¦¿¦F T£L¢ruhrÇ fh©Ñ³f©lt¦¿¦F T£L¢ruhrÇ fh©Ñ³f©lt¦¿¦F T£L¢ruhrÇ fh©

C½a« (%.)C½a« (%.)C½a« (%.)C½a« (%.)C½a« (%.)    : 100-119 120-139 140-159 160-179 180-199

bjhÊyhs®fË¬bjhÊyhs®fË¬bjhÊyhs®fË¬bjhÊyhs®fË¬bjhÊyhs®fË¬
 v©Â¡if v©Â¡if v©Â¡if v©Â¡if v©Â¡if : 18 21 13 5 3
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Ô®î :

C½a«   bjhÊyhs®fË¬  ika k½¥ò
     d =

c
A-x

fd
       v©Â¡if
             f   x          A=149.5, c=20

100-119 18 109.5 -2 -36

120-139 21 129.5 -1 -21

140-159 13 149.5 0 0

160-179 5 169.5 1 5

180-199 3 189.5 2 6

    N = ΣΣΣΣΣf = 60     Σ    Σ    Σ    Σ    Σfd = -46

x = A+

( )cx 
N
fdΣ

= 149.5 + ( )20x 
60
-46

 =  134.17

10.1.2  bjhl® miybt© gutÈ¬ ,ilÃiybjhl® miybt© gutÈ¬ ,ilÃiybjhl® miybt© gutÈ¬ ,ilÃiybjhl® miybt© gutÈ¬ ,ilÃiybjhl® miybt© gutÈ¬ ,ilÃiy
bjhl® miybt© gutÈ¬ mjhtJ bjhF¡f¥g£l Étu§f´

¾Çî miybt©fË± ,U¡F«bghGJ/ ,ilÃiyasit Ñ³fhQ«
N¤½u¤ij¥ ga¬gL¤½ bgw Koí«.

       ,ilÃiy = l + 





 −

cx 
f

m
2
N

,§F l = ,ilÃiy¥¾ÇÉ¬ Ñ³tu«ò
m = ,ilÃiy¥¾ÇÉ¬ r¦nw Kª½a FÉî miybt©
f = ,ilÃiy¥ ¾ÇÉ± c´s miybt©
c = ,ilÃiy¥¾ÇÉ¦F <lhd ¾Çî ,ilbtË
N = Σf = miybt©fË¬ TLj±

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 5

Ñ³fQ« gutÈ¬ ,ilÃiy C½a¤ij¡ fh©f.Ñ³fQ« gutÈ¬ ,ilÃiy C½a¤ij¡ fh©f.Ñ³fQ« gutÈ¬ ,ilÃiy C½a¤ij¡ fh©f.Ñ³fQ« gutÈ¬ ,ilÃiy C½a¤ij¡ fh©f.Ñ³fQ« gutÈ¬ ,ilÃiy C½a¤ij¡ fh©f.

C½a«C½a«C½a«C½a«C½a« (%%%%%.) : 20-30 30-40 40-50 50-60 60-70

bjhÊyhs®fË¬bjhÊyhs®fË¬bjhÊyhs®fË¬bjhÊyhs®fË¬bjhÊyhs®fË¬
v©Â¡ifv©Â¡ifv©Â¡ifv©Â¡ifv©Â¡if:     3    5    20   10    5
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Ô®î :

C½a« bjhÊyhs®f´ FÉî miybt©
             f c.f.

 20-30 3 3

 30-40 5 8

 40-50 20 28

 50-60 10 38

 60-70 5 43

  N = ΣΣΣΣΣf = 43

,§F 
2
N

=
2

43
 = 21.5

21.5-¡F r¦W Äifahd FÉî miybt© 28 MF«.  ,¡FÉî
miybt©Â¦F <lhd ,ilÃiy¥ ¾Çî 40-50 MF«.

⇒ l = 40, m = 8, f = 20, c = 10

∴   ,ilÃiy = l + ( )cx 
f

m - 
2
N

= 40 + ( )10x 
20

21.5-8
 = %. 46.75

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 6

X® mYtyf¤½Y´s eg®fË¬ ,ilÃiy viliaX® mYtyf¤½Y´s eg®fË¬ ,ilÃiy viliaX® mYtyf¤½Y´s eg®fË¬ ,ilÃiy viliaX® mYtyf¤½Y´s eg®fË¬ ,ilÃiy viliaX® mYtyf¤½Y´s eg®fË¬ ,ilÃiy vilia
Ñ³fhQ« Étu§fËÈUªJ fh©f.Ñ³fhQ« Étu§fËÈUªJ fh©f.Ñ³fhQ« Étu§fËÈUªJ fh©f.Ñ³fhQ« Étu§fËÈUªJ fh©f.Ñ³fhQ« Étu§fËÈUªJ fh©f.

vilvilvilvilvil (».».».».».».».».».».) : 60-62 63-65 66-68 69-71 72-74

eg®fË¬ v©Â¡ifeg®fË¬ v©Â¡ifeg®fË¬ v©Â¡ifeg®fË¬ v©Â¡ifeg®fË¬ v©Â¡if: 20 113 138 130 19

Ô®î :

vil   eg®fË¬ v©Â¡if           FÉî
   miybt©

 60-62 20 20

 63-65 113 133

 66-68 138 271

 69-71 130 401

 72-74 19 420

                  N=ΣΣΣΣΣf = 420
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,§F 
2
N

=
2

420
=210

2
N

 = 210-¡F r¦W Äifahd FÉî miybt© 271 MF«.
,¡FÉî Ãf³bt©Â¦F <lhd ,ilÃiy ¾Çî 66 - 68 MF«.  ,ªj
,ilÃiy¥ ¾Çit 65.5 - 68.5 v¬W kh¦w« br­J bfh´sî«.

⇒  l = 65.5 ,   m = 133 ,   f = 138 ,   c  = 3

∴ ,ilÃiy = l + 





 −

cx 
f

m
2
N

= 65.5 + ( )3x 
138

133 - 210
 = 67.2 ».»uh«.

10.1.3 bjhl® miybt© gutÈ¬ KfLbjhl® miybt© gutÈ¬ KfLbjhl® miybt© gutÈ¬ KfLbjhl® miybt© gutÈ¬ KfLbjhl® miybt© gutÈ¬ KfL

bjhl® miybt© gutY¡fhd Kf£oid Ñ³fhQ« N¤½u¤ij¥
ga¬gL¤½ bgwyh«.

KfL = l + ( )cx 
)f(f-2f

f-f

201

01

+

,§F l = KfL ¾Çî ,ilbtËÆ¬ Ñ³tu«ò

f
1

= KfL ¾ÇÉ¬ ,ilbtËÆ± c´s Ãf³bt©

f
0

= KfL ¾Çî ,ilbtË¡F r¦njw Kª½a ,il
btË¡fhd miybt©.

f
2

= KfL ¾Çî ilbtË¡F r¦nw ¾ª½a ,il
btË¡fhd miybt©

c = KfL¥¾ÇÉ¬ ,ilbtË¤öu« } ¾Çî ,ilbtË.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

¼y neu§fË± ruhrÇ k¦W« ,ilÃiy M»at¦¿ÈUªJ Kfil
f©L¾o¡fyh«. rk¢Ó® gutÈ±/ ruhrÇ/ ,ilÃiy k¦W« KfL M»a
_¬W« bghUª½ (x¬Wg£L) ,U¡F«. rk¢Óu¦w gutyhf ,Uªjh±/
ruhrÇ/ ,ilÃiy k¦W« KfL M»ait Ñ³fhQ« mDgt bjhl®¾¦F
c£g£oU¡F«.
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T£L¢ruhrÇ - KfL = 3(T£L¢ruhrÇ - ,ilÃiy)

=> KfL = 3 ,ilÃiy - 2 T£L¢ruhrÇ

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 7

¾¬tU« Étu§fS¡F Kfil¡ fh©f.¾¬tU« Étu§fS¡F Kfil¡ fh©f.¾¬tU« Étu§fS¡F Kfil¡ fh©f.¾¬tU« Étu§fS¡F Kfil¡ fh©f.¾¬tU« Étu§fS¡F Kfil¡ fh©f.

½d¡TÈ½d¡TÈ½d¡TÈ½d¡TÈ½d¡TÈ (%.%.%.%.%.) : 50-60     60-70 70-80 80-90 90-100

bjhÊyhs®fË¬bjhÊyhs®fË¬bjhÊyhs®fË¬bjhÊyhs®fË¬bjhÊyhs®fË¬
 v©Â¡if v©Â¡if v©Â¡if v©Â¡if v©Â¡if :    35 60 78 110 80

Ô®î :

c¢r miybt©  = 110,  ,²tiybt©  80-90 vD« ¾Çî
,ilbtËÆ± c´sJ.  Mf KfL ¾Çî ,ilbtË 80-90 MF«.

∴ l = 80, f
1
 = 110, f

0
 = 78; f

2
 = 80; c = 10.

KfL = l + ( )cx 
)f(f-2f

f-f

201

01

+

= 80+ ( )10x 
80)(78-2(110)

78-110
+

= %. 85.16

10.1.4bgU¡F¢ ruhrÇbgU¡F¢ ruhrÇbgU¡F¢ ruhrÇbgU¡F¢ ruhrÇbgU¡F¢ ruhrÇ

(i) n k½¥ò¡fË¬ bgU¡F¢ ruhrÇba¬gJ/ n k½¥ò¡fË¬

bgU¡F¤ bjhifÆ¬ n-MtJ t®¡f _ykhF«.

mjhtJ/ X® ½uË± (set) c´s  x
1
, x

2
 .....x

n
 v¬»w n jÅ¤j

cW¥ò¡fË¬ bgU¡F¢ ruhrÇahdJ

n
n321  x...  x.  x. x    m±yJ  (x

1.
 x

2
 .....x

n
) 1/n MF«.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

     log G = log (x
1
, x

2
..........x

n
)1/n

= 
n
1

 log (x
1
, x

2
..........x

n
)

      log G = 
n
1

n

1i =

Σ log x
i
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⇒  log G = 
n

logxΣ

∴ bgU¡F¢ ruhrÇ = G = Antilog ( )
n

logxΣ

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 8

3, 6, 24, 48 M»at¦¿¬ bgU¡F¢ruhrÇ fh©f.M»at¦¿¬ bgU¡F¢ruhrÇ fh©f.M»at¦¿¬ bgU¡F¢ruhrÇ fh©f.M»at¦¿¬ bgU¡F¢ruhrÇ fh©f.M»at¦¿¬ bgU¡F¢ruhrÇ fh©f.

Ô®î :

bfhL¡f¥g£L´s k½¥ò¡fis  x  v¬f.

x log x

3 0.4771

6 0.7782

24 1.3802

48 1.6812

            Σ log x= 4.3167

G.M. = 11.99

(ii) jÅ¤j Ãf³bt© gutÈ¬/ mjhtJ if x
1
, x

2
....x

n
 v¬w n

kh¿fË¬ Ãf³bt©f´ Kiwna f
1
, f

2
, f

n
  v¬wh±/ mj¬

bgU¡F¢ ruhrÇahdJ,

G = ( )N
1

n21 f

n

f

2

f

1   x...    xx

,½± N = Σf = f
1
 + f

2
 + ... +f

n

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

log G = 
N
1

log ( )n21 f

n

f

2

f

1   x...    xx

=  
N
1

[f
1
 log x

1
 + f

2
 log x

2
 + ..... + f

n
 log x

n
]

=  
N
1

Σ f
i
 log x

i
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⇒ log G = 
N

logx f Σ ii

∴ G = Antilog ( )
N

logx Σf ii

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  9

Ñ³fhQ« Étu§fS¡F bgU¡F¢ ruhrÇia¡ fh©f.Ñ³fhQ« Étu§fS¡F bgU¡F¢ ruhrÇia¡ fh©f.Ñ³fhQ« Étu§fS¡F bgU¡F¢ ruhrÇia¡ fh©f.Ñ³fhQ« Étu§fS¡F bgU¡F¢ ruhrÇia¡ fh©f.Ñ³fhQ« Étu§fS¡F bgU¡F¢ ruhrÇia¡ fh©f.

x : 10 15 25 40 50

f : 4 6 10 7 3

Ô®î :

x f        log x   f logx

10 4 1.0000 4.0000

15 6 1.1761 7.0566

25 10 1.3979 13.9790

40 7 1.6021 11.2147

50 3 1.6990 5.0970

      N = ΣΣΣΣΣf = 30             ΣΣΣΣΣf logx = 41.3473

∴ G = Antilog ( )
N

logx Σf

= Antilog ( )
30

41.3473

= Antilog (1.3782)

= 23.89

(iii) bjhl® miybt© gutY¡fhz bgU¡F¢ ruhrÇ v¬gJ

∴ G = Antilog ( )
N

logx Σf

,½± N = Σf  k¦W«  x  v¬gJ ¾Çî ,ilbtËfË¬ eLk½¥ò

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 10

¾¬tU« Étu§fS¡F bgU¡F¢ ruhrÇ fh©f.¾¬tU« Étu§fS¡F bgU¡F¢ ruhrÇ fh©f.¾¬tU« Étu§fS¡F bgU¡F¢ ruhrÇ fh©f.¾¬tU« Étu§fS¡F bgU¡F¢ ruhrÇ fh©f.¾¬tU« Étu§fS¡F bgU¡F¢ ruhrÇ fh©f.

k½¥bg©f´k½¥bg©f´k½¥bg©f´k½¥bg©f´k½¥bg©f´: 0-10 10-20 20-30 30-40 40-50

khzt®f´khzt®f´khzt®f´khzt®f´khzt®f´ :   5    7   15   25    8
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Ô®î :

  k½¥bg©k½¥bg©k½¥bg©k½¥bg©k½¥bg©    khzt®f´khzt®f´khzt®f´khzt®f´khzt®f´ ika k½¥òika k½¥òika k½¥òika k½¥òika k½¥ò log x f log x

 f x

0 – 10 5 5 0.6990 3.4950

10 – 20 7 15 1.1761 8.2327

20 – 30 15 25 1.3979 20.9685

30 – 40 25 35 1.5441 38.6025

40 – 50 8 45 1. 6532 13.2256

      N = Σf = 60                    Σf log x = 84.5243

∴ G = Antilog ( )
N

logx Σf

= Antilog  ( )
60

84.5243

= Antilog (1.4087) = 25.63

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

bfhL¡f¥gL« Étu§fS¡F G.M. ≤ A.M. mjhtJ/ bfU¡F¢
ruhrÇ < T£L¢ruhrÇ

10.1.5 ,ir¢ruhrÇ,ir¢ruhrÇ,ir¢ruhrÇ,ir¢ruhrÇ,ir¢ruhrÇ

(i) gy cW¥ò¡fË¬ ,ir¢ruhrÇba¬gJ/ m²cW¥ò¡fË¬ jiyÑ³
k½¥ò¡fË¬ (reciprocals) T£L¢ruhrÇÆ¬ jiyÑ³ k½¥ò MF«.

x
1
, x

2
... x

n
  v¬gd cW¥ò¡fshf ,Uªjh±/  

1x
1 , 

2x
1 , ...,

nx
1 . M»ait

cW¥ò¡fË¬ jiyÑ³ k½¥òfshF«. ,¤jiyÑ³ k½¥òfË¬

TLj± = Σ ( )
x
1   MF« k¦W« ,t¦¿¬ T£L¢ruhrÇ = 

n
x
1

Σ MF«.

vdnt cW¥ò¡fË¬ jiyÑ³ k½¥ò¡fË¬ T£L¢ruhrÇÆ¬

jiyÑ³ k½¥ò  = 








Σ

x

1

n

∴ H  = 








Σ

x

1

n
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 11

6, 14, 21, 30  M»at¦¿¬ ,ir¢ ruhrÇaia¡ fh©f.M»at¦¿¬ ,ir¢ ruhrÇaia¡ fh©f.M»at¦¿¬ ,ir¢ ruhrÇaia¡ fh©f.M»at¦¿¬ ,ir¢ ruhrÇaia¡ fh©f.M»at¦¿¬ ,ir¢ ruhrÇaia¡ fh©f.
Ô®î :

x  
x

1

6 0.1667

14 0.0714

21 0.0476

30 0.0333

             Σ       Σ       Σ       Σ       Σ
x

1  = 0.3190

H  = 

x
1

n

Σ
 = 

0.3190
4  = 12.54

∴ ,ir¢ ruhrÇ   H = 12.54

(ii) jÅ¤j miybt© gutY¡F/ mjhtJ   x
1
, x

2
.....x

n
  v¬»w

kh¿fË¬ miybt©f´ Kiwna  f
1
,  f

2
,  . . . . .f

n
 v¬wh±/

,ir¢ruhrÇ H v¬gJ/

H = 

N

...
n

n

2

2

1

1
x
f

x
f

x
f

1

+++

 = 
( )

x
f

N
1  

1

Σ
 = 

( )
x
f

N

Σ
 ,½±  N = Σf

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 12

¾¬tU« Étu§fS¡F ,ir¢ruhrÇia¡ fh©f.¾¬tU« Étu§fS¡F ,ir¢ruhrÇia¡ fh©f.¾¬tU« Étu§fS¡F ,ir¢ruhrÇia¡ fh©f.¾¬tU« Étu§fS¡F ,ir¢ruhrÇia¡ fh©f.¾¬tU« Étu§fS¡F ,ir¢ruhrÇia¡ fh©f.

x : 10    12 14 16 18 20

f : 5    18 20 10 6 1

Ô®î :

 x f   
x

f

10 5 0.5000

12 18 1.5000

14 20 1.4286

16 10 0.6250

18 6 0.3333

20 1 0.0500

        N = ΣΣΣΣΣf= 60            ΣΣΣΣΣ
x

f = 4.4369
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H = 








Σ x
f

N

= 
4369.4
60 = 13.52

(iii) bjhl® Ãf³bt© gutÈ¬ ,ir¢ ruhrÇba¬gJbjhl® Ãf³bt© gutÈ¬ ,ir¢ ruhrÇba¬gJbjhl® Ãf³bt© gutÈ¬ ,ir¢ ruhrÇba¬gJbjhl® Ãf³bt© gutÈ¬ ,ir¢ ruhrÇba¬gJbjhl® Ãf³bt© gutÈ¬ ,ir¢ ruhrÇba¬gJ

H = 
( )
x
f

Σ

N
 MF«.MF«.MF«.MF«.MF«.

,§F,§F,§F,§F,§F N = ΣΣΣΣΣf  k¦W«k¦W«k¦W«k¦W«k¦W«  x = ¾Çî ,ilbtËfË¬ eLk½¥ò¾Çî ,ilbtËfË¬ eLk½¥ò¾Çî ,ilbtËfË¬ eLk½¥ò¾Çî ,ilbtËfË¬ eLk½¥ò¾Çî ,ilbtËfË¬ eLk½¥ò

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 13

¾¬tU« Étu§fS¡F ,ir¢ ruhrÇia¡ fh©f.¾¬tU« Étu§fS¡F ,ir¢ ruhrÇia¡ fh©f.¾¬tU« Étu§fS¡F ,ir¢ ruhrÇia¡ fh©f.¾¬tU« Étu§fS¡F ,ir¢ ruhrÇia¡ fh©f.¾¬tU« Étu§fS¡F ,ir¢ ruhrÇia¡ fh©f.

cW¥ò¡fË¬ msîcW¥ò¡fË¬ msîcW¥ò¡fË¬ msîcW¥ò¡fË¬ msîcW¥ò¡fË¬ msî : 50-60 60-70 70-80 80-90 90-100

   cW¥òf´    cW¥òf´    cW¥òf´    cW¥òf´    cW¥òf´ :  12   15    22   18    10

Ô®î :

msîmsîmsîmsîmsî f x
x

f

50-60 12 35 0.2182

60-70 15 65 0.2308

70-80 22 75 0.2933

80-90 18 85 0.2118

90-100 10 95 0.1053

               N = Σ  Σ  Σ  Σ  Σ f = 77                  ΣΣΣΣΣ
x
f  = 1.0594

H = 

x
f

N

Σ
= 

0594.1
77  = 72.683

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

bfhL¡f¥gL« Étu§fS¡F

(i) H.M. ≤ G.M.   => ,ir¢ ruhrÇ < bgU¡F¢ ruhrÇ

(ii) H.M. ≤ G.M. ≤ A.M.

=> ,ir¢ruhrÇ < bgU¡F¢ruhrÇ < T£L¢ruhrÇ

(iii) (A.M.) x (H.M.) = (G.M.)2

=> T£L¢ruhrÇ x  ,ir¢ruhrÇ = (bgU¡F¢ruhrÇ)2
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  10.1

1) ÑnH bfhL¡f¥g£L´s bjhF¥¾± c´s cW¥òfS¡F T£L¢ruhrÇ
fh©f.
25, 32, 28, 34, 24, 31, 36, 27, 29, 30.

2) Ñ³f©l Étu§fS¡F T£L¢ruhrÇ fh©f.
taJ   : 8 10 12 15 18

bjhÊyhs®fË¬
v©Â¡if : 5 7 12 6 10

3) bfhL¡f¥g£L´s xU å£o± c´s eg®fË¬ T£L¢ruhrÇia
fh©f.

x²bthU å£oY´s eg®fË¬
v©Â¡if       : 2 3 4 5 6

{åLfË¬ v©Â¡if : 10 25 30 25 10

4) Éy¡f Kiwia¥ ga¬gL¤½ T£L¢ ruhrÇ fh©f.
k½¥bg©f´ :  40 50 54 60 68 80

khzt®fË¬ v©Â¡if:  10 18 20 39 15 8

5) ÑnH bfhL¡f¥g£L´s Étu§fS¡F mDgt¤ bjhl®ig ga¬gL¤½
T£L¢ruhrÇ/ ,ilÃiy/ k¦W« KfL fh©f.
k½¥bg©f´ : 0-10 10-20 20-30 30-40 40-50 50-60

khzt®fË¬ v©Â¡if:   5   10   25   30   20   10

6) Ñ³fhQ« Ãf³bt© gutY¡F T£L¢ruhrÇ/ ,ilÃiy/ k¦W« KfL
fh©f.

        ¾Çî v±iy : 10-19 20-29 30-39 40-49 50-59 60-69 70-79 80-89

Ãf³bt©  : 5 9 14 20 25 15 8 4

7) Ñ³fhQ« bjhF¥¾± c´s cW¥òfS¡F ,ilÃiy fh©f.

37, 32, 45, 36, 39, 31, 46, 57, 27, 34, 28, 30, 21

8) ,ilÃiy fh©f. 57, 58, 61, 42, 38, 65, 72, 66.

9) Ñ³fhQ« miybt© gutY¡F ,ilÃiy fh©f.
½d¡TÈ (%.)      :     5 10 15 20 25 30

eg®fË¬ v©Â¡if (f) :    7 12 37 25 22 11

10) 10 khzt®f´ bg¦w k½¥bg©f´ ÑnH bfhL¡f¥g£L´sd.
,ilÃiy fh©f.

k½¥bg©f´ (10-¡F)        :   3 4 5 6 7 8 9 10

khzt®fË¬ v©Â¡if:   1 5 6 7 10 15 11 5
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11) Ñ³fhQ« Étu§fS¡F ,ilÃiy fh©f.
k½¥bg©f´: 10-25 25-40 40-55 55-70 70-85 85-100

Ãf³bt© : 6   20   44  26   3   1

12) Ñ³fhQ« Étu§fS¡F ,ilÃiy f©L¾o¡fî«.
¾Çî v±iy :1-10 11-20 21-30 31-40 41-50 51-60 61-70 71-80 81-90 91-100

Ãf³bt©  : 3 7 13 17 12 10 8 8 6 6

13) Ñ³fhQ« bjhF¥¾± c´s Étu§fS¡F KfL fh©f.
41, 50, 75, 91, 95, 69, 61, 53, 69, 70, 82, 46, 69.

14) Ñ³f©lt¦¿¦F KfL fh©f.
JÂfË¬msîf´: 22 28 30 32 34

jahÇ¡f¥g£l n#hofË¬
        v©Â¡if: 10 22 48 102 55

15) Ñ³fhQ« gutY¡F KfL fh©f.
msî : 10 11 12 13 14 15 16 17 18

Ãf³bt©: 10 12 15 19 20 8 4 3 2

16) Ñ³fhQ« gutY¡F KfL fh©f.
¾Çî v±iy :  10-15    15-20   20-25  25-30   30-35   35-40   40-45   45-50

Ãf³bt© :       4       12    16 22        10        8         6       4

17) Ñ³f©l Étu§fS¡F bgU¡F¢ ruhrÇ fh©f.
35, 386, 153, 125, 118, 1246

18) Ñ³f©l Étu§fS¡F bgU¡F¢ ruhrÇ fh©f.
k½¥ò : 10 12 15 20 50

Ãf³bt©: 2 3 10 8 2

19) Ñ³f©l gut±/ 60 khzt®fË¬ m¡fî©l¬¼ ghl¤½± bg¦w
k½¥bg©fnshL bjhl®ò bfh©L´sJ.
k½¥bg©f´ : 0-10 10-20 20-30 30-40  40-50 50-60

khzt®f´   :   3   8   15  20   10    4

bgU¡F¢ ruhrÇ fh©f.

20) Ñ³fhQ« Étu§fS¡F ,ir¢ ruhrÇ fh©f.
2, 4, 6, 8 10

21) ,ir¢ ruhrÇ fh©f.
msîf´ : 6 7 8 9 10 11

Ãf³bt©: 4 6 9 5  2  8
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22) Ñ³fhQ« Étu§fS¡F/ ,ir¢ ruhrÇ fh©f.

¾Çî v±iy : 10-20 20-30 30-40  40-50 50-60

Ãf³bt©    :   4   6   10    7   3

10.2  guîtif guîtif guîtif guîtif guîtif / ¼jw± msîf´ ¼jw± msîf´ ¼jw± msîf´ ¼jw± msîf´ ¼jw± msîf´
(MEASURES OF DISPERSION)

“cW¥òfS¡F´ fhz¥gL»¬w ntWgh£o¬ msî guîtifcW¥òfS¡F´ fhz¥gL»¬w ntWgh£o¬ msî guîtifcW¥òfS¡F´ fhz¥gL»¬w ntWgh£o¬ msî guîtifcW¥òfS¡F´ fhz¥gL»¬w ntWgh£o¬ msî guîtifcW¥òfS¡F´ fhz¥gL»¬w ntWgh£o¬ msî guîtif
/ ¼jwyhF« ¼jwyhF« ¼jwyhF« ¼jwyhF« ¼jwyhF«” - A.L. bgsÈbgsÈbgsÈbgsÈbgsÈ

jÅ¤jÅ cW¥òfis¡ bfh©l bjhF¥¾±}¾ÇÉ±/ v±yh
cW¥ò¡fS« rkkhf ,U¡fhJ.  cW¥òfS¡»ilna É¤½ahr« m±yJ
ntWghL fhz¥gL«.  cjhuzkhf/ X® F¿¥¾£ ¾ÇÉ± c´s khzt®f´
bg¦w k½¥bg©fis eh« neh¡»dh±/ m«bk½¥bg©fS¡»ilna
c´s É¤½ahr¤ij } ntWgh£il vË½± fhz Koí«.

r¦W K¬ò eh« Éth½¤j bghJ¢ ruhrÇf´ m±yJ ika¥
ngh¡fsitf´/ Étu§fË¬ bghJthd msit (Ãiy¥ngh¡if)
k£Lnk F¿¡»¬wd. jÉu/ xU bjhF¥¾± m±yJ gutÈ± ml§»í´s
jÅ¤jÅ cW¥òfS¡»ilna c´s ¼jwÈ¬ j¬ikia bjÇÉ¥g½±iy.
Mifah±/ cW¥òfS¡F´ fhz¥gL« ntWgh£o¬ msit k½¥ÕL
(ms¤j±) br­tj¦F/ guîtif msîf´ } ¼jw± msîf´ v¬W
miH¡f¥gL«/ ntW ¼y msîf´ ga¬gL»¬wd.

F¿¥ghf/ bfhL¡f¥g£l (guî tif msîf´ } ¼jw± msîf´)
xUgutÈ± c´s jÅ¤jÅ cW¥òfS¡»ilna fhz¥gL»¬w
ntWghLm±yJ guîtif } ¼jw± M»at¦iw fh©L¾o¡f
cjÉòÇ»¬wd. Étu§fË¬ (data) ntWgh£il (guîtif}¼jw±)/
gutÈ± c´s ika k½¥ò (bghJ ruhrÇ) m±yJ VnD« xU tr½ahd
_y¥ò´Ë m±yJ VnjD« k¦w k½¥ò M»at¦iw bghU¤J bjÇªJ
bfh´syh«.

,u©L m±yJ mj¦F nk¦g£l gut±fS¡fhd ruhrÇ m±yJ
,ilÃiy k¦W« KfL M»ait rkkhf ,U¡fyh«.  Mdh± xU
bjhlÇ± c´s jÅ¤jÅ cW¥òf´ bgÇJ« ntWg£oU¡F«.  cjhuzkhf/
ÑG´s ,U khzt®f´ bg¦w k½¥bg©fis vL¤J¡bfh´nth«.
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   khzt®khzt®khzt®khzt®khzt® I    khzt®khzt®khzt®khzt®khzt® II

68 82

72 90

63 82

67 21

70 65

340 340

      ruhrÇ 68               ruhrÇ 68

,U khzt®fS« xnu msî nj®¢¼ cilat®f´ v¬W Koî
br­tJ jtwhF«/ VbdÅ± khzt®-II/ xU jhË± (ghl¤½±) nj®¢¼
bgwÉ±iy v¬gJ c©ik.  nkY«/ khzt®-I-¬ k½¥bg©fS¡
»ilna c´s ntWghL (É¤½ahr«)/ khzt®-II-¬ k½¥bg©fS¡F´
fhz¥gL« ntWgh£ilÉl Fiwî v¬gJ« ftÅ¡f¤j¡fJ.  Fiwthd
ntWghL v¬gJ ¼w¥ghd Fzh½rakhjyh± khzt®-I v±yh¥
ghl§fËY« rkmsî nj®¢¼ bg¦wtuhÆU¡»wh®.

,²thwhf/ Étu§fË¬ c©ik Ãiyiaí«/ K¡»akhd
Fzh½ra§fisí« btË¡bfhzt®tj¦F/ ika¥ ngh¡fsitf´
nghJkhdjhf ,±iy v¬gJ bjËth»wJ.  vdnt guî tif msîf´
} ¼jw± msîf´ vd miH¡f¥gL»¬w/ ntW ¼y msîf´
njitah»¬wd.

10.2.1 å¢Rå¢Rå¢Rå¢Rå¢R
å¢R v¬gJ bgUk¤½¦F«/ ¼Wk¤½¦F« ,ilnaí´s ntWghL

MF«.
F¿Þ£o±/

å¢R = L - S

,§F L = bgUk½¥ò (bgUk«)
S = ¼Wk½¥ò (¼Wk«)

å¢R¡bfG = 
SL

-SL
+

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 14

¾¬tUtdt¦¿¦F å¢R k¦W« å¢R¡bfG fh©f.¾¬tUtdt¦¿¦F å¢R k¦W« å¢R¡bfG fh©f.¾¬tUtdt¦¿¦F å¢R k¦W« å¢R¡bfG fh©f.¾¬tUtdt¦¿¦F å¢R k¦W« å¢R¡bfG fh©f.¾¬tUtdt¦¿¦F å¢R k¦W« å¢R¡bfG fh©f.
6      8   5 10 11 12
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Ô®î :

L = 12 (bgUk«)

S = 5 (¼Wk«)

∴ å¢R = L - S = 7

å¢R¡bfG =
SL

-SL
+

= 0.4118

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 15

¾¬tU« gutY¡F å¢R k¦W« å¢R¡bfG fh©f.¾¬tU« gutY¡F å¢R k¦W« å¢R¡bfG fh©f.¾¬tU« gutY¡F å¢R k¦W« å¢R¡bfG fh©f.¾¬tU« gutY¡F å¢R k¦W« å¢R¡bfG fh©f.¾¬tU« gutY¡F å¢R k¦W« å¢R¡bfG fh©f.

msîmsîmsîmsîmsî    20 - 22 23 - 25   26 - 28    29 - 31   32 - 34

v©Â¡ifv©Â¡ifv©Â¡ifv©Â¡ifv©Â¡if    7        9      19        42        27

Ô®î :

bfhL¡f¥g£oU¥gJ X® bjhl® gutyhF«. Mfnt Ñ³f©l
Kiwia¥ ¾¬g¦Wnth«.

,§F L = nk± ¾ÇÉ¬ ika k½¥ò

∴ L = 
2

3432 + = 33

S = Ñ³ ¾ÇÉ¬ ika k½¥ò

∴ S = 
2

2220 + = 21

∴ å¢R = L - S = 12

å¢R¡bfG =
SL

-SL
+

= 0.22

10.2.2½£lÉy¡f« ½£lÉy¡f« ½£lÉy¡f« ½£lÉy¡f« ½£lÉy¡f« / juÉy¡f«  juÉy¡f«  juÉy¡f«  juÉy¡f«  juÉy¡f« (Standard Deviation)

k½¥ò¡fË¬ T£L¢ruhrÇaÈUªJ vL¡f¥g£l Éy¡f§fË¬
ruhrÇÆ¬ t®¡f_y«/ ½£lÉy¡f« MF«.

½.É. v¬gJ ½£l Éy¡f¤½¬ RU¡fkhfî« σ (¼¡kh)  v¬w
F¿Þ£il ½£lÉy¡f¤ij F¿¡fî« ga¬gL¤j¥gL»wJ.
½£lÉy¡f¤½¬ t®¡f¤ij/ gut¦go (variance) σ2 v¬»w F¿Þ£lh±
F¿¡f¥gL»wJ.
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(i) ¼®glh Étu§fS¡F ½£lÉy¡f« fz¡»Lj±¼®glh Étu§fS¡F ½£lÉy¡f« fz¡»Lj±¼®glh Étu§fS¡F ½£lÉy¡f« fz¡»Lj±¼®glh Étu§fS¡F ½£lÉy¡f« fz¡»Lj±¼®glh Étu§fS¡F ½£lÉy¡f« fz¡»Lj±

σ = 
n
d 2

Σ

,§F d = x - x
n = cW¥ò¡fË¬ v©Â¡if

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 16

Ñ³fhQ« Étu§fS¡F ½£lÉy¡f« fh©f.Ñ³fhQ« Étu§fS¡F ½£lÉy¡f« fh©f.Ñ³fhQ« Étu§fS¡F ½£lÉy¡f« fh©f.Ñ³fhQ« Étu§fS¡F ½£lÉy¡f« fh©f.Ñ³fhQ« Étu§fS¡F ½£lÉy¡f« fh©f.
75, 73, 70, 77, 72, 75, 76, 72, 74, 76

Ô®î :

x       d = x -

x

d2

75 1 1

73 -1 1

70 -4 16

77 3 9

72 -2 4

75 1 1

76 2 4

72 -2 4

74 0 0

76 2 4

      ΣΣΣΣΣx = 740 ΣΣΣΣΣd = 0 ΣΣΣΣΣd2 = 44

x

 = 

n
 xΣ

= 10
740

 = 74

∴ ½£lÉy¡f«

σ = 
n
d 2

Σ  =
10
44  = 2.09

(ii) Ó®glh Étu§fS¡F ½£l Éy¡f« fhQj± Ó®glh Étu§fS¡F ½£l Éy¡f« fhQj± Ó®glh Étu§fS¡F ½£l Éy¡f« fhQj± Ó®glh Étu§fS¡F ½£l Éy¡f« fhQj± Ó®glh Étu§fS¡F ½£l Éy¡f« fhQj± (T£L¢T£L¢T£L¢T£L¢T£L¢
ruhrÇia ga¬gL¤jhk±ruhrÇia ga¬gL¤jhk±ruhrÇia ga¬gL¤jhk±ruhrÇia ga¬gL¤jhk±ruhrÇia ga¬gL¤jhk±)

,«KiwÆ± ½£lÉy¡f¤ij¡ fhQ« N¤½u« ahbjÅ±

σ = ( ) ( )
2

n
x

n
x2

ΣΣ −
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 17

Ñ³f©l ½uË± c´s cW¥ò¡fS¡F ½£lÉy¡f« fh©f.Ñ³f©l ½uË± c´s cW¥ò¡fS¡F ½£lÉy¡f« fh©f.Ñ³f©l ½uË± c´s cW¥ò¡fS¡F ½£lÉy¡f« fh©f.Ñ³f©l ½uË± c´s cW¥ò¡fS¡F ½£lÉy¡f« fh©f.Ñ³f©l ½uË± c´s cW¥ò¡fS¡F ½£lÉy¡f« fh©f.
1, 3, 5, 4, 6, 7, 9, 10, 2.

Ô®î :

bfhL¡f¥g£L´s cW¥ò¡fis  x  v¬f.
 x : 1   3   5    4    6    7   9    8    10    2

 x2 : 1  9  25  16  36  49  81 64  100   4

,§F Σx = 55

Σx2 = 385

∴ σ = ( ) ( )
2

n
x

n
x

2
ΣΣ −

= ( ) ( )
2

10
55

10
385

−  =  2.87

(iii) Éy¡f Kiwia¥ ga¬gL¤½ Ó®glh Étu§fS¡FÉy¡f Kiwia¥ ga¬gL¤½ Ó®glh Étu§fS¡FÉy¡f Kiwia¥ ga¬gL¤½ Ó®glh Étu§fS¡FÉy¡f Kiwia¥ ga¬gL¤½ Ó®glh Étu§fS¡FÉy¡f Kiwia¥ ga¬gL¤½ Ó®glh Étu§fS¡F
½£lÉy¡f« fhQj±½£lÉy¡f« fhQj±½£lÉy¡f« fhQj±½£lÉy¡f« fhQj±½£lÉy¡f« fhQj±
A v¬gij VnjD« xU tr½ahd _ykhf vL¤J¡bfh©lh±/

σ = ( ) ( )
2

n
d

n
d2

ΣΣ
−

,§F d = x - A

A = VnjD« xU cW½ahd _y«
Σd2 = t®¡f Éy¡f§fË¬ TLj±
Σd = Éy¡f§fË¬ TLj±
n = cW¥ò¡fË¬ v©Â¡if

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 18

ÑnH bfhL¡f¥g£L´s Étu§fS¡F/ ½£l Éy¡f«ÑnH bfhL¡f¥g£L´s Étu§fS¡F/ ½£l Éy¡f«ÑnH bfhL¡f¥g£L´s Étu§fS¡F/ ½£l Éy¡f«ÑnH bfhL¡f¥g£L´s Étu§fS¡F/ ½£l Éy¡f«ÑnH bfhL¡f¥g£L´s Étu§fS¡F/ ½£l Éy¡f«
fh©f.fh©f.fh©f.fh©f.fh©f.

25,  32,  53,  62,  41,  59,  48,  31,  33,  24.

Ô®î :

A = 41 v¬W vL¤J¡bfh´sî«
x: 25 32 53 62 41 59 48 31 33 24

d
 
= x -A -16 -9 12 21 0 18 7 -10 -8 -17

d2 256 81 144 441 0 324 49 100 64 289
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,§F Σd = - 2

Σd2 = 1748

σ = ( ) ( )
2

n
d

n
d2

ΣΣ
−

= ( ) ( )
2

10
2-

10
1748

−  = 13.21

(iv) bjhF¡f¥g£l jÅ¤j Étu§fS¡F ½£lÉy¡f«bjhF¡f¥g£l jÅ¤j Étu§fS¡F ½£lÉy¡f«bjhF¡f¥g£l jÅ¤j Étu§fS¡F ½£lÉy¡f«bjhF¡f¥g£l jÅ¤j Étu§fS¡F ½£lÉy¡f«bjhF¡f¥g£l jÅ¤j Étu§fS¡F ½£lÉy¡f«
fhQj±fhQj±fhQj±fhQj±fhQj±
,«KiwÆ±

σ = 
N
fd

2
Σ  ,½± d  = x - x

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 19

¾¬tU« Étu§fS¡F ½£lÉy¡f« fh©f.¾¬tU« Étu§fS¡F ½£lÉy¡f« fh©f.¾¬tU« Étu§fS¡F ½£lÉy¡f« fh©f.¾¬tU« Étu§fS¡F ½£lÉy¡f« fh©f.¾¬tU« Étu§fS¡F ½£lÉy¡f« fh©f.
x 6    9 12 15 18

f: 7   12 13 10 8

Ô®î :

x f fx d = x -

x

d2 fd2

6 7 42 -6 36 252

9 12 108 -3 9 108

12 13 156 0 0 0

15 10 150 3 9 90

18 8 144 6 36 288

   N=ΣΣΣΣΣf  =50 ΣΣΣΣΣfx = 600      ΣΣΣΣΣfd2 = 738

x

 = 

N
fxΣ

= 
50

600 = 12

      σ = 
N
fd2

Σ =
50
738  = 3.84

(v) bjhF¡f¥g£l bjhl® Étu§fS¡F j¦nfh´ ruhrÇiabjhF¡f¥g£l bjhl® Étu§fS¡F j¦nfh´ ruhrÇiabjhF¡f¥g£l bjhl® Étu§fS¡F j¦nfh´ ruhrÇiabjhF¡f¥g£l bjhl® Étu§fS¡F j¦nfh´ ruhrÇiabjhF¡f¥g£l bjhl® Étu§fS¡F j¦nfh´ ruhrÇia
ga¬gL¤jkh± ½£lÉy¡f« fhQj±ga¬gL¤jkh± ½£lÉy¡f« fhQj±ga¬gL¤jkh± ½£lÉy¡f« fhQj±ga¬gL¤jkh± ½£lÉy¡f« fhQj±ga¬gL¤jkh± ½£lÉy¡f« fhQj±
,«KiwÆ±

σ = c x ( )
2

N
fd

N
fd2

ΣΣ
−  ,½± d = 

c
A-x
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¾¬tU« Étu§fS¡F ½£lÉy¡f« fh©f.¾¬tU« Étu§fS¡F ½£lÉy¡f« fh©f.¾¬tU« Étu§fS¡F ½£lÉy¡f« fh©f.¾¬tU« Étu§fS¡F ½£lÉy¡f« fh©f.¾¬tU« Étu§fS¡F ½£lÉy¡f« fh©f.

¾Çî ,ilbtË¾Çî ,ilbtË¾Çî ,ilbtË¾Çî ,ilbtË¾Çî ,ilbtË  : 0-10 10-20 20-30 30-40 40-50 50-60 60-70

miyba©miyba©miyba©miyba©miyba©  : 8 12 17 14 9 7 4

Ô®î :

A = 35 v¬W vL¤J¡bfh´sî«.

¾Çî¾Çî¾Çî¾Çî¾Çî Ãf³bt©Ãf³bt©Ãf³bt©Ãf³bt©Ãf³bt© ikaikaikaikaika d =
c

A-x
fd fd2

   ,ilbtË,ilbtË,ilbtË,ilbtË,ilbtË f k½¥òk½¥òk½¥òk½¥òk½¥ò x

0-10 8 5 -3 -24 72

10-20 12 15 -2 -24 48

20-30 17 25 -1 -17 17

30-40 14 A35 0 0 0

40-50 9 45 1 9 9

50-60 7 55 2 14 28

60-70 4 65 3 12 36

        N= Σ Σ Σ Σ Σf = 71                    Σ Σ Σ Σ Σfd=-30   ΣΣΣΣΣfd2=210

   σ = c x ( )
2

N
fd

N
fd2

ΣΣ −

=  10 x ( )
2

71
30-

71
210 −   = 16.67

10.2.3. khWÉ»j¡bfG khWÉ»j¡bfG khWÉ»j¡bfG khWÉ»j¡bfG khWÉ»j¡bfG / khWgh£L¡ bfG  khWgh£L¡ bfG  khWgh£L¡ bfG  khWgh£L¡ bfG  khWgh£L¡ bfG (Co-efficient of variation)

khWÉ»j¡ bfG } khWgh£L¡bfG/ C.V. v¬W F¿¡f¥g£L
tH§f¥gL»wJ.

C.V. = (
x
σ  x 100)%

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) khWgh£L¡bfG v¬gJ X® É»j¤½¬ ÉÇî MF«. ,ij
ga¬gL¤½ ,u©L m±yJ mj¦F nk¦g£l gutiy x¥¾lyh«.

(ii) khWgh£L¡bfG Fiwthf c´s¾Çî Äfî« bghU¤jkhdJ
m±yJ Äfî« ÃiyahdJ v¬W«/ khWgh£L¡bfG m½fkhf
c´s ¾Çî Äfî« ntWghL´sJ m±yJ Fiwthd
bghU¤jK´ssJ v¬W« tH§f¥gL»wJ.
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,u©L efu§fË± fhz¥gL« X® F¿¥¾£l bghUË¬,u©L efu§fË± fhz¥gL« X® F¿¥¾£l bghUË¬,u©L efu§fË± fhz¥gL« X® F¿¥¾£l bghUË¬,u©L efu§fË± fhz¥gL« X® F¿¥¾£l bghUË¬,u©L efu§fË± fhz¥gL« X® F¿¥¾£l bghUË¬
Éiyf´ ÑnH bfhL¡f¥g£L´sJ.Éiyf´ ÑnH bfhL¡f¥g£L´sJ.Éiyf´ ÑnH bfhL¡f¥g£L´sJ.Éiyf´ ÑnH bfhL¡f¥g£L´sJ.Éiyf´ ÑnH bfhL¡f¥g£L´sJ.
efu«efu«efu«efu«efu« A: 40 80 70 48 52 72 68 56 64 60

efu«efu«efu«efu«efu« B: 52 75 55 60 63 69 72 51 57 66

vªj efu¤½¬ Éiy Äfî« Ãiyahdjhf c´sJ?vªj efu¤½¬ Éiy Äfî« Ãiyahdjhf c´sJ?vªj efu¤½¬ Éiy Äfî« Ãiyahdjhf c´sJ?vªj efu¤½¬ Éiy Äfî« Ãiyahdjhf c´sJ?vªj efu¤½¬ Éiy Äfî« Ãiyahdjhf c´sJ?

Ô®î :

       efu«efu«efu«efu«efu« A   efu«efu«efu«efu«efu« B   d
x
 =x- x  d

y
=y-

y

  d2

x
=(x-

x

)2 d2

y
=(y-

y

)2

40 52 -21 -10 441 100

80 75 19 13 361 169

70 55 9 -7 81 49

48 60 -13 -2 169 4

52 63 -9 1 81 1

72 69 11 7 121 49

68 72 7 10 49 100

56 51 -5 -11 25 121

64 57 3 -5 9 25

60 66 -1 -4 1 16

       ΣΣΣΣΣx=610   Σ  Σ  Σ  Σ  Σy=620             Σ            Σ            Σ            Σ            Σd2

x
 = 1338    ΣΣΣΣΣd2

y
 = 634

x

= 

n
xΣ

=
10
610 =61

y= n

yΣ

=
10
620 = 62

σ
x

=
10

1338 = 11.57

σ
y

= 
10
634 = 7.96

C.V. (x) = 
x
xσ

x 100

=
61

11.57 = 18.97%

C.V. (y) = 
y

yσ
x  100

= 
62

7.96  = 12.84 %
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Koî :
x¥¾LjÈ±,  C.V. (y) < C.V (x)

⇒ efu« B-Æ¬ Éiy Äfî« Ãiyahdjhf c´sJ.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 10.2

1) Ñ³fhQ« Étu§fS¡F å¢R/ k¦W« å¢R¡bfG fh©f.
(a) 12, 8, 9, 10, 4, 14, 15

(b) 35, 40, 52, 29, 51, 46, 27, 30, 30, 23.

2) Ñ³fhQ« Étu§fS¡F å¢R k¦W« å¢R¡bfG fh©f.
msîf´     : 60-62 63-65 66-68 69-71 72-74

v©Â¡if :  5  18  42  27   8

3) Ñ³fhQ« Étu§fS¡F å¢R k¦W« å¢f¡bfG fh©f.
TÈ (%.) : 35-45 45-55 55-65 65-75 75-85

bjhÊyhs®fË¬
      v©Â¡if :  18  22   30    6    4

4) XU bjhF¥¾± c´s v©fS¡F ½£lÉy¡f« f©L¾o¡fî«
3, 8, 6, 10, 12, 9, 11, 10, 12, 7.

5) Éy¡F Kiwia¥ ga¬gL¤½/ Ñ³fhQ« bjhF¥¾± c´s
cW¥òfS¡F ½£lÉy¡f« fh©f.
45, 36, 40, 36, 39, 42, 45, 35, 40, 39.

6) Ñ³fhQ« Étu§fS¡F   ( i )  T£L¢ruhrÇ   ( i i )  Éy¡f Kiw
(iii) ne®Kiw M»at¦iw ga¬gL¤½ ½£lÉy¡f« fh©f.
25, 32, 43, 53, 62, 59, 48, 31, 24, 33

7) Ñ³fhQ« Étu§fS¡F ½£lÉy¡f« fh©f.
x : 1 2 3 4 5

f : 3 7 10 3 2

8) ½£lÉy¡f¤ij fh©f.
xU M£l¤½± bg¦w
nfh±fË¬ v©Â¡if : 0 1 2 3 4 5

      M£l§fË¬ v©Â¡if : 1 2 4 3 0 2

9) Ñ³fhQ« bjhl® gutY¡F ½£lÉy¡f¤ij fh©f.
¾Çî v±iy : 4-6 6-8 8-10 10-12 12-14

Ãf³bt©    :  10  17  32  21  20
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10) Ñ³fhQ« gutY¡fhd ½£l Éy¡f¤ij fh©f.
tUlhª½u yhg« (nfhoÆ±): 20-40 40-60 60-80 80-100

t§»fË¬ v©Â¡if    :  10   14   25   48

tUlhª½u yhg« (nfhoÆ±): 100-120 120-140 140-160

t§»fË¬ v©Â¡if    :    33    24     16

11) Ñ³f©lt¦¿¦F khWgh£L¡ bfGit f©L¾o¡f.
40  41  45 49  50  51  55  59  60  60

12) ÑnHí´s/ xU thu¤½± j§f¤½¬ ÉiyÆÈUªJ/ vªj efu¤½±
Éiy Äfî« Ãiyahdjhf c´sJ v¬gij fh©f.
efu« A :    498 500 505 504 502 509

efu« B :   500 505 502 498 496 505

13) Ñ³fhQ« Étu§fËÈUªJ/ vªj t§»Æ¬ k½¥ò Äfî« Ãiyahdjhf
c´sJ v¬gij¡ f©L¾o¡fî«.
x :   55     54 52 53 56 58 52 50 51 49

y:  108   107 105 105 106 107 104 103 104 101

10.3. Ãf³jfîÃf³jfîÃf³jfîÃf³jfîÃf³jfî
(CONCEPT OF PROBABILITY)

Ñ³f©l nrhjidfis gÇÓyid br­î«

(i) xU gªij/ F¿¥¾£l cau¤½ÈUªJ ÑnH nghLj±
(ii) xU nfh¥ig ghÈ±/ xU nj¡fu©o r®¡fiuia nr®¤j±
(iii) vÇ»¬w beU¥¾± bg£nuhiy C¦Wj±

nk¦T¿a x²bthU nrhjidÆY«/ Koî m±yJ Éisîf´
Ã¢rakhdJ k¦W« K¬T£ona Tw¡Toa tifia¢ rh®ªjJ.  mjhtJ/
nrhjid (i)-± gªJ Ã¢ra« óÄia¤ bjhL« v¬gJ«k/ nrhjid (ii)-±
r®¡fiu ghÈ± Ã¢ra« fiuí« v¬gJ«/ k¦W« nrhjid (iii)-± bg£nuh±
Ã¢ra« vÇªJÉL« v¬gJ« nrhjid¡F K¬ng bjÇªj Éisîf´jh¬.

Mdh± ¼y nrhjidfshd
(i) Njh£l r¡fu¤ij R¦Wj±
(ii) Ó£L¡f£oÈUªJ X® Ó£il vL¤j±
(iii) xU ehza¤ij R©oÉLj±
(iv) xU gfilia åRj±
ngh¬wt¦¿± Koî m±yJ Éisîf´ Ã¢rak¦wit.
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cjhuzkhf/ xU ehza¤ij R©L«bghGJ/ jiy m±yJ ó
v¬w ,u©L rhjfkhdÉisîf´ k£L«jh¬ v¬gJ x²bthUtU¡F«
bjÇí«.  Mdh± ,ªj ,u©L ÉisîfË±/ ,Jjh¬ Ã¢ra«
Éisa¡ToaJ v¬W vªj xU eguhY« K¬T£ona Tw ,ayhJ.
mij¥ng¬nw xU gfil å¼dh± 1 m±yJ 2 m±yJ .... 6 v¬w MW
rhjfkhd Éisîf´ v¬gJ Ã¢ra« Mdh± ,ªj MW ÉisîfË±
vªj xU Éisî/ c©ikÆnyna Éisa¡ToaJ v¬gij cW½ahf
e«kh± Tw ,ayhJ.

,¤jifa nrhjidfË± v±yh« bj¬gL»w Ãf³¢¼
el¥gj¦FÇa th­¥ig Ãf³jfî vd miH¡»nwh«.

,ªÃf³jfî/ Ãf³¢¼ el¥gj¦FÇa th­¥¾id xU v© _ykhf
ÉtÇ¡»wJ.

Ã¢rak¦w N³ÃiyÆ± el¤j¥gL« nrhjidÆ¬ btË¥ghLfS¡F
v©QUit¡ bfhL¥gj¦F Ãf³jfî¤ j¤Jt« m¿K¡f¥gL¤j¥g£lJ.

ò´ËÆaÈ¬ mo¥gilfS´ x¬whd/ Ãf³jfî VHh«
ü¦wh©o±/ gªja Éisah£Lf´ _y« Mu«gkhdJ.  Mdh± fhy«
br±y/ br±y Ãf³jfÉ¬ ga¬ghL m½fkhf kÅjth³É¬ v±yh
ÃiyfËY« K¡»a¤Jt« bgWtij m¿nth«.

10.3.1mo¥gil fU¤JU¡f´mo¥gil fU¤JU¡f´mo¥gil fU¤JU¡f´mo¥gil fU¤JU¡f´mo¥gil fU¤JU¡f´
(i) rkth­¥ò´s nrhjid rkth­¥ò´s nrhjid rkth­¥ò´s nrhjid rkth­¥ò´s nrhjid rkth­¥ò´s nrhjid (Random  Experiment)

Éisîfis}Koîfis cila vªj  xU braiyí« nrhjid
v¬»nwh«.

rkth­¥ò´s nrhjid v¬gJ
(i) vªj xU nrhjidÆ¬ v±yhÉisîfS« K¬T£ona

bjÇª½Uªjh±
(ii) F¿¥¾£l v¬d Éisit xU nrhjid V¦gL¤J« v¬gJ

K¬T£ona bjÇah½Uªjh±
(iii) xnu kh½Çahd ÃgªjidÆ±/ xU nrhjidia ½U«g¤

½U«g¢ br­jh±.

(ii) Ãf³¢¼ Ãf³¢¼ Ãf³¢¼ Ãf³¢¼ Ãf³¢¼ (Event)

xU nrhjidÆ¬ v±yh Éisîfisí« Ãf³¢¼f´ v¬»nwh«.
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(iii) TWbtËTWbtËTWbtËTWbtËTWbtË (Sample Space)

xU nrhjidÆ±/ ÃfH¡Toa x²bthU ÉisÉ¬ bjhF¥ig/
m¢nrhjidÆ¬ TWbtË MF«.  m¡TWbtË  S v¬W
F¿¡f¥gL»wJ.

(iv) x¬iwbah¬W Éy¡F« Ãf³¢¼f´x¬iwbah¬W Éy¡F« Ãf³¢¼f´x¬iwbah¬W Éy¡F« Ãf³¢¼f´x¬iwbah¬W Éy¡F« Ãf³¢¼f´x¬iwbah¬W Éy¡F« Ãf³¢¼f´ (Mutually Exclusive events)

Ãf³¢¼fË±/ VjhtJ x¬W ÃfG«bghGJ k¦w Ãf³¢¼
V¦glhjthW jilgLnkahdh±/ mªÃf³¢¼f´ x¬iwbah¬WÉy¡F«
Ãf³¢¼f´ vd¡Twyh«.  mjhtJ/ ,u©L m±yJ mj¦F nk¦g£l
x¬iwbah¬W Éy¡F« Ãf³¢¼f´ xnu rka¤½± xnu nrhjidÆ±
eilbgwKoahJ.

cjhuz¤½¦F
52 Ó£L¡fis¡ bfh©l f£oÈUªJ xU Ó£il vL¥gjhf

bfh´nth«. ,½± V¦gl¡Toa ¾¬tU« Ãf³¢¼fis A k¦W« B v¬W
gÇÓÈ¡fî«

A : µng£ Ó£L v¬f.
B : Ah®£o¬ Ó£L v¬f.
,ªj ,U A k¦W« B Ãf³¢¼f´ x¬iwbah¬W Éy¡F«

Ãf³¢¼fshF«.  VbdÅ± vL¡f¥g£l Ó£L µng£ Mfî«/ Ah®£o¬
Mfî« ,U¡f KoahJ

(v) rh®¾±yh Ãf³¢¼f´rh®¾±yh Ãf³¢¼f´rh®¾±yh Ãf³¢¼f´rh®¾±yh Ãf³¢¼f´rh®¾±yh Ãf³¢¼f´ (Independent events)

Ãf³¢¼fË± (,u©L m±yJ nk¦g£l)/ V¦gl¡Toa m±yJ
V¦glKoah Ãf³¢¼ x¬W/ k¦w Ãf³¢¼f´ x²bth¬W« V¦gLtij
jL¡fhkÈU¡Fkhdh±/ mªÃf³¢¼f´ mid¤J« rh®¾yh
Ãf³¢¼fshF«.
vL¤J¡fh£lhf

xU ehza¤ij R©L«bghGJ/ Kj± R©LjÈ± V¦gl¡Toa
`jiyp v¬»w Ãf³¢¼/ ,u©L/ _¬W k¦W« mj¦F nk± R©LjÈ±
V¦gl¡Toa ̀ jiyp v¬»w Ãf³¢¼¡F rh®¾±yhk± ,U¡F«.

(vi) Ãu¥ò Ãf³¢¼Ãu¥ò Ãf³¢¼Ãu¥ò Ãf³¢¼Ãu¥ò Ãf³¢¼Ãu¥ò Ãf³¢¼ Complementary Event

Ãf³¢¼ A Ãf³tJ«/ Ãf³¢¼ A ÃfHhk± ,U¥gJ« Ãu¥ò
Ãf³¢¼f´ vd tH§f¥gL»wJ.  Ãf³¢¼ A ÃfHhk± ,U¥gij/ AC

m±yJ A/ m±yJ A  v¬W F¿Æ£L/ Ãf³¢¼ A Æ¬ Ãu¥ò Ãf³¢¼ v¬W
th¼¡f¥gL»wJ.
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(vii) rkth­¥òila Ãf³¢¼f´rkth­¥òila Ãf³¢¼f´rkth­¥òila Ãf³¢¼f´rkth­¥òila Ãf³¢¼f´rkth­¥òila Ãf³¢¼f´ (Equally likely)

xU nrhjidÆ¬ Ãf³¢¼fË± (,u©L m±yJ nk¦g£l) VnjD«
xU Ãf³¢¼ k¦wt¦iw Él ÃfH¡Toa th­¥ò m½fK´sJ v¬W
v½®gh®¡f ,ayhbjÅ±/ m¢nrhjidÆ¬ Ãf³¢¼f´ ahî«
rkth­¥òila Ãf³¢¼f´ vd miH¡f¥gL»wJ.

(viii) rhjfkhd Ãf³¢¼f´ rhjfkhd Ãf³¢¼f´ rhjfkhd Ãf³¢¼f´ rhjfkhd Ãf³¢¼f´ rhjfkhd Ãf³¢¼f´ / tiff´ tiff´ tiff´ tiff´ tiff´ (Favourable events or cases)

xU nrhjidÆ± X® F¿¥¾£l Ãf³¢¼ Ãf³tj¦F rhjfkhd /
fhuzkhd v±yh Éisîfisí« m±yJ tiffisí«/ mªÃf³¢¼¡F
rhjfkhd Ãf³¢¼f´ m±yJ rhjfkhd tiff´ v¬»nwh«.

cjhuzkhf/
,u©L gfilfis xnu rka¤½± åRj± v¬»w nrhjidia

gÇÓÈ¡fî«.

,¢nrhjidÆ±/ ,u©L gfilÆ± fhz¥gL« v©fË¬ TLj±
bjhif 7 Mf ,U¥gj¦FÇa rhjfkhd Ãf³¢¼f´ ahbjÅ± :

(1,6) (6,1) (5,2) (2,5), (3,4), (4,3).

mjhtJ/ TLj± bjhif 7 Mf ,U¥gj¦F/ ,¢nrhjidÆ±
rhjfkhf 6 tiff´ fhz¥gL»wJ.

(ix) Ô®th­thd Ãf³¢¼f´Ô®th­thd Ãf³¢¼f´Ô®th­thd Ãf³¢¼f´Ô®th­thd Ãf³¢¼f´Ô®th­thd Ãf³¢¼f´ (Exhaustive Events)

vªj xU nrhjidÆY«/ Éisa¡Toa rh¤½aK´s mid¤J
Éisîfisí«/ Ô®th­thd Ãf³¢¼f´ v¬»nwh«.

10.3.2  Ãf³Éid Mu«gfhy tiuaiwÃf³Éid Mu«gfhy tiuaiwÃf³Éid Mu«gfhy tiuaiwÃf³Éid Mu«gfhy tiuaiwÃf³Éid Mu«gfhy tiuaiw
xU nrhjid/  n  Ô®th­thd/ x¬iwbah¬W Éy¡F«

rkth­¥òila Éisîfis bfh©ljhfî«/ mt¦¿± m  Éisîf´ A

v¬D« Ãf³¢¼ Ãf³tj¦F rhjfkhditahfî« ,U¥¾¬/  m/n  v¬»w
É»j«/ Ãf³¢¼  A eilbgWtj¦fhd Ãf³jfî v¬W miH¡f¥gL»wJ/
k¦W« mªÃf³jfit P(A) v¬W F¿¡f¥gL»wJ.

∴ P (A)  = 

n

m

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) O < P(A) < 1

(ii) P(A) = 0 vÅ±, A v¬gJ xU rh¤½ak¦w Ãf³¢¼ MF«.

A v¬»w X® Ãf³¢¼Æ¬ rhjfkhd tiff´ (m), bkh¤j
Ô®th­thd Ãf³¢¼fS¡F (n) Äifahf ,U¡f KoahJ.
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mjhtJ 0  < m  < n

⇒ 0 < 
n
m <1

(iii)  P(S) = 1  vÅ±/  S  Ã¢ra Ãf³î MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 22

xU igÆ± 3 ¼t¥ò/ 6 bt´is/ 7 Úy Ãiw gªJf´ c´sd.
mt¦¿ÈUªJ vL¡f¥gL« ,u©LgªJfË±/ 1 bt´isahfî«
k¦bwh¬W Úykhfî« ,U¥gj¦fhd Ãf³jfî v¬d?

Ô®î :

bkh¤j gªJf´ = 3 + 6 + 7 = 16

16 gªJfË±,  2 gªJf´ 16C
2
 tÊfË± nj®ªbjL¡fyh«.

∴ n  = 16C
2
  = 120

vL¡f¥gL« ,u©L gªJfË± 1 bt´isahfî«  1 Úykhfî«
,U¥gj¦fhd Ãf³¢¼ia A vd¡ bfh´sî«.

6 bt´is k¦W« 7 Úy Ãw gªJf´ ,U¥gjh±/ Ãf³¢¼ A

eilbgWtj¦F rhjfkhd bkh¤j tiff´  6C
1
  x 7C

1
   = 6 x 7 = 42 MF«.

mjhtJ   m =   42

∴     P(A) = 
n
m  = 

120
42 =

20
7
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xU ehza« ,u©L Kiw R©l¥gL»wJ FiwªjxU ehza« ,u©L Kiw R©l¥gL»wJ FiwªjxU ehza« ,u©L Kiw R©l¥gL»wJ FiwªjxU ehza« ,u©L Kiw R©l¥gL»wJ FiwªjxU ehza« ,u©L Kiw R©l¥gL»wJ Fiwªj
g£r« xU jiy »il¥gj¦fhd Ãf³jfit f©L¾o¡fî«.g£r« xU jiy »il¥gj¦fhd Ãf³jfit f©L¾o¡fî«.g£r« xU jiy »il¥gj¦fhd Ãf³jfit f©L¾o¡fî«.g£r« xU jiy »il¥gj¦fhd Ãf³jfit f©L¾o¡fî«.g£r« xU jiy »il¥gj¦fhd Ãf³jfit f©L¾o¡fî«.

Ô®î :

,§F TWbtË S = {(H,H), (H,T), (T,H), (T,T)}

∴ bkh¤j rh¤½aK´s Éisîf´  n =  4

Fiwªjg£r xU jiy v¬»w Ãf³¢¼ V¦gLtj¦F rhjfkhd
Éisîf´ (H,H), (H,T), (T.H) MF«.

∴ bkh¤j rhjfkhd Éisîf´ m = 3

∴ P (Fiwªj g£r xU jiy bgWj±) =
4
3
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1-ÈUªJÈUªJÈUªJÈUªJÈUªJ  100 tiuí´s v©fËÈUªJ X® v©tiuí´s v©fËÈUªJ X® v©tiuí´s v©fËÈUªJ X® v©tiuí´s v©fËÈUªJ X® v©tiuí´s v©fËÈUªJ X® v©
nj®ªbjL¡f¥gL»wJ. mªj v©nj®ªbjL¡f¥gL»wJ. mªj v©nj®ªbjL¡f¥gL»wJ. mªj v©nj®ªbjL¡f¥gL»wJ. mªj v©nj®ªbjL¡f¥gL»wJ. mªj v© (i) 5-¬ bgU¡f§fshfî«¬ bgU¡f§fshfî«¬ bgU¡f§fshfî«¬ bgU¡f§fshfî«¬ bgU¡f§fshfî«
(ii)  7-M± tFgLgitahfî«M± tFgLgitahfî«M± tFgLgitahfî«M± tFgLgitahfî«M± tFgLgitahfî«  ( i i i)  70-¡F Äifahfî«/¡F Äifahfî«/¡F Äifahfî«/¡F Äifahfî«/¡F Äifahfî«/
,U¥gj¦fhd Ãf³jfî v¬d?,U¥gj¦fhd Ãf³jfî v¬d?,U¥gj¦fhd Ãf³jfî v¬d?,U¥gj¦fhd Ãf³jfî v¬d?,U¥gj¦fhd Ãf³jfî v¬d?

Ô®î :

rh¤½aK´s ÉisîfË¬ bkh¤j v©Â¡if = 100C
1 
= 100

(i) “5-¬ bgU¡f«” v¬»w Ãf³¢¼¡F/ rhjfkhd Éisîfshtd
(5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55…..100)

∴ rhjfkhd Éisîf´ = 20C
1
 = 20

∴ P (nj®ªbjL¡f¥g£l 5-¬ bgU¡f«) = 
100
20

= 
5
1

(ii) ‘7-M± tFgLgit’ v¬»w Ãf³¢¼¡F rhjfkhd Éisîfshtd
(7, 14, 21, 28, 35, 42, 49, 56, 63, 70, 77, 84, 91, 98)

∴ rhjfkhd Éisîf´ = 14C
1
 = 14

∴ P (nj®ªbjL¡f¥g£l v© 7-M± tFgLgit)  = 
100
14

=
50
7

(iii) ‘70-¡F ÄifahdJ’ v¬»w Ãf³¢¼¡F
rhjfkhd Éisîf´  = 30

∴ P (nj®ªbjL¡f¥gL« v© 70¡F ÄifahdJ)  = 
100
30

=
10
3

10.3.3Ãf³jfî - eåd tiuaiwÃf³jfî - eåd tiuaiwÃf³jfî - eåd tiuaiwÃf³jfî - eåd tiuaiwÃf³jfî - eåd tiuaiw
Ãf³jfÉ¬ eåd mQFKiw/ KGtJ«/ c©ikfS¡F (axioms)

c£g£lJ k¦W« fzÉaiy (set theory) mo¥gilahf bfh©L´sjhF«.

c©ikfS¡F c£g£lÃf³jfÉ¬ ½aÇia go¥gj¦F/ ¼y
mo¥gilahd concepts tiuaW¡f nt©oaJ mt¼akh»wJ.
mitf´ ahtd

(i) TWbtËTWbtËTWbtËTWbtËTWbtË (Sample space):

xnu kh½Çahd ÃgªjidÆ¬ Ñ³/ ½U«g¤½U«g eilbgW«
nrhjidÆ¬ x²bthU rh¤½aK´s ÉisîfS«/ TW¥ò´Ë (sample

space) vd tH§f¥gL»wJ.  v±yh¡ TW¥ò´ËfË¬ bjhF¥ig
TWbtË vd miH¡f¥g£L S v¬W F¿¡f¥gL»wJ.
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(ii) Ãf³¢¼Ãf³¢¼Ãf³¢¼Ãf³¢¼Ãf³¢¼ (Event):

TWbtËÆ¬ VjhtJ xU gF½¡ fz« Ãf³¢¼ v¬W
miH¡f¥gL»wJ.

(iii) x¬iwbah¬W Éy¡F« Ãf³¢¼f´x¬iwbah¬W Éy¡F« Ãf³¢¼f´x¬iwbah¬W Éy¡F« Ãf³¢¼f´x¬iwbah¬W Éy¡F« Ãf³¢¼f´x¬iwbah¬W Éy¡F« Ãf³¢¼f´  (Mutually Exclusive

Events):

A∩B = ϕ mjhtJ A k¦W« B v¬gd nruh¡ fz§f´ vÅ± A
k¦W« B Ãf³¢¼f´ x¬iwbah¬W Éy¡F« Ãf³¢¼fshF«.

cjhuzkhf/
S = {1,2,3,4,5} v¬f.
A = x¦iw v©fË¬ bjhF¥ò = {1,3,5}

k¦W«  B = ,u£il v©fË¬ bjhF¥ò = {2,4}

¾¬ò A∩B = ϕ

∴ vdnt A k¦W« B v¬gJ x¬iw x¬W Éy¡F« Ãf³¢¼f´
MF«.

c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

fz¤½¬ thÆyhd T¦Wf´fz¤½¬ thÆyhd T¦Wf´fz¤½¬ thÆyhd T¦Wf´fz¤½¬ thÆyhd T¦Wf´fz¤½¬ thÆyhd T¦Wf´
(i) A ∪ B => A,  B Ãf³¢¼Æ± VnjD« x¬W Ãf³tJ
(ii) A ∩ B => A,  B Ãf³¢¼f´ M»a ,u©L« xU§nf Ãf³tJ

(iii) A  ∩ B=> A,  B Ãf³¢¼f´ ÃfH ,ayhik

(iv) A ∩ 

B

=> Ãf³¢¼ A ÃfGtJ«/ ÃfH¢¼ B ÃfH ,ayhjJ«

10.3.4 Ãf³jfÉ¬ tiuaiw (btË¥gil c©ikf´ thÆyhf)Ãf³jfÉ¬ tiuaiw (btË¥gil c©ikf´ thÆyhf)Ãf³jfÉ¬ tiuaiw (btË¥gil c©ikf´ thÆyhf)Ãf³jfÉ¬ tiuaiw (btË¥gil c©ikf´ thÆyhf)Ãf³jfÉ¬ tiuaiw (btË¥gil c©ikf´ thÆyhf)
E v¬gJ xU nrhjid k¦W« S v¬gJ m¢nrhjidnahL

bjhl®ò bfh©L xU TwbtËahF«.  S v¬»w TWbtËÆ± c´s
x²bthU Ãf³¢¼íl¬/ P(A) (A-Æ¬ Ãf³jfî) v¬W F¿¡f¥gL»w xU
bk­ba©iz eh« bjhl®ò gL¤Jtij/ A-Æ¬ Ãf³jfî v¬W
miH¡f¥gL»wJ. mªÃf³jfî P(A), ¾¬tU« btË¥gil
c©ikfS¡F c£g£L´sJ.

btË¥gil c©ik 1. P(A) ≥ 0

btË¥gil c©ik 2. P(S) = 1

btË¥gil c©ik 3. A
1
, A

2
 ... v¬git S-± c´s

x¬iwbah¬W Éy¡F« bjhl® Ãf³¢¼fshdh±/
P (A

1
 ∪ A

2
 ∪ ...) = P(A

1
) + P (A

2
) +...
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S = {w
1
,  w

2
,  w

3
} v¬gJ xU TWbtË v¬f .v¬gJ xU TWbtË v¬f .v¬gJ xU TWbtË v¬f .v¬gJ xU TWbtË v¬f .v¬gJ xU TWbtË v¬f .

¾¬tUtdt¦W vit¾¬tUtdt¦W vit¾¬tUtdt¦W vit¾¬tUtdt¦W vit¾¬tUtdt¦W vit S TWbtËÆ¬ nk± xU Ãf³jfîTWbtËÆ¬ nk± xU Ãf³jfîTWbtËÆ¬ nk± xU Ãf³jfîTWbtËÆ¬ nk± xU Ãf³jfîTWbtËÆ¬ nk± xU Ãf³jfî
bt¿ia tiuaW¡»wJbt¿ia tiuaW¡»wJbt¿ia tiuaW¡»wJbt¿ia tiuaW¡»wJbt¿ia tiuaW¡»wJ?

(i) P(w
1
) = 1, P(w

2
) = 

3

2

P(w
3
) = 

3

1

(ii) P(w
1
) =  

3

2
,  P(w

2
) = 

3

1
, P(w

3
) =  -

3

2

(iii) P(w
1
) = 0, P(w

2
) = 

3

2
P(w

3
) = 

3

1

Ô®î :

(i) P(w
1
), P (w

2
) , P (w

3
) M»ait Fiwba©z±y

ie: P(w
1
) ≥ 0, P(w

2
) ≥ 0, P (w

3
) ≥ 0.

Mdh± P(w
1
) + P(w

2
) + P (w

3
) ≠ 1

vdnt  2-¬ go/ Ãf³jfî¢ rh®¾¬ bjhF¥ò Ãf³jfî
TWbtËia tiuaW¡fÉ±iy.

(ii) ,§F P(w
3
) Fiwk½¥ò/ Mjyh± c©ik 1-¬go/ Ãf³jfî¢

rh®¾¬ bjhF¥ò/ Ãf³jfî TWbtËia tiuaW¡fÉ±iy.

(iii) ,§F P(w
1
), P(w

2
),  P(w

3
)  M»ait Fiwba©z±y.

nkY« P(w
1
) + P(w

2
) + P(w

3
) = 0 + 

3
2 +

3
1  = 1

∴ vdnt c©ik 1,2 -¬go/ Ãf³jfî¢ rh®¾¬ bjhF¥ò Ãf³jfî
TWbtËia tiuaW¡»wJ.
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P v¬gJv¬gJv¬gJv¬gJv¬gJ  S = {w
1
, w

2
, w

3
} v¬w TWbtËÆ¬ Ãf³jfîv¬w TWbtËÆ¬ Ãf³jfîv¬w TWbtËÆ¬ Ãf³jfîv¬w TWbtËÆ¬ Ãf³jfîv¬w TWbtËÆ¬ Ãf³jfî

rh®gy¬ v¬f.rh®gy¬ v¬f.rh®gy¬ v¬f.rh®gy¬ v¬f.rh®gy¬ v¬f.

P(w
1
) = 

3

1 k¦W«k¦W«k¦W«k¦W«k¦W« P(w
3
) = 

2

1 vÅ±/vÅ±/vÅ±/vÅ±/vÅ±/

P(w
2
)-¬ k½¥ig¡ fh©f.¬ k½¥ig¡ fh©f.¬ k½¥ig¡ fh©f.¬ k½¥ig¡ fh©f.¬ k½¥ig¡ fh©f.

Ô®î :

,§F P(w
1
) = 

3
1  k¦W« P(w

3
) = 

2
1 M»a ,u©L« FiwÆ±yh

v© MF«.
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btË¥gil c©ik 2-¬ go,

P (w
1
) + P(w

2
) + P (w

3
)   =  1

∴ P (w
2
) = 1 - P(w

1
) - P (w

3
)

= 1 -  
3
1

-
2
1

= 
6
1 v¬gJ xU FiwÆ±yh v© MF«.

⇒ P(w
2
) = 

6
1

10.3.5Ãf³¢¼fS¡fhd Ãf³jfÉ¬ mo¥gil nj¦w§f´Ãf³¢¼fS¡fhd Ãf³jfÉ¬ mo¥gil nj¦w§f´Ãf³¢¼fS¡fhd Ãf³jfÉ¬ mo¥gil nj¦w§f´Ãf³¢¼fS¡fhd Ãf³jfÉ¬ mo¥gil nj¦w§f´Ãf³¢¼fS¡fhd Ãf³jfÉ¬ mo¥gil nj¦w§f´

nj¦w«nj¦w«nj¦w«nj¦w«nj¦w« : 1

S v¬gJ xU TWbtË v¬f. ¾¬ P(ϕ) = o. mjhtJ rh¤½aÄ±yh
Ãf³¢¼Æ¬ Ãf³jfî ó÷ÍakhF«.

Ã%gz«:

S∪ϕ = S v¬gJ eh« m¿ªjnj.
∴ P (S∪ϕ)   = P(S)

ie. P(S) + P(ϕ)  = P(S) (btË¥gil c©ik 3-¬ go)

          ∴ P(φ) = 0

nj¦w«nj¦w«nj¦w«nj¦w«nj¦w« : 2

S v¬gJ xU TWbtË k¦W« A v¬gJ m¡TWbtËÆ¬ xU
Ãf³¢¼ vÅ±/

P( A ) = 1-P(A)

Ã%gz« :

A∪

A

 =  S v¬gJ eh« m¿ªjJ

∴ P(A∪

A

)   =  P(S)

P(A) + P(

A

) =  1 btË¥gil (2) k¦W« (3)-¬ go

⇒ P(

A

) = 1 - P(A)

10.3.6T£l± nj¦w«T£l± nj¦w«T£l± nj¦w«T£l± nj¦w«T£l± nj¦w«

T¦WT¦WT¦WT¦WT¦W: A k¦W« B M»a VjhtJ ,U Ãf³¢¼f´ vÅ±

P(A∪B) = P(A) + P(B) - P(A∩B)
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c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) ,U Ãf³¢¼f´  A k¦W«  B M»ait x¬iwbah¬W
Éy¡F«Ãf³¢¼f´ vÅ± A∩B= ϕ

∴ P(A∩B) = 0

⇒ P(A∪B) = P(A) + P(B)

(ii) A,B,C v¬»w VnjD« _¬W Ãf³¢¼fS¡F« T£l± nj¦w¤ij
ÉÇ¤Jiu¡fyh«
P(A∪B∪C) = P(A) + P(B) + P(C) - P(A∩B) - P(A∩C)- P(B∩C) +

P(A∩B∩C).
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e¬F FY¡f¥g£ xU Ó£L¡f£oÈUªJ vL¡f¥gL«e¬F FY¡f¥g£ xU Ó£L¡f£oÈUªJ vL¡f¥gL«e¬F FY¡f¥g£ xU Ó£L¡f£oÈUªJ vL¡f¥gL«e¬F FY¡f¥g£ xU Ó£L¡f£oÈUªJ vL¡f¥gL«e¬F FY¡f¥g£ xU Ó£L¡f£oÈUªJ vL¡f¥gL«
xU Ó£L µng£ Ó£lhfnth/ Vµ Ó£lhfnth ,U¥gj¦fhdxU Ó£L µng£ Ó£lhfnth/ Vµ Ó£lhfnth ,U¥gj¦fhdxU Ó£L µng£ Ó£lhfnth/ Vµ Ó£lhfnth ,U¥gj¦fhdxU Ó£L µng£ Ó£lhfnth/ Vµ Ó£lhfnth ,U¥gj¦fhdxU Ó£L µng£ Ó£lhfnth/ Vµ Ó£lhfnth ,U¥gj¦fhd
Ãf³jfî v¬dÃf³jfî v¬dÃf³jfî v¬dÃf³jfî v¬dÃf³jfî v¬d?

Ô®î :

Ó£L¡fË¬ bkh¤j v©Â¡if = 52.

vdnt/ TWbtËÆ± 52 TW¥ò´Ëf´ fhz¥gL«/ x²bthU
TW¥ò´ËfS« rk Ãf³jfit bg¦¿U¡F«.

vL¡f¥g£l Ó£L ``µng£ v£lhfpp ,U¥gj¦fhd Ãf³¢¼ia A

v¬f.
∴ P(A) = P(vL¡f¥gL« Ó£L µng£)

= 

1
52

1
13

C

C

VbdÅ± Ãf³¢¼ A-± 13 µng£ Ó£Lfis

cilajhf ,U¡F«.

    P(A) = 
52
13

vL¡f¥g£l Ó£L ̀ `Vµ Ó£lhfpp ,U¥gj¦fhd Ãf³¢¼ia B v¬f.

∴P(B) = P (vL¡f¥gL« Ó£L ̀ `Vµpp)

= 
1

52

1
4

C

C
VbdÅ± Ãf³¢¼ B-± 4 TW¥ò´Ëf´ ,U¡F«.

mjhtJ 4 Vµ Ó£Lf´

= 
52
4
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(A∩B) v¬»w fyit Ãf³¢¼ ``µng£-« Vµ-«pp v¬»w xnuxU
TW¥ò´Ëia bfh©oU¡F«.

vdnt P(A∩B) = P (vL¡f¥gL« Ó£L ``µng£ ¼¬d« c´s Vµ
Ó£Lpp)

=
52
1

Mifah± njitahd Ãf³jfî
P (A∪B) = P (vL¡f¥g£l Ó£L µng£ m±yJ Vµ Mf ,U¥gJ)

= P (A) + P(B) - P(A∩B) (T£l± nj¦w¤½¬go)

= 
52
13

+
52
4

-
52
1

 = 
52
16

=
13
4

⇒ P(A∪B) = 
13
4
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1-ÈUªJ ÈUªJ ÈUªJ ÈUªJ ÈUªJ 20 tiu c´s v©fËÈUªJ /  xU v©tiu c´s v©fËÈUªJ /  xU v©tiu c´s v©fËÈUªJ /  xU v©tiu c´s v©fËÈUªJ /  xU v©tiu c´s v©fËÈUªJ /  xU v©
rkth ­¥ò KiwÆ± nj®ªbjL¡f¥bg¦w mªj v© 3 -¬rkth ­¥ò KiwÆ± nj®ªbjL¡f¥bg¦w mªj v© 3 -¬rkth ­¥ò KiwÆ± nj®ªbjL¡f¥bg¦w mªj v© 3 -¬rkth ­¥ò KiwÆ± nj®ªbjL¡f¥bg¦w mªj v© 3 -¬rkth ­¥ò KiwÆ± nj®ªbjL¡f¥bg¦w mªj v© 3 -¬
bgU¡fkhfnth m±yJ v© 4 -¬ bgU¡fkhfnthbgU¡fkhfnth m±yJ v© 4 -¬ bgU¡fkhfnthbgU¡fkhfnth m±yJ v© 4 -¬ bgU¡fkhfnthbgU¡fkhfnth m±yJ v© 4 -¬ bgU¡fkhfnthbgU¡fkhfnth m±yJ v© 4 -¬ bgU¡fkhfnth
,U¥gj¦fhd Ãf³jfî v¬d?,U¥gj¦fhd Ãf³jfî v¬d?,U¥gj¦fhd Ãf³jfî v¬d?,U¥gj¦fhd Ãf³jfî v¬d?,U¥gj¦fhd Ãf³jfî v¬d?

Ô®î :

rkth­¥ò KiwÆ± nj®ªbjL¡f¥gL« xU v©iz/ 20C
1
 tÊfË±

nj®ªbjL¡f Koaí«.  mjhtJ TWbtË S, 20 TW¥ò´Ëfis
bfh©oU¡F«.

⇒ S = {1,2,3,... 20}

nj®ªbjL¡f¥gL« v© 3-¬ bgU¡fkhf}kl§fhf ,U¥gj¦fhd
Ãf³¢¼ A vÅ±/

A = {3,6,9,12,15,18}

∴ P (A) =  P (nj®ªbjL¡f¥bg¦w v© 3-¬ bgU¡fkhf} =
20
6

nj®ªbjL¡f¥gL« v© 4-¬ bgU¡fkhf}kl§fhf ,U¥gj¦fhd
Ãf³¢¼ B vÅ±/

B = {4,8,12,16,20}

P(B)  = P (nj®ªbjL¡f¥g£l v©  4-¬ bgU¡fkhf)  = 
20
5

A∩B v¬w Ãf³¢¼Æ± 12, v¬w xnu xU TW¥ò´Ëia
bfh©oU¡F« m¡TW¥ò´Ë 3-bgU¡fkhfî«/ 4-¬ bgU¡fkhfî«
,U¡F«
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⇒ A∩B = {12}

P(A∩B) = P (nj®ªbjL¡f¥bg¦w v© 3-¬ bgU¡fkhfî« 4-¬
bgU¡fkhfî« ,U¥gj¦fhd}

  = 
20
1

vdnt njitahd Ãf³jfî/
P(A∪B) = P (nj®ªbjL¡f¥bg¦w v© 3-¬ bgU¡f« m±yJ v©

4-¬ bgU¡fkhf ,U¥gj¦F)

   = P(A) + P(B) - P (A∩B)

   = 
20
6
+

20
5
-

20
1
 = 

20
10

P(A∪B) = 
2
1
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xU igÆ±xU igÆ±xU igÆ±xU igÆ±xU igÆ±  6 fU¥ò k¦W«fU¥ò k¦W«fU¥ò k¦W«fU¥ò k¦W«fU¥ò k¦W«  5 ¼t¥ò gªJf´ c´sd.¼t¥ò gªJf´ c´sd.¼t¥ò gªJf´ c´sd.¼t¥ò gªJf´ c´sd.¼t¥ò gªJf´ c´sd.
mt¦¿ÈUªJ 2 gªJf´ rkth­¥ò KiwÆ± nj®ªbjL¡f¥mt¦¿ÈUªJ 2 gªJf´ rkth­¥ò KiwÆ± nj®ªbjL¡f¥mt¦¿ÈUªJ 2 gªJf´ rkth­¥ò KiwÆ± nj®ªbjL¡f¥mt¦¿ÈUªJ 2 gªJf´ rkth­¥ò KiwÆ± nj®ªbjL¡f¥mt¦¿ÈUªJ 2 gªJf´ rkth­¥ò KiwÆ± nj®ªbjL¡f¥
bg¦wh± mit ,u©L« xnu Ãw¤½± ,U¥gj¦fhdbg¦wh± mit ,u©L« xnu Ãw¤½± ,U¥gj¦fhdbg¦wh± mit ,u©L« xnu Ãw¤½± ,U¥gj¦fhdbg¦wh± mit ,u©L« xnu Ãw¤½± ,U¥gj¦fhdbg¦wh± mit ,u©L« xnu Ãw¤½± ,U¥gj¦fhd
Ãf³jfî v¬d?Ãf³jfî v¬d?Ãf³jfî v¬d?Ãf³jfî v¬d?Ãf³jfî v¬d?

Ô®î :

bkh¤j gªJf´ = 11

vL¡f¥g£l gªJf´ = 2

vdnt Ô®th­thd tiffË¬ v©Â¡if = 11C
2
 = 55

,U gªJfS« fUik Ãw¤½± bgWtj¦fhd Ãf³¢¼ia A vdî«/
,U gªJfS« ¼t¥ò Ãw¤½± bgWtj¦fhd Ãf³¢¼ia B vdî«
bfh´f.

vdnt Ãf³jfÉ¬ T£l± nj¦w¤½¬ go/ njitahd Ãf³jfî
ahbjÅ±

P (,U gªJfS« xnu Ãw¤½± ,U¥gj¦fhd) = P(AUB)

= P(A) + P(B)

= 
2

11

2
6

c

c
+

2
11

2
5

c

c

=  
55
15 +

55
10 =

55
25 = 

11
5
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 30

xU bg£oÆ± 6 ¼t¥ò / 4 bt´is k¦W« 5 fU¥òxU bg£oÆ± 6 ¼t¥ò / 4 bt´is k¦W« 5 fU¥òxU bg£oÆ± 6 ¼t¥ò / 4 bt´is k¦W« 5 fU¥òxU bg£oÆ± 6 ¼t¥ò / 4 bt´is k¦W« 5 fU¥òxU bg£oÆ± 6 ¼t¥ò / 4 bt´is k¦W« 5 fU¥ò
gªJf´ c´sd.  mt¦¿ÈUªJ 4 gªJfis xU eg®gªJf´ c´sd.  mt¦¿ÈUªJ 4 gªJfis xU eg®gªJf´ c´sd.  mt¦¿ÈUªJ 4 gªJfis xU eg®gªJf´ c´sd.  mt¦¿ÈUªJ 4 gªJfis xU eg®gªJf´ c´sd.  mt¦¿ÈUªJ 4 gªJfis xU eg®
rkth ­¥ò  KiwÆ± vL¡»wh ® .  m²thW vL¡f¥£lrkth ­¥ò  KiwÆ± vL¡»wh ® .  m²thW vL¡f¥£lrkth ­¥ò  KiwÆ± vL¡»wh ® .  m²thW vL¡f¥£lrkth ­¥ò  KiwÆ± vL¡»wh ® .  m²thW vL¡f¥£lrkth ­¥ò  KiwÆ± vL¡»wh ® .  m²thW vL¡f¥£l
gªJfË±/ x²bthU Ãw¤½Y« Fiwªj g£r« xU gªJgªJfË±/ x²bthU Ãw¤½Y« Fiwªj g£r« xU gªJgªJfË±/ x²bthU Ãw¤½Y« Fiwªj g£r« xU gªJgªJfË±/ x²bthU Ãw¤½Y« Fiwªj g£r« xU gªJgªJfË±/ x²bthU Ãw¤½Y« Fiwªj g£r« xU gªJ
,U¥gj¦fhd Ãf³jfî v¬d?,U¥gj¦fhd Ãf³jfî v¬d?,U¥gj¦fhd Ãf³jfî v¬d?,U¥gj¦fhd Ãf³jfî v¬d?,U¥gj¦fhd Ãf³jfî v¬d?

Ô®î :

bkh¤jK´s gªJf´ = 15

vL¡f¥g£l gªJf´ = 4

Ô®th­thd tiffË¬ v©Â¡if = 15c
4
 = 1365

bg£oÆÈUªJ rkth­¥ò KiwÆ± vL¡f¥g£l 4 gªJfË±/
x²bthU Ãw¤½Y« Fiwªj g£r« xU gªJ ,U¥gj¦fhd E v¬w
Ãf³¢¼/ Ñ³f©l x¬iw x¬W Éy¡F« tÊfË± eilbgwyh«.
(¼/ bt/ f v¬gJ ¼t¥ò/ bt´is/ fU¥ò gªJfis F¿¡F«)

E = (¼ = 1, bt = 1, f = 2) U (¼ = 2, bt = 1, f = 1) U (¼ = 1, bt = 2, f = 1)

vdnt/ Ãf³jfÉ¦fhd TLj± nj¦w¤½¬go/

P(E) = P(¼=1, bt=1, f=2) + P(¼=2, bt=1, f=1) + P(¼=1, bt=2, f=1)

= 
4

15

2
5

1
4

1
6

c

c x c x c
+ 

4
15

1
5

1
4

2
6

c

c x c x c
+ 

4
15

1
5

2
4

1
6

c

c x c x c

= 
4

15 c

1
[(6 x 4 x 10) + (15 x 4 x 5) + (6 x 6 x 5)]

= 
4

15 c

1
[240 + 300 + 180] =

1365
720  = 

91
48

10.3.7Ãgªjid¡F c£g£l Ãf³jfîÃgªjid¡F c£g£l Ãf³jfîÃgªjid¡F c£g£l Ãf³jfîÃgªjid¡F c£g£l Ãf³jfîÃgªjid¡F c£g£l Ãf³jfî (conditional probability)

tiuaiwtiuaiwtiuaiwtiuaiwtiuaiw:

A k¦W« B M»ad/ TWbtË S-± c´s ,U Ãf³¢¼f´ v¬f.
Ãf³¢¼ A V¦fdnt elªJ´snghJ/ Ãf³¢¼  B-Æ¬ Ãgªjid¡F
c£g£l Ãf³jfit

P(B/A)   = 
P(A)

B)P(AI
 ,  v¬W tiuaW¡f¥gL»wJ.

,½± P(A) ≠ 0 vd ,U¥gJ mt¼akhF«.
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c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J :

(i) ,Jngh¬nw P(A/B) = 
P(B)

B)P(AI
 ,  P(B) ≠ 0 vÅ±

(ii) P(A/B), P(B/A) M»at¦iw eh« fz¡»L«nghJ/ Fiw¡f¥g£l
TWbtËia bghU¤J fz¡»LtJ mt¼akh»wJ.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 31

_¬W ehza§f´ R©l¥gL»wJ .  ,t¦¿± Kj±_¬W ehza§f´ R©l¥gL»wJ .  ,t¦¿± Kj±_¬W ehza§f´ R©l¥gL»wJ .  ,t¦¿± Kj±_¬W ehza§f´ R©l¥gL»wJ .  ,t¦¿± Kj±_¬W ehza§f´ R©l¥gL»wJ .  ,t¦¿± Kj±
ehza¤½± ̀óp njh¬¿dh±/ v±yht¦¿Y« ̀óp njh¬Wehza¤½± ̀óp njh¬¿dh±/ v±yht¦¿Y« ̀óp njh¬Wehza¤½± ̀óp njh¬¿dh±/ v±yht¦¿Y« ̀óp njh¬Wehza¤½± ̀óp njh¬¿dh±/ v±yht¦¿Y« ̀óp njh¬Wehza¤½± ̀óp njh¬¿dh±/ v±yht¦¿Y« ̀óp njh¬W
tj¦fhd Ãf³jfî v¬d?tj¦fhd Ãf³jfî v¬d?tj¦fhd Ãf³jfî v¬d?tj¦fhd Ãf³jfî v¬d?tj¦fhd Ãf³jfî v¬d?

Ô®î :

,§F H = jiy/ T = ó v¬gij F¿¥gjhf bfh´nth«. _¬W
ehza§fis R©L« nrhjidÆ¬ Kothf cUthF« TWbtË.

S = {(HHH), (HHT), (HTH), (THH), (THT), (HTT), (TTH), (TTT)}

⇒ n(S) = 8.

Ãf³¢¼ A = Kj± ehza¤½± ̀ óp njh¬WtJ
= {(THH), (THT), (TTH), (TTT)}

n(A) = 4.

P(A) = 
n(S)

n(A)
 = 

8
4

= 
2
1

mid¤J« ̀ óp bgWtj¦fhd Ãf³¢¼ia  B v¬f. mjhtJ (TTT)

B∩A v¬»w fyit Ãf³¢¼ xnu rka¤½± mid¤J
ehza§fË± `óp njh¬WtJ k¦W« Kj± ehza¤½± `óp njh¬WtJ
M»a ,U Ãf³¢¼fisí« F¿¥gjhf bfh´nth«.

⇒∴ B∩A = {(TTT)}

n(B∩A) = 1

∴ P(A∩B) = 
n(S)

B)n(AI
 = 

8
1  (Q B∩A = A∩B)

vdnt/ N¤½u¥go

P(B/A) = 

P(A)

B)P(AI

∴P(B/A) =

2
1

8
1

= 
8
2 = 

4
1
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 32

xU bg£oÆ± 4 ¼t¥ò/ k¦W« 6 g¢ir gªJf´ c´sd.xU bg£oÆ± 4 ¼t¥ò/ k¦W« 6 g¢ir gªJf´ c´sd.xU bg£oÆ± 4 ¼t¥ò/ k¦W« 6 g¢ir gªJf´ c´sd.xU bg£oÆ± 4 ¼t¥ò/ k¦W« 6 g¢ir gªJf´ c´sd.xU bg£oÆ± 4 ¼t¥ò/ k¦W« 6 g¢ir gªJf´ c´sd.
,¥bg£oÆÈUªJ x¬w¬¾¬ x¬whf rkth­¥ò KiwÆ±,¥bg£oÆÈUªJ x¬w¬¾¬ x¬whf rkth­¥ò KiwÆ±,¥bg£oÆÈUªJ x¬w¬¾¬ x¬whf rkth­¥ò KiwÆ±,¥bg£oÆÈUªJ x¬w¬¾¬ x¬whf rkth­¥ò KiwÆ±,¥bg£oÆÈUªJ x¬w¬¾¬ x¬whf rkth­¥ò KiwÆ±
,U gªJf´ ½U¥¾¥ nghlhk± vL¡f¥gL»¬wd. KjÈ±,U gªJf´ ½U¥¾¥ nghlhk± vL¡f¥gL»¬wd. KjÈ±,U gªJf´ ½U¥¾¥ nghlhk± vL¡f¥gL»¬wd. KjÈ±,U gªJf´ ½U¥¾¥ nghlhk± vL¡f¥gL»¬wd. KjÈ±,U gªJf´ ½U¥¾¥ nghlhk± vL¡f¥gL»¬wd. KjÈ±
vL¡f¥g£l gªJ g¢ir Ãwkhf ,U¡F«nghJ/ ,u©lhtjhfvL¡f¥g£l gªJ g¢ir Ãwkhf ,U¡F«nghJ/ ,u©lhtjhfvL¡f¥g£l gªJ g¢ir Ãwkhf ,U¡F«nghJ/ ,u©lhtjhfvL¡f¥g£l gªJ g¢ir Ãwkhf ,U¡F«nghJ/ ,u©lhtjhfvL¡f¥g£l gªJ g¢ir Ãwkhf ,U¡F«nghJ/ ,u©lhtjhf
vL¡f¥g£l gªJ« g¢irahf ,U¥gj¦fhd Ãf³jfîvL¡f¥g£l gªJ« g¢irahf ,U¥gj¦fhd Ãf³jfîvL¡f¥g£l gªJ« g¢irahf ,U¥gj¦fhd Ãf³jfîvL¡f¥g£l gªJ« g¢irahf ,U¥gj¦fhd Ãf³jfîvL¡f¥g£l gªJ« g¢irahf ,U¥gj¦fhd Ãf³jfî
v¬d?v¬d?v¬d?v¬d?v¬d?

Ô®î :

Ãf³¢¼f´ A k¦W« B M»at¦iw Ñ³f©lthW tiuaW¡fî«.
A = {vL¡f¥g£l Kj± gª½¬ Ãw« g¢ir}

B = {vL¡f¥g£l ,u©lhtJ gª½¬ Ãw« g¢ir}

bkh¤j gªJfË¬ v©Â¡if = 4+6 = 10

x¬w¬¾¬ x¬whf/ rkth­¥ò KiwÆ± ,u©L gªJf´
vL¡f¥gL»wJ.

,§F eh« P(B/A) I¡ fz¡»lnt©L«.
Kj± gªij vL¡F«nghJ/
P(A) =  P(Kj± gªJ g¢ir Ãwkhf ,U¥gj¦F)

= 
1

10

1
6

C

C
=

10
6

vL¡f¥g£l Kj± IªJ (g¢ir) ½U¥¾¥ nghlhk± ,Uªjh±/
bg£oÆ± c´s bkh¤j gªJfË¬ v©Â¡if 9 Mfî«/ k¦W«
bkh¤jK´s g¢ir Ãw gªJfË¬ v©Â¡if 5 Mfî« Fiw»wJ.

∴ P(A∩B) =
1

10

1
6

C

C
x

1
9

1
5

C

C
 = 

10
6 x 

9
5 =

3
1

Mifah±  P(B/A) = P (vL¡f¥g£l Kj± gªJ g¢ir vD«bghGJ
vL¡f¥gL« ,u©lhtJ gªJ g¢irahf ,U¡F«)

=
P(A)

B)P(A I

P(B/A) =
10
6

3
1

 = 
3
1 x

6
10  = 

9
5

10.3.8rh®g¦w Ãf³¢¼fS¡fhd bgU¡f± nj¦w«rh®g¦w Ãf³¢¼fS¡fhd bgU¡f± nj¦w«rh®g¦w Ãf³¢¼fS¡fhd bgU¡f± nj¦w«rh®g¦w Ãf³¢¼fS¡fhd bgU¡f± nj¦w«rh®g¦w Ãf³¢¼fS¡fhd bgU¡f± nj¦w«
A k¦W« B M»ad ,U rh®g¦w Ãf³¢¼f´ vÅ±
P(A∩B) = P(A) P(B)
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c£fU¤Jc£fU¤Jc£fU¤Jc£fU¤Jc£fU¤J : 

A
1
, A

2
, ... A

n
 M»ait  n  v©Â¡if bfh©l rh®g¦w Ãf³¢¼f´

vÅ± P(A
1
 ∩ A

2
∩ A

3
 ... ∩A

n
) = P(A

1
) P(A

2
) P(A

3
) ... P(A

n
)

     

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 33

J¥gh¡» RL«ngh£o x¬¿±/ ,y¡if v­tj¦fhdJ¥gh¡» RL«ngh£o x¬¿±/ ,y¡if v­tj¦fhdJ¥gh¡» RL«ngh£o x¬¿±/ ,y¡if v­tj¦fhdJ¥gh¡» RL«ngh£o x¬¿±/ ,y¡if v­tj¦fhdJ¥gh¡» RL«ngh£o x¬¿±/ ,y¡if v­tj¦fhd

A-Æ¬ Ãf³jfîÆ¬ Ãf³jfîÆ¬ Ãf³jfîÆ¬ Ãf³jfîÆ¬ Ãf³jfî
2

1 , B-Æ¬ Ãf³jfîÆ¬ Ãf³jfîÆ¬ Ãf³jfîÆ¬ Ãf³jfîÆ¬ Ãf³jfî 
3

2  k¦W« k¦W« k¦W« k¦W« k¦W« C-Æ¬ Ãf³jfîÆ¬ Ãf³jfîÆ¬ Ãf³jfîÆ¬ Ãf³jfîÆ¬ Ãf³jfî

4

3 MF«. MF«. MF«. MF«. MF«. A, B, C M»a _tU« xnu ,y¡if xnu rka¤½±M»a _tU« xnu ,y¡if xnu rka¤½±M»a _tU« xnu ,y¡if xnu rka¤½±M»a _tU« xnu ,y¡if xnu rka¤½±M»a _tU« xnu ,y¡if xnu rka¤½±

RL»wh®f´ vÅ±/RL»wh®f´ vÅ±/RL»wh®f´ vÅ±/RL»wh®f´ vÅ±/RL»wh®f´ vÅ±/

(i) _tU« ,y¡if v­tj¦fhd_tU« ,y¡if v­tj¦fhd_tU« ,y¡if v­tj¦fhd_tU« ,y¡if v­tj¦fhd_tU« ,y¡if v­tj¦fhd

(ii) xnu xUt® k£L« ,y¡if v­tj¦fhdxnu xUt® k£L« ,y¡if v­tj¦fhdxnu xUt® k£L« ,y¡if v­tj¦fhdxnu xUt® k£L« ,y¡if v­tj¦fhdxnu xUt® k£L« ,y¡if v­tj¦fhd

(iii) Fiwªj g£r« ahnuD« xUt® ,y¡ifFiwªj g£r« ahnuD« xUt® ,y¡ifFiwªj g£r« ahnuD« xUt® ,y¡ifFiwªj g£r« ahnuD« xUt® ,y¡ifFiwªj g£r« ahnuD« xUt® ,y¡if
v­tj¦fhd Ãf³jfit fz¡»Lf.v­tj¦fhd Ãf³jfit fz¡»Lf.v­tj¦fhd Ãf³jfit fz¡»Lf.v­tj¦fhd Ãf³jfit fz¡»Lf.v­tj¦fhd Ãf³jfit fz¡»Lf.

Ô®î :

,§F P(A) =
2
1  , P(B) = 

3
2  , P(C) = 

4
3

P( A ) = 1-

2
1

 =
2
1 ,  P( B ) = 1-

3
2

=
3
1 ,  P( C ) = 1-

4
3 =

4
1

(i) P (_tU« ,y¡if v­tJ) = P(A∩B∩C)

= P(A) P(B) P(C)

(Q A, B, C rh®g¦W v­tJ)

= 

2
1

3
2

4
3  = 

4
1

Ãf³¢¼fis Ñ³f©lthW tiuaW¥ngh«.
E

1
 = {xnu xUt® k£L« ,y¡if v­tJ}

     = C)}BA( )CBA( )CB{(A IIUIIUII

E
2
  = {Fiwªj g£r« ahnuD« xUt® ,y¡if v­tJ}

     = C)}B{(A UU

,§F
(ii) P(E

1
) = P(A ∩ B  ∩

C

) + P( A  ∩ B ∩

C

) +  P( A  ∩ 

B

 ∩C)

=

2
1

3
1

4
1  + 

2
1

3
2

4
1  + 

2
1

3
1

4
3

= 
4
1
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(iii) P(E
2
) = P (A∪B∪C)

= P(A) + P(B) + P(C) - P(A∩C) - P(B∩C) - P(C∩A) + P(A∩B∩C)

= 
2
1 +

3
2 +

4
3 -

2
1

3
2 -

3
2

4
3 -

2
1

4
3 +

2
1

3
2

4
3

= 
2
1 +

3
2 +

4
3 -

3
1 -

2
1 -

8
3 +

4
1

= 
24
23

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 34

A, B, C v¬»w 3 khzt®fËl« xU ò´ËÆ± fz¡Fv¬»w 3 khzt®fËl« xU ò´ËÆ± fz¡Fv¬»w 3 khzt®fËl« xU ò´ËÆ± fz¡Fv¬»w 3 khzt®fËl« xU ò´ËÆ± fz¡Fv¬»w 3 khzt®fËl« xU ò´ËÆ± fz¡F
ju¥gL»wJ. m¡fz¡if mt®f´ Ô®¥gj¦fhd Ãf³jfîju¥gL»wJ. m¡fz¡if mt®f´ Ô®¥gj¦fhd Ãf³jfîju¥gL»wJ. m¡fz¡if mt®f´ Ô®¥gj¦fhd Ãf³jfîju¥gL»wJ. m¡fz¡if mt®f´ Ô®¥gj¦fhd Ãf³jfîju¥gL»wJ. m¡fz¡if mt®f´ Ô®¥gj¦fhd Ãf³jfî

KiwnaKiwnaKiwnaKiwnaKiwna 
2

1 , 
3

1
 , 

4

1  vÅ±/ m¡fz¡if Ô®¥gj¦fhd Ãf³jfîvÅ±/ m¡fz¡if Ô®¥gj¦fhd Ãf³jfîvÅ±/ m¡fz¡if Ô®¥gj¦fhd Ãf³jfîvÅ±/ m¡fz¡if Ô®¥gj¦fhd Ãf³jfîvÅ±/ m¡fz¡if Ô®¥gj¦fhd Ãf³jfî

v¬d?v¬d?v¬d?v¬d?v¬d?

Ô®î :

P(A) = P(fz¡if A Ô®¥gj¦fhd Ãf³jfî) = 
2
1

P(B) = P(fz¡if B Ô®¥gj¦fhd Ãf³jfî) = 
3
1

P(C) = P(fz¡if C Ô®¥gj¦fhd Ãf³jfî) = 
4
1

A, B, C v¬gd rh®g¦w Ãf³¢¼f´ v¬gjh±

P(A∩B) = P(A) P(B) = 
2
1

3
1

P(B∩C) = P(B) P(C) = 
3
1

4
1

P(C∩A) = P(C) P(A) = 
4
1

2
1

P(A∩B∩C)= P(A) P(B) P(C) = 
2
1

3
1

4
1

∴ P(fz¡if Ô®¥gj¦fhd Ãf³jfî) = P(ahnuD« xUt®
fz¡if Ô®¥gj¦fhd Ãf³jfî)

= P (AUBUC)

= P(A) + P(B) + P(C) - P(A∩B) - P(B∩C) - P(C∩A) + P(A∩B∩C)
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= 
2
1 +

3
1 +

4
1 -

2
1

3
1 -

3
1

4
1 -

2
1

4
1 +

2
1

3
1

4
1

= 
24

13-2-4-6812 +++  = 
24
18  = 

4
3

10.3.9 ngÆµ nj¦w« ngÆµ nj¦w« ngÆµ nj¦w« ngÆµ nj¦w« ngÆµ nj¦w«  (Baye’s Theorem)

S v¬gij TWbtË v¬f.  A
1
, A

2
, ... A

n
  v¬gd TWbtË  S-±

c´s bjhl®g¦w Ãf³¢¼fshfî«/ B, P(B) ≠ 0 v¬gJ TWbtË S-±
VnjD« xU Ãf³¢¼ia F¿¥gjhfî« bfh©lh±/ ngÆµ nj¦w« TWtJ
ahbjÅ±/

P ( )/BAr
 = 

( )

( )rr

n

1r

rr

B/AP )P(A

B/AP )P(A

=

Σ

 v¬gjhF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 35

xnu kh½Çahd ,U bg£ofË±/ Kiwna 4 bt´isxnu kh½Çahd ,U bg£ofË±/ Kiwna 4 bt´isxnu kh½Çahd ,U bg£ofË±/ Kiwna 4 bt´isxnu kh½Çahd ,U bg£ofË±/ Kiwna 4 bt´isxnu kh½Çahd ,U bg£ofË±/ Kiwna 4 bt´is
k¦W« 3 ¼t¥ò/ 3 bt´is k¦W« 7 ¼t¥ò gªJf´k¦W« 3 ¼t¥ò/ 3 bt´is k¦W« 7 ¼t¥ò gªJf´k¦W« 3 ¼t¥ò/ 3 bt´is k¦W« 7 ¼t¥ò gªJf´k¦W« 3 ¼t¥ò/ 3 bt´is k¦W« 7 ¼t¥ò gªJf´k¦W« 3 ¼t¥ò/ 3 bt´is k¦W« 7 ¼t¥ò gªJf´
c´sd. rkth­¥ò KiwÆ± xU bg£o nj®ªbjL¡f¥g£L/c´sd. rkth­¥ò KiwÆ± xU bg£o nj®ªbjL¡f¥g£L/c´sd. rkth­¥ò KiwÆ± xU bg£o nj®ªbjL¡f¥g£L/c´sd. rkth­¥ò KiwÆ± xU bg£o nj®ªbjL¡f¥g£L/c´sd. rkth­¥ò KiwÆ± xU bg£o nj®ªbjL¡f¥g£L/
m½ÈUªJ xU gªJ vL¡f¥gL»wJ. m¥gªJ bt´ism½ÈUªJ xU gªJ vL¡f¥gL»wJ. m¥gªJ bt´ism½ÈUªJ xU gªJ vL¡f¥gL»wJ. m¥gªJ bt´ism½ÈUªJ xU gªJ vL¡f¥gL»wJ. m¥gªJ bt´ism½ÈUªJ xU gªJ vL¡f¥gL»wJ. m¥gªJ bt´is
ÃwKilaitahf ,U¥gj¦fhd Ãf³jfit fh©f. m¥gªJÃwKilaitahf ,U¥gj¦fhd Ãf³jfit fh©f. m¥gªJÃwKilaitahf ,U¥gj¦fhd Ãf³jfit fh©f. m¥gªJÃwKilaitahf ,U¥gj¦fhd Ãf³jfit fh©f. m¥gªJÃwKilaitahf ,U¥gj¦fhd Ãf³jfit fh©f. m¥gªJ
bt´is ÃwKilaitahf ,U¡F«g£r¤½±/ m¥gªJ Kj±bt´is ÃwKilaitahf ,U¡F«g£r¤½±/ m¥gªJ Kj±bt´is ÃwKilaitahf ,U¡F«g£r¤½±/ m¥gªJ Kj±bt´is ÃwKilaitahf ,U¡F«g£r¤½±/ m¥gªJ Kj±bt´is ÃwKilaitahf ,U¡F«g£r¤½±/ m¥gªJ Kj±
bg£oÆÈUªJ tUtj¦fhd Ãf³jfî fh©fbg£oÆÈUªJ tUtj¦fhd Ãf³jfî fh©fbg£oÆÈUªJ tUtj¦fhd Ãf³jfî fh©fbg£oÆÈUªJ tUtj¦fhd Ãf³jfî fh©fbg£oÆÈUªJ tUtj¦fhd Ãf³jfî fh©f?

Ô®î :

A
1
, A

2
 v¬»w bg£ofË± Kiwna 4 bt´is k¦W« 3 ¼t¥ò/ 3

bt´is k¦W« 7 ¼t¥ò gªJf´ c´sd.

        i.e       A
1

              A
2

  4 bt´is        3 bt´is

   3 ¼t¥ò          7 ¼t¥ò

     bkh¤j« 7 gªJf´ bkh¤j« 10 gªJf´

,U bg£ofË± xU bg£o rkth­¥ò KiwÆ± nj®ªbjL¡f¥
gL»wJ

∴ P(A
1
)  =  P(A

2
)  = 

2
1
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nj®ªbjL¡f¥g£l bg£oÆÈUªJ xU gªJ nj®ªbjL¡f¥gL»wJ.
m¥gªJ bt´is ÃiwKilajhf ,U¡¡Toa Ãf³¢¼ia   B v¬f.

∴  P(B/A
1
)  = P(nj®ªbjL¡f¥g£l bt´is gªJ  Kj±

bg£oÆÈUªJ tUtj¦fhd)

P(B /A
1
) = 

7

4

∴ P (B/A
2
)  = P (nj®ªbjL¡f¥g£l bt´is gªJ ,u©lhtJ

bg£oÆÈUªJ tUtj¦fhd.)

⇒ P(B/A
2
)  = 

10
3

P (B) = P (nj®ªbjL¡f¥g£l gªJ bt´is Ãw¤½±
,U¥gj¦fhd)

= P(A
1
) P(B/A

1
)  + P (A

2
) P(B/A

2
)

= 
2
1

7
4 +

2
1

10
3

= 
140
61

ngÆµ nj¦w¥go/ bt´is¥ gªJ Kj± bg£oÆÈUªJ
tUtj¦fhd Ãf³jfî ahbjÅ±

    P(B
1
/A) = 

)(B/A P )P(A  )P(B/A )P(A

)P(B/A )P(A

2211

11

+

= 

10
3

2
1

7
4

2
1

7
4

2
1

+
 = 

10
3

7
4

7
4

+
 = 

61
40

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 36

xU bjhÊ¦rhiy 3 ,aª½u§f´ xU bjhÊ¦rhiy 3 ,aª½u§f´ xU bjhÊ¦rhiy 3 ,aª½u§f´ xU bjhÊ¦rhiy 3 ,aª½u§f´ xU bjhÊ¦rhiy 3 ,aª½u§f´ A
1
, A

2
, A

3
 KiwnaKiwnaKiwnaKiwnaKiwna 1000,

2000, 3000 ½UFf´ x²bthU ehS« c¦g¤½ br ­»¬wd.½UFf´ x²bthU ehS« c¦g¤½ br ­»¬wd.½UFf´ x²bthU ehS« c¦g¤½ br ­»¬wd.½UFf´ x²bthU ehS« c¦g¤½ br ­»¬wd.½UFf´ x²bthU ehS« c¦g¤½ br ­»¬wd.
mt¦¿±mt¦¿±mt¦¿±mt¦¿±mt¦¿±  A

1
 1%-«««««  ,  A

2
 1 .5%-««««« ,  A

3
 2%-« Fiwí´st¦iw« Fiwí´st¦iw« Fiwí´st¦iw« Fiwí´st¦iw« Fiwí´st¦iw

c¦g¤½ br­»¬wd. xU ehË¬ KoÉ±/ c¦g¤½ÆÈUªJc¦g¤½ br­»¬wd. xU ehË¬ KoÉ±/ c¦g¤½ÆÈUªJc¦g¤½ br­»¬wd. xU ehË¬ KoÉ±/ c¦g¤½ÆÈUªJc¦g¤½ br­»¬wd. xU ehË¬ KoÉ±/ c¦g¤½ÆÈUªJc¦g¤½ br­»¬wd. xU ehË¬ KoÉ±/ c¦g¤½ÆÈUªJ
rkth­¥ò KiwÆ± xU ½UF nj®ªbjL¡f¥g£lnghJ mJrkth­¥ò KiwÆ± xU ½UF nj®ªbjL¡f¥g£lnghJ mJrkth­¥ò KiwÆ± xU ½UF nj®ªbjL¡f¥g£lnghJ mJrkth­¥ò KiwÆ± xU ½UF nj®ªbjL¡f¥g£lnghJ mJrkth­¥ò KiwÆ± xU ½UF nj®ªbjL¡f¥g£lnghJ mJ
Fiwí´sjhf  f hz¥g£lJ .  mJ ,aª½u«Fiwí´sjhf  f hz¥g£lJ .  mJ ,aª½u«Fiwí´sjhf  f hz¥g£lJ .  mJ ,aª½u«Fiwí´sjhf  f hz¥g£lJ .  mJ ,aª½u«Fiwí´sjhf  f hz¥g£lJ .  mJ ,aª½u«  A

1
-¬¬¬¬¬

c¦g¤½ÆÈUªJ tªjJ v¬gj¦fhd Ãf³jfî v¬d?c¦g¤½ÆÈUªJ tªjJ v¬gj¦fhd Ãf³jfî v¬d?c¦g¤½ÆÈUªJ tªjJ v¬gj¦fhd Ãf³jfî v¬d?c¦g¤½ÆÈUªJ tªjJ v¬gj¦fhd Ãf³jfî v¬d?c¦g¤½ÆÈUªJ tªjJ v¬gj¦fhd Ãf³jfî v¬d?
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Ô®î :

P(A
1
) = P(,aª½u« A

1
 c¦g¤½ br­j ½UFfS¡fhd)

= 
6000
1000 =

6
1

P(A
2
) = P(,aª½u« A

2
 c¦g¤½ br­j ½UFfS¡fhd)

= 
6000
2000 =

3
1

P(A
3
) = P(,aª½u« A

3
 c¦g¤½ br­j ½UFfS¡fhd)

= 
6000
3000  = 

2
1

nj®ªbjL¡f¥g£l ½UF Fiwíilajhf ,U¥gj¦fhd Ãf³¢¼ia
B v¬f.

∴ P(B/A
1
)= P(Fiwí´s ½UF ,aª½u« A

1 
-ÈUªJ tUtj¦fhd)

= .01

,ij¥nghynt
P(B/A

2
) = P(Fiwí´s ½UF ,aª½u« A

2 
-ÆÈUªJ tUtj¦fhd)

    = .015

 P(B/A
3
)  = P(Fiwí´s ½UF ,aª½u« A

3 
-ÆÈUªJ tUtj¦fhd)

    = .02

eh« fhz nt©oaJ P(A
1
/B)

vdnt ngÆÌ¬ nj¦w¥go eh« bgWtJ ahbjÅ±

P(A
1
/B) = 

))P(B/AP(A)P(B/A )P(A  )P(B/A )P(A

)P(B/A )P(A

332211

11

++

= 
x(.02) (.015) x  (.01) x 

(.01)x 

2
1

3
1

6
1

6
1

++

= 
.06.03.01

.01
++

= 
.1

.01  =
10
1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 37

½UFf´ c¦g¤½ br ­í« bj hÊ¦r hiy x¬¿±½UFf´ c¦g¤½ br ­í« bj hÊ¦r hiy x¬¿±½UFf´ c¦g¤½ br ­í« bj hÊ¦r hiy x¬¿±½UFf´ c¦g¤½ br ­í« bj hÊ¦r hiy x¬¿±½UFf´ c¦g¤½ br ­í« bj hÊ¦r hiy x¬¿±
,aª½u§f´,aª½u§f´,aª½u§f´,aª½u§f´,aª½u§f´  A

1
, A

2
, A

3
 KiwnaKiwnaKiwnaKiwnaKiwna  25%, 35% k¦W«k¦W«k¦W«k¦W«k¦W«  40% c¦g¤½c¦g¤½c¦g¤½c¦g¤½c¦g¤½

br ­»¬wd .  mt¦¿¬ bkh¤j  c¦g¤½Æ±br ­»¬wd .  mt¦¿¬ bkh¤j  c¦g¤½Æ±br ­»¬wd .  mt¦¿¬ bkh¤j  c¦g¤½Æ±br ­»¬wd .  mt¦¿¬ bkh¤j  c¦g¤½Æ±br ­»¬wd .  mt¦¿¬ bkh¤j  c¦g¤½Æ±  5,  4,  2,

rjåj ½UFf´ Fiwí´sjhf fhz¥gL»¬wd.rjåj ½UFf´ Fiwí´sjhf fhz¥gL»¬wd.rjåj ½UFf´ Fiwí´sjhf fhz¥gL»¬wd.rjåj ½UFf´ Fiwí´sjhf fhz¥gL»¬wd.rjåj ½UFf´ Fiwí´sjhf fhz¥gL»¬wd.
c¦g¤½ÆÈUªJ /  rkth ­ ¥ò  KiwÆ± xU ½UFc¦g¤½ÆÈUªJ /  rkth ­ ¥ò  KiwÆ± xU ½UFc¦g¤½ÆÈUªJ /  rkth ­ ¥ò  KiwÆ± xU ½UFc¦g¤½ÆÈUªJ /  rkth ­ ¥ò  KiwÆ± xU ½UFc¦g¤½ÆÈUªJ /  rkth ­ ¥ò  KiwÆ± xU ½UF
vL¡f¥gL«nghJ/ mJ Fiwí´sjhf fhz¥gL»wJ. mJvL¡f¥gL«nghJ/ mJ Fiwí´sjhf fhz¥gL»wJ. mJvL¡f¥gL«nghJ/ mJ Fiwí´sjhf fhz¥gL»wJ. mJvL¡f¥gL«nghJ/ mJ Fiwí´sjhf fhz¥gL»wJ. mJvL¡f¥gL«nghJ/ mJ Fiwí´sjhf fhz¥gL»wJ. mJ
,aª½u«,aª½u«,aª½u«,aª½u«,aª½u«  A

2
-th± c¦g¤½ br ­a¥g£lJ v¬gj¦f hdth± c¦g¤½ br ­a¥g£lJ v¬gj¦f hdth± c¦g¤½ br ­a¥g£lJ v¬gj¦f hdth± c¦g¤½ br ­a¥g£lJ v¬gj¦f hdth± c¦g¤½ br ­a¥g£lJ v¬gj¦f hd
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Ãf³jfî v¬d?Ãf³jfî v¬d?Ãf³jfî v¬d?Ãf³jfî v¬d?Ãf³jfî v¬d?

Ô®î :

P(A
1
) = P(,aª½u« A

1
 c¦g¤½ br­j ½UFfS¡fhd)

= 
100
25 = .25

,ij¥nghynt P(A
2
) = 

100
35 = .35 k¦W«

 P(A
3
) =

100
40 = .4

nj®ªbjL¡f¥g£l ½UF Fiwíilajhf ,U¥gj¦fhd Ãf³¢¼ia
B v¬f.

∴ P(B/A
1
)= P(Fiwí´s ½UF ,aª½u« A

1 
-ÈUªJ tUtj¦fhd)

= 
100

5 =.05

,ij¥nghynt P(B/A
2
) = 

100
4 = .04 k¦W« P(B/A

3
) =

100
2 = .02

eh« fhz nt©oaJ P(A
2
/B)

vdnt ngÆÌ¬ nj¦w¥go/ eh« bgWtJ ahbjÅ±

P(A
2
/B) = 

))P(B/AP(A)P(B/A P(A)  )P(B/A )P(A

)P(B/A )P(A

33211

22

++

= 
(.02) (.4)  (.04) (.35)  (.05) (.25)

(.04) (.35)

++

= 
69
28

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 10.3

1) _¬W ehza§f´ R©l¥gL»wJ. ,½± (i) jiy ÉHhk± ,U¥gj¦F
k¦W« (ii) Fiwªj g£r« xU jiy ÉGtj¦fhd Ãf³jfit¡ fh©f.

2) xU KGikahd gfil ,UKiw år¥gL«bghGJ/ v©fË¬ TLj±
9 bgWtj¦fhd Ãf³jfit¡ f©L¾o¡fî«.

3) 4 bt´is/ 6 fU¥ò gªJfis¡ bfh©l xU igÆÈUªJ/ rkth­¥ò
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KiwÆ± ,u©L gªJf´ vL¡f¥gL»wJ (i) ,u©L« bt´isahf
k¦W« (ii) ,u©L« fU¥ghf ,U¥gj¦fhd Ãf³jfî v¬d?

4) {1,2,3,....100} ÈUªJ xU v© nj®ªbjL¡f¥gL«bghGJ m²bt©

(i) t®¡f v©zhf    (ii) 3 m±yJ 7 ¬ bgU¡fkhf

5) xU igÆ± 4 bt´is/ 5 fU¥ò k¦W« 6 ¼t¥ò gªJf´ c´sd.

rkth­¥ò KiwÆ± xU gªJ vL¡f¥gL«nghJ/ m¥gªJ ¼t¥ò m±yJ

bt´is Ãwkhf ,U¥gj¦fhd Ãf³jfî v¬d?

6) ,u©L gfilf´ xnu rka¤½± år¥gL«nghJ/ m²Éu©L
ehza§fË¬ nk± fhz¥gL« v©fË¬ TLj± 10¡F Äifahf

,U¥gj¦fhd Ãf³jfî v¬d?

7) xU eg® 4-±/ 3 Kiw ,y¡if v­Jth® vdî«/ k¦bwhU eg® 3-± 2
Kiw ,y¡if v­Jth® vdî« bjÇ»wJ. ,U eg®fS« RL«bghGJ/

,y¡F v­j¥gLtj¦fhd Ãf³jfî v¬d?

8) _¬W bg£ofË± Kiwna/ 1 bt´is/ 2 ¼t¥ò/ 3 fU¥ò/ 2 bt´is/ 3

¼t¥ò/ 1 fU¥ò/ 2 bt´is/ 1 ¼t¥ò/ 2 fU¥ò/ gªJf´ c´sd. rkth­¥ò
KiwÆ± xU bg£o nj®ªbjL¡f¥g£L m½ÈUªJ ,u©L gªJf´

vL¡f¥gL»wJ. m²ÉU gªJfS« 1 ¼t¥ò/  1  bt´is vd
fhz¥gL»wJ.  mitf´ ,u©lhtJ bg£oÆ± ,UªJ tªjj¦fhd

Ãf³jfî v¬d?

9) xU bjhÊ¦rhiyÆ± A
1
, A

2
 , A

3
 v¬w _¬W ,aª½u§f´ Kiwna

20%, 35% k¦W«  45% bghU£fis c¦g¤½ br­»wJ.  A
1
 v¬»w

,aª½u« c¦g¤½ br­jt¦¿±  2% gGJ´sit v¬gjid K¬

mDgt¤½¬ _y« m¿aKo»wJ. mij¥nghynt  A
2
 k¦W«  A

3

,aª½u§f´ c¦g¤½ br­t½± Kiwna  3% ,  5% bghU£f´
gGJ´sitahf fhz¥gL»wJ.  rkth­¥ò KiwÆ± c¦g¤½

br­a¥¥ll bghUËÈUªJ/ x¬W vL¡f¥g£L/ mJ gGJ´sit vd

fhz¥gL»wJ. m¥bghU´/ ,aª½u« A
3
 -M± c¦g¤½ br­a¥g£lJ

v¬gj¦fhd Ãf³jfî v¬d?

10) U
1
, U

2
, U

3
 v¬»w _¬W gh¤½u§fË± Kiwna ,u©L ¼t¥ò k¦W«

xU fU¥ò ; _¬W ¼t¥ò k¦W« ,u©L fU¥ò ; xU ¼t¥ò k¦W« xU
fU¥ò gªJf´ ,U¥gjhf bfh´nth«. _¬W gh¤½u§fË± xU
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gh¤½u« rkth­¥ò KiwÆ± nj®ªbjL¡f¥g£L mt¦¿ÈUªJ xU gªJ

vL¡f¥gL»wJ. m¥gª½¬ Ãw« fU¥ò vd fhz¥gL»wJ. m¥gªJ
U

3
 v¬w gh¤½u¤½ÈUªJ nj®ªbjL¡f¥g£lj¦fhd Ãf³jfî v¬d?

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 10.4

V¦òila Éilia bjÇî br­fV¦òila Éilia bjÇî br­fV¦òila Éilia bjÇî br­fV¦òila Éilia bjÇî br­fV¦òila Éilia bjÇî br­f

1) Ñ³f©lt¦¿± vit x¬W ika¥ngh¡fsitahF«?
(a) å¢R (b) khWgh£L¡bfG
(c) ,ilÃiy (d) ,½± VJÄ±iy

2) 2, -2 ¬ T£L¢ ruhrÇ
(a) 2 (b) 0 (c) -2 (d) ,½± VJÄ±iy

3) 2, 20, 10, 8, 1 -¬ ,ilÃiy v¬d?
(a) 20 (b) 10 (c) 8 (d) ,½± VJÄ±iy

4) KfL v¬gJ
(a) m½f miyfË¬ m½¥ò (b) eLk½¥ò
(c) xU bjhlÇ¬ Kj± k½¥ò (d) ,½± VJÄ±iy

5) 0,2, 8, 10 ¬ bgU¡F¢ruhrÇ
(a) 2 (b) 10 (c) 0 (d) ,½± VJÄ±iy

6) jÅ¤j ‘n’  cW¥ò¡fS¡fhd/ ,ir¢ruhrÇ v¬gJ

a) 
x

n
Σ

(b) 

x
1

1
n

Σ
(c) 

x
1

n

Σ (d) ,½± VJÄ±iy

7) Ñ³f©lt¦¿± vJ ¼jw± msit m±y?

(a) H.M (b) S.D. (c) C.V. (d) ,½± VJÄ±iy

8) xU bjhlÇ¬ T£L¢ruhrÇ/ (½£lÉy¡f«)2 M»ait 10 k¦W« 25
vÅ±/ khWgh£L¡bfG v¬gJ
(a) 25 (b) 50 (c) 100 (d) ,½± VJÄ±iy

9) xU bjhlÇ¬ ½£lÉy¡f«/ khWgh£L¡bfG M»a 5 k¦W«k 25 vÅ±/
T£L¢ruhrÇ v¬gJ
(a) 20 (b) 5 (c) 10 (d) ,½± VJÄ±iy

10) A, B v¬w Ãf³¢¼fË± Fiwªj g£r« VnjD« xU Ãf³¢¼
eilbgWtj¦fhd Ãf³jfî
(a) P(A∪B) (b) P(A∩B) (c) P(A/B) (d) ,½± VJÄ±iy
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11) P(A) + P ( A ) =

(a) -1 (b) 0 (c) 1 (d) ,½± VJÄ±iy
12) A k¦W« B  M»ait x¬iwbah¬W Éy¡F« Ãf³¢¼f´ vÅ±/

P(A∪B) v¬gJ

(a) P(A) + P(B) (b) P(A) + P(B) - P(A∩B)

(c) 0 (d) ,½± VJÄ±iy

13) xU Ó£L¡f£oÈUªJ/ xU µng£ Ó£il nj®ªbjL¥gj¦fhd Ãf³jfî
ahJ?

(a) 

52
1

(b)
13
1 (c) 

4
1

(d) ,½± VJÄ±iy

14) 6 ¼t¥ò/ 8 fU¥ò/ 10 k¨r´ k¦W« 1 g¢ir gªJf´ bfh©l xU
igÆÈUªJ/ xU bt´is gªij nj®ªbjL¥gj¦fhd Ãf³jfî

(a) 
52
1 (b) 0 (c) 

24
1 (d) ,½± VJÄ±iy

15) P(A/B) =

(a) 
P(A)

B)P(AI
(b) 

P(B)

B)P(AI
, P(B) =  0

(c) 
P(B)

B)P(AI
, P(B) ≠ 0 (d) ,½± VJÄ±iy

16) v±yh cW¥ò¡fisí« mo¥gilahf bfh©lit vJ?
(a) å¢R (b) ,ilÃiy (c) ruhrÇ (d) KfL

17) Ñ³f©lt¦¿±/ fil¼ cW¥ò¡fsh± gh½¡f¥glhjJ v¬d?
(a) ,ilÃiy (b) ruhrÇ (c) KfL (d) ½£lÉy¡f«

18) ruhrÇ/ ,ilÃiy/ k¦W« KfL M»at¦¿¦F ,ilna c´s mDgt
bjhl®ò v¬d?
(a) ruhrÇ - KfL = 3 ,ilÃiy  (b)ruhrÇ-KfL=3 (ruhrÇ-,ilÃiy)

(c) ruhrÇ - KfL = 2 ruhrÇ (d) ruhrÇ = 3 ,ilÃiy - KfL

19) ½£lÉy¡f¤½¬ t®¡f« v¬gJ

(a) ruhrÇ Éy¡f« (b) fh±khd Éy¡f«
(c) khWghL (d) å¢R

20) A k¦W« B M»ait x¬W¡bfh¬W bjhl®g¦w Ãf³¢¼f´ vÅ±
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P(AI B) =

(a)  P(A) P(B) (b)  P(A) + P(B) (c)  P(A/B) (d)  P(B) - P(A)

21) Ñ³¡f©lt¦¿± vJ rÇ
(a) ,ir¢ ruhrÇ < bgU¡F¢ ruhrÇ < T£L¢ ruhrÇ
(b) ,ir¢ ruhrÇ > bgU¡F¢ ruhrÇ < T£L¢ ruhrÇ
(c) T£L¢ ruhrÇ < bgU¡F¢ ruhrÇ < ,ir¢ ruhrÇ
(d) ,½± VJÄ±iy

22) Ñ³¡f©lt¦¿± vJ rÇ
(a) (T.r x ,.r.)2 = bg.r. (b) T.r. x ,.r. = (bg.r.)2

(c) (,.r. x bg.r) = (T.r.)2 (d) 
2
  bg.r.T.r +

= ,.r.

23) rh¤½aK´s Ãf³¢¼Æ¬ Ãf³jfî v¬d
(a) 1 (b)  0 (c) -1 (d) S

24) rh¤½ak¦w Ãf³¢¼Æ¬ Ãf³jfî v¬gJ
(a) 1 (b)  0 (c) 2 (d) φ

25) PROBABILITY v¬»w th®¤ijÆÈUªJ rkth­¥ò KiwÆ± xU
vG¤J nj®ªbjL¡f¥gL»wJ. m²btG¤J cÆ®vG¤jhf
,U¥gj¦fhd Ãf³jfî ahJ

(a) 
11
3

(b) 
11
2 (c) 

11
4 (d) 0
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Éilf´Éilf´Éilf´Éilf´Éilf´

mÂfS« mÂ¡nfhitfS«mÂfS« mÂ¡nfhitfS«mÂfS« mÂ¡nfhitfS«mÂfS« mÂ¡nfhitfS«mÂfS« mÂ¡nfhitfS«

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.1

2) (i) A + B = 
















− 816

7124

7312

(ii) 
















− 816

7124

7312

(iii) 5A = 
















232510

404520

10515

(iv) 
















−−

−

4128

260

10418

3) AB = 








− 129

48
,   BA = 









− 63

1614

4) AB = 
















−−

−

−

15187

14180

394011

,   BA = 
















−

−

−

8419

1144

3388

5) AB = 








1812

139
,   BA = 

















−

−

−

418

61617

10167

11) AB = ( 29 ),   BA = 
















12106

653

242012

12) AB = 










2
1

2
1

2
1

2
1

,  BA = 










2
1

2
1

2
1

2
1

13) A vD« FL«g¤J¡F njitahd fnyhÇf´ k¦W« òuj« Kiwna
12000, 320 myFf´.  ,njngh¬W  B vD« FL«g¤J¡F
njitahditf´ 10900, 295 myFf´ MF«.

14)














433525

161515

161511

15)  








27-

6-3-
        18)  









11

12-
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22) (i) 








3227

4460
      (ii) 









3431

4058
     (iii) 









− 105

644
 (iv) 









180

1932

23) (i) 








80407258

30556045
      (ii) 2 x 4    (iii) 





















8030

4055

7260

5845

(iv)  (i) v¬gJ (iii) -¬ Ãu± Ãiu kh¦W mÂ

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.2

1)  (i) 24     (ii) 9    (iii) 8 2)  10       3) 1

4) A v¬gJ ó÷Ía mÂ¡nfhit  5)  A v¬gJ ó÷Íak¦w mÂ¡nfhit

6)  0       7) 0 8) -120 9) 5

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.3

1) (c) 2) (c) 3) (a) 4) (c) 5) (b)

6) (b) 7) (a) 8) (c) 9) (d) 10) (a)

11) (b) 12) (c) 13) (c) 14) (b) 15) (a)

16) (c) 17) (a) 18) (b) 19) (b) 20) (b)

21) (a) 22) (b) 23) (a) 24) (a) 25) (c)

26) (b) 27) (d) 28) (d) 29) (b) 30) (a)

,a¦fÂj«,a¦fÂj«,a¦fÂj«,a¦fÂj«,a¦fÂj«
gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.1

1) ( )3-x5
4

+ 2)5(x
1
+ 2) 2x

19-
+  + 

3x
21
+

3) 
3x

21
+

+
3x

21
+

4) 2)2(x
1
+

+ 2)2(x
1
−

-
1x

1
+

5) 3)25(x
2-
+

+ )225(x
2

−
+ 2)25(x

3

−

6) 1)-9(x
1

- )29(x
1
+

- 22)3(x

1

+
  7) 1)-4(x

1
- )14(x

1
+

+ 2)12(x

1

+

8) 
1x

2
−

- 23)(x

5

+
9) 

23x
4
−

+
1- x2-x

5-x
2

10) 1)-2(x
3

-
1)2(x

13x
2
+

+

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.2

1) n = 10 2) 21 3) (i) 
3! 3! 3!
!13

 (ii) 
2! 2! 2!

!11
 (iii) 

2! 4! 4!
!11

4) 1344

5) 6666600 6) (i) 8! 4!  (ii) (7!) (8p
4
)  7) 1440    8) 1440 9) (i) 720    (ii) 24
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.3

1) (i) 210   (ii) 105 2) 16 3) 8 4) 780

5) 3360 6) 858 7) 9 8) 20790

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.5

1) 
4

3)(n 2)(n 1)n(n +++
2)

12

5)(3n 2)(n 1)n(n +++

3) 
3

1)(2n 1)2n(n ++
4) n(3n2+6n+1)

5) 
3
n

 (2n2+15n+74) 6) 
6

2)(n 1)n(n ++

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.6

1) 11c
5
 (-2)5x,    11c

6 x
2

6

2) 12c
6 3

3

x

y

3) 10c
4
(256) 4) 7

2

y

144x

5) 9c
4
 

16
3x17

,  -9c
5
 

96
x

19

6) 12c
4
(24)

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.7

1) (a) 2) (a) 3) (b) 4) (b)

5) (a) 6)  (a) 7) (a) 8) (b)

9) (c) 10) (a) 11) (a) 12) (a)

13) (a) 14) (b) 15) (c) 16) (b)        17) (d)

bjhlÇd§f´ k¦W« bjhl®f´bjhlÇd§f´ k¦W« bjhl®f´bjhlÇd§f´ k¦W« bjhl®f´bjhlÇd§f´ k¦W« bjhl®f´bjhlÇd§f´ k¦W« bjhl®f´

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 3.1

1)  
23
4

, 
19
2

2) 
248

1

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 3.2

1)  11, 17, 23 2)  15, 45, 135, 405, 1215

3)  
8
1

, 
11
1

, 
14
1

, 
17
1

4) 4, 64
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 3.4

1)  (a) 2, 
2
3

,
3
2

,
24
5

,
20
1

(b) 
2
1

, 
3
1− , 

4
1

, 
5
1− , 

6
1

     c) 1, 
4
1

,
27
1

, 
256

1
, 

3125
1

(d) 1, 0, 
2
1

, 0, 
3
1

     (e) 2, 16, 96, 512, 2560 (f) -1, 1, -1, 1, -1

     (g) 5, 11, 17, 23, 29

2)  2, 6, 3, 9, 4, 12, 5 3)  (a)  {0, 2}   b) {-1, 1}

4)   (a) n2    (b) 4n-1    (c) 2+ n
10

1
   (d) n2-1     (e) n3

n10

5)   (a) 1, 
2
1

, 
4
1

,
8
1

,
16
1

,
32
1

(b) 5, -10, 20, -40, 80, -160

      (c) 1, 4, 13, 40, 121, 364 (d) 2, 6, 15, 34, 73, 152

      (e) 1, 5, 14, 30, 55, 91 (f) 2, 1, 0, -1, -2, -3

      (g) 1, 1, 3, 11, 123, 15131 (h) 1, -1, 3, 1, 5, 3

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 3.5

1)   %. 27,350  2)   i) %. 5,398    ii) %. 5,405 3)  %. 95, 720

4)   %. 13,110  5)  %. 1,710 6) %. 8,000 7) 12%

8)  22
2
1

 M©Lf´ (njhuhakhf) 9) 16.1% 10) 12.4%

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 3.6

1)  %. 5,757.14 2) %. 2,228 3) %. 6,279 4) %. 3,073

5) %. 12,590 6) ,aª½u« B I th§fyh« 7) %. 1,198

8) %. 8,095 9) %. 5,796  10) %. 6,987 11) %. 46,050

12) %. 403.40 13) %. 7,398

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 3.7

1)  (a) 2) (a) 3)  (b) 4) (d) 5) (a) 6) (b)

7) (b) 8) (a) 9) (a) 10) (b) 11) (d) 12) (a)

13) (a) 14) (c) 15) (d) 16) (a) 17) (b) 18) (b)

19) (b) 20) (a) 21) (a) 22) (d) 23) (b) 24) (b)

25) (b) 26) (b) 27) (b) 28) (c) 29) (d) 30) (a)

31) (b) 32) (c) 33) (b)
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gFKiw tot fÂj«gFKiw tot fÂj«gFKiw tot fÂj«gFKiw tot fÂj«gFKiw tot fÂj«
gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.1

1) 8x+6y-9 = 0 2) x-4y-7 = 0

3) 8x2+8y2-2x-36y+35 = 0 4) x2+y2-6x-14y+54 = 0

5) 3x-4y = 12 6) x2-3y2-2y+1 = 0

7) x-y-6 = 0 8) 24x2-y2 = 0

9) 3x2+3y2+2x+12y-1 = 0 10) 2x+y-7 = 0

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.2

1) 2x-3y+12 = 0 2) x-y+5 2  = 0

3) x + 2y - 6 = 0 ; 2x + y = 0

4)  5
7

 5) - 2
3

m±yJ 
6

17
 6) 2x-3y+12 = 0 7) x- 3 y + 2 +3 3  = 0

8) 9x - 33y + 16 = 0 ; 77x + 21y - 22 = 0

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.3

2)  h = -33 3) 20x-15y+38 = 0 4) x-3y+4 = 0

5)  3x+y-5 = 0 6) Rs. 0.75 7) y = 7x+500

8)  y = 4x+6000 9) 24 = 7x+24000

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.4

1) x2+y2+8x+4y-16 = 0 2) x2+y2-4x-6y-12 = 0

3) π, 4
π

4) x2+y2+8x-12y-33 = 0

5) x2+y2-8x+2y-23 = 0 6) x2+y2-6x-6y+13 = 0

7) x2+y2-6x-8y+15 = 0 8) 5x2+5y2-26x-48y+24 = 0

9) x2+y2-4x-6y-12 = 0

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.5

1) x+3y-10 = 0 2) 2x+y-7 = 0

3) 6 myFf´ 4) a2(l2+m2) = n2

6) 
2
1

46

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.6

1)  (a) 2) (b) 3) (a) 4) (b) 5) (b) 6)  (b)

7) (c) 8) (c) 9) (b) 10) (b) 11) (a) 12) (c)

13) (b) 14) (a) 15) (b) 16) (b) 17) (a)
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½ÇnfhzÄ½½ÇnfhzÄ½½ÇnfhzÄ½½ÇnfhzÄ½½ÇnfhzÄ½
gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 5.1

12)  12
31

   13) 8
1

14) 22

31−

       18) 
4
3

         19) 1+ 2

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 5.2

3)  cosA = 
25
24 ,   cosecA = 

7
25− 4) 

276
1331−     5)  1 6) cotA

8)   (i) -cosec 23o        (ii) cot 26o

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 5.3

5.  (i) -(2+ 3 )   (ii) 
31

22

−
8) (i) 

325
36

   (ii) -
325
253

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 5.4

14)  sin3A = 
125
117

   cos3A = 
125

44−
;  tan3A = 

44
117−

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 5.5

1.  (i) 
2
1

( cos
2
A

- cosA)     (ii) 
2
1

(cos2C - cos2B)

     (iii) 
2
1

(
2
1

+ cos2A)     (iv) 
2
1

(cos3A + cos
3
A

)

2.  (i) 2cos42osin10o    (ii) -2sin4Asin2A   (iii) cos20o

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 5.6

1) (i) 
6
π

  (ii) 5
6
π

  (iii) 3
4
π

  (iv) 
6
π

 (v) -
4
π

  (vi) 
4
π

2)  (i) θ = nπ +
3
π

; n∈Z (ii) θ = 2nπ +
3
π

; n∈Z, θ = 2nπ +
3

2π
; n∈Z

     (iii) θ = nπ +
2
π

; n∈Z iv) θ = nπ +
3
π

; n∈Z

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 5.7

6) x = -1 m±yJ 
6
1

7)   x = 
2
1 m±yJ -4        9)  

65
33
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 5.8

1)  (d) 2) (a) 3) (c) 4) (a) 5) (c) 6)  (a)

7) (b) 8) (d) 9) (b) 10) (c) 11) (c) 12) (b)

13) (c) 14) (a) 15) (d) 16) (c) 17) (c) 18) (b)

19) (d) 20) (a) 21) (c) 22) (c) 23) (c) 24) (c)

25) (a) 26) (d) 27) (b) 28) (c) 29) (a) 30) (d)

31) (c) 32) (a) 33) (b) 34) (a) 35) (d) 36) (d)

37) (a) 38) (a) 39) (a) 40) (b)

rh®òfS« mt¦¿¬ tiugl§fS«rh®òfS« mt¦¿¬ tiugl§fS«rh®òfS« mt¦¿¬ tiugl§fS«rh®òfS« mt¦¿¬ tiugl§fS«rh®òfS« mt¦¿¬ tiugl§fS«

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 6.1

5)  2x-3+h 6) 0 7) k½¥gf« { x / < 0 or x > 1}

8) C = 




≤

<≤

n  25  ; -115n

25 n   0  ;100n    

5
n2 9) (-∞, 2] and [3, ∞]

12) f( x
1

) = 
5x3
x1

+

−  ,  
f(x)

1  = 
1-x
53x +    13) 2 1x

2
+  ; + 2

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 6.2

4) log 8 ; (log2)3

5) (i) 1 (ii) -11  (iii) -5  (iv) -1 (v) 41-29 2

(vi) 0.25 (vii) 0     (viii) 3
8

 ; k½¥gf« R-{ 2
1- }

6) (i) 1, 1 (ii) -1, 1 (iii) 2
1

, 2
1−

(iv) (0, 0) ; k½¥gf« R-{(4n+1) 2
π

 ; n xU KG v©}

7) (i) R - {(2n+1)π ; n∈Z} (ii) R-{2nπ ; n∈Z}

(iii) R-{nπ+ 4
π

 ; n∈Z} (iv) R

(v) R-{2nπ ; n∈Z} (vi) R-{(2n+1) 2
π

; n∈Z}

8) %. 1,425 9) 74 tUl§f´

10) i) f(x) = 3
1

x + 3
10

    ii) f(3) = 3
13

   (iii) a = 290
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 6.3

1)  (d) 2) (d) 3)  (a) 4) (a) 5) (a) 6) (c)

7) (b) 8) (c) 9) (b) 10) (c) 11) (d) 12) (a)

13) (a) 14) (b) 15) (b)

tif E©fÂj«tif E©fÂj«tif E©fÂj«tif E©fÂj«tif E©fÂj«

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 7.1

1)  (i) 10/3 (ii) - 5 (iii) 1/3 (iv) - 1/ √2 (v)  2

     (vi)  1 (vii) 247

8

15
a (viii)  5/3 (ix) 1 (x)  4

     (xi)  12 (xii)  5 / 2

2)   5 4) 28 / 5  ,   f ( 2 ) -ia¡ fhz ,ayhJ

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 7.2

2)      5/4,    - 4/3.      (6)   x = 3  and  x = 4

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  7.3

1)    (i)    - sin x          (ii)    sec2 x         (iii)    - cotx cosec x       (iv) 
x2

1

2) (i)    12x3 – 6x2 + 1 (ii) 
245

1620

xxx

−+
−

(iii)    

x

e

xx

+−
323

1

2

1

(iv)  ( )2

2
3

1
x

x

+
−

(v)      sec2 x  +  1/x (vi)  x 2 e x ( x + 3 )

(vii) 

232123 6
2

15 −
−− xxx

(viii) ( )bax

x

n
n

n

−
+

2

1

(ix)    2x(6x2 + 1) (x)  x2 cosx + 2 ( cosx + x sinx)

(xi)    sec x( 1 + 2 tan2x) (xii)  2sinx ( x - 1) + x cos (x - 2) + ex

(xiii) 2x (2x2 + 1) (xiv) xn-1 ( 1 + n log x)

(xv) 2 ( x tanx + cot x) + x( x sec2 x – 2 cosec2 x)

(xvi) ( )1tan2
2

sec
+xx

x

x (xvii)    

( )
2

1 x

x

e

e

+
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(xviii) 







+

2
tan1

2
tan 2 xx

(xix)    
( )

2
53

30

x+

−

(xx) 

4

1
2

2

−

−

x

x

(xxi)   
2

1
1

x

−

(xxii)  x ( 1 + 2 log x ) (xxiii)   x sec 2 x + tan x – sin x

(xxiv)  
( )

2
1 x

xe
x

+

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼   7.4

1) 
223

13

2
+−

−

xx

x

2)  
( )

31
583

10

x−

−
3) ex cos ( ex)

4)   esecx (secx tanx) 5) tan x 6) 2xex
2

7)   

1

1

2
+x

8)  - 3 sin(3x-2) 9) -2x tan(x2)

10)   
( )

4

32
2

2

−

−

x

x

11)    esinx + cosx (cosx – sinx)

12)   - cosec2 x. ecotx  13)   
x

e+1

1
   14)    2 cotx

15) 
tanx2

1
(e tan x   sec2 x)     16)  2x cos x2 17) ( )( )[ ]

( )xxx

xn
n

loglog.log.

logloglog
1−

18)  - 2 sin 2x        19)  
( )

x

x

x

e

e

e

+
−

+

1log

1

1
20) 

41

4

x

x

−

21) ( )
32

3 1
3

1 −

++ xx ( )13 2
+x       22)   

( )

x

xlogcos

23) xlog (logx) [1+log (logx) 24)   18 x ( 3x 2 + 4) 2

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 7.5

1) 
21

3

x−

    2)   
21

3
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0 1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9

10 0000 0043 0086 0128 0170 0212 0253 0294 0334 0374 4 8 12 17 21 25 29 33 37

11 0414 0453 0492 0531 0569 0607 0645 0682 0719 0755 4 8 11 15 19 23 26 30 34

12 0792 0828 0864 0899 0934 0969 1004 1038 1072 1106 3 7 10 14 17 21 24 28 31

13 1139 1173 1206 1239 1271 1303 1335 1367 1399 1430 3 6 10 13 16 19 23 26 29

14 1461 1492 1523 1553 1594 1614 1644 1673 1703 1732 3 6 9 12 15 18 21 24 27

15 1761 1790 1818 1847 1875 1903 1931 1959 1987 2014 3 6 8 11 14 17 20 22 25

16 2041 2068 2095 2122 2148 2175 2201 2227 2253 2279 3 5 8 11 13 16 18 21 24

17 2304 2330 2355 2380 2405 2430 2455 2480 2504 2529 2 5 7 10 12 15 17 20 22

18 2553 2577 2601 2625 2648 2672 2695 2718 2742 2765 2 5 7 9 12 14 16 19 21

19 2788 2810 2833 2856 2878 2900 2923 2945 2967 2989 2 4 7 9 11 13 16 18 20

20 3010 3032 3054 3075 3096 3118 3139 3160 3181 3201 2 4 6 8 11 13 15 17 19

21 3222 3243 3263 3284 3304 3324 3345 3365 3385 3404 2 4 6 8 10 12 14 16 18

22 3424 3444 3464 3483 3502 3522 3541 3560 3579 3598 2 4 6 8 10 12 14 15 17

23 3617 3636 3655 3674 3692 3711 3729 3747 3766 3784 2 4 6 7 9 11 13 15 17

24 3802 3820 3838 3856 3874 3892 3909 3927 3945 3962 2 4 5 7 9 11 12 14 16

25 3979 3997 4014 4031 4048 4065 4082 4099 4116 4133 2 3 5 7 9 10 12 14 15

26 4150 4166 4183 5200 4216 4232 4249 4265 4281 4298 2 3 5 7 8 10 11 13 15

27 4314 4330 4346 4362 4378 4393 4409 4425 4440 4456 2 3 5 6 8 9 11 13 14

28 4472 4487 4502 4518 4533 4548 4564 4579 4594 4609 2 3 5 6 8 9 11 12 14

29 4624 4639 4654 4669 4683 4698 4713 4728 4742 4757 1 3 4 6 7 9 10 12 13

30 4771 4786 4800 4814 4829 4843 4857 4871 4886 4900 1 3 4 6 7 9 10 11 13

31 4914 4928 4942 4955 4969 4983 4997 5011 5024 5038 1 3 4 5 7 8 10 11 12

32 5051 5065 5079 5092 5105 5119 5132 5145 5159 5172 1 3 4 5 7 8 9 11 12

33 5185 5198 5211 5224 5237 5250 5263 5276 5289 5302 1 3 4 5 6 8 9 10 12

34 5315 5328 5340 5353 5366 5378 5391 5403 5416 5428 1 3 4 5 6 8 9 10 11

35 5441 5453 5465 5478 5490 5502 5514 5527 5539 5551 1 2 4 5 6 7 9 10 11

36 5563 5575 5587 5599 5611 5623 5635 5647 5658 5670 1 2 4 5 6 7 8 10 11

37 5682 5694 5705 5717 5729 5740 5752 5763 5775 5786 1 2 3 5 6 7 8 9 10

38 57985809 5821 5832 5843 5855 5866 5877 5888 5899 1 2 3 5 6 7 8 9 10

39 5911 5922 5933 5944 5955 5966 5977 5988 5999 6010 1 2 3 4 5 7 8 9 10

40 6021 6031 6042 6053 6064 6075 6085 6096 6107 6117 1 2 3 4 5 6 7 9 10

41 6128 6138 6149 6160 6170 6180 6191 6201 6212 6222 1 2 3 4 5 6 7 8 9

42 6232 6243 6253 6263 6274 6284 6294 6304 6314 6325 1 2 3 4 5 6 7 8 9

43 6335 6345 6355 6365 6375 6385 6395 6405 6415 6425 1 2 3 4 5 6 7 8 9

44 6435 6444 6454 6464 6474 6484 6493 6503 6513 6522 1 2 3 4 5 6 7 8 9

45 6532 6542 6551 6561 6571 6580 6590 6599 6609 6618 1 2 3 4 5 6 7 8 9

46 6628 6637 6646 6656 6665 6675 6684 6693 9702 9712 1 2 3 4 5 6 7 7 8

47 6721 6730 6739 6749 6758 6767 6776 6785 6794 6803 1 2 3 4 5 5 6 7 8

48 6812 6821 6830 6839 6848 6857 6866 6875 6884 6893 1 2 3 4 4 5 6 7 8

49 6902 6911 6920 6928 6937 6946 6955 6964 6972 6981 1 2 3 4 4 5 6 7 8

50 6990 6998 7007 7016 7024 7033 7042 7050 7059 7067 1 2 3 3 4 5 6 7 8

51 7076 7084 7093 7101 7110 7118 7126 7135 7143 7152 1 2 3 3 4 5 6 7 8

52 7160 7168 7177 7185 7193 7202 7210 7218 7226 7235 1 2 2 3 4 5 6 7 7

53 7243 7251 7259 7267 7275 7284 7292 7300 7308 7316 1 2 2 3 4 5 6 6 7

54 7324 7332 7340 7348 7356 7364 7372 7380 7388 7396 1 2 2 3 4 5 6 6 7

LOGARITHMS
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Mean Differences
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LOGARITHMS

0 1 2 3 4 5 6 7 8 9

55 7404 7412 7419 7427 7435 7443 7451 7459 7466 7474 1 2 2 3 4 5 5 6 7

56 7482 7490 7497 7505 7513 7520 7528 7536 7543 7551 1 2 2 3 4 5 5 6 7

57 7559 7566 7574 7582 7589 7597 7604 7612 7619 7627 1 2 2 3 4 5 5 6 7

58 7634 7642 7649 7657 7664 7672 7679 7686 7694 7701 1 1 2 3 4 4 5 6 7

59 7709 7716 7723 7731 7738 7745 7752 7760 7767 7774 1 1 2 3 4 4 5 6 7

60 7782 7789 7796 7803 7810 7818 7825 7832 7839 7846 1 1 2 3 4 4 5 6 6

61 7853 7860 7868 7875 7882 7889 7896 7903 7910 7917 1 1 2 3 3 4 5 6 6

62 7924 7931 7938 7945 7952 7959 7966 7973 7980 7987 1 1 2 3 3 4 5 6 6

63 7993 8000 8007 8014 8021 8028 8035 8041 8048 8055 1 1 2 3 3 4 5 6 6

64 8062 8069 8075 8082 8089 8096 8102 8109 8116 8122 1 1 2 3 3 4 5 5 6

65 8129 8136 8142 8149 8156 8162 8169 8176 8182 8189 1 1 2 3 3 4 5 5 6

66 8195 8202 8209 8215 8222 8228 8235 8241 8248 8254 1 1 2 3 3 4 5 5 6

67 8261 8267 8274 8280 8287 8293 8299 8306 8312 8319 1 1 2 3 3 4 4 5 6

68 8325 8331 8338 8344 8351 8357 8363 8370 8376 8382 1 1 2 3 3 4 4 5 6

69 8388 8395 8401 8407 8414 8420 8426 8432 8439 8445 1 1 2 3 3 4 4 5 6

70 8451 8457 8463 8470 8476 8482 8488 8494 8500 8506 1 1 2 2 3 4 4 5 6

71 8513 8519 8525 8531 8537 8543 8549 8555 8561 8567 1 1 2 2 3 4 4 5 5

72 8573 8579 8585 8591 8597 8603 8609 8615 8621 8627 1 1 2 2 3 4 4 5 5

73 8633 8639 8645 8651 8657 8663 8669 8675 8681 8686 1 1 2 2 3 4 4 5 5

74 8692 8698 8704 8710 8716 8722 8727 8733 8739 8745 1 1 2 2 3 4 4 5 5

75 8751 8756 8762 8768 8774 8779 8785 8791 8797 8802 1 1 2 2 3 3 4 5 5

76 8808 8814 8820 8825 8831 8837 8842 8848 8854 8859 1 1 2 2 3 3 4 5 5

77 8865 8871 8876 8882 8887 8893 8899 8904 8910 8915 1 1 2 2 3 3 4 4 5

78 8912 8927 8932 8938 8943 8949 8954 8960 8965 8971 1 1 2 2 3 3 4 4 5

79 8976 8982 8987 8993 8998 9004 9009 9015 9020 9025 1 1 2 2 3 3 4 4 5

80 9031 9036 9042 9047 9053 9058 9063 9069 9074 9079 1 1 2 2 3 3 4 4 5

81 9085 9090 9096 9101 9106 9112 9117 9122 9128 9133 1 1 2 2 3 3 4 4 5

82 9138 9143 9149 9154 9159 9165 9170 9175 9180 9186 1 1 2 2 3 3 4 4 5

83 9191 9196 9201 9206 9212 9217 9222 9227 9232 9238 1 1 2 2 3 3 4 4 5

84 9243 9248 9253 9258 9263 9269 9274 9279 9284 9289 1 1 2 2 3 3 4 4 5

85 9294 9299 9304 9309 9315 9320 9325 9330 9335 9340 1 1 2 2 3 3 4 4 5

86 9345 9350 9355 9360 9365 9370 9375 9380 9385 9390 1 1 2 2 3 3 4 4 5

87 9395 9400 9405 9410 9415 9420 9425 9430 9435 9440 0 1 1 2 2 3 3 4 4

88 9445 9450 9455 9460 9465 9469 9474 9479 9484 9489 0 1 1 2 2 3 3 4 4

89 9494 9499 9504 9509 9513 9518 9523 9528 9533 9538 0 1 1 2 2 3 3 4 4

90 9542 9547 9552 9557 9562 9566 9571 9576 9581 9586 0 1 1 2 2 3 3 4 4

91 9590 9595 9600 9605 9609 9614 9619 9624 9628 9633 0 1 1 2 2 3 3 4 4

92 9638 9643 9647 9652 9657 9661 9666 9671 9675 9680 0 1 1 2 2 3 3 4 4

93 9685 9689 9694 9699 9703 9708 9713 9717 9722 9727 0 1 1 2 2 3 3 4 4

94 9731 9736 9741 9745 9750 9754 9759 9764 9768 9773 0 1 1 2 2 3 3 4 4

95 9777 9782 9786 9791 9795 9800 9805 9809 9814 9818 0 1 1 2 2 3 3 4 4

96 9823 9827 9832 9836 9841 9845 9850 9854 9859 9863 0 1 1 2 2 3 3 4 4

97 9868 9872 9877 9881 9886 9890 9894 9899 9903 9908 0 1 1 2 2 3 3 4 4

98 9912 9917 9921 9926 9930 9934 9939 9943 9948 9952 0 1 1 2 2 3 3 4 4

99 9956 9961 9965 9969 9974 9978 9983 9987 9991 9996 0 1 1 2 2 3 3 4 4

Mean Differences



365

0 1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9

.00 1000 1002 1005 1007 1009 1012 1014 1016 1019 1021 0 0 1 1 1 1 2 2 2

.01 1023 1026 1028 1030 1033 1035 1038 1040 1042 1045 0 0 1 1 1 1 2 2 2

.02 1047 1050 1052 1054 1057 1059 1062 1064 1067 1069 0 0 1 1 1 1 2 2 2

.03 1072 1074 1076 1079 1081 1084 1086 1089 1091 1094 0 0 1 1 1 1 2 2 2

.04 1096 1099 1102 1104 1107 1109 1112 1114 1117 1119 0 1 1 1 1 2 2 2 2

.05 1122 1125 1127 1130 1132 1135 1138 1140 1143 1146 0 1 1 1 1 2 2 2 2

.06 1148 1151 1153 1156 1159 1161 1164 1167 1169 1172 0 1 1 1 1 2 2 2 2

.07 1175 1178 1180 1183 1186 1189 1191 1194 1197 1199 0 1 1 1 1 2 2 2 2

.08 1202 1205 1208 1211 1213 1216 1219 1222 1225 1227 0 1 1 1 1 2 2 2 3

.09 1230 1233 1236 1239 1242 1245 1247 1250 1253 1256 0 1 1 1 1 2 2 2 3

.10 1259 1262 1265 1268 1271 1274 1276 1279 1282 1285 0 1 1 1 1 2 2 2 3

.11 1288 1291 1294 1297 1300 1303 1306 1309 1312 1315 0 1 1 1 2 2 2 2 3

.12 1318 1321 1324 1327 1330 1334 1337 1340 1343 1346 0 1 1 1 2 2 2 2 3

.13 1349 1352 1355 1358 1361 1365 1368 1371 1374 1377 0 1 1 1 2 2 2 2 3

.14 1380 1384 1387 1390 1393 1396 1400 1403 1406 1409 0 1 1 1 2 2 2 3 3

.15 1413 1416 1419 1422 1426 1429 1432 1435 1439 1442 0 1 1 1 2 2 2 3 3

.16 1445 1449 1452 1455 1459 1462 1466 1469 1472 1476 0 1 1 1 2 2 2 3 3

.17 1479 1483 1486 1489 1493 1496 1500 1503 1507 1510 0 1 1 1 2 2 2 3 3

.18 1514 1517 1521 1524 1528 1531 1535 1538 1542 1545 0 1 1 1 2 2 2 3 3

.19 1549 1552 1556 1560 1563 1567 1570 1574 1578 1581 0 1 1 1 2 2 3 3 3

.20 1585 1589 1592 1596 1600 1603 1607 1611 1614 1618 0 1 1 1 2 2 3 3 3

.21 1622 1626 1629 1633 1637 1641 1644 1648 1652 1656 0 1 1 2 2 2 3 3 3

.22 1660 1663 1667 1671 1675 1679 1683 1687 1690 1694 0 1 1 2 2 2 3 3 3

.23 1698 1702 1706 1710 1714 1718 1722 1726 1730 1734 0 1 1 2 2 2 3 3 4

.24 1738 1742 1746 1750 1754 1758 1762 1766 1770 1774 0 1 1 2 2 2 3 3 4

.25 1778 1782 1786 1791 1795 1799 1803 1807 1811 1816 0 1 1 2 2 3 3 3 4

.26 1820 1824 1828 1832 1837 1841 1845 1849 1854 1858 0 1 1 2 2 3 3 3 4

.27 1862 1866 1871 1875 1879 1884 1888 1892 1897 1901 0 1 1 2 2 3 3 3 4

.28 1905 1910 1914 1919 1923 1928 1932 1936 1941 1945 0 1 1 2 2 3 3 4 4

.29 1950 1954 1959 1963 1968 1972 1977 1982 1986 1991 0 1 1 2 2 3 3 4 4

.30 1995 2000 2004 2009 2014 2018 2023 2028 2032 2037 0 1 1 2 2 3 3 4 4

.31 2042 2046 2051 2056 2061 2065 2070 2075 2080 2084 0 1 1 2 2 3 3 4 4

.32 2089 2094 2099 2104 2109 2113 2118 2123 2128 2133 0 1 1 2 2 3 3 4 4

.33 2138 2143 2148 2153 2158 2163 2168 2173 2178 2183 0 1 1 2 2 3 3 4 4

.34 2188 2193 2198 2203 2208 2213 2218 2223 2228 2234 1 1 2 2 3 3 4 4 5

.35 2239 2244 2249 2254 2259 2265 2270 2275 2280 2286 1 1 2 2 3 3 4 4 5

.36 2291 2296 2301 2307 2312 2317 2323 2328 2333 2339 1 1 2 2 3 3 4 4 5

.37 2344 2350 2355 2360 2366 2371 2377 2382 2388 2393 1 1 2 2 3 3 4 4 5

.38 2399 2404 2410 2415 2421 2427 2432 2438 2443 2449 1 1 2 2 3 3 4 4 5

.39 2455 2460 2466 2472 2477 2483 2489 2495 2500 2506 1 1 2 2 3 3 4 5 5

.40 2512 2518 2523 2529 2535 2541 2547 2553 2559 2564 1 1 2 2 3 3 4 5 5

.41 2570 2576 2582 2588 2594 2600 2606 2612 2618 2624 1 1 2 2 3 4 4 5 5

.42 2630 2636 2642 2648 2655 2661 2667 2673 2679 2685 1 1 2 2 3 4 4 5 6

.43 2692 2698 2704 2710 2716 2723 2729 2735 2742 2748 1 1 2 2 3 4 4 5 6

.44 2754 2761 2767 2773 2780 2786 2793 2799 2805 2812 1 1 2 3 3 4 4 5 6

.45 2818 2825 2831 2838 2844 2851 2858 2864 2871 2877 1 1 2 3 3 4 5 5 6

.46 2884 2891 2897 2904 2911 2917 2924 2931 2938 2944 1 1 2 3 3 4 5 5 6

.47 2951 2958 2965 2972 2979 2985 2992 2999 3006 3013 1 1 2 3 3 4 5 6 6

.48 3020 3027 3034 3041 3048 3055 3062 3069 3076 3083 1 1 2 3 4 4 5 6 6

.49 3090 3097 3105 3112 3119 3126 3133 3141 3148 3155 1 1 2 3 4 4 5 6 7

ANTI-LOGARITHMS
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366

.50 3162 3170 3177 3184 3192 3199 3206 3214 3221 3228 1 2 2 3 4 4 5 6 7

.51 3236 3243 3251 3258 3266 3273 3281 3289 3296 3304 1 2 2 3 4 5 5 6 7

.52 3311 3319 3327 3334 3342 3350 3357 3365 3373 3381 1 2 2 3 4 5 5 6 7

.53 3388 3396 3404 3412 3420 3428 3436 3443 3451 3459 1 2 2 3 4 5 6 6 7

.54 3467 3475 3483 3491 3499 3508 3516 3524 3532 3540 1 2 2 3 4 5 6 6 7

.55 3548 3556 3565 3573 3581 3589 3597 3606 3614 3622 1 2 2 3 4 5 6 7 7

.56 3631 3639 3648 3656 3664 3673 3681 3690 3698 3707 1 2 3 3 4 5 6 7 8

.57 3715 3724 3733 3741 3750 3758 3767 3776 3784 3793 1 2 3 3 4 5 6 7 8

.58 3802 3811 3819 3828 3837 3846 3855 3864 3873 3882 1 2 3 4 4 5 6 7 8

.59 3890 3899 3908 3917 3926 3936 3945 3954 3963 3972 1 2 3 4 5 5 6 7 8

.60 3981 3990 3999 4009 4018 4027 4036 4046 4055 4064 1 2 3 4 5 6 7 7 8

.61 4074 4083 4093 4102 4111 4121 4030 4140 4150 4159 1 2 3 4 5 6 7 8 9

.62 4169 4178 4188 4198 4207 4217 4227 4236 4246 4256 1 2 3 4 5 6 7 8 9

.63 4266 4276 4285 4295 4305 4315 4325 4335 4345 4355 1 2 3 4 5 6 7 8 9

.64 4365 4375 4385 4395 4406 4416 4426 4436 4446 4457 1 2 3 4 5 6 7 8 9

.65 4467 4477 4487 4498 4508 4519 4529 4539 4550 4560 1 2 3 4 5 6 7 8 9

.66 4571 4581 4592 4603 4613 4624 4634 4645 4656 4667 1 2 3 4 5 6 7 8 10

.67 4677 4688 4699 4710 4721 4732 4742 4753 4764 4775 1 2 3 4 5 7 8 9 10

.68 4786 4797 4808 4819 4831 4842 4853 4864 4875 4887 1 2 3 4 6 7 8 9 10

.69 4898 4909 4920 4932 4943 4955 4966 4977 4989 5000 1 2 3 5 6 7 8 9 10

.70 5012 5023 5035 5047 5058 5070 5082 5093 5105 5117 1 2 4 5 6 7 8 9 11

.71 5129 5140 5152 5164 5176 5188 5200 5212 5224 5236 1 2 4 5 6 7 8 10 11

.72 5248 5260 5272 5284 5297 5309 5321 5333 5346 5358 1 2 4 5 6 7 9 10 11

.73 5370 5383 5395 5408 5420 5433 5445 5458 5470 5483 1 3 4 5 6 8 9 10 11

.74 5495 5508 5521 5534 5546 5559 5572 5585 5598 5610 1 3 4 5 6 8 9 10 12

.75 5623 5636 5649 5662 5675 5689 5702 5715 5728 5741 1 3 4 5 7 8 9 10 12

.76 5754 5768 5781 5794 5808 5821 5834 5848 5861 5875 1 3 4 5 7 8 9 11 12

.77 5888 5902 5916 5929 5943 5957 5970 5984 5998 6012 1 3 4 6 7 8 10 11 12

.78 6026 6039 6053 6067 6081 6095 6109 6124 6138 6152 1 3 4 6 7 8 10 11 13

.79 6166 6180 6194 6209 6223 6237 6252 6266 6281 6295 1 3 4 6 7 9 10 12 13

.80 6310 6324 6339 6353 6368 6383 6397 6412 6427 6442 1 3 4 6 7 9 10 12 13

.81 6457 6471 6486 6501 6516 6531 6546 6561 6577 6592 2 3 5 6 8 9 11 12 14

.82 6607 6622 6637 6653 6668 6683 6699 6714 6730 6745 2 3 5 6 8 9 11 12 14

.83 6761 6776 6792 6808 6823 6839 6855 6871 6887 6902 2 3 5 6 8 9 11 13 14

.84 6918 6934 6950 6566 6982 6998 7015 7031 7047 7063 2 3 5 6 8 10 11 13 14

.85 7079 7096 7112 7129 7145 7161 7178 7194 7211 7228 2 3 5 7 8 10 12 13 15

.86 7244 7261 7278 7295 7311 7328 7345 7362 7379 7396 2 3 5 7 8 10 12 14 15

.87 7413 7430 7447 7464 7482 7499 7516 7534 7551 7568 2 3 5 7 9 10 12 14 16

.88 7586 7603 7621 7638 7656 7674 7691 7709 7727 7745 2 4 5 7 9 11 12 14 16

.89 7762 7780 7798 7816 7834 7852 7870 7889 7907 7925 2 4 5 7 9 11 13 14 16

.90 7943 7962 7980 7998 8017 8035 8054 8072 8091 8110 2 4 6 7 9 11 13 15 17

.91 8128 8147 8166 8185 8204 8222 8241 8260 8279 8299 2 4 6 8 10 11 13 15 17

.92 8318 8337 8356 8375 8395 8414 8433 8453 8472 8492 2 4 6 8 10 12 14 15 17

.93 8511 8531 8551 8570 8590 8610 8630 8650 8670 8690 2 4 6 8 10 12 14 16 18

.94 8710 8730 8750 8770 8790 8810 8831 8851 8872 8892 2 4 6 8 10 12 14 16 18

.95 8913 8933 8954 8974 8995 9016 9036 9057 9078 9099 2 4 6 8 10 12 14 17 19

.96 9120 9141 9162 9183 9204 9226 9247 9268 9290 9311 2 4 7 9 11 13 15 17 19

.97 9333 9354 9376 9397 9419 9441 9462 9484 9506 9528 2 4 7 9 11 13 15 17 20

.98 9550 9572 9594 9616 9638 9661 9683 9705 9727 9750 2 4 7 9 11 13 16 18 20

.99 9772 9795 9817 9840 9863 9886 9908 9931 9954 9977 2 5 7 9 11 14 16 18 21

0 1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
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