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Preface

This book on Business Mathematics has been written in
conformity with the revised syllabus for the first year of the Higher
Secondary classes.

The aim of this text book is to provide the students with the
basic knowledge in the subject. We have given in the book the
Definitions, Theorems and Observations, followed by typical problems
and the step by step solution. The society’s increasing business
orientation and the students’ preparedness to meet the future needs
have been taken care of in this book on Business Mathematics.

This book aims at an exhaustive coverage of the curriculum and
there is definitely an attempt to kindle the students creative ability.

While preparing for the examination students should not restrict
themselves only to the questions/ problems given in the self evaluation.
They must be prepared to answer the questions and problems from the
entire text.

We welcome suggestions from students, teachers and
academicians so that this book may further be improved upon.

We thank everyone who has lent ahel ping hand in the preparation
of this book.

Chairperson
The Text Book Committee
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MATRICES 1
AND DETERMINANTS

1.1 MATRIX ALGEBRA

Sir ARTHUR CAYLEY (1821-1895) of England was the first
Mathematician to introduce the term MATRIX in the year 1858. But in the
present day applied Mathematicsin overwhelmingly large majority of cases
it is used, as a notation to represent a large number of simultaneous
equations in a compact and convenient manner.

Matrix Theory hasitsapplicationsin Operations Research, Economics
and Psychology. Apart from the above, matrices are now indispensiblein
all branches of Engineering, Physical and Social Sciences, Business
Management, Statistics and Modern Control systems.

1.1.1 Definition of a Matrix
A rectangular array of numbers or functions represented by the
symbol

ﬂll a12 d 1n 9
Cay Ay ot
(; -
¢ ' " +iscalledaMATRIX
c . . .F
Q . . . +

gaml WA

SRR

The numbers or functions g; of thisarray are called elements, may be
real or complex numbers, where as m and n are positive integers, which
denotes the number of Rows and number of Columns.

For example
1 26 a&x® sinx :
A=g Sand B = s'TX:arethematnces
€2 4 p oL



1.1.2 Order of aMatrix
A matrix A with m rows and n columnsis said to be of the order m by

n (mxn).
Symbolically

A = (8)yx, IS @ matrix of order m x n. The first subscript i in (g;)
ranging from 1 to m identifies the rows and the second subscript j in (&)
ranging from 1 to n identifies the columns.

For example
& 2 306, .
A:g glsaMatnxoforder2x3 and
4 5 6y

aal 26 . .
Bzg g isaMatrix of order 2 x 2
2 45

asi coqd . :
- @ SqglsaMaInxoforderZXZ

0% sSinq g
éaeo 22 30
D=¢ 4 5 -67=+isaMatrixof order 3x 3
§78 -8 93

1.1.3 Typesof Matrices

(i) SQUARE MATRIX
When the number of rows is equal to the number of columns, the

matrix is called a Square Matrix.

For example
& 70 . .
A= g = isaSquare Matrix of order 2
6 35
a8 1 50
¢ - .
B=c¢4 1 6+jsaSquareMatrix of order 3
§2 4 95

gesi na sinb snd 9
c=c¢comn cod  cod +jsaSquare Matrix of order 3
%cosem cosed cosed



(i)  ROW MATRIX
A matrix having only one row is called Row Matrix

For example
A = (2 0 1) isarow matrix of order 1x 3
B = (1 0) isarow matrix or order 1 x 2

(ili) COLUMN MATRIX
A matrix having only one column is called Column Matrix.

For example
isacolumn matrix of order 3x 1 and

2
A = 0
1

m@@%
QO

80 . .
B = g = isacolumn matrix of order 2x 1
goﬂ

(iv) ZERO OR NULL MATRIX
A matrix inwhich all elementsare equal to zeroiscalled Zero or Null
Matrix and is denoted by O.

For example

04
O:&D gisaNuIIMatrixoforder2x2and
go Og

a® 0 00 .
O= =isaNull Matrix of order 2 x 3
f o of

v) DIAGONAL MATRIX
A square Matrix in which all the elements other than main diagonal
elements are zero is called a diagonal matrix

For example

a 0§, . .

A= zisaDiagonal Matrix of order 2 and
go 9g
A 0 0¢
¢ - . .

B=¢0 2 O-jsaDiagonal Matrix of order 3
&0 0 33



Consider the square matrix
@8 3 79
A= -2 -4c
& 6 55
Here 1, -2, 5 are called main diagonal elements and 3, -2, 7 are called
secondary diagonal elements.

(vi) SCALARMATRIX
A Diagonal Matrix with all diagonal elements equal to K (ascalar) is
called a Scalar Matrix.

For example
2 0 0g
A=¢0 2 0-+jsaScalar Matrix of order 3 and thevalueof scalar K = 2
% 0 25

(vii)  UNIT MATRIX OR IDENTITY MATRIX
A scalar Matrix having each diagonal element equal to 1 (unity) is
called a Unit Matrix and is denoted by .

For example
al 00 . ) .
I,= g T isaUnit Matrix of order 2
0 1y
2 0 09
I,=¢0 1 O=+isaUnit Matrix of order 3
0 0 13

1.1.4 Multiplication of a marix by a scalar
If A =(a;) isamatrix of any order and if K isascalar, then the Scalar
Multiplication of A by the scalar k is defined as

KA=(Kg)) for al i, j.
In other words, to multiply a matrix A by ascalar K, multiply every
element of A by K.

1.1.5 Negative of a matrix
The negative of amatrix A = (&),
i, j and is obtained by changing the sign of every element.

mxn

isdefined by - A = (-g),,,, forall



For example

.5 74
IfA:aQ gthen
go 5 6g
A_aez S -7
"%o -5 -64

1.1.6 Equality of matrices
Two matrices are said to equal when

i) they have the same order and
ii) the corresponding elements are equal.

1.1.7 Addition of matrices

Addition of matrices is possible only when they are of same order
(i.e., conformal for addition). When two matrices A and B are of same order,
then their sum (A+B) is obtained by adding the corresponding elementsin
both the matrices.

1.1.8 Properties of matrix addition
Let A, B, C be matrices of the same order. The addition of matrices
obeysthefollowing

()] Commutativelaw : A +B = B+A
(i)  Associativelaw : A + (B +C)= (A+B)+C
(iii)  Distributivelaw : K(A+B) =KA+KB, wherek isscalar.

1.1.9 Subtraction of matrices

Subtraction of matrices is also possible only when they are of same
order. Let A and B be the two matrices of the same order. The matrix A - B
is obtained by subtracting the elements of B from the corresponding elements
of A.

1.1.10Multiplication of matrices

Multiplication of two matrices is possible only when the number of
columns of the first matrix is equal to the number of rows of the second
matrix (i.e. conformable for multiplication)

Let A =(g;) bean mx p matrix,
and letB =(b;)beanpxnmatrix.



Then the product AB isamatrix C = (cij) of order mxn,

where g = element in the i" row and j" column of C is found by
multiplying corresponding elements of the i row of A and j* column of B
and then adding the results.

For example

86 >0 ab 70

: - 70

ifA=¢2 1= B=g" =
86 7Q3:X2 Pox2

a3 59

¢ = - 76
thenAB=¢2 -1+ &0 g
§6 7 5 -2 44

& 3x5+5x(-2) K AXO) 0 w5 -10

= (2x5+ (DX (D) 2Xx(N+(Dx(@)+=cl2 -18:
§ 6x5+™ (2 &X(7+X(@) 5 &6 -145

1.1.11 Properties of matrix multiplication

(i) Matrix Multiplication is not commutative i.e. for the two
matrices A and B, generally AB* BA.

(i)  TheMultiplication of Matricesis associative
i.e, (AB) C=A(BC)

(@iif)  Matrix Multiplication is distributive with respect to addition.
i.e. if, A, B, C are matrices of order mxn, n x k, and n x k
respectively, then A(B+C) = AB + AC

(iv) Let A beasquare matrix of order n and | isthe unit matrix of
same order.
Then Al=A =1A

(v)  Theproduct
AB = O (Null matrix), does not imply that either A=00orB=0
or both are zero.



For example

el 106

gl 'lﬁzxz

16 &1 19_a0 00
2; &1 -1; &0 o5
P AB = (null matrix)

Let A 2 10 B
gz ZQZXZ
ol
Then AB = gz
Here neither the matrix A, nor the matrix B is Zero, but the product
AB is zero.
1.1.12 Transpose of a matrix

LetA =(a;) beamatrix of order mxn. Thetranspose of A, denoted by
AT of order nxm is obtained by interchanging rows into columns of A.

For example
If A :aa 2 52 then
3 4 6g
-
AT:é‘ 2 59 :82 4.

3465 g g

1.1.13 Properties Of Matrix Transposition

Let AT and BT are the transposed Matrices of A and B anda is a
scalar. Then

B (A=A

(i) (A+B)=AT+BT

(i) (@A) =aAT

(iv)  (AB)' =BTAT (A and B are conformable for multiplication)

Example 1

& 9 60 _® 0 79
IfA—g6 5 103 and B—g4_8_35
find A+Band A-B



Solution :

_gB+6 90 6+7 ¢ _aal 9 13

AYB = Boia 249 101035 &0 -6 74

-6 9-0 6-7 0 el 9 -1)

A-B = = =
6-4 2-(-8) 10-(-3z gz 10 13y
Example 2
a3 60 . : 1
IfA= = find (i) 3A (ii))-=—A
o o:MNd M3A (-3
Solution :
a8 60 P 180
(i)3A =3 T = =
gg 25 &7 64
& 6o el -
(i)-LA=-1 = 2%
3 89 25 &3 35
Example 3
ggz 3 5% é@ 1 2%
IfA=c¢4 7 9+and B=¢4 2 5=
€1 6 4y & -2 75
show that 5(A+B) = 5A + 5B
Solution :
g@ 4 7% 8525 20 359
A+B =¢8 9 14:\ 5A+B)=c40 45 70-
&7 4 115 %35 20 555
g0 15 25¢ @45 5 10
5A :gzo 35 45: and 55:320 10 25:
&5 30 205 %30 -10 354
8325 20 35%
\ 5A+5B =¢40 45 70+\ 5(A+B)=5A +5B
§35 20 555



Example 4

&l 2 39 el -2 -%
IfA:g2 4 6+andB:g-1 -2 -4
3 6 95 §1 2 45
find AB and BA. Alsoshow that AB1 BA
Solution:
A(-1) +2(-1) +3(1) 1(-2) +2(-2)+3x2  1(-4) + 2(-4) + 3x4p
AB = ¢2(-1)+4(-1)+6(1) 2(-2)+4(-2) +6(2) 2(—4)+4(—4)+6x4:
§3(-1) + 6(-1)+ 9(1) 3(-2)+6(-2) +9(2) 3(-4)+ 6(-4) + x4
#@® 0 09§
_¢ 0 o:

& o 0%y 3
217 -34 -51

. ¢
Similarly BA = ¢- 17 - 34 -51-
§17 34 51y

\ AB! BA
Example5
A - 206
IfA= 2 , then compute A%-5A + 3l
g3 -4y
Solution:
poopp B -20d -20_ =5 60
ATk 48 _a37 89 105
en g -20_25 -100
N gs -43"%15 - 205
3|_3ae1 06 a8 09
'go 15"%0 35
\ Az.sa+3 =0 00 @ -100 &8 09
E—g 105 §15 - 205 Eo 35

210 166 28 06 a7 165

"€ o1 205 B0 35 & x5



Example 6
Verify that (AB) = BT ATwhen

®2 -306
A -4 20 ¢ =
A:g4 0 L and B=¢0 1=
@x3 8-4 -233><2
Solution :
®e2 -30
@ -4 2¢
AB = t; 1+

0 1554 -2;
_ DR+ (X0 +2(-4) IX(-3) +(AxL+2x(-2)
T &4 +00 +IX(4)  AX(-3) +Od +IX(-D) g
_a@+0-8 -3-4-4¢ 26 -119
“8840-4 -1240-25 &4 -145

26 -110 o"36 49

\ LH.S = (ABY
BB =&, 1) “En 14

el 40
ae? 0-4% ¢ -
RH.S. =BTAT 3 1. s ¢4 0=
B2 13
4._.

“Fu
P LHS =RH.S
Example7
A radio manufacturing company produces three models of radios
say A, B and C. Thereisan export order of 500 for model A, 1000 for model

B, and 200 for model C. The material and labour (in appropriate units)
needed to produce each model is given by the following table:

Material Labour

Model A &0 206

ModelB &8 5

ModelC &2 95
Usemarix multiplication to computethetotal amount of material and labour
needed tofill the entire export order.

10



Solution:
Let P denote the matrix expressing material and labour corresponding

to the models A, B, C. Then

Material Labour

A0 200 Model A
P=¢s 051 ModelB

&12 9 5 ModelC

L et E denote matrix expressing the number of unitsordered for export
in respect of models A, B, C. Then

A B C
E = (500 1000 200)

\ Total amount of material and labour = E x P

a0 206
= (500 1000 200) ¢8 5 -
§12 9 5

= (5000 + 8000 + 2400 10000 + 5000 + 1800)

Material Labour
=(15,400 16,800)

Example 8
Two shops A and B havein stock the following brand of tubelights
Brand
Shops Bajaj Philips Surya
Shop A 43 62 36
Shop B 24 18 60

Shop A placesorder for 30 Bajaj, 30 Philips, and 20 Surya brand
of tubelights, whereas shop B orders 10, 6, 40 numbers of the three
varieties. Due to the various factors, they receive only half of the
order assupplied by the manufacturers. The cost of each tubelights of
thethreetypesare Rs. 42, Rs. 38 and Rs. 36 respectively. Represent
thefollowing as matrices (i) I nitial stock (ii) theorder (iii) the supply
(iv) final sotck (v) cost of individual items (column matrix) (vi) total
cost of stock in the shops.

11



Solution:

()] Theinitial stock matrix

(i)  Theorder matrix

(i) Thesupply matrix R=4Q=2

(iv) Thefinal stock matrix S=P+R 2858 I 469

(v)  Thecost vector

P:aés 62 360
4 18 605
_a80 30 20%
Q= =
&0 6 405
15 109
5 3 20
21 80
C:(;38+
&35

(vi) Thetotal cost stock in the shops

_ 22436 + 2926 +1656 § _ aF0189

§1218 +798 + 2880 g §A896*

a

EXERCISE 1.1

36 a8
1) |fA:g7 ZzandB:g‘l

(i) A+B =B+A (i) (A)T =A

20
= then, show that
9

@ 1 29 ® 2 59
2. |fA:(;4 9 8+andB:(;0 -1+
2 5 63 ¢ -6 23

find (i)A+B (iiii) 5A and 2B

(i) B +A (iv) 5A + 2B

12



3

4)

5)

6)

8)

9

10)

11)

o} a2 40
IfA= —andB= = find AB and BA.
g3 -3 Oy

Find AB and BA when

833 1 -59 832 4 59
A=¢1 5 2fandB:QO 2 1‘
& 2 4 -34 &1 6 3G
2 1 08 aé 50
IfA:gl 2 29 and B —§7 3+ find AB and BA.
e & - 25
43 R
g 40 ®2 106
IfA=¢l 1:+andB = g :
&2 -15 2
verify that (AB)T=BTAT
a@ -1 46 0 -206

LetA = TandB = =th
e gg 02Qjan g31_5é en

show that 3 (A+B) = 3A + 3B.

@& 1106
IfA= I a=3b=-7,
g9 -1y

show that (a + b)A =aA + bA.

Verify thata (A + B) =aA +aBwhere

ael 2 09 515 3 -1p
a=3, A= G‘l 0 2—andB 97 2 4-
§4 3 55 8B 1 25
IfA_a@osa -snag ge0d -sinby
_gsina cosaé,a gsmb cod i
provethat (i) AB=BA (i) (A+B)> = A2+ B2+2AB.
ae40
IfA=(356),, andB= 91— thenfind AB and BA.
82IZ‘3><1

13



2 20 % %9
12) IfA=g2 ~andB = 1 1ifindAB,BA
ZQ = =

8 80

13) Therearetwo familiesA and B. Thereare 4 men, 2 women and 1 child
infamily A and 2 men, 3 women and 2 children in family B. They
recommended daily allowance for caloriesi.e. Men : 2000, Women :
1500, Children : 1200 and for proteinsisMen : 50 gms., Women : 45
gms., Children: 30 gms.

Represent the above information by matrices using matrix
multiplication, calculate the total requirements of calories and proteins
for each of the families.

14)  Findthe sum of the following matrices
a 2 390 &l 2 30
& 4 51 3 0 1%
&7 10 125 §2 2 43
858 9 79 gé. 2 39
(;7 8 6 + and (;2 3 4 -
&9 10 85 &7 13 195

a® 60
15) Ifx+g7 0i:2I2+02thenfindx

%]
&2 1 106
g =
16) 1f A=¢l 2 1+showthat (A-1)(A-41)=0
§1 1 25
d -1 ad 0§
17) IfA:g ~and B:gz =then show that
0 1g 15

(i) (A+B) (A-B)1 A2-B? (ii) (A+B)? 1 A2+ 2AB +B?

g 2 25
l(_)_ & g find the value of A

18) 1t3a+ et 10,
g'z 1o gl 4y

® -1
19) ShowthatAzg1 O;satlsflesAzz-I
%]

14



a€09] -snqo

20) If A=

. = provethat A2=
ng cosqgy

260s2q -sin2q9
in2q cos2qg

a3 40 . . .
21) If A= g 5 3‘TshowthatAZ, A“areidentity matrices

o

22)

o

If A= 19 B= 2 16
‘go 4y ‘él 35
Evluate (i) (A+B) (C+D) (ii) (C+D) (A+B)

A 2o
1y

_® 20
‘é.l 35

(iii) A? - B?

(iv) C? +D?

23)  Thenumber of students studying Business Mathematics, Economics,
Computer Science and Statisticsin aschool are given below

Business Economics Computer [Statistics
Std. . .
Mathematics Science
X1 Std. 45 60 55 30
XII Std. 58 72 40 80

(i) Expresstheabovedataintheform of amatrix
(i) Writetheorder of the matrix

(iii) Express standardwise the number of students as acolumn matrix and
subjectwiseasarow matrix.

(iv) What istherelationship between (i) and (iii)?

1.2 DETERMINANTS

Animportant attribute in the study of Matrix Algebraisthe concept
of Determinant, ascribed to a square matrix. A knowledge of Deter minant
theory isindispensablein the study of Matrix Algebra.

1.2.1 Determinant

The determinant associated with each square matrix A = (g) is a
scalar and denoted by the symbol det.A or 6Ad. Thescalar may bereal or
complex number, positive, Negative or Zero. A matrix isan array and hasno
numerical value, but a determinant hasnumerical value.

15



For example

aa bo . .
when A = g = then determinant of A is
C d g

|A| = 3 2 ‘ and the determinant valueis=ad - bc
Example9
Evaluate Lo 1‘
3 -2
Solution:
1 -1
3 -2

=1x(-2)-3x(-1)=-2+3=1

Example 10
2 0 4
Evaluate[> -1 1
9 7 8
Solution:
2 0o 4 1 1 5 1 5 1
5 ) . :2‘- ‘ -0‘ +4‘ - ‘
9 7 8 7 8 9 8 9 7

=2 (-(1x8-1x7)-0(5x8-9x1) +4(5x7- (-1) x9)
=2 (-8-7)-0(40-9)+4(35+9)
=-30-0+176=146

1.2.2 Properties Of Deter minants
()] The value of determinant is unaltered, when its rows and
columns are interchanged.
(i) If any two rows (columns) of adeterminant are interchanged,
then the value of the determinant changes only in sign.

(iii)  If the determinant has two identical rows (columns), then the
value of the determinant is zero.

16



(iv)

(v)

(vi)

(vii)

If all the elementsinarow or in a(column) of adeterminant are
multiplied by a constant k(k, * 0) then the value of the
determinant is multiplied by k.

Thevalue of the determinant isunaltered when aconstant multiple
of theelements of any row (column), isadded to the corresponding
elements of adifferent row (column) in adeterminant.

If each element of arow (column) of adeterminant isexpressed
as the sum of two or more terms, then the determinant is
expressed as the sum of two or more determinants of the same
order.

If any two rows or columns of adeterminant are proportional,
then the value of the determinant is zero.

1.2.3 Product of Determinants
Product of two determinants is possible only when they are of the
same order. Also |AB|=A|. |B|

Example 11

3 1
Evaluate6 A0 0BO, if A :‘5 6 ‘ and B = ‘

Solution:

5
1 3

Multiplying row by column

O0Ab 6BO= 3 1 > 2
"5 6|1 3
_ 3x5+1x1 3x2+1x
" I5Bx5+6x1 5x2+6X
: 15+1 6+3 _16 9 = 448 279
T |5+6 10+18 T30 28|
=169

Example 12

2
Find|]2 o 5|0 o 3
0

2 1 3

1 0 -4



Solution :
Multiplying row by column

2 1 3 2 0 0
3 0 5 0 0 3
1 0 -4]10 2 0

2x2+1x0+3x0 2x0+1x0+3x2 2x0+1x3+3x0
3x2+0x0+5x0 3x0+0x0+5x2 3x0+0x3+5x0
1x2+0x0- 4x0 1x0+0x0-4x2 1x0+0x3-4x0

4 6 3
6 10 0
2 -8 0
4(0+0) -6 (0- 0) + 3 (-48 - 20)
=3(-68) =- 204

1.2.4 Singular Matrix
A square matrix A issaid to be singular if det. A =0, otherwiseitisa
non-singular matrix.

Example 13
A 2
Show that gz zisasingular matrix
4y
Solution:

! =4-4=0
o 47447

\ The matrix is singular

Example 14
Show that 2 5Qisanon singular matrix
& 10 g
Solution :
2 5
‘ =29-45 =-251 0

9 10
\ The given matrix is non singular
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Example: 15

1 x -
Findxif|> 3 0|=0
-2 -4 8

Solution :
Expanding by 1% Row,
1 x -

3 0 5 0 5 3

3 el ol
2 -4 8 -4 - 2 -

= 1(24) - x (40) -4 (-20 +6)

= 24-40x +56 =-40x + 80

b -40x+80=0

\' x=2

Example: 16

1 b+c b?+c?
Show |1 c+a c’+a°| = (a-b) (b-c) (c-a)
1 a+b a’+b?
Solution :
1 b+c b?+c?
1 c+a c*+a’
1 a+b a’+b’

R®R,-R, R® R;-R
1 b+c b*+c?
=10 a-b a+b
0 a-c a-c

1 b+c b? + ¢?

=|0 a-b (a+b)(a-b) taking out (a-b) from R, and (a-c) from R,
0 a-c (a+c)(a-c)
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1

2)

4)

5)

6)

8)

9)

1 b+c b*+c?

:(a.b) (a_c) 0 1 a+b
0 1 a+c

= (ab) (a-c) [at+c-a-b] (Expanding along c,)
= (ab) (ac) (c-b) = (ab) (b-c) (c-a)

EXERCISE 1.2
Evaluat 14 6 13 2 2 -4
valuate (i) 9 (i) 4 5 (iii) 1 -6
1 2 0 1 0 O
Evaluae|3 -1 4 3) Evaluate 0 1 0
1 2 4 0O 0 1
& 4 30
g -
Examine whether A = (;3 2 1+ isnon-singular
€5 3 2}
&l -2 39
Examine whether the given matrix A = ¢” 2 -1 ofissingular
g4 -2 55
3 21 1 4 2
Evaluate [0 1 4 7) Evaluate 2 -2 4
3 2 1 3 -1 6
2 3 Y 2 6 Y
If the value of 4 1 0 =-60, then evaluate4 2 0
6 2 7 6 4 7
12 18
If thevalueof |1 1 =5, thenwhat isthe value of 17
20 2 12
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2+4 6+ 2 6 4 3
10)  Show that = +
5 1 5 1 5
a-b b-c c-a
11) Provethat [0-C c-a a-bf-g
c-a a-b b-c
b+c a
12) Provethat|cta b =0
at+b ¢
1 1 1
13) Showthat [T 1+X 1 |=xy
1 1 1+y
EXERCISE 1.3
Choosethecorrect answer
1) [00O0] isa
(&) Unit matrix (b) Scalar matrix
(c) Null matrix (d) Diagonal matrix
2) [6 2 -3]isamatrix of order
() 3x3 (b)3x1
(c)1x3 (d) Scalar matrix
3) 2 09isa
f 15
(a) Unit matrix (b) Zero matrix of order 2 x 2
(c) Unit matrix of 2x 2 (c) Noneof these
a8 -30 &l 20 _
4) A:gz T andB = T, thenA +Bis
4 5 -1 Oy
A 50 & -1
= b =
@& .2 ®E, 4%
@F 12 @ & %
él 45 go 1y



5)

6)

7)

8)

9

10)

&2 40 )
If A :g 3 3i,then-SAls

7]
e6 -12¢ @6 -120
@Eq 155 Mg 153
8@ 3 49 @ 0
ifA=¢l -1 Owang) =0 1
& -3 1 & 0
gé 3 49
(a)(;l 1 0—
-3 35
gé 3 4%
(C)Ql -1 0—
& -3 2

@ 5 60 & -1 05
€21 6558 2 13
A5 129
4 15

(c) Cannot bemultiplied

a)

2 .
The value of go =is

Og
(@ 4 (b) 14
1 -1
The value of 0 0]‘ is
(a0 (b) -1

22

30 .
=,thenA-Bis
- 2ﬂ

60

65 9 0
9015 Db

6 12¢
© & 2

+ (d) Noneof these
€o oy @

0

0+ then A+2lis
1y

8@ 3
e O
& -3

(d) Noneof these

b 23 159
()Es - 35

(d) Noneof these
(c) -14

(d) Noneof these

(o)1 (d) Noneof these



11)

12)

13)

14)

15)

16)

17)

18)

19)

20)

21)

22)

1
If the value of 3

2 2, thenthevalue of !
=-2, thenthevalueo
4 2

is

4
@~o (b)-2 (c)2 (d) Noneof these
Det (AB) =|AB| =?
(@) A0 +6B0d (b) 6B6 +0A06
(c) 6A06 x6Bb (d) Noneof these
Theelement at 2" Row and 2™ Coloumn isdenoted by
(@a, (b) a,, (c)a, (d)a,
Order of thematrix A =[a],, ; is
()2x3 (b)3x3 (c)1x3 (d3x1

When the number of rows and the number of coloumnsof amatrix areequal,
thematrix is

(a) square matrix (b) row matrix  (c) column matrix (d) None of these
If all the elements of amatrix are zeros, then thematrix isa

(@) unit matrix (b) square matrix
(c) zero matrix (d) None of these
A diagonal matrix inwhich all thediagonal elementsareequal isa
() scalar matrix (b) column matrix
(c) unit matrix (d) Noneof these

If any two rows and coloumns of adeterminant areidentical, the value of
the determinant is

@1 (b)0 (c)-1 (d) unaltered
If thereisonly onecolumninamatrix, itiscalled
(@) Row matrix (b) column matrix
(c) square matrix (d) rectangular
Addition of matricesis
(a) not commutative (b) commutative
(c) not associative (d) distributive
A square matrix A issaid to be non-singular if
@]A]to0 (b)|A]=0 (c)A=0 (d) None of these
Th I f x if Lox =0i
evalueof x i 5 3|~ is
(a) % (b) g (©)0 (d) Noneof these
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23)

24)

25)

26)

27)

28)

29)

30)

If ‘ 4 j =88, thenthe value of 8 44 is
-9 4 -
(a)-88 (b) 88 (c) 80 (d) Noneof these
The value of 3 is
3 2
@o (b) -1 (o)1 (d) Noneof these
If 5 4‘ = -2, thenthevalue of ; 4 is
(a) -2 (b)2 (c) -4 (d) Noneof these
If (A+B) (A-B)=AZ?-B?and A and B are square matricesthen
(a) (AB)'=AB (b) AB=BA
(c) (A+B)T =B™+AT (d) Noneof these
230 100 .
&0 105'°?
(a) Rectangular matrix (b) Scalar matrix
(c) Identity matrix (d) Noneof these
1 4
¢ g T isa
£7 5
(a) Square matrix (b) Row matrix
(c) Scalar matrix (d) Column matrix
If A=1, thenA?
(a)1? (M1 (0 (d) Noneof these
o
If A=(12 3)and B=¢2+ thentheorder of ABis
€35
(@1x1 (b)1x3 (c)3x1 (d)3x3
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ALGEBRA ?

2.1 PARTIAL FRACTION

We know that two or more rational expressions of the form p/q can

be added and subtracted. In thischapter we are going to learn the process
of writing asinglerational expression asasum or difference of two or more
rational expressions. Thisprocessiscalled splitting up into partial fractions.

(i)

(ii)

(iii)

Every rational expression of theform p/g where gisthe non-repeated
product of linear factors like (ax+b) (cx+d), can be represented as a

partial fraction of the form: a(“ﬂb + CX'\id , where M and N are the
constantsto be determined.
For exampl e:(x_l)%++3) = xA_-1 + 2xB+3 , Where A and B are to be

determined.

Every rational expression of theform p/qg, where qislinear expression
of the type (ax+b) occurring in multiples say ntimesi.e., (ax+b)' can
be represented as a partial fraction of the form:

A]_ + Ao + + An
iax+b5 (ax+b)2 ------- (ax+b)n

. 1 __A B C
For example: (x-l)(x-Z)Z =1 * (x-2) + (X_2)2

Every rational expression of the form p/q where q is an irreducible
guadratic expression of the type a¥+bx+c, can be equated to apartial
fraction of the type

Ax+B
ax % +bx+c

2x+7 -_Ax+B , C
(C+5x+1)(4xH3)  3x2+5x+1  4x+3

For example:

25



Example 1

. . , Ax+1
Resolve into partial fractions W{Xﬂ)

Solution:
. 4x+1 _ A B
Step L Let (X'Z)(X'*’l) - X-2 + x+1 (l)
Step2:  TakingL.C.M.onR.H.S.
ax+1  A(x+1)+B(x-2)

X-2)\x+1) ~ (x-2)(x +1)
Step 3:  Equating the numerator on both sides
Ix+1 = A(x+1) + B(x-2)
= Ax+A + Bx-2B
= (A+B)x + (A-2B)

Step 4:  Equating the coefficient of like terms,
A+B =4 e (2
A-2B =1 e (3)
Step 5:  Solving the equations (2) and (3) we get
A =3and B =1
Step 6:  Substituting the values of A and B in step 1 we get

Ax+1 __3 + 1
(x-2)(x+1) ~ x- 2 X +1

Example2

. . . 1
Resolve into partial fractions —(X_l) (x+2)2

Solution:
1 A B Cc
= + +
(x-1)(x +2)? X-1 7 x+2 " (x42)?
Step 22 Taking L.C.M. on R.H.Swe get
1 _ A(x+2)%+B(x- 1)(x+2)+C(x-1)

(x-2)(x+2) (x-1) (x+2)

Step 3:  Equating Numerator on either sides we get
1 = A(X+22+B(x-1)(x+2)+C(x-1)

Step 1:  Let

Step 4: Putingxz-ZwegetC:-:lg—
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Step5:  Putingx=1weget A :s—

Step 6:  Putting x = 0 and substituting the values of A and C in
step 3 we get
1

B:-g—

Step7:  \ L

xD(2P aﬁ@(ﬁ) ) 3(x41-2)2

Example 3
2
Resolve into partial fractions X +12
x(x+1)
Solution:
2
Stepl: Lete X - A, B ,_C

Step2:  TakingL.C.M.onR.H.S. we get
x241  _ A(x+1)% +Bx (x+1)+ Cx
x(x+1)? x (x+1)2

Step 3: Equating the Numerator on either sides we get
¥+1 = A(x+17 + Bx (x+1) + Cx

Step 4:  Putting x=0weget A=1

Step 5:  Putting x=-1wegetC=-2

Step 6:  Putting x = 2 and substituting the values of A and C
instep3wegetB =0

xZ+1

ST\ o =X TR e © X o
Example4

Resolve into partial fractions ﬁ
Solution:

Step 1:  Let x-2x9 _ _Ax+B , _C

(b))  x2+x+6 XTI
(*." X2+x+6 cannot befactorised)
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Step 2:

Taking L.C.M. on R.H.S. we get

x2-2x-9  _ (AX+B) (x+1) + C(x*+x +6)
(X%+x+6) (x+1) (X2+X +6) (x +1)

Step 3:  Equating the Numerator on either side we get
¥-2x-9 = (AX+B)(X+1)+C(>é+x+6)
Step 4:  Putting x=-1weget C=-1
Step5:  Putting x = 0 and substituting the value of Cweget B =-3
Step 6:  Putting x = 1 and substituting the values of B and C in
step3get A =2
2
Step 7: X?-2x-9  _ _ -3 _ 1
P (P+x+6) () X2 +x+6 X+1
Example5
Resolveinto partial fraction 2;
(X“+4) (x+1)
Solution:
. 1 __A Bx+C
Step L e - X+ T2y
Step 2 TakingL.C.M.on R.H.S. we get
1 _ A(X®+4)+(Bx+0) (x+1)
(X2 +4) (x+1) (x+1) (X2 +4)
Step 3:  Equating the Numerator on either side we get
1=AR+4)+(Bx+C)(x+1)
Step 4:  Puttingx =-1weget A = %
Step 5:  Putting x = 0 and substituting the value of A we get
-1
C= 5
Step 6:  Putting x = 1 and substituting the value of A and C
in Step 3 we getB = - %
1 1
Step 7\ 1 X'

(Fralien) T30 T 21
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EXERCISE 21

Resolveinto partial fractions

y R

3 ﬁ 4 x2- ):1+ Aix +l)
D Der O o e
K (szxzzg-ii)sx(;i-z) BN 1;(+X2 +1

2.2PERMUTATIONS

Thistopic dealswith the new Mathematical ideaof counting without
doing actual counting. That is without listing out particular cases it is
possible to assess the number of cases under certain given conditions.

Permutations refer to different arrangement of things from agiven lot
taken oneor more at atime. For example, Permutations made out of a set of
three elements { a,b,c}

(i) Oneatatime: {a,{b},{c¢¢ ... 3ways
(i) Twoatatime: {ab}, {ba} {b.c},{cb},{ac} {ca ... 6 ways
(iii) Threeat atime: {ab,c},{achb},{b,ca,{bact, {cab},{cba ... 6 ways

2.2.1 Fundamental rules of counting

There are two fundamental rules of counting based on the simple
principles of multiplication and addition, the former when events occur
independently one after another and latter when either of the events can
occur simultaneously. Some times we have to combine the two depending
on the nature of the problem.
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2.2.2 Fundamental principle of counting

L et usconsider an examplefrom our day-to-day life. Sekar wasallotted
aroll number for his examination. But he forgot his number. What all he
remembered was that it was a two digit odd number.

The possible numbers are listed as foll ows:

1 21 31 41 51 61 71 81 91
13 23 33 43 53 63 73 83 93
15 25 35 45 55 65 75 85 9%
17 27 37 47 57 67 77 87 97
19 29 39 49 59 69 79 89 9

So the total number of possible two digit odd numbers = 9x5 = 45

L et ussee whether thereis any other method to find the total number
of two digit odd numbers. Now thedigit inthe unit place can be any one of
thefivedigits 1,3,5,7,9. Thisisbecause our number isan odd number. The
digit in the ten’s place can be any one of the nine digits 1,2,3,4,5,6,7,8,9

Thusthere are five waysto fill up the unit place and nine waysto fill
up theten’splace. Sothetotal number of two digit odd numbers = 9x5 = 45.
This example illustrates the following principle.

(1) Multiplication principle

If oneoperation can beperformedin“m” different waysand another
operation can be performed in “n” different ways then the two operations
together can be performed in ‘m x n’ different ways. This principle is
known asmultiplication principle of counting.

(i) Addition Principle

If one operation can be performed in m ways and another operation
can be performed in n ways, then any one of the two operations can be
performed in m+n ways. This principle known as addition principle of
counting.

Further consider the set {a,b,c,d}
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From the above set we have to select two elements and we have to
arrange them as follows.

| Place Il Place
b
a c
d
b c
d
a
c b
d
a
d b

The possible arrangements are
(ab), (ac), (ad)
(b,a), (b,c), (b,d)
(c,a), (c,b), (c,d)
(d,a), (d,b), (d,c)

The total number of arrangementsare 4 x 3 =12

Inthe above arrangement, the pair (a,b) isdifferent from the pair (b,a)
and soon. Thereare 12 possiblewaysof arranging thelettersa,b,c,d taking
two at atime.

i.e Selecting and arranging ‘2’ from ‘4’ can be done in 12 ways. In
otherwords number of permutations of ‘four’ thingstaken ‘two’ at atimeis
4x3=12

In general "p, denotes the number of permutations of ‘n’ thingstaken
‘I’ at atime.

[‘'n’ and ‘1’ are positive integers and r<n]

31



2.2.3 Tofind thevalueof "p:

"p, means selecting and arranging ‘r’ things from ‘n’ thingswhichis
thesame asfilling ‘'r’ placesusing ‘n’ things which can be done asfollows.

Thefirst place can befilled by using anyone of ‘n’ thingsin‘n’ ways

The second place can befilled by using any one of the remaining
(n-1) thingsin (n-1) ways.

So the first and the second places together can be filled in n(n-1)
ways.

Thethird place can befilledin (n-2) ways by using theremaining
(n-2) things.

So the first, second and the third places together can be filled in n(n-1)
(n-2) ways.

In general ‘r’ places can befilled in n(n-1)(n-2)....[n-(r-1)] ways.

So "p, = n(n-1) (n-2)...(n-r+1). Tosimplify the above formula, we are
going to introduce factorial notation.

2.2.4 Factorial notation:

The product of first ‘n’ natural numbersiscalled n- factorial denoted by
n!or|n.

For example:
5 =5x4x3x2x1
4 =4x3x2x1
\ 5 =5x4
51 =5x4x3
Ingeneral, nl = n(n-1)(n-2)...3.2.1
\' n! =n{(n-1)!}
=n(n-1)(n-2)! and so on
We have "p, =n(n-1)(n-2)............ (n-r+1)
_ n(n—l)(n—Z) ...... (n—r+1)(n— r)! _ n!

n-r) (n-r)
{multiplying and dividing by (n-r)!'}

n!

\ npr = (n'r)l
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Observation :

i) o =1
@ v, = gy = A

(iv) "p, = Tn) - or =n!

(ie. Selecting and arranging ‘n’ things from ‘n’ things can be
donein n! ways).

(i.e‘n’ things can be arranged among themselves in n! ways).

2.2.5 Permutationsof repeated things:
If thereare ‘n’ things of which ‘m’ are of one kind and the remaining
(n-m) are of another kind, then the total number of distinct permutations of
‘n’ things
- n!

~ mt{n-m)!

If there are m, things of first kind, m, things of second kind and
m. things of r " kind such that m,+m,+.....+m = n then the total number of
permutations of ‘n’ things

2.2.6 Circular Permutations:

We have seen permutations of ‘n’ thingsin arow. Now we consider
the permutations of ‘n’ things in a circle. Consider four letters A,B,C,D.
Thefour letters can bearranged in arow in 4! ways. Of the 4! arrangements,
the arrangement ABCD, BCDA, CDAB, DABC are the same when
represented along acircle.

A B
D@ B AOC BQD CQ
A B C D
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|
So the number of permutations of ‘4’ things along acircleis 44—' =3

In general, n things can be arranged among themselvesin acirclein
(n-1)! ways

Example 6
Fndthevalueof (i) ©p, (ii) ’p, (iii) p,
Solution:
I) 10p1:10
7
i) b, = _|7|T4 :||: :—7X6X§'X4X 3 7x6x5x4=840
i) Mpy=1
Example7

Thereare4 trainsfrom Chennai to Madurai and back to Chennai.
In how many ways can a person go from Chennai to Madurai and returnin
adifferent train?

Solution:
Number of ways of selecting atrain from
Chennai to Madurai from the four trains = “p,=4ways

Number of ways of selecting atrain from
Madurai to Chennai from the remaining 3 trains

°p, = 3ways

\ Total number of ways of making the journey =4 x 3= 12ways

Example 8

Thereisaletter lock with 3ringseach marked with 4 lettersand do
not know thekey word. How many maximum uselessattemptsmay be made
to open thelock?

Solution:

To open thelock :
The number of ways in which thefirst ring’s
position can be fixed using the four letters = %p, =4 ways

The number of ways in which the second
ring’s position can be fixed using the 4 letters = “p, = 4 ways
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The number of waysin which thethirdring’'s

position can be fixed using the 4 letters =4p, = 4 ways

\ Total number of attempts =4x4x4=64ways

Of these attempts, only one attempt will open the lock.

\ Maximum number of useless attempts =64-1=63
Example9

How many number of 4 digits can be formed out of the digits
0,1,2,.......... ,9if repetition of digitsisnot allowed.
Solution:

The number of ways in which the 1000’ s place can be filled

(0 cannot be in the 1000’ s place) = 9ways

The number of ways in which the 100’s place 10°'s
place and the unit place filled using the remaining

9 digits (including zero) = %p,= 504 ways
\ Total number of 4 digit numbersformed =9x 504 = 4536
Example 10

Find the number of arrangements of 6 boysand 4 girlsin aline so
that no two girls sit together

Solution:

Six boys can be arranged among themselves in a line in 6! ways.
After this arrangement we have to arrange the four girlsin such away that
in between two girls there is atleast one boy. So the possible places to fill
with the girls are as follows

O B O B O B O B O B O B O

The four girls can be arranged in the boxes (7 places) which can
be done in "p, ways. So the total number of arrangements = 6! x p,
=720x 7x6x5x4 =604800

Example 11

A family of 4 brothersand 3 sistersaretobearrangedinarow. In
how many ways can they be seated if all the sisterssit together?
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Solution:

Consider the 3 sisters as one unit. There are 4 brothers which is
treated as 4 units. Now there are totally 5 units which can be arranged
among themselves in 5! ways. After these arrangements the 3 sisters can
be arranged among themselvesin 3! ways.

\ Total number of arrangement = 5! x 3! = 720

Example 12
Find the sum of all the numbers that can be formed with the
digits 2, 3, 4, 5taken all at atime.

Solution:

Number of 4 digit numbers that can be formed using the digits
2, 3,4,5is%,=4! = 24. Out of the 24 numbersthe digit 2 appearsin the unit
place 6 times, the digit 3 appears in the unit place 6 times and so on. If we
writeall the 24 numbersand add, the sum of all the numbersin the unit place

= G[2+3+4+5] = 6x 14=84

Similarly the sum of all the numbersin the 10’s place = 84

The sum of all the numbersin the 100's place =34

and the sum of all the numbersin the 1000’splace =84

\ sumof all the4digit numbers = 84x1000 + 84x100+84x10+84x1
=84 (1000+100+10+1) =84 x 1111
= 93324

Example 13
In how many ways can theletter s of theword CONTAMINATION
be arranged?

Solution:

The number of letters of word CONTAMINATION = 13
which can be arranged in 13! ways
Of these arrangementstheletter O occurs 2 times
N occurs 3 times
T occurs 2 times
A occurs 2 times
and | occurs 2 times

. |
\ The total number of permutations = W
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1
2
3

4)

5)

6)

8)

9

EXERCISE 2.2

If "p, = (42)"p,, find n
If 6["p,] = 7"Yp findn

How many distinct words can beformed using all the letters of theword
i) ENTERTAINMENT ii) MATHEMATICS iii) MISSISSIPPI

How many even numbersof 4 digitscan beformed out of thedigits1,2,3,....9
if repetition of digitsisnot allowed?

Find the sum of all numbersthat can beformed with the digits 3,4,5,6,7
taken all at atime.

Inhow many ways can 7 boysand 4 girlscan bearranged in arow so that
i) all thegirlssit together ii) notwo girlssit together?

In how many ways can the | etters of theword STRANGE be arranged so
that vowel s may appear in the odd places.

In how many ways5 gentlemen and 3 ladies can be arranged along around
tableso that notwo |adies are together?

Find the number of wordsthat can beformed by considering all possible
permutations of theletters of theword FATHER. How many of these
wordsbeginwith Fand end with R?

2.3 COMBINATIONS

Combination are selections ie. it inolves only the selection of the

required number of things out of the total number of things. Thus in
combination order does not matter.

For example, consider a set of three elements{a,b,c} and combination

made out of the set with

i) Oneatatime: {a}, {b}, {c}
ii) Twoatatime: {ab}, {b,c}, {c,a
iii) Three at atime: {a,b,c}

The number of comibnations of nthingstakenr, (r < n) isdenoted

by "c, or (P)
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2.3.1 Toderivetheformulafor "c,:

Number of combinations of ‘n’ thingstaken ‘r’ at atime
Number of permutations of ‘n’ thingstaken ‘r’ at atime

= nCr
= ”pr

Number of ways ‘r’ things can be arranged among themselves =r!

Each combination having r things gives rise to r! permutations

\' p =(c)r
n!
=> W =("c)r
n!

Observation:
. n! n!
() " =oh-oy= -1
y nt___n _
@ " = r-ny Tor 71
(i) "c. =nc,

(iv) Ifrc, =nc thenx=yorx+y=n

n

V) o=
Exampleld
Evaluate®p, and c,
Solution:
8 8! 8X7x6x5!
8p3: (8- 3) ST — =8x7x6=336
8! 8l
8c — — S _ 8BX7xbxdl _ 87x6 —
%=31(8-3) 38" a5 ~30a
Example 15
Evaluate °%c,
Solution:
0 on = 10x9 _
ey =1, =51 =45

38



Example 16
If "cy = "cg, find "c,.

Solution:
"c, ="C,(given)
=>n=8+6 =14
\' e, =Y, = 1;');13: 91
Example 17
100) _ (200} ¢\ yio
If(r )—(4),f|ndr
Solution:
100¢, =100, (given)
=> r+4r =100
\ r =20
Example 18

Out of 7 consonantsand 4 vowels, how many wor dscan be made each
containing 3 consonants and 2 vowels.

Solution:

Selecting 3 from 7 consonants can be done in’c, ways
Selecting 2 from 4 vowels can be done in“c, ways.

\ Total number of words formed ="c, x “c,
_ 7x6x5 4x 3
T 3x2x1 X 2x1
\ =35x6=210
Example 19

Thereare 13 personsin aparty. If each of them shakeshandswith
each other, how many handshakes happen in the party?

Solution:
Selecting two persons from 13 persons can be done in'3c, ways.

\ Total number of hand shakes = 1302 = 13;)((112 =78
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Example 20
There are 10 pointsin a plane in which none of the 3 points are
collinear. Find the number of linesthat can be drawn using the 10 points.

Solution:
To draw aline we need atleast two points. Now selecting 2 from 10
can be donei n %, ways

\ number of lines drawn =1°c, = —120))((3 =45

Example 21

A question paper has two parts, part A and part B each with 10
questions. If the student hasto choose 8 from part A and 5from part B, in
how many ways can he choose the questions?

Solution:
Number of questionsin part A = 10.
Selecting 8 from part A can be done in%, ways = °c,
Number of questionsin part B =10
Selecting 5 from part B can be done in%, ways

\ Total number of ways in which the questions can be selected
= 10¢, x 10c, = 45x 252 = 11340 ways

Example 22

A committee of seven studentsisformed selecting from 6 boys and
5girlssuch that majority arefrom boys. How many different committees
can beformed?

Solution:
Number of studentsin the committee =7
Number of boys =6
Number of girls =5
The selection can be done as follows
Boy (6) Girl (5)

6 1

5 2

4 3

ie. (6B and 1G) or (5B and 2G) or (4B and 3G)
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The possiblewaysare (6) (5) or (€] (5 or (8)(3)

\ The total number of different committees formed
= 6¢c, x 5¢c,+5c, x °c, + éc, x 5¢,
=1x5+6x10+15x10=215

2.3.2 Pascal’s Triangle
Forn=0,1, 2, 3,4,5... the details can be arranged in the form of a
triangle known as Pascal’ s triangle.

H

Substituting the values we get
n=0 1

>3 3 35 S S
I n
g b~ WO N B
H
||H
(o2}
N
[EnN
[N

1 5 10 10 5 1

The conclusion arrived at from this triangle named after the French
Mathematician Pascal is as follows. The value of any entry in any row is
equal to sum of the values of the two entriesin the preceding row on either
side of it. Hence we get the result.

()= ()= (7)
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2.3.3 Usingtheformulafor "c_derivethat (P ) + (nl) = (n+1)

Proof :

)
2)
3)
4)

5)

6)

7

r

LH.S. =rc +c,,

ol e B =0 o )

“or(n-r) * (r-1!)(r{-r+1)!

nt [n-r+1] + nt(r)
rt (n+1-r)

_ nin-r+1+r] _ ni(n+1)
fm(n-r+1)! = r{n-r+1)!

_  (n+1) _  (n+1)
r'(n-r+1) r'(n+1-r)

nic = RH.S.

EXERCISE 2.3

Evaluate a) *°c, b) **c,,
If %c =3%c,, find'n’.
nt2c =45, find n.

A candidateisrequired to answer 7 questions out of 12 questionswhich
aredivided into two groups each containing 6 questions. Heisnot
permitted to attempt more than 5 questions from each group. Inhow
many ways can he choose the 7 questions.

From aset of 9 ladies and 8 gentlemen agroup of 5isto beformed. In
how many ways the group can be formed so that it contains majority of
ladies

From aclassof 15 students, 10 areto be chosen for an excursion party.
There are 3 studentswho decide that either all of them will join or none
of them will join. In how many ways can they be chosen.

Find the number of diagonals of ahexagon.
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8) A cricket team of 11 playersisto be chosen from 20 playersincluding
6 bowlers and 3 wicket keepers. In how many different ways can a
team be formed so that the team contains exactly 2 wicket keepers and
atleast 4 bowlers.

24 MATHEMATICAL INDUCTION

Many mathematical theorems, formulae which cannot be easily
derived by direct proof are sometimes proved by theindirect method known
as mathematical induction. It consists of three steps.

(i) Actual verification of the theoremforn=1

(i) Assuming that thetheorem istrue for some positive integer k(k>1).
We have to prove that the theorem is true for k+1 which is the
integer next to k.

(iii) Theconclusionisthat thetheoremistruefor all natural numbers.

2.4.1 Principleof Mathematical Induction:
Let P(n) be the statement for neN. If P(1) istrue and P(k+1) is also
true whenever P(k) istrue for k > 1 then P(n) istrue for all natural numbers.

Example 23
Using the principle of Mathematical Induction prove that for all
ni N, 1+2+3+..n = M
Solution:
n(n+1)

Let P(n)=—5—
For LHS n=1,p(l)=1

For RH.S p(1)= @

LHS=RH.Sforn=1

=1

\ P(1) is true.
Now assume that P(k) istrue
, k(k+1)
i.e 1+2+3+....+k = ——5  lstrue.
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To provethat p(k+1) istrue

Now p(k+1) =p(k) +t.,,
p(k+1) = 1+2+43+..... k+k+1
= p(k) + (k+1)
k(k+1
K)o

= (k+1) [ 5 +1]

_ (k+1)k+2)

- 2
=> p(k+1) istrue whenever p(k) istrue. But p(1) istrue.
\" p(n) istruefor al nl N.

Example 24
Show by principle of mathematical induction that 32" -1 is
divisible by 8 for all ni N.

Solution:

Let P(n) be the given statement
p(1) =3 - 1 =9-1=8 which isdivisible by 8.
\ p(1) is true.
Assume that p(k) istrue
ie, 3 lisdivisibleby 8.
To prove p(k+1) is true.
Now p(k+1) =Rk -1 =Fx -1
=93Z-1
= 9(32k) -9+8
=9[31] +8
Whichisdivisible by 8 as 31 isdivisible by 8
So p(k+1) istrue whenever p(k) istrue. So by induction p(n) istrue
for all nl N.

EXERCISE 24

By theprinciple of mathematical induction provethefollowing
1) 1+3+5+..... (2k-1) = k?
2) 4+8+12+....... 4n = 2n(n+1)
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3) 1.2+23+34+ ... n(n+1) = m

3

4) P+ 2B+ o= n°(n+1)°

4
5) 2+ 2+ nz = Dln#)(2n+)

6
6) 1+4+7+10+.......... (3n-2) = % (3n-1)
7 2% - 1isdivisibleby 7.
2.4.2 Summation of Series

We have 1+2+3+.....+n =Sn = ”(”2+1)

124224 +n2 = Sn2 = N(n+1) (2n+1)

B4+23+.... +m3=Sn3= {M}2

Thus |sn = RN +1)
2

Sn2= n(n+1) (2n+1)
6

Sn3 = {n(n+1) }2
2

Using the above formula we are going to find the summation when
the nth term of the sequenceisgiven.

Example 25

Find thesum to n termsof the serieswhose nth term isn(n+1)(n+4)
Solution :

t, = n(n+1)(n+4)

=n*+5n2+4n
\' S, =St =S(n3+5n%+ 4n)
=Sn3+ 58n? + 45n
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i feofoa) . ft)

2 2

n(0+3) [ 32 + 230 + 34

Example 26
Sumtontermsof theseries12.3 + 225+ 327 + ......

Solution:
The n" term is n?(2n+1) = 2n3+n?
\ S, =S(2n%*n?) = 25n3 + Sn?

_ 2n?(n+1)? n(n+1)(2n+1)
4 6

_ n(n+l) 2n+1
= —5—=[n(n+1) + =]

n(n+l) (3n?+3n+2n+1
2 3

= %[3n2+5n+ 1]
Example 27
Sum the following series 2+5+10+17+......ton terms

Solution:

= (1+1+1+.....nterms) + (12+22%+.....n%)

= n+n +123(2n+1)

[6+2n%+3n+1]

I
o>

% [2n2+3n+7]
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EXERCISE 25

Find thesum ton termsof thefollowing series

1) 123+234+345+ ...
2) 122+2.3+3.8+ ..........
3) 2+ L2 +6+.......... (2ny
4) 25+58+8.11+..........
5) PP+F+B+ ..
6) 1+ (1+2) + (1+2+43) + .........
25BINOMIAL THEOREM

25.1 Theorem

If nisanatural number,

(x+ay ="C,x"+"C x"ta+"C,x"2a? + ... +nrxXra+ ... "C an
Proof:

We shall prove the theorem by the principle of Mathematical
Induction

Let P(n) denote the statement :
(x+ay ="C,x"+"C x"ta+"C,x"2aZ+ ...
+0C_ x"rartt +0C X ar+....... +°C a"
Letn=1, Then LHSof P(1) =x+a
RHSof P(1)=1.x+1.a=x+a=L.H.S of P(1)
\ P(1)istrue
Let us assume that the statement P (k) be true for kI N
i.e. P(k) :
(x+af=*C xk+ C xla+C, x2a2 + ......
+KC | X gl + KCoxkrart.L.... +KC ak ... (1)
istrue
To prove P (k+1) istrue
i€, (x+ayrl = kG Xkt + kHC xka
+KAC, Xt a2+ L +KHIC XA + L+ L+ KIC  atistrue.
(x+afet = (x+a) (x+af
= (x+a) [Cyx+C xla+C,x2a2+ ... +C_ x*1r gl
+KC xkrar + ... + Kk d] using (1)
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SIG XL+ KC xka+ 'C xtaz+ .+ [C X a + L HC x &
+C xka+C xla+ . }C_ x1ral + . +1C akt
=G X+ (C +1C) ¥ a+ (C,+C) Xtaz+ ...
........ +(C +KC ) Xtrar + . +#C akt
But'C +C , = *1C
Putr=1, 2, ... etc.
kC, +C,=K"IC,, /C, + *C, = ¥"1C, ......
kcoz 1:k+1co ; ka: 1:k+1ck+1
\ (x+afrt = kG Xkt + KHIC, xkar k2C, xk1a2 + ...
+ k+1Cr Xk+1—r a+ ... + k+1Ck+l ak+1
Thusif P (k) istrue, then P (k +1) is also true.
\ By the principle of mathematical induction P(n) is true for nT N.
Thus the Binomial Theorem is proved for nT N.

Observations:

(M)
(if)
(iii)
(iv)

(v)

(vi)

252

The expansion of (x+a)' has (n+1) terms.

The general termisgiven by t ., = nC x™'a'.

r+1
In (x+a), the power of ‘X’ decreases while the power of ‘a’ increases
such that the sum of the indices in each term is equal to n.

The coefficients of terms equidistant from the beginning and end are
equal.

The expansion of (x+a)" has (n+1) terms Let n+1 = N.

a) when N is odd the middle termist ,,

=
b) when N iseven the middletermsaret n and tyz_
2
Binomial cooefficients can also be represented by C;, C,, C,, etc.

+1

Binomial coefficientsand their properties
()" =C+Cx+Cx+Cx3+ ... +CX (1
Put x =1in(1)weget

2 =CG+C+CH+...... +C
Put x =-1in(1) weget

0 =G,-C+C-C+...+ (-1 C,
=G, +C,+C+...... =C +C+..
2n
2
sum of the coefficients of odd terms = 21

=> sum of the coefficients of even terms = =2n1
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Example 28
Expand (x+ % )4

Solution :

(cHE)t =ACX! +4CX(5) + 4C, XYL )2 + 4C, X(+ * + 4C,( - )*

=x+aR+6+ L +L
X X

Example 29
Expand (x+3y)*

Solution :
(x+3yy =4C,x*+4C x3(3y) + 4C, x? (3yP + 4C, x(3yy + 4C,(3y}
= X + 4E(3y) + 6X(9y?) + 4x(27y°) + 81y*
= X + 128y + 54%y? + 108xy3 + 81y*

Example 30
Find the 5th term of (2x-3y)’
Solution :
tr+1 = 7Cr(2X)7_r ('Sy)’
\ t, =t,,,=7C,(2)"*(-3y)y
=7GC; (20)* (3yY
— Ix6x5 4
oy &) (B9
= (35) (8¢) (81y*) = 22680y
Example 31

Find the middle term(s) in the expansion of (x-%)ll
Solution :

n=11

\ n+1=12=N =even number

So middle terms = t% and t(%ﬂ)

ie, tsandt,
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(i) Nowt,=t,,  =11C x11'5(-% )

=-11C; 2°x = (-11C))(32x)

(i) t, = to.= 11C, (8 (-2 )p

_ (-2)8
=11C, ¥ 3

X
556
2
=11G, £
6 X6
= 11C, (ﬁ)
X
Example 32
Find the coefficient of x%in the expansion of (2x- %)11
Solution :
General term =t,,=11C (2@ (_%)r

r
= 11 25 per (8)
X

= llCr 211—r X22-2r (_3)r Ned
= llCr 211—r (_3)r X22-3r
To find the coefficient of X9, the index of x must be equated to 10.

=>22-3r =10
22-10 =3
\'r =4

So coefficient of X°is11C, 214 (-3)* = 11C, (27) (3%

Example 33
Find the term independent of x in the expansion of (%-%)9
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Solution :

1
2
3

4

— — -3
General term =t,, = 9C,(%)9 A~

9-r r
—oc A« (3 ypep L
(3 3 or X

The term independent of x = constant term = coefficient of X
\ Tofindthe term independent of x
The power of x must be equated to zero

=>18-3r =0
\'r =6
So the term independent of x is 9C 420 (:3)°
P 6 396 2_6
4% @)
=9C, —
3 33 (2 )6
- 987 | B4 3P
1 3T 64
= (84) (3%) = 84x27 = 2268
EXERCISE 2.6

Find the middle term(s) in the expansion of (x- %)ﬂ

Find the coefficient of x8inthe expansion of (x-- %)20
Find the term independent of x in the expansion of (x2- xis )

Find the 8th term in the expansion of (2x + )1,— )
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3
5) Find the middleterm in the expansion of (3x- XT ¥
6) Find theterm independent of x inthe expansion of (2x2+ % )2
7 Show that the middletermin the expansion of (1+x)2"is
1.3.5...(2n-1) 2" .x"
n!
8) Show that the middletermin the expansion of (x+ % Pris %
EXERCISE 2.7
Choosethe correct answer
1) If nl =24 then n is
@4 (b)3 (c) 4! (d1
2) Thevalueof 3! +2! + 11 +0! is
(a) 10 (b)6 (©7 (d)9
1,1 ;
3) Thevalue of TrE s
5 5 7 1
(@ 5 (b) > () = (d) =
4) Thetotal number of ways of analysing 6 personsaround atableis
(@6 (b)5 (c) 6! d) 5!
5) Thevalueof x(x-1) (x-2)! is
(@ x! (b) (x-1)! (c) (x-2)! (d) (x+1)!
6) 2 personscan occupy 7 placesin ways
(a) 42 (b) 14 ()21 (d)y7
7 Thevalueof %, is
8X7x6
(88x7x6 (b) TR (c)8x7 (d3x21
8) Thevalueof ®C is
(@8 (b1 (©7 (d)0
9) Thevalueof ®C,is
@9 (b1 (c)*°C, ()0
10)  Number of linesthat can be drawn using 5 pointsin which none of 3 points

arecollinearis
(a) 10 (b) 20 (©)5 (d1
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11)

12)

13)

14)

15)

16)

17)

If (§)+ (i): (g)then X is

(@5 (b)4 (©)6
If 1%c =, then r is

(@2 (b)4 (c) 10
Sum of all the binomial coefficientsis

(a) 2 (b)b" (c)2n
Thelasttermin (x+1)" is

(a) x (b)bn (©n
The number of termsin (2x+5)7 is

(@2 (b)7 (©)8
Themiddletermin (x+a) is

@rt, (b) tg (©)tg
Thegeneral termin (x+a)" isdenoted by
@rt, (bt ©t,
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SEQUENCES AND SERIES 3

A sequenceis defined as afunction from the set of natural numbers
N or asubset of it to the set of real numbers R. The domain of a sequence
is N or asubset of N and the codomain is R.

We use the notation t, to denote the image of the natural number n.
Weuse{t} or <t > to describe a sequence. Alsot,,t, t,,... are called the
terms of the sequence. The distinctive terms of a sequence constitute its
range. A sequence with finite number of termsis called afinite sequence.
A sequence with infinite number of termsis an infinite sequence.

Examples of finite sequences are

(i) tn:n%s, n<10

The domain of the sequenceis {1,2,3,4,5,6,7,8,9}

i 1 2 3 4 5 6 171 8 9

and therange is {Z’€ i E ’E’H’E}
(i) ot =2+C-1)n

Thedomainis{l,2,3,.. }

Therangeis{1, 3}
Examples of infinite sequences are
(i) t. = the n" prime number
(i)t =theintegral part of +/n

It isnot necessary that terms of a sequence follow adefinite pattern
or rule. The general term need not be capable of being explicitly expressed
by aformula. If the termsfollow adefinite rule then the sequenceis called

a progression. All progressions are sequences but all sequences need not
be progressions. Examples of progressions are
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() 5,10,15,20,25,.
() 1,-1,1,-11,..

1 2 3 4 5
@ . 5. 7.5 %
(V) 1,1,235,813,..

(V) 2,639,412 .dc

The algebraic sum of the terms of a sequence is called a series.

+ 5 4 % + ... isthe series corresponding to the sequence

We shall study sequences in their general form in sequel. Now we
recall two progressions.

(i) Arithmetic Progression (A.P.)
(i) Geometric Progression (G.P.)

Arithmetic Progression (A.P.)

A sequenceissaidto bein A.P. if itsterms continuously increase or
decrease by afixed number. Thefixed number iscalled thecommon difference
of the A.P.

The standard form of an A.P. may betaken as a, atd, at+2d, a+3d,...
Herethefirst termis‘a and the common differenceis‘d’

The n'"term or the general term of the A.P.ist, =a+ (n-1) d.
The sumto ntermsof the A.P.is S = % [2a+ (n-1) d]

If three numbersa, b, carein A.P.then b= aT+c

Geometric Progression (G.P.)

A sequenceissaid to bein G.P. if every term bears to the preceding
term a constant ratio. The constant ratio is called the common ratio of the
GP.

The standard form of a G.P. may betaken as a, ar, a?, ar,...

55



Herethefirst termis‘a and the commonratiois‘r’. The nt term or
the general term of the G.P. ist = ar?

n

The sumto nterms of the G.P.isS =a illL)
-r

If three numbers a, b, c arein G.P. then b2 = ac.

3.1HARMONIC PROGRESSION (H.P.)

The receiprocals of the terms of an A.P. form an H.P.

Thusif a, a, a,, .., a,... arein A.P. then a, '@, ' as; "t a
forman H.P.

Suppose a, b, c bein H.P. Then ;_ , lT , i_ will bein A.P.

1.1
\ L =3'% jebp =2
b a+c

Example 1

i 1 1 1

Find the seventh term of the H.P. = 5 T
Solution:

Consider the associated A.P., 5, 9, 13, ...
t =a+(n-1)d

n

t, =5+(7-1)4 =29

\ the seventh term of the given H.P. is %

Example 2

If a, b, cbein H.P., provethat £*a 4+ btc —»
b-a b-c

Solution:
Giventhat a, b, carein H.P.

\ b= 2ac
at+cC
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b _ 2

a atc

i.e

Applying componendo et dividendo,

b+a — 2ctatc

b-a 2c-a-c
: b+a —3c+a
ie P o (2

Again from (1)

Applying componendo et dividendo,

b+c — 2ata+tc

b-c 2a-a-c
- b+a _3a+c
ie P s (3)

Adding (2) and (3)

b+ta , b+c
b-a b-c

— 3c+a , 3a+c
c-a a-c

- 3c+ta _ 3atc _o
c-a c-a

Example 3
Ifa&=b=canda, b,carein G.P. provethat x,y, zarein H.P.

Solution:
Given that a = b’ = &= K (say)
i 1
\a= k¥, b=k”, c=k? = @
Also giventhat a, b, carein G.P.
\ b2=ac e (2

Using (1) in(2)
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1

2)

3

4)
5)

6)

7)

8)

9

1

(k)2 =(k*)(k?)

2 1,1
ie kY =kxz
.02 1 1
ey =3+ 3

2 Z+X
l.e y = Xz
Y =
L& 2 = x+z
. 2
ey =34z

\ x,y,zareinH.P.

EXERCISE 3.1

. 1 4 2
Find the 4th and 7th terms of the H.P. R

1 1
The 9"term of an H.P. isg5 and the 20th term is3gg . Find the 40"
term of the H.P.

Provethat log?, log,>andlog,*areinH.P.

Ifa, b,careinG.P,, provethat log,", log,™ and log "areinH.P.
If 17 (x+y), Y, 17 (y+z) areinH.P., provethat x, y, zarein G.P.

Thequantitiesx, y, zarein A.P. aswell asin H.P. Provethat they are al so

inG.P.

a
c

If 3numbersa, b, carein H.P. show that —"E‘)E):

If the p"term of anH.P.isgandtheq®termisp, provethat its (pq)"term
isunity.

Ifa, b,careinA.P., b, c,aarein G.P. then show thatc, a,bareinH.P.
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3.2 MEANS OF TWO POSITIVE REAL NUMBERS

Arithmetic Mean of two positive real numbersaand b is defined as

_ atb
AM. 5
Geometric Mean of two positive real numbersaand b is defined as
GM. = +4fab
Harmonic Mean of two positive real numbersaand b is defined as
— 2ab
H.M. ar

Example4
Find a) theA.M.of 15and 25 b) theG.M. of 9and 4
¢) theH.M. of 5and 45

Solution:
a+b 15+25 40
a) AM. = 2 = 2 = T =20
b) G.M.=+.Jab=+o4 =6

2ab  25x45 450
€) HM.=7%¢p =515 = 50 =9

Example5
Insert four Arithmetic M eans between 5 and 6

Solution:

Let5, x, X, X, X, 6 bein A.P.

\ t,=6
i.e5+5d =6
\ d= +
Hencexl:5+é— :%
=ty =%
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_2r 1 _ 28
=5 *tg5 T 5

26 27 28

The required Arithmetic Meansare -5~ , 5=, &5~

Example 6

Insert three Geometric M eans between g— and 2—

Solution:

Let % v Xy %o xs,% bein G.P.

Vit = o
4 .- 3
e 3 =
Hencex, :g—xgzﬁ
-2 3
% =y3x-z =1
and X, :1x§:§

The required Geometric Means are 72- , 1, “/_

Example7
Insert four Harmonic M eans between 9 and 10

Solution:
Let é— X5 X @,x,% beinH.P.

\ 9,)(1—1,%,)(—13”(4 10 arein A.P.
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1
Hences~ =9+ é— = 45?
A _ 4 1 _ 47
X, -5 T 5 T 5
A _ @ 1 _ 48
X3 T 5 Y5 T 5
1 _ 48 1 _ 4
and 5 =5 +35 =5
: : S 5 S5 5
The required Harmonic Means are 26 A7 48 0 49
EXERCISE 3.2
1) Insert 3 Arithmetic M eans between 5 and 29.
2) Insert 5 Geometric Means between 5 and 3645.
3) Insert 4 Harmonic Means between - and ;-
4) The Arithmetic Mean of two numbersis 34 and their Geometric Meanis
16. Find thetwo numbers.
5) Show that the Arithmetic Mean of the roots of X2 - 2ax + b= 0isthe

Geometric Mean of therootsof x2-2bx+a?=0andviceversa.

3.3 RELATION BETWEEN A.M. G.M. AND H.M.

For any two positive unequal real numbers,

H)AM>GM>HM ii) GM.= /(AM) x(HM.)

Proof :

Denoting the A.M., G.M., and H.M. between two positive unequal

real numbers‘a and ‘b’ by A, G, H respectively,
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A=2D G= b, H= 2D

a+b
Now,
A-G=2D _fap = a+b-2+/ab
2 2
2
_ atb-2Javb — 1@)_ >0
2
\' A>G e (@)
Also
_ 2ab  _ +ab(a+h)-2ab
G-H = ab - a+b atb
_ @b (a+b)-2J/ab/ab
a+b
_ +ab (a+b-24/ab
atb
Vab(a- b
= >0
atb
\' G>H - (2
Combining (1) and (2)
A>G>H
Further
_ [(atb 2ab
an= (252) (2)
=ab
= (Vb
=@
\' G=.J(A)(H)
Hence the proof
Observation:

0] A.M., G.M., H.M. form adecreasing G.P.
(i)  If we consider the A.M., G.M. and H.M. of two equal positive real
numbers each equal to ‘a’ then A.M.=G.M.=H.M.=a
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Example 8
Verify that the A.M., G.M. and H.M. between 25 and 4 form a
decreasing G.P.

Solution :

2 2 2

G=+/ab = V54 =10

H= 2ab _ 2254 _ 200
a+b 25+4 29

A= ah . 25+4 _ 29

Now
- 29 ,4-2910 _ 9
A-G= > 10——2 5 >0
\ A>G e Q
Also

G-H=10.200 _ 290-200 _ %0 _ g

29 29 29
\ G>H e )
Combining (1) and (2)
A>G>H

Further

- (29) (200
an = (2) (%)
=100 = (10p
=&
Henceit isverified that A, G, H form a decreasing GP.

Example9

Represent the A.M, G.M. and H.M. geometrically and hence show

that they form a decreasing G.P. -
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Solution:

Now,

Now

Now

From aline OX, cut off OA = aunits, OB = b units.
Draw a semicircle on AB as diameter.

Draw OT the tangent to the circle, TM~ AB.

Let C be the centre of the semi circle.

ath - OAMOB . OCAGHOGHCB - 20C - o -+ AC, CB radii)

\ OCisthe A.M. between aand b.

oT? OA.OB=ab (.- OT istangent and OAB is secant)

ie. OT = ap

\ OT isthe G.M. between aand b.

OT2=OM.OC (* DOTC ||| DOMT)
OM= OT2 _ b _ 2ab

ie o = ash 25D
\ OM isthe H.M. between aand b.
From the right angled D OTC,
oCc>0T
ie. A>G e 1)
From the right angledD OTM,
OT >OM
ieG>H e 2
combining (1) and (2) we get
A>G>H e 3
Further

OT2=0M.OC \ OC, OT and OM form aG.P.
i.e. A,G,HformaG.P. - 4
combining (3) and (4) we get that

A.M., G.M., H.M. form adecreasing G.P.
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Examplel10

If X, y, zbeunequal positive real numbers prove that
(xty) (y+2) (z+x) > 8xyz

Solution:

Consider x,y
Wehave A.M. > G.M.

X+y

\ o > Xy Qe () > 2 xy e o
Similarly  (y+2) > 2.\[yz = --------mme- @)
and (Z4X) >2 [z -meeeeeeeeee 3)

Multiplying (1), (2) & (3) vertically,

(x+y) (y+2) (2+X) > [2fxy | [2+fyz | [2v/2x]
i.e. (X+y) (y+2) (z+x) > 8xyz

EXERCISE 3.3

1) Verify theinequality of the meansfor the numbers 25 and 36.

2) If a, b, c arethree positive unequal numbersin H.P. then show that
az+c2>2b2
3) If X ispositive and different from 1 then show that x + % >2

3.4 GENERAL CONCEPT OF SEQUENCES

A sequence can be defined (or specified) by
(i) arule (ii) arecursive relation.

3.4.1 Defining asequenceby arule
A sequence can be defined by arule given by aformulafor t

which indicates how to find t,_ for agiven n.
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Examplell
Writeout thefirst four terms of each of the following sequences.

=3n- - n*#1 - 2n+1
at=3n-2 b)t = — ot = o1
_ 2" 14-1)' n+l
dt= "7 e <—5L> f) <n-1>'”>1
Solution :
5 10 17 5 7 9
a)1,4,7,10 b)Z,T,T,T C) 3,3—,5—,7—
8 5 3
d21 5,1 ¢0101 f) 32 5, 5
Examplel2
Determinethe range of each of the following sequences
a)<2n> b)y<2n-1> Cc) <1+(-1y>
d) <(-1r> e) <(-1yt>
Solution:

a) Theset of all positive evenintegers {2,4,6,...}
b) The set of all positive odd integers {1,3,5,...}

c {02

d {11}

e {11}
Examplel3

What can you say about the range of the squence
t . =n?-n+41,n<40?

Solution:
Therangeis
{41, 43, 47, 53, 61 ... 1601}
Thisisthe set of all prime numbers from 41 to 1601

Examplel4
Find an expression for the nt" term of each of the following
sequences

1 1 1 3 5 I 9
g L 4.5 1 A el N
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¢) 3,15,35,63,... d) 5,17, 37,65, ..cccvveenens

1 2 3 4 1 1 1 L
© T o5 a5 Do mowmo
Solution:
a) t.= nLZ b) t, = 22;1
C) tn:4n2-l d) tn:4n2+1
o aein GO
e t=(D)"57 N, n?+n

3.4.2 Defining a sequence by arecursiverelation.

A recursiverelationisarule given by aformulawhich enables usto
calculate any term of the sequence using the previousterms and the given
initial terms of the sequence.

Examplel5

Find thefirst seven termsof the sequence given by therecursive
relation,

a=1 =0 3=23,-3, n>2
Solution:

a,=2aa,=01=-1

a,=2a;a,=-2-0=-2

a,=2a,a,=-4+1=-3

a,=2a-a,=-6+2=-4

a,=2aga,=-8+3=-5

Thefirst seventermsare 1, 0, -1, -2, -3, -4, -5

Examplel16
Find thefirst 10 terms of the sequence

a=1a=18,=3+§8,n>2
Solution:

a=ata =1+1=2

a,=ata,=2+1=3
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a,=aqta,=3+2=5

a,=a+a,=5+3=8

a,=a+ta,=8+5=13

a=ata;,=13+8=21

a8,=ata, =21+13=34

a,= ata,=34+21=55

Thefirsttentermsare 1,1, 2, 3,5, 8, 13, 21, 34,55

Observation :
Thistype of sequenceis called Fibonacci sequence.

Examplel7
Show that : (i)t =21-3 and (ii)a=1, =23 ,+3,n>2
represent the same sequence.

Solution:
(i t=2+1-3
t,=2-3=1
,=2-3=5
,=2-3=13
t,=2-3=29

t, = 2-3 = 61 and so on.
The sequenceis 1, 5, 13, 29, 61...
(i) a=1
a,=2a, ,+3, n>2
a,=2a+3=2+3=5
a,=2a,+3=10+3=13
a,=2a,+3=26+3=29
a,= 2a,+3 = 58+3 = 61 and so on.
The sequenceis 1, 5, 13, 29, 61, ...
i.e. The two sequences are the same.

Observation

There may be sequenceswhich defy an al gebraic representation. For
exampl e, the sequence of prime numbers 2, 3,5, 7, 11, 13, ... Mathematicians
are still striving hard to represent all prime numbers by a single algebraic
formula. Their attempts have not been successful so far.
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EXERCISE 34

Write out thefirst 5terms of each of the following sequences

-1 nl 1 (.
(a) <1> o < L™ nzl > @ <H> <>
(@<nzri>  (f)<(-1r> (g) <6n-1>

Write out thefirst 7 terms of the sequence

t

n

I &3 if nisodd
n

3(z+1),if niseven

Find therange of each of thefollowing sequences

(a)

< 1+(_1)n+1> (b) < (_1)n+1>

Find the general term of each of the foll owing sequences

(a)
(b)
(c)
(d)

(€)

1,4,9 16,25 ...

3,7,11, 15,19, 23, ...

2.1, 2.01, 2.001, 2.0001, ...
0,3,8, 15 ..

10 20 30 40
3 ' 9 27 8L v

Find thefirst 6 terms of the sequence specified by therecursiverelation

(a)
(c)
(e)
(9

a =1, an=%,n>1 (b)a,=5, a =-2a , n>1
a=1a=3a ,+1, n>1 (da=2a=2a_,+n n>1
a=1,4a=a_,+n>, n>1 (Ha=2a,=1a=a_-1,n>2

a=1a=1a =(a,)’+2,n>2 (h) a,=lLa,=-1,a =a,+2,n>2

3.5COMPOUND INTEREST

In compound interest, the interest for each period is added to the
principal before the interest is calculated for the next period. Thus the
interest earned gets reinvested and in turn earns interest.
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Theformulato find the amount under compound interest is given by

A=P(1+)' | where i = 105

Here P =Principa
A = Amount
r = Rate of Interest
i = Interest on unit sum for one year

Also the present value P is given by

Observation :

P

A
(1+)"

» The amounts under compound interest form a G.P.

(i)  If theinterest is paid more than once in ayear the rate of interest is

what is called nominal rate.

(iii)  If theinterest ispaid k times ayear theni must be replaced byi? and

n by nk.

(iv) If acertain sum becomes N timesin T years then it will become N

timesin T x n years.

Find the compound interest on Rs. 1,000 for 10 years at 5% per

Examplel8
annum.
Solution:
A =P(H)
= 1000 (1+0.05)*
= 1000 (105)%
= Rs. 1629
Compound Interest=A - P
= 1629 - 1000
= Rs. 629.
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Logarithmic calculation

log 1.05 = 0.0212
10

0.2120
log 1000 = 3.0000

3.2120

Antilog 3.2120

= 1629

X
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Examplel19
Find the compound interest on Rs. 1,000 for 10 years at 4% p.a.,
theinterest being paid quarterly.

Solution: Logarithmic calculation
A = PH) log 1.01 = 0.0043
= 1000 (1+0.01)* 40 X
= 1000 (101)® 04720
= Rs. 1486 log 1000=3.0000 +
Compound interest = A - P 3.1720
= 1486 - 1000 Antilog 3.1720
= Rs. 486. = 1486
Example20

A person depositsa sum of Rs. 10,000 in the name of his new-born
child. Therateof interestis12% p.a. What istheamount that will accrue
on the 20th birthday of the beneficiary if the interest is compounded

monthly. Logarithmic calculation

Solution: log 1.01 = 0.0043
A = P(LH)" 240 x

= 10000 (1+0.01)2% 1.0320
— 10000 (101} log 10000 = 4.0000 +

= Rs. 1,07,600 5.0320

Antilog 5.0320

=1,07,600

Example21

The population of a city in 1987 was 50,000. The population
increases at the rate of 5% each year. Find the population of the city in
1997.

Logarithmic calculation

Solution: log 1.05 =0.0212
A = P(LH) X

0.2120
= 50000 (1+0.05)"° log 50000 = 4.6990 +

= 50000 (1.05)© 49110

_ Antilog 4.9110

= 81470 = 81,470
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Example22

A machine depreciatesin value each year at therate of 10% of its
valueat thebegining of ayear. Themachinewaspurchased for Rs. 10,000.

Obtain itsvalue at the end of the 10th year.

Solution:
A =Py
= 10000 (1-0.1)%
= 10000 (0.9)°
= Rs. 3,483
Example23

Logarithmic calculation
log 0.9 = 1.9542

10 X

1.5420 4
log 10000 = 4.0000
3.5420
Antilog 3.5420
= 3,483

Find the present value of an amount of Rs. 12,000 at the end of

5yearsat 5% C.I.

Solution:
A
P = @)
12000
= (1+0.05)°
12000
= (Los)
= Rs. 9,401
Example 24

Logarithmic calculation
log 1.05 = 0.0212
5 X
0.1060
log 12000 = 4.0792
0.1060
3.9732

Antilog 3.9732
=9401

What sum will amount to Rs. 5,525 at 10% p.a. compounded

yearly for 13 years.

Solution:
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_ 5525 Logarithmic calculation
T (woa)® log 1.1=0.0414
13 X
_ 5525 0.5382
T (e —
log 5525 =3.7423 _
= Rs 1600 0.5382
, 3.2041
Antilog 3.2041
= 1,600

Example25
At what rate percent p.a. C.I. will Rs. 2,000 amount to Rs. 3,000
in 3yearsif theinterest isreckoned half yearly.

Solution:
A =P(1H)
3000 = 2000 (1+ & )2
= 2000 (1+ & )° . |
Logarithmic calculation
= (1+4 =300 log 1.5 = 0.1761
. 1 —3_6
=> (+5 )=(15)® =107 0.02935
= '? =007 Antilog 0.02935
=107
H I -
l.e m =014

\ r =14%

Example26
How longwill it takefor a given sum of money totripleitself at 13%
Cl.?

Solution:
A =P(H)
3P =P (1+0.13)
i,e. 3  =(113r
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Taking logarithm, Logarithmic calculation

log3  =nlog113 log 0.4771 = 1 .6786

; _ _log8 _ o4771 -7 -
e N = oq13 T 00531 log 0.0531 = 2.7251
0.9535

=8.984 =9years (nearly) Antim
=8.984

3.5.1 Effectiverate of interest:

When interest is compounded more than once in ayear the rate of
interest is called nominal rate.

Theinterest rate, which compounded once in ayear gives the same
interest as the nominal rate is called effective rate.

Obvisously Effective rate > nominal rate.

Let i be the nominal interest per unit sum per year compounded k
timesayear and j the corresponding effectiveinterest on unit sum per year.
Then for the principal P,

PA+) =P(+L)

Example27
Find the effectiverate of interest when therate of interest is 15%
and theinterest is paid half yearly.

Solution:

i = (1+ ||<_ )k-l Logarithmic calculation
log 1.075 = 0.0314
2

- 0.15 -
=@ r 0.0628
= (1 + 007571 Antilog 0.0628
= (1.0752-1=1.155-1 =1.155

=0.155 = 155%
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Example28
Find theeffectiverateof interest for theinterest rate 16% if inter est

iscompounded oncein two months.

Solution:
i = i ko
J O k )1 Logarithmic calculation
= (1+0-_16)6 1 log 1.027 = 0.0116
6 6
= (1+0.027p-1 0.0696
— 6_
= (102701 Antilog 0.0696
=1174-1 =1174
=0.174
= 17.4%
Example29

A finance company offers 16% interest compounded annually. A
debenture offers 15% interest compounded monthly. Advise which is
better.

Solution:
Convert the nominal rate 15% to effective rate.

j = (1+ l|<_ -1 Logarithmic calculation
log 1.0125 = 0.0055

— 0.15
=@+ ) 12 &
= (1+0.0125)*-1 0.0660
= (1.01257=1 Antilog 0.0660
=1164-1 =1164
=0.164
=164 %

Comparing, we conclude that 15% compounded monthly is better.
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EXERCISE 35

How much will Rs. 5,000 amount to at 12% p.a. C.l. over 15 years?

FindtheC.l.for Rs. 4,800 for 3yearsat 4% p.a. when theinterest ispaid
i) annually ii) half yearly

A personinvestsRs. 2,000 at 15%. If theinterest iscompounded monthly,
what isthe amount payabl e at the end of 25 years?

A machinedepreciatesin value each year at therate of 10% of itsvalue at
the begining of ayear. The machinewas purchased for Rs. 20,000. Obtain
the value of the machine at the end of the fourth year.

Find the present value of Rs. 2,000 duein 4 yearsat 4% C.1.

Mrs. Kalpanareceives Rs. 4888 as compound interest by depositing a
certainsuminal0% fixed deposit for 5years. Determinethe sum deposited
by her.

At what rate percent per annum C.I. will Rs. 5000 amount to Rs. 9035
in5years, if C.l.isreckoned quarterly?

In how many yearswill asum of money trebleitself at 5% C.I. payable
annually?

Find the effectiverate of interest when theinterest is 15% paid quarterly

Findtheeffectiverate corresponding to the nominal rate of 12% compounded
half yearly.

3.6 ANNUITIES

A sequence of equal payments at equal intervals of timeiscalled an

annuity. If the payments are made at the end of each period the annuity is
called immediate annuity or ordinary annuity. If the paymentsare made at
the begining of each period the annuity is called annuity due. Annuity
generally means ordinary annuity.
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3.6.1 Immediate Annuity

a a a a .. a
P 1 2 3 4 .. n
Amount A

If equal payments ‘a are made at the end of each year for n years,
then the Amount

A= ?— [ (1+)"-1]

Also if Pisthe present value then

P= & [1- (1+)7]

3.6.2 Annuity Due

a a a a .. a
1 2 3 4 .. n Amount A
P

If equal payments ‘a’ are made at the beginning of each year for n
years, then the Amount

A= (1) [ (1)1

Also if Pisthe present value, then

P = & (1+i)[ 1 (L+i)T]

Example30
Find the amount of annuity of Rs. 2,000 payable at the end of each
year for 4 yearsif money isworth 10% compounded annually.

Solution:

>
I

2 [ @41

2000
= o1 [(@1p-1]
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2000 Logarithmic calculation

= S5 [1.464-1]
10
log 1.1 =0.0414
= 20000 [0.464] — 4
e 9280 0.1656
mRS Antilog 0.1656
= 1.464

Example31
Find the amount of an ordinary annuity of 12 monthly payments of
Rs. 1,000 that earn interest at 12% per year compounded monthly.

Solution:
a _ Logarithmic calculation
A= T T log 1.01 = 0.0043
1000 2
= “oor [(101y*1] 0.0516
2000 .
= — [1.127-1] Antilog 0.0516
10 = 1127
= 100000 [0.127]
= Rs. 12,700
Example32

A bank pays 8% interest compounded quarterly. Determine the
equal deposits to be made at the end of each quarter for 3 years so as to

receive Rs. 3,000 at the end of 3 years.
Logarithmic calculation

lution:

Solution log 1.02 = 0.0086
A = A [ (1)1 Ly

i LA 0.1032

ie 3000= 555 [ (1.02/%1] Antilog 0.1032

: = 1.2690

= 60 =a[l.2690-1]

log 60=1.7782

=> 60 =a[0.2690] log 0.2690 = 1 .4298
N 23484 _

0.2690 Antilog 2.3484

= Rs. 223 = 2230
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Example33
What isthe present value of an annuity of Rs. 750 p.a. received at
the end of each year for 5 yearswhen the discount rateis 15%.

Solution : Logarithmic calculation
log 1.15 = 0.0607
P = 4 [1:(14)7] -5 x
250 - 0.3035
= 015 [1-(115)7] = 1 .6965
_ 75000 Antilog 1 .6965
= 52 [1-0.4972] = 0.4972
= 5000 [0.5028]
= Rs. 2514

Example34

An equipment is purchased on an instalment basis such that
Rs. 5000 is to be paid on the signing of the contract and four yearly
instalments of Rs. 3,000 each payable at the end of first, second, third and
fourth year. If theinterest ischarged at 5% p.a., find the cash down price.

Solution:
P = ?_ [1-(1+)"] Logarithmic calculation
log 1.05=0.0212
= 2000 11.(1.05) J 4y
3000 -0.0848
= "5 [1-0.8226] -
100 =1.9152
300000 . =
=~5 [0.1774] Antilog 1 .9152
=0.8226
= 60000 [0.1774]
= Rs. 10644
Cash down payment = Rs. 5,000
\ Cash down price =Rs. (5000 + 10644) = Rs. 15,644
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Example35

A person borrows Rs. 5000 at 8% p.a. interest compounded half
yearly and agrees to pay both the principal and interest at 10 equal
instalments at the end of each of six months. Find the amount of these

instalments.
Solution:

P = 4 [1-(14)")
5000 = 557 [1-(1.04)1]
= 557 [1-06761]

= 557 [0.3239]
ie 200 =a[0.3230]

_ _200
~ 0.3239

=Rs. 617.50

Example36

Logarithmic calculation

log 1.04 = 0.0170
-10

-0.1700
=1 .8300

Antilog 1.8300
= 0.6761

log 200 = 2.3010

log 0.3239 = 1 .5104 -
2.7906

Antilog 2.7906
= 617.50

Machine X costs Rs. 15,000 and machine Y costs Rs. 20,000. The
annual income from X and Y are Rs. 4,000 and Rs. 7,000 respectively.
Machine X has a life of 4 years and Y has a life of 7 years. Find which
machine may be purcahsed. (Assume discount rate 8% p.a.)

Solution:

M achine X

Present value of outflow = Rs. 15,000

Present value of inflows

2 [1-(24)"]

4000 ,4
008 [1-(1.08)7
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Logarithmic calculation

log 1.08 = 0.0334
4

-0.1336

= 1.8664

Antilog 1 .8664
= 0.7352



= 400000 11.0.7352]

= 50000 [0.2648]
Rs. 13,240

Present inflow isless than present outflow.
\ Net outflow = Rs. (15,000-13,240)

= Rs. 1760
M achine Y Logarithmic calculation
Present value of outflow = Rs. 20,000 log 1.08 = 0'03% <
Present value of inflows m
= 4 [1-()1] =1 7662
7000 ilog 1
= 008 [1(1.08)7] Antllog_lo.;ggi
_ 7000 .,
=T 10587 log 87500 = 4.9420
log0.4163= 1.6194 *
700000
=—g (04163 5614
= 87500 [0.4163] Antilog = 4.5614
= 36,420
=Rs. 36,420
Present inflow is more than present outflow
\ Netinflow = Rs. (36,420-20000)

= Rs. 16,420
\'" Machine Y may be purchased

Example37

If | deposit Rs. 500 every year for a period of 10 yearsin a bank
which gives C.I. of 5% per year, find out the amount | will receive at the
end of 10 years.
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Solution: Logarithmic calculation
A= 2 (1) [(1H)-1] log 1.05 = 0.0212
500 10 x
= 005 (1.05) [(1.05)%°-1] 0.2120
Antilog 0.2120
525
= 0.05 [1.629-1] = 1,629
= 22 1069
100
= 220 10629)
= 10500 [0.629]
= Rs. 6604.50
Example38

A sum of Rs. 1,000 isdeposited at the beginning of each quarter in
a S.B. account that pays C.I. 8% compounded quarterly. Find the amount

in the account at theend of 3 years.

Solution: Logarithmic calculation
A = 5 (AH) [ log 1.02 = 0.0086
1000 2 x
= 002 (1.02) [(1.02)*-1] 0.1032
Antilog 0.1032
1020
= 002 [1.269-1] = 1.269

= 1920 10.269]

100

= 102000 10 269]

= 51000 [0.269]
= Rs. 13,719
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Example39
What equal payments made at the beginning of each month for

3 yearswill accumulateto Rs. 4,00,000, if money isworth 15% compounded

monthly. Logarithmic calculation
Solution log 1.01125 = 0.0055
_36 x
A = 2 (1H) [ (1)1 0.1980
! Antilog 0.1980
= 1578
400,000 = 0.051125(1.0125) [(1.0125)%-1]
ie. 5000 = a(1.0125) [1.578-1] log 1.0125 = 0.0055
log0.578 = 1 7619
= a(1.0125) (0.578) 1.7674
\ ] log 5000 = _3.6990
a = (10125)(0.578) 1.7674 .
= Rs. 8,543 3.9316
Antilog 3.9316
= 8543

Example40
Find the present value of an annuity due of Rs. 200 p.a. payable
annualy for 2 yearsat 4% p.a.

Solution:
Logarithmic calculation

T
1

B (14 [1(140)0
= (1H) [1-(2H) M log 1.04 = 0.0170

200 2
= 504 (1.04) [1-(1.04)7] 00340
208 = 1.9660

= [1-0.9247]
100

Antilog 1 .9660
20800
= =4 (00753 = 0.9247

= 5,200 [0.0753]
= Rs. 391.56
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EXERCISE 3.6

Find thefuture value of an ordinary annuity of Rs. 1000 ayear for 5years
at 7% p.a. compounded annually.

A man depositsRs. 75 at the end of each of six monthsin abank which
paysinterest at 8% compounded semi annually. How muchisto hiscredit
attheend of tenyears?

Find the present val ue of an annuity of Rs. 1200 payabl e at the end of each
of six monthsfor 3yearswhentheinterestisearned at 8% p.a. compounded
semi annually.

What isthe present val ue of an annuity of Rs. 500 p.a. received for 10 years
when thediscount rateis10%p.a.?

What isthe present val ue of an annuity that pays Rs. 250 per month at the
end of each month for 5 years, assuming money to be worth 6% compounded
monthly?

Machine A costs Rs. 25,000 and machine B costs Rs. 40,000. Theannual
incomefromthe machines A and B are Rs.8,000 and Rs. 10,000 respectively.
Machine A hasalifeof 5yearsand machineB hasalifeof 7 years. Which
machine may be purchased, discount ratebeing 10% p.a.?

A manwishesto pay back hisdebtsof Rs 3,783 due after 3 yearsby 3 equal
yearly instalments. Find theamount of eachinstalment, money being worth
5% p.a. compounded annually.

A person purchases ahouse of worth Rs. 98,000 on instal ment basis such
that Rs. 50,000 isto be paid in cash on the signing of the contract and the
balancein 20 equal instalmentswhich areto be paid at the end of each year.
Find eachinstalment to be paid if interest be reckoned 16% p.a. compounded
annually.

If | deposit Rs. 1,000 every year for aperiod of 5 yearsin abank which
givesaC.l. of 5% p.a. find out the amount at the end of 5 years.

A sum of Rs. 500 is deposited at the beginning of each year. Therate of
interest is6% p.a. compounded annually. Find the amount at the end
of 10 years.
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8 years. Paymentsare made at the beginning of each year. What isthe
present value of thetotal cash flow of the paymentsfor interest at 20%.?

12) A bank paysinterest at therate of 8% p.a. compounded quarterly.
Find how much should be deposited in the bank at the beginning of each
of 3 monthsfor 5yearsin order to accumulate to Rs. 10,000 at the end
of 5years.

13)  What equal payments made at the beginning of each year for 10 yearswill

pay for a machine priced at Rs. 60,000, if money is worth 5% p.a.
compounded annually?

EXERCISE 3.7

Choosethe correct answer
1) The progression formed by thereciprocals of thetermsof anH.P. is

(@ A.P. (b) G.P. (c)H.P. (d)none of these
2) é— L X, % areinH.P. then x isequal to

3 4 5 6

(a) 13 (b) 13 (c) 13 (d) 13
3) The Arithmetic Mean betweenaandbis

(a) 2 (b) &P (c) Vab (d) 22
4) The Geometric Mean between 3and 27 is

(a) 15 (b) 12 (c) 19 (d)noneof these
5) The Harmonic Mean between 10 and 15is

(a) 12 (b) 25 (c) 150 (d)12.5
6) The Harmonic Mean between theroots of the equation x2-bx +c=0is

2b 2 2bc

() C (b) b (c) bto (d)noneof these

7) If the Arithmetic Mean and Harmonic Mean of the roots of aqudradratic

equation are g— and g— respectively thentheequationis

(c) ¥-3x-4=0 (d)»x¥+2x+3=0

85



8)

9

10)

11)

12)

13)

14)

15)

16)

17)

18)

TheA.M., G.M. and H.M.between two unequal positive numbersare
themselvesin
(a) G.P. (b) A.P. (c)H.P. (d)none of these

If A, G, Harerespectively the A.M., G.M. and H.M between two different
positivereal numbersthen
(@A>G>H (b)A<G>H (c)A<G<H (d) A>G<H

If A, G, Harerespectively the A.M., G.M and H.M. between two different
positive numbersthen

(a)A=GH (b) &=AH (c) A2=GH (dyA=GH
For two positivereal numbers G.M. =300, H.M. =180their A.M.is
(a) 100 (b) 300 (c) 200 (d) 500

For two positive real numbers, A.M. =4, G.M. = 2 then the H.M.
between themis
@1 (b)2 (©)3 (d)4

(_ ])I'H'l
Thefifth term of the sequence <—n >is

(@ & (b)- L © 4 (- 4

Inthe sequence 1000, 995, 990, ... find nfor whicht isthefirst negative
term.

(a) 201 (b) 204 (c) 202 (d) 203
Therange of the sequence <2+(-1)">is
(@N (bR (©) {3, 4} (d){1,3}

Thesuccessiveamountson aprincipal carrying S.1. for oneyear, two years,
threeyearsform.
(@ anA.P. (b) aG.P. (c)anH.P. (d)none of these

The successive amountson aprincipal carrying C.I. forms
(@ anA.P. (b) aG.P. (c)anH.P. (d)none of these

The compounded interest on Rs. P after T yearsat R% p.a., compounded
annuallyis

R R

(a) Rs. P[ (1+755)"+1] (b) Rs. P[ (1+755)"-11
(c) Rs. P[ (1+155)7-100] (d) Rs. P[ (1+705)7+100]
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19)

20)

21)

22

23)

24)

25)

26)

27)

28)

29)

30)

The compound interest on Rs. 400 for 2 years at 5% p.a. compounded
annually is
() Rs. 45 (b) Rs. 41 (c)Rs. 20 (d)Rs. 10

Theinterest on Rs. 24,000 at therate of 5% C.I. for 3 years.
(a) Rs. 3,783 (b) Rs. 3,793 (c) Rs. 4,793 d) Rs. 4,783

Thedifference between S.1. and C.I. on asum of money at 5% p.a. for
2yearsisRs. 25. Thenthesumis.
(a) Rs. 10,000 (b) Rs. 8,000 (c) Rs. 9,000 (d) Rs. 2,000

If Rs. 7,500 isborrowed at C.I. at therate of 4% p.a., then the amount
payableafter 2 yearsis

(a) Rs. 8,082 (b) Rs. 7,800 (c) Rs. 8,100 (d) Rs. 8,112
Rs. 800 at 5% p.a. C.I. will amount to Rs. 882in
(a) 1year (b) 2years (c) 3years (d) 4years

A sum amountsto Rs. 1352in2yearsat 4% C.l. Thenthesumis
(a) Rs. 1300 (b) Rs. 1250 (c) Rs. 1260 (d) Rs. 1200

Theprincipal which earns Rs. 132 as compound interest for the second
year at 10%p.a.is

(a) Rs. 1000 (b) Rs. 1200 (c) Rs. 1320 (d)none of these
A sum of Rs. 12,000 deposited at Cl becomesdouble after 5 years. After
20yearsit will become

(a) Rs. 1,20,000 (b) Rs.1,92,000 (c)Rs.1,24,000 (d)Rs. 96,000
A sum of money amountsto Rs. 10,648 in 3yearsand Rs. 9,680 in 2 years.
Therateof C.l.is

(a) 5% (b)10% (c) 15% (d) 20%
Thevalue of amachine depreciates every year at the rate of 10% onits
value at the begining of that year. If the present value of the machineisRs.
729, itsworth 3 yearsagowas

(a) Rs. 947.10 (b) Rs. 800 (c) Rs. 1000 (d) Rs. 750.87
At compoundinterest if acertain sum of money doublesinnyearsthenthe
amount will befour foldin

(a) 2n?years (b)n2years (c) 4nyears (d) 2nyears

A sum of money placed at C.1. doublesin5years. It will become8timesin
(a) 15years (b) 9years (c) 16 years (d) 18 years
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31)

32)

33)

A sum of money at C.l. amountsto thriceitself in 3years. It will be
9timesin

(a) 9years (b) 6years (c) 12 years (d) 15years

If i istheinterest per year on aunit sum and theinterest iscompounded
k timesayear then the corresponding effectiverate of interest on unit sum

per year isgiven by

(a) (1+ 'I‘— Y1 (b)(1+ 'f— ) © -1(c) (1+ 1— )1 (d)noneof these

If i istheinterest per year on aunit sum and theinterest is compounded
onceink monthsinayear then the corresponding effectiverate of interest
onunit sum per year isgiven by

12 .35 ki ¥ ki \F
(@) (1+51) 121 b) (1+ 17) k-1 (o) (1+15) k'+1 (d) noneof these
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ANALYTICAL GEOMETRY 4

Theword “Geometry” isderived from the Greek word “geo” meaning
“earth” and “metron” meaning “measuring”. The need of measuring land is
the origin of geometry.

The branch of mathematics where algebraic methods are employed
for solving problem in geometry is known as Analytical Geometry. It is
sometimes called cartesian Geometry after the french mathematician Des-
Cartes.

4.1 LOCUS
Locus is the path traced by a moving point under some specified
geometrical condition The moving point is taken as P(x,y).

Equation of alocus:
Any relationin x and y which is satisfied by every point on the locus
is called the equation of the locus.

For example A K B
()] The locus of a point equidistant f M
from two given lines is the line © | L 9
parallel to each of the two lines and C N D
midway between them.
(i)  Thelocusof apoint whose distancefrom
a fixed point is constant is a circle with P,
the fixed point asits centre. / 1\ 2

(i)  The locus of a point whose distances /
from two points A and B are equal isthe /
perpendicular bisector of the line AB. /

A
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Exampe 1
Find the locus of a point which moves so that its distance from the
point (2,5) isalways 7 units.

Solution:
Let P(x,y) be the moving point. The given fixed pointis A(2,5).
Now, PA =7
\ PA2=7=49
(ie) (x-2P+(y-52=49
¥-4x+4+y?-10y +25-49=0
\ thelocusisxX+y?-4x-10y-20=0

Example 2

Find the equation of locus of the point which is equidistant from (2,-3)
and (4,7)
Solution:

Let P(x,y) be the moving point. Let the given points be A (2, -3)and
B4, 7).

Given that PA = PB \ PA2=PB?

(X-2§ + (y+3)? = (x-4F + (y-7)?
i.e, x+by-13 =0

Example 3
A point P moves so that the points P, A(1,-6) and B(2,5) are always
collinear. Find the locus of P.

Solution:

Let P(x,y) be the moving point. Given that P,A,B are collinear.
\ Areaof DPAB=0

le 2 [X(-65) + 1(5y) + 2(y+6)] =0
\ 11x -y - 17 = O istherequired locus.
EXERCISE 4.1

1) Find thelocus of apoint which movesso that itisalways equidistant from
thetwo points(2,3) and (-2,0)
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2)

Find thelocus of apoint Pwhich moves so that PA = PB where A is(2,3)
and B is(4,-5)

3) A point moves so that its distance from the point (-1,0) isalwaysthree
timesits distance from the point (0,2). Finditslocus.

4) Find the locus of apoint which moves so that its distance from the point
(3,7) isalways 2 units.

5) A and B aretwo points (-2,3), (4,-5) Find the equation to the locus point P
such that PA 2-PB2=20

6) Find the equation to the locus of a point which moves so that its distance
from the point (0,1) istwiceits distance from the x axis.

7 Find the perpendicul ar bisector of the straight linejoining the points(2,-3)
and (3,-4)

8) The distance of apoint fromtheoriginisfivetimesits distance from
they axis. Find the equation of the locus.

9) Find thelocus of the point which moves such that its distancesfrom the
points(1,2), (0,-1) areintheratio 2:1

10) A point Pmovesso that P and the points(2,3) and (1,5) are alwayscollinear.
Find thelocus of P.

4.2 EQUATION OF LINES
RECALL

The line AB cuts the axes at D and C A y

respectively. g is the angle made by the line AB
with the positive direction of x - axis.

by m. OD iscalled the x -intercept OC is called o] D
they - intercept.

tanqg = slope of the line AB is denoted

Slope Point Form:

Equation of astraight line passing through a given point (x,y,) and

having agiven slope mis y-y, = m(x-x)

Slope I ntercept Form:

The equation of a straight line with slope ‘m’ and y intercept ‘c’ is

y = mx+c.
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Two Point Form:
Theequation of astraight line passing through the points (x,y,) and
(x,y,) is
YY1 XXy
Y2-Y1 X2-Xg
When the two points (X, y,) and (x,, y,) are given, then the slope of
the line joining them is

Y2-Y1
X2~ Xp

I ntercept Form:

Equation of aline with x intercept aand y intercept b is
X + Y =
a b 1
General Form:
Any equation of the first degree in X, y of the form Ax+By+C =0
represents equation of a straight line with slope -(% )

4.2.1 Normal Form:

When the length of the ] rfrom B
the origin to a straight line is p and
the inclination of the | r with x -axisis

a then the equation of the straight
L 2
lineis /P

Xxcosa+ysina=p a
0] a A X

Proof:
Let AB bethelineintersects x axisat A andy axis at B.
Let OM "~ r AB.
Let OM = p and|XOM =a.
If the intercepts are a and b then the equation of the straight lineis

x 4+ ¥ -
2 + Tl (1)
From right angled DOAM, S— = seca => a=p seca
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from DOBM, B— = Sec(90°-a) => b = p cosec a

I 2
pseca = pcoseca
i.e., Xcosa+ysin a = pisthe equation of astraight linein

\' )=

normal form.

4.2.2 Symmetricform/Parametricform
If the inclination of a straight line passing through a fixed point A
with x -axisisq and any point Ponthelineisat adistance‘r’ from A thenits

eguation is
L~
X-X3 —Y-Y1 - y i p(x,y)
cosq sing q_]:}
pEAY o
/ [1
e} B M X
Proof:
Let A(x.y,) bethegiven point and P(x,y) be any point on theline
AP =r,
PAL=q

Draw PM~ OX and AL || to x axis.

Then cosg= —ﬁ:; = X_rxl and sing = _ZIE’ = y-ryl

_ X-X _y-y _ . . .
= 2721 =2 Y1 =t jstherequired equation.
cosq  sing e *

Observation:
0] The length of the perpendicular from P(x,y,) tothelineax+by+c=0is

axq+hy+c
PN:ilz—ylz P,y
Jac+b
A N B
ax+by+c=0
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(i)  Thelength of the perpendicular from the origin to
ax+by+c = 0 is+ —=<

Y va? +b?

(iii)  Equations of the bisectors of the angles between the straight lines
ax+by+c = 0 and

ax+by+c_+a1x+b1y+cl
JaZ+p2 T T Jaf+bf

ax+hy+c =0 are

Example4

Find the equation of the straight line which has perpendicular
distance 5 unitsfrom theorigin and theinclination of perpendicular with
the positive direction of x axisis 120°
Solution:

The equation of the straight linein Normal Formis

X cosa +ysina=p

Given a=12andp=5

\ Equation of the straight lineis

X cos 12 +y sin 120°=5
ie  xy+/3+10=0

Example5
Find the length of the perpendicular from (3,2) on the line
3x+2y+1=0
Solution:
Length of the perpendicular from (3,2) to the line 3x+2y+1 =0is
33)+2(2+1 14
+ =
= 32422 A/13

Example 6
Find the equation of the bisector s of the angle between 3x+4y+3=0
and 4x+3y+1=0

Solution:

3x+4y+3 _  4x+3y+l

The equations of the bisectorsis
J9+16 J16+9

ie,  3x+d4y+3 =+ (4x+3y+1)
ie, Xxy-2=0and 7x+7y+4=0
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2)

3)

4
5)

6)

7

8)

4.3.1.

EXERCISE 4.2

The portion of astraight line intercepted between the axesis bisected
at the point (-3,2). Find its equation.

The perpendicular distance of alinefromtheoriginis5cmand its slope
is-1. Find the equation of theline.

Find the equation of the straight line which passes through (2,2) and
haveinterceptswhosesumis9

Find thelength of the perpendicular fromthe originto theline 4x-3y+7 =0

For what value of K will the length of the perpendicular from (-1,k) to
theline5x-12y+13 = 0 be equal to 2.

Find the equation of the line which has perpendicular distance 4 units
from the origin and theinclination of perpendicular with +ve direction
of X-axisis135°

Find the equation of alinewhich passes through the point (-2, 3) and
makes an angles of 30°with the positivedirection of x-axis.

Find the equation of the bisectors of the angle between 5x+12y-7=0
and 4x-3y+1=0

43 FAMILY OF LINES

Inter section of two straight lines
The point of intersection of two staright linesis obtained by solving

their equations.

4.3.2

Concurrent lines
Three or more straight lines are said to be concurrent when they all

pass through the same point. That point is known as point of concurrency.

Condition for Concurrency of threelines:

axthy+c, =0.............. (i) ax+by+c,=0......... (i)
ax+hy+c, =0 ... (iii) is

a, by ¢

a, b, ¢y =p

a; by cj
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4.3.3 Angle between two straight lines

y
Xt o] X
yl
Let f be the angle between the two straight lines with slopes
m, = tanqg, and
_ h _ m;-mj
m, =tang,. Thentanf = Temom,
my -m
_ 1 1 2
\ f=tan Trmm,

Observation:

(i) If m =m,thestraight lines are parallel
i.e., if thestraight lines are parallel then their slopes are equal.

(i) If mm, = -1 then the straight lines are | r. to each other (applicable
only when the slopes are finite)
i.e., if the straight lines are perpendicular then the product of their
slopesis-1.

Example7

Show that the lines 3x+4y = 13, 2x-7y+1 = 0 and 5x-y=14 are
concurrent.
Solution:

3x+4y-13=0

2x-7y +1=0and

5x-y-14=0

Now,
3 4 -1
2 -7 1jl
5 -1 -1
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= 3(98+1) - 4 (-28-5)-13 (-2+35)
=297 + 132-429

=429-429=0

=> the given lines are concurrent

Example 8
Find the equation of a straight line through the inter section of
3x+4y =7 and x+y-2 = 0 and having slope = 5.

Solution:
AX+Hy =7 ......... D
XHY =2 e 2

Solving (1) and (2) the point of intersectionis (1, 1)
\' (x,y)=(@Dadm=5
\ equation of thelineis  y-1=5(x-1)

(ie) y-1=5x-5
5x-y-4=0
Example9

Show that thelines5x+6y = 20 and 18x-15y = 17 areat right angles.
Solution:
Thegivenlinesare

5X+6Y =20 ..o, (1) and
18x-15y =17 ...ccuveeeee. 2
_ - _. 5) _.5
m, = Slope of line (1) = (6 =-%
_ ne=-(1&)=18 = &
m, = Slope of line (2) = (_15 =5~ 5
mlmzz%xg— =-1\ thelinesare at right angles

Example 10
Find the equation of the line passing through (2,-5) and parallel to
theline4x+3y-5=0



Solution:

m = Slope of 4x+3y-5=0is- %

\ slope of the required line || to the given line = -% and the line

passes through (x,, y,) = (2, -5)

\ Equation of therequired lineis
y+5=- 5 (x2) =>4xt3y+7=0
Example 11
Show that the triangle formed by the Ines 4x-3y-8 = 0, 3x-4y+6 = 0

and x+y-9 = 0 isan isoscelestriangle

Solution:
- - —aie (4]
Theslope of line (1) i.e. 4x-3y-8 =0 |s-(_—3)— m
- 4 _
3 M
. . A 3]1_3 _
Slpeof line (2) i.e. 3x-4y+6—0|s-(_—4)—T =m,

Slope of line (3) i.e. x+y-9=0 is-(%) =-1=m,

If a isthe angle between lines (1) and (3) then

4

tana = JTuls | §—+1 = £l =7
1+mymg l+%(-1) N

a = tan’(7)

If b isthe angle between (2) and (3)

e |_| 31| 3

_ b-M3 | _ _ 4 _

then tanb = 1+mymg |~ 1+%(_1) = % =7
b = tan’(7)

a = b thegiventriangleisanisoscelestriangle.
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Example 12
The fixed cost is Rs. 700 and estimated cost of 100 unitsis Rs.
1,800. Find thetotal cost y for producing x units.

Solution:

Lety = Ax + B gives the linear relation between x and y wherey
isthetotal cost, x the number of units, A and B constants.

When x = 0, fixed cost

i.e, y=700=> O+B=700

\ B =700

When x =100, y = 1800

=> 1800 =100A + 700

\ A=1

\ Thetotal costy for producing x units given by the relation.
y = 11x + 700

Example 13

As the number of units produced increases from 500 to 1000 the
total cost of production increases from Rs. 6,000 to Rs. 9,000. Find the
relationship between the cost (y) and the number of units produced (x) if
therelationshipislinear.

Solution:
Let y = Ax + B where B is the fixed cost, x the number of units

produced and y the total cost.
When x =500, y = 6,000

=> 500A+B=6000 -------mmeeemm- @
When x = 1000, y =9,000
=> 1000A + B=9,000 --------m-mm-m-- 2

Solving (1) and (2) we get A = 6 and B = 3,000

\ Thelinear relation between x and y is given by y = 6x + 3,000
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2)
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4)

5)

6)

8)

9

EXERCISE 4.3

Show that the straight lines 4x+3y = 10, 3x-4y = -5 and 5x+y = 7 are
concurrent.

Find the value of k for which the lines 3x-4y = 7, 4x-5y = 11 and
2x+3y+k =0 are concurrent

Find the equation of the straight linethrough theintersection of thelines
Xx+2y+3=0and 3x+y+7=0and | |[to3y-4x =0

Find the equation of the line perpendicular to 3x+y-1 = 0 and passing
through the point of intersection of thelinesx+2y =6 andy = x.

The coordinates of 3 pointsDABC areA(1, 2), B(-1, -3) and C(5, -1). Find
the equation of the altitude through A.

Thetotal costy of producing x unitsisgiven by the equation 3x-4y+600=0
find thefixed overhead cost and al so find the extra cost of producing an
additional unit.

Thefixed costisRs. 500 and the estimated cost of 100 unitsisRs. 1,200.
Findthetotal costy for producing x unitsassuming it to bealinear function.

Asthe number of units manufactured increases from 5000 to 7000, the total
cost of production increases from Rs. 26,000 to Rs. 34,000. Findthe
relationship between the cost (y) and the number of unitsmade (x) if the
relationshipislinear.

Asthe number of units manufactured increases from 6000 to 8000, the total
cost of production increases from Rs. 33,000 to Rs. 40,000. Find the
relationship between the cost (y) and the number of unitsmade (x) if the
relationshipislinear.

4.4 EQUATION OF CIRCLE

A circleis defined as the locus of a point which p

moves so that its distance from afixed point isalways
aconstant. Thefixed pointiscalled the centre and the
constant distance is called the radius of the circle. In
the fig. O is the centre and OP = r is the radius of the

circle.
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4.4.1 Equation of acirclewhose centre and radius are given.

Sol ution: y (x. y)
Let C(h, k) bethe centre and ‘r’ be (h,(ls)r i
the radius of the circle. R
Let P(x, y) be any point on the circle. |
CP=r =>CP2=12
ie, (x-hg+ (y-k2=r2is willm|
@] L M X

the equation of thecircle.

Observation :
If the centre of the circleis at the origin (0, 0), then the equation of
thecircleis
X+y2=p2

4.4.2 The equation of a circle described on the segment joining (x,, y,)
and (x,, y,) as diameter.

Let A(x, Y,), B(x, Y, be the P(X, y)
end points of the diameter of acircle
whose centreis at C.

A C B

Let P(x, y) be any point on the
( y) y p (le yl) (X2' yz)

circumference of the circle.

APB = anglein asemicircle = 90°.
So AP and BP are perpendicular to each
other.

_Y-y1 _
SIopeofAP—X_X1 = m (say)

_Y-¥Y2 _
Slopeof BP= XXg =m, (say)

Since AP and BP are” r to each other mm, =-1

S o T e 7 S
X-X1 X-Xo

=>  (x-x) (x-x,)+(y-y,) (y-y,) = Oistherequired equation of the

circle.
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4.4.3 General form of the equation of a circle
Consider the equation x2+y 2+2gx+2fy+c =0
(where g, f,c are constants) ----- (D)
ie, (x*+2gXx) + (y>+2fy) = -c
ie,  (P+2gx+g?-g?) + (yH+2fy+2-f2) = ¢
= (+2gx+gP) + (yH2fy+) = g?+2-c
ie,  (x+gf+ (y+f)? = g+f>c

(O +y-(OF = {7 17 of

Comparing this with the circle (x-hy + (y-k)? = 2 we see that (1)
representsthe equation to acirclewith centre (-g, -f) and radius, /92 +f2-¢

Observation :

()] It is a second degree equation in x and y.

(i)  Coefficient of ¥ = coefficient of y2

(i)  Thereisnoxy term

(iv) If g>+2-c >0, thencircleisaread circle.

(v) If g>+f?-c = 0 thencircle reduces to a point circle

(vi) If g>+f2-c < 0thenthereisno real circle

(vii)  Two or more circles having same centre are called concentric circles.

Example 14

Find the equation of the circle with centre at (3, 5) and
radius 4 units
Solution:

Equation of the circle whose centre (h, k) and radius r is
(x-h)? + (y-k)? = r?

Givencentre(h,k) =(3,5)and r=4

\ equation of thecircleis (x-3)? + (y-5)? = 16

=>  X+y2-6x-10y+18=0

Example 15

Find the equation of thecircle passing through the point (1, 4) and
having itscentreat (2, 3)
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Solution:

The distance between the centre and a point on the circumferenceis
theradius of thecircle

9 r=\-2P+(4-37 =141 =2
Given centre =(2,93
\ equation of thecircleis
(x-2P+ (y-3p =2 °
=>  X+y24x-6y+11=0

Example 16
Find the centre and radius of the circle X?+y2-6x+8y-24 =0

Solution:

Equation of the circle is X2+y2-6x+8y-24 =0
I dentifying this with the general form of circle x2+y2+2gx+2fy+c=0
weget2g=-6; 2f=8;
g=-3; f=4; c=-24
\ centre =(-g,-f)=(3,-4)

and radius= /92 +f2- ¢ =0+16- (- 24) =7

Example 17
Find the equation of the circle when the coor dinates of the end points
of the diameter are (3, 2) and (-7, 8)

Solution:
The equation of acircle with end points of diamter as (x,,y ;) and
x,y,)is
(x-%) (x-%) + (y-y,) (y-y,) =0
Here (x,y,) =(3,2) and
(X21 yz) = ('7’ 8)
\ equation of thecircleis
(x-3) (x+7) +(y-2) (y-8) =0
X+y 24+4x-10y-5=0
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Example 18
Find the equation of the circle whose centreis (-3, 2) and
circumferenceis 8p

Solution :
Circumference =2r=8
=>r = 4 units
Now centre =(-3,2) and
radius =4

So equation of thecircleis
(cH3P + (y-27 = #
(ie) X+y2+6x-4y-3=0

Example 19
Find the equation of a circle passing through the points (1, 1),
(2,-1) and (2, 3)

Solution:

L et the equation of the circle be
X4y 24 2gX+2fy+C = 0 -----mmmm oo @
Since (1) passes through the points
(1, 1), (2,-1) and (2, 3) we get
1+1+2g+2f+c=0

(ie) 2g+2f+c=-2 e )
4+1+4g-2f+c=0

(ie) 4g-2f+c=-5 = oo ©)
4+9+4g+6f+c=0
4g+6f+c=-13 = e (4)

Solving (2), (3) and (4) we get
g= ;— , f=-1, c=7. Using these valuesin (1) we get

X+y2-7x-2y+7 = 0 as equation of the circle.
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1
2)

3)
4)

5)

6)

7

8)

9)

45.1

EXERCISE 44

Find the equation of the circle with centre at (-4, -2) and radius 6 units

Find the equation of the circle passing through (-2, 0) and having its
centreat (2, 3)

Find the circumference and area of the circle x?+y 2-2x+5y+7=0

Find the equation of the circle which is concentric with the circle
x2+y #+8x-12y+15 = 0 and which passes through the point (5, 4).

Find the equation of the circle when the coordinates of the end points
of the diameter are (2, -7) and (6, 5)

Find the equation of thecircle passing through the points (5, 2), (2, 1)
and (1, 4)

A circle passesthrough the points (4, 1) and (6, 5) and hasitscentreon
theline 4x+y = 16. Find the equation of thecircle

x+3y =17 and 3x-y =3 aretwo diamters of acircle of radius5 units.
Find the eqution of thecircle.

Find the equation of the circle which hasits centreat (2, 3) and which
passesthrough theintersection of thelines 3x-2y-1 =0 and 4x+y-27 = 0.

45 TANGENTS

Equation of the Tangent

L et the equation of the circle be X+y2+2gx+2fy+c =0

Let P(x,, y,) be the given point on the circle and PT be
the tangent at P.

The centre of thecircleis C (-g, -f).

The radius through P(x, y,) is CP.

PT isthe tangent at P(x,, y,) and (-9-f)
PCistheradius

_ yatf
Slope of CP = X, +0 Pocy) T

X1%9
yp+f

\ Slope of PT is-( ) {*." PT_]rto CP}
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) o)

I B O ) R e e @
Since (x,, y,) isapoint on the circle

\ Equation of tangent PT at P(x, y,) isy-y, = - (Xl+?

y1+

X2y H2gx+2fy +c=0 e 2
(1) + (2 =>xx +yy, + g(x+x) +f(y+y,) + c=0istherequired equation
of the tangent.

Observation:
0] From the equation of the circle, changing ¥ to xx;, y?toyy,, x to

szl andy to Lzyl and retaining the constant ¢ we get the equation
of the tangent at the point (X, y,) asxx +yy,+g(x+x)+f(y+y )+c=0

(i)  Theequation of thetangent to the circle x2+y2 =& at the point (x, y,)
iSXx, +yy, =&

(iii)  Thelength of the tangent from the point (x,, y,) to the circle

X+y 2+2gx+2fy+c = 0 isJ X2 +y2 +2gx, + 2fy, + C
(iv) The point P(x, y,) lies outside on or inside the circle

3
X3y 2+2gx+2fy+c = Oaccording as X *+y , *+2gx1+2fy +c < 0

4.5.2 Condition for the straight liney = mx+c to betangent to thecircle
Xt+y?=gisc2=a (1+m?)
For the liney = mx+c
ie., mx-y+c = 0 to be tangent to the circle
x>+y? = a2, the length of the perpendicular
from the centre of the circle to the straight
line must be equal to the radius of the
circle.
C y=mx+cC

i.e,+ m =a

Squaring both sides we get the condition as ¢ = & (1+n?)
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4.5.3 Chord of contact of tangents

From any point outside a circle two tangents can be drawn to the
circle. The line joining the points of contacts of tangents is called the
chord of contact of tangents.

Q0% )

c P(x,Yy)

R (%, Y3

The eguation of chord of contact of tangents

L et the equation of the circle be X+y+2gx+2fy+c =0

Let P(x, y,) be the given point through which the tangents PQ and
PR are drawn. Then QR isthe chord of contact of tangents. The equation
of the tangent at Q (x,, y,) is

XHYY QX)) H (Y+Y,)4C=0 e (1)
The equation of tangent at R(x,, y,) is
XYY+ g(Xg)H(y+y )+ =0 e 2
Sincethese tangents passthrough the point (x;,y,), (1) and (2) become
XY YY) H(Y, ty )+e =0 oo ee (©)
XX HY Yot g( ) H(y, ty )+e =0 mmemooeeooee ©)

consider xx,+yy,+g(x+x,)+f(y+y,)+c = 0. This represents the
equation to a straight line passing through Q and R by virtue of (3) and (4)
and hence is the equation of chord of contact of the point P(x,, y,)

Example 20
Find the equation of the tangent to the circle x>+y?-26x+12y+105 =
0 at the point (7, 2)

Solution:

The equation of tangent to the circle X+y2-26x+12y+105 =0 & (7, 2) is
X(7)+y(2)-13(x+7)+6(y+2)+105=0
ie, 3x-4y-13=0
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Example 21
Find the value of p so that 3x+4y-p = O isatangent to thecircle
x*y2-64 =0

Solution:

The condition for the liney = mx+c to be atangent to the circle
X+y?2=a isc?=@(1+nF) -----mmmmee- (@)

For the given line 3x+4y = p,

-.3 = P

m=-7 and c = )

and for the given circle ¥+y2 =64
a=./64 =8

(M) = (& y =642 A
p? = 16x100 = 1600

\ p=%.1600 =40
Example 22

Find the length of the tangent drawn from the point (-1, -3) to the
circle x2+y?+x+2y+6 =0
Solution:

Length of the tangent from (-1, -3) to the circle ¥+y2+x+2y+6=0is

JCD)?2+(-3)2+ (-2)+2(-3)+6 = 3units

EXERCISE 45

1) Find the equation of tangent to the circle x?+y2=10at (1, 3)

2) Find the equation of tangent to the circle x2+y 2+2x-3y-8 =0 at (2, 3)

3) Find thelength of thetangent from (2, -3) to the circle x#y?-8x-9y+12=0

4) Find the condition the that line Ix+my+n = 0 isatangent to thecircle
X2+y2 = a2

5) Provethat thetangentstothecircle x2+y2=169at (5, 12) and (12, -5) are
At to each other.

6) Find the length of the tangent from the point (-2, 3) to thecircle
23+2y2 =3
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EXERCISE 4.6

Choosethecorrect answer

1) If P,Q,R are pointson the samelinewith slope of PQ = g— ,thentheslope
of QRis
2 2 3 3
(@) 3 (b) - 3 (c) > (d) - o>
2) The angle made by the line x+y+7 = 0 with the positive direction of x
axisis
(a) 45° (b) 13% (c) 210r (d) 6C°
3) Theslopeof theline3x-5y+8=0is
3 3 5 5
(@ & (b) - = (© 3 (d)- 3
4) If the slope of alineisnegativethen the angle made by thelineis
(a)acute (b) obtuse (c)9Cr (d) 0°
5) Theslopeof alinear demand curveis
(a) positive (b) negative (c)0 (d) ¥
6) Two lines ax+by+c = 0 and px+qy+r = 0 are”rif
a _b a _ 9 a _ P a _ 9
@ p =74 ®p =5 Oy =g @Dy=7y
7 Slope of the line”r to ax+by+c=0is
a b b a
@-+ (b)- = © 2 (d) <
8) When ax+3y+5 = 0 and 2x+6y+7 = 0 are parallel thenthevalueof ‘a’ is
@2 (b) -2 (01 (d)6
9) Thevalueof ‘a’ for which 2x+3y-7 = 0 and 3x+ay+5 =0 are™ris
(@2 (b) -2 (©3 (d)-3
10) Thecentreof thecircle x>+y %+6y-9=0is
(@ (0,3) (b) (0,-3) () (3,0 (d) (-3,0)
11) Theequation of thecirclewith centreat (0, 0) and radius 3 unitsis
(a) ¥+y?2=3 (b) X+y2=9 (c) ®¥+y2=+/3  (d)x+y?=3+/3

12)  Thelength of thediameter of acirclewith centre (1, 2) and passing through
thepoint (5,5) is
@5 (b) \f45 (c) 10 (d) </50
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13)

14)

15)

16)

17)

If (1, -3) isthe centre of thecircle x2+y?+ax+by+9 =0, itsradiusis

(@ 10 (b1 (©5 (d) V19
The areaof thecircle (x-2)? + (y-4)?=25is
(a) 25 (b)5 (c) 10 (d)25 N\

The equation of tangent at (1, 2) to thecircle x?+y?=5is

(@ x+y =5 (b) x+2y =5 (c)x-y=5 (d)x-2y =5

The length of tangent from (3, 4) to the circle x>+y2-4x+6y-1=0is
@7 (b)6 (©5 (d)8

If y = 2x+cisatangent tothecirclex?+y?=5thenthevalueof cis
@+ 5 (b) +25 (c) £5 (d) +2
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TRIGONOMETRY 5

The Greeks and Indians saw trigonometry as a tool for the study of
astronomy. Trigonometry, derived from the Greek words “Trigona”’ and
“Metron”, means measurement of the three angles of atriangle. Thiswas
the original use to which the subject was applied. The subject has been
considerably developed and it has now wider application and uses.

The first significant trigonometry book was written by Ptolemy
around the second century A.D. George Rheticus (1514-1577) wasthe first
to definetrigonometric functions completely in terms of right angles. Thus
we see that trigonometry is one of the oldest branches of Mathematics and
apowerful tool in higher mathematics.

Let usrecall someimportant conceptsin trigonometry which we have
studied earlier.

Recall

1. M easur ement of angles (Sexagesimal system)
a) oneright angle =9
b) one degree (19 = 60' (Minutes)
C) one minute (1") = 60" (Seconds)

2. Circular Measure (or) Radian measure A
Radian : A radianisthe magnitude of theangle r
subtended at the centre by an arc of a circle
equal inlength to theradiusof thecircle. Itis ') 1°€ r
denoted by ¥. Generally the symbol “c” is
omitted.

pradian =18, 1radian =57° 17" 45"

i b b b b Db
Radians 6 4 3 > p 3 5 2p

Degrees 30 45 60° 9 180» 27100 360
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3. Angles may be of any magnitude not necessarily restricted to 90°.
An angleis positive when measured anti clockwise and is negative when
measured clockwise.

5.1 TRIGONOMETRIC IDENTITIES

Consider the circle with centre at the 1Y P(x,y)
origin O (0, 0) and radius r units. LetP(x, y) be r
any point on the circle. Draw PM " to OX. y
Now, DOMPisaright angled triangle with one T o qu ®
vertex at theorigin of acoordinatesystemand X X
one vertex on the positive X-axis. The other
vertex is at P, apoint on thecircle. Ty
LetIXOP=q Fig5.1
From DOMP, OM = x = side adjacent toq
MP =y = side oppositeq
OP =r =length of the hypotenuse of DOMP
Now, we define
. L . _ length of the side opposite q _
Sine function : sinq = length of the hypotenuse Ty
Cosinefunction: cosq = length of the Sde adjacent toé  _  x_

length of the hypotenuse r

length of the side opposite e y
X

length of the side adjacent to e

Tangent function:tanq =

|
the sine, cosine and tangent functions respectively.

ie. cosecq = -+ = L
sing y
_ 1 _
secq " cosqg X
-1 - x
cotq tanq y
Observation :
() tang= SN : cotq= COH
cosq sing

112



(i) If thecircleisaunit circlethenr = 1.
\ Sing=y ; cosecq= }1/—

Cosq=Xx ; secq= i_

(iii) | Function Cofunction
sine cosine
tangent cotangent
secant cosecant

(iv)  (sing)? (secq)?, (tanq)?, ... and in general (sing)"arewritten as sin?q,
sec?q, tan“q, ... sin"g respectively. But (cos x) ! isnot written as
cosIx, since the meaning for cosx is entirely different. (being the
angle whose cosine is x)

5.1.1 Standard Identities
(i) sinlq +cos’q =1
Proof: From right angled triangle OMP, (fig 5.1)

wehave X+y?=r
cos’q +sin’g =1 (*r=1
(i) 1+tan’q = secq
Proof : 1+tar?q =1+ Y
X

(iif) 1+ cot?q = cosec’q

2
Proof : 1+ cotq =1+ ;(2

_oyAx? _ or?2 _ 1 _ (1 _
= = = = —) = cosec?
y? y? y? a

Thus, we have

(i) sinlq+cos’q=1
(ii) 1+tan’q = secq
(iii) 1+ cot?q = cosec’q
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Example 1
Show that cos’A - sinfA = 1-2sirfA

Solution:
COS*A-sin“A = (coFA + sinA) (coA-sin?A)
= cofA-sinA
= 1-sinA-sinA
= 1-2sin?A
Example 2

Provethat (sinA+cosA) (1-sinA cosA) = sirPA + cos’A
Solution:

RH.S.= sin3A + cos’A
= (sinA+cosA) (sin?A + cos?A - sinA cosA)
= (SinA + cosA) (1-sinA cosA) = L.H.S.

Example 3
Show that sec’A - 1 = 2tan?A + tan*A
Solution :
L.H.S.= Sec’A-1
= (sec’A+1) (sec’A-1)
= (1+tarfA+1) (1+tarfA-1)
= (2+tarrA) tan’A
= 2tarfA + tan*A = R.H.S.
Example4
2 .
Prove that 1+tan2A =S n22A = tan?A
1+cot“A COs“A
Solution:
£ 1 9
1+tan®A _  se?A  _ 8C052A g_ S N——
T = ~= LA = taA
1+cot?’A  cosecCA 1 6 cos’A
sin®A g
Example5

1
Provethat ggoq- tanq = Secq +tanq
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Solution:

LHS = 1

secq - tang
Mutiply numerator and denominator each by (secq + tanq)

- secg + tang
(secq - tanq) (secq + tand)

—Se* 1A _ o0 + tang. = RH.S
sec’q- tan’q

Example 6
Provethat COA*+tanB _ oo tanp
cotB +tanA
Solution :

L H.S = CotA+tanB _ COtA +tanB

+ 1 1
cotB+tanA @Bt ol
_ _CotA+tanB
(cotA + tanB )
COtA tanB

= cotA tanB = R.H.S.

Example7
Provethat (sing+ cosecq)? + (cosq + secq)? = tan®q + cot?q + 7
Solution:
L.H.S. =(sing + cosecq)? + (cosq + secq)?
= sin’q + cosec?q + 2singcosecq + Cos’q + sec’q + 2cosgsecq
= (sin’g + cosq) + (1+cot’q) + 2 + (1+tarfq) + 2
=1+ 6 +tar’q + cotyq
= tarfg + cot’q + 7=R.H.S.

Example 8
Provethat (1+cotA+tanA)(sinA-cosA) = %CAZ - COSSCZA
cosec “A sec “ A

Solution:

L.H.S. = (1+cotA+tanA)(sinA-cosA)
= sSinA - cosA + cotAsinA - cotA cosA + tanAsinA - tanA cosA
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2 i 2
= SinA - COSA + cosA -COS'A  SN°A _gpa

sinA COsA
_ sin’A _ cos’A
COsA sinA
_ _SecA  cosecA
cosec’A  sec’A
Recall
q 0° 30° 450 60° 90°
. 1 1 NE
sing 0 > N > 1
NE 1 1
cosq 1 2 | 7z 2 0
1
tang 0 7 1 J3 ¥
Example9

If A=45, verifythat (i) sin2A =2sinA cosA (ii) cos2A = 1-2sirtA
Solution:

0 L.H.S. = sin2A
=sin90r=1
R.H.S. = 2sinA cosA = 2sin45° cos45°

()

=1
Hence verified.
(i) L.H.S = c0s2A = cos90* =0
RH.S. =1-2sin?A = 1-2sin?45°
=1-2 (%)2
2
=1-1=0

Hence verified.

Example 10
Provethat 4cot?45°- sec’60° + sin‘30° = 4
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Solution:

1)
2
3
%)
5)
6)

7)

8)

9)

10)
11)

12)
13)

L.H.S. = 4cot?45° - sec?60° + sin330°
=41p- P+ (5 F

-1 _
=3 =R.H.S.
EXERCISE 5.1
If asin2q+ bcos2q = ¢, show that tan2q = %

1
Provethat -otA+ tanA = SINA COsA

Provethat 1-tanA _ cotA-1

1+tanA COtA +1

1 + 1 =
Prove that Tsng  Trsing 2secqq

Provethat cosec’A - cosec?A = cot?A + cot*A

cosecA COSecA  _ 2
+ =2sec’A
cosecA-1 cosecA+1

Provethat (1+cotA - cosecA)(1+tanA +secA) =2

Prove that

COsA , _sinA
1-tanA  1-cotA

Show that —t@0A_ 4 _C€Otd_ _ 1 4 cosecqsecq
l-cotg 1-tanq

Prove that =SinA + CosA

Show that 3(sinx - cosx)* + 6(sinx + cosx)? + 4(sinx + cos®x) =13
If A =30, verify that

(i) Cc0s2A = cos?A - sin?A = 2c0s?A-1=1-2sin’A

(i) sin2A = 2sinA cosA

(iii)  cos3A =4cos®A - 3cosA

(iv)  sin3A =3sinA - 4sin®A

2tanA
1-tarfA

(v) tan2A =

Find the value of g— cot230° + 2sin260° - 2cosec?60° - % tan230°
Find 4cot?45° - sec?60° + sin330°
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14) Find cos 4 COS 3~ -sin ~sn 3

15) If secA +tanA = % , provethat tanA = %
_ 5sinA-2c0osA _

16) If 4tanA = 3, show that “SiNATCOSA =1

17)  If acosq+ bsing= c and bcosq - asing= d show that a?+b?=c2+d?

2 2

1 A N

19)  If sec?q=2+2tang, findtanq

2
20) If x = secq+ tang, then show that sing= XZ;i
X

5.2 SIGNS OF TRIGONOMETRIC RATIOS

5.2.1 Changesin signsof the Trigonometric ratios of an angleq asq
variesfrom 0°to 360°
Consider the circle with centre at the originO(0,0) and radiusr units
Let P(x,y) be any point on the circle.

1Y Px,y) Pxy) 1Y
PN r
: q ® : N4 ®
ANARANIVA
Th Ty
Fig 5.2(a) 1y Fig 5.2(b) 1y
. m'\ ® . YloOM g
PVVZANAN VA
r r
P, y) +— Px.y)
y? Y
Fig 5.2(c) Fig 5.2(d)
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Let the revolving line OP=r, makes an angle g with OX

Case(1) Let gbeinthefirst quadranti.e. 0°<q<90°
Fromfig 5.2(a) the coordinates of P, both x and y arepositive. Therefore
all the trigonometric ratios are positive.

Case(2) Let g bein the second quadrant i.e. 90° < q < 180°

From fig 5.2(b) the x coordinate of P is negative and y coordinate of
P is positive. Therefore sinq is positive, cosq is negative and tanq is
negative.

Case(3) Let g beinthethird quadranti.e. 180° < q <270°
From fig 5.2(c), both x and y coordinates of P arenegative. Therefore
sing and cosq are negative and tanqg ispositive.

Case (4) Let q beinthefourth quadrant i.e. 270° < q < 360°
From fig 5.2(d), x coordinate of Pispositiveandy coordinateof Pis
negative. Therefore sinq and tanq are negative and cosq ispositive.

Thus we have

Quadrant sinq cosq tanq | cosecq | secq cotq
| + + + + + +
Il + - - + - -
i - - + - - *
\Y; - + - - + -

. : . . . . S|A
A simple way of remembering the signsis by refering this chart: #

A ® Inl quadrant All trigonometric ratios are positive

S® Inll quadrant Sing and Cosecq alone are positiveand all othersare
negative.

T® Inlll quadrant Tang and Cotq alone are positive and all others are
negative.

C® InlV quadrant Cosg and Secq alone are positive and all others are
negative.
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5.2.2 Determination of the quadrant in which the given angle lies
Letgbelessthan 90° Then the angles:
(90°-q) liesin first quadrant (270°-q) liesin third quadrant
(90°+q) liesin second quadrant (2700+q) liesin fourth quadrant
(180°-q) lies in second quadrant (360°-q) lies in fourth quadrant
(180°+q) liesin third quadrant (360°+q) liesin first quadrant

Observation :
)] 90°istaken to lie eitherin| or Il quadrant.
(i) 18Cristakentolieeitherinll or Il quadrant

(iii) 27Cristakentolieeitherinlll or IV quadrant
(iv) 36CristakentolieeitherinlV or | quadrant
Example 11
Determinethe quadrantsin which the following angleslie
(i) 210 (ii) 315 (iii) 745°
1y e 1Y
A0 & —2dn g r”( ®
X 0 X X N X X 1/ X
745°
Ty Ty Ty
Fig. 5.3(a) Fig. 5.3(b) Fig. 5.3(c)
From fig 5.3(a) From fig 5.3(b) From fig 5.3(c)
2100 =180 + 30r 315° = 270° + 45° we see that
Thisisof theform  Thisisof theform 745° = Two complete rotations
180 + g° 270° + . plus 25°
\ 21 liesin \ 315°liesin 745° = 2x360° + 25°

Third quadrant. Fourth quadrant \ 745 liesinFirst quadrant.

5.2.3 Trigonometric ratios of angles of any magnitude
In order to find the values of the trigonometric functions for the
angles more than 90°, we can follow the useful methods given below.

(i) Determine the quadrant in which the given angle lies.

(i)  Write the given angle in the form k J;—i q, kisapositive
integer
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(i)  Determine the sign of thegiven trigonometric function S|A
in that particular quadrant using the chart: Tlc
(iv) If kiseven, trigonometric form of allied angle equalsthe same
function of g
(v) If kisodd, trigonometric form of the allied angle equals the
cofunction of g and vice versa
Observation: y
From fig. 5.4 "-q*" is same as (360° - °). ’
\ sin(-q)= sin(360°-q) = -sinq
cos(-q) = coy . /T\o .
tan(-q) = -tang X g X
cosec(-q) = -cosecq 360°-q
sec(-q) = secq
cot(-g) = -cotq. Ty
Fig5.4
AYs _q | 0-q| w+q | 18- q|180+q | 200- q| 20+q| 30 q | B0+q
Fundions
sne |-dnq cosqg | cosg | sinqg [-9ng | -coyy | -cox |-9nqg |sing
cos cosq sinq | -snq | -cogy |-cosq | -snq | sing |cosqg |cosq
tan -tanqg | cotq | -cotq | -tang [tang | cotg | -cotq |-tang |tang
CcoseC |-cosecq| secq | secq | cosecq|-cosecq| -secg | -Seoq | -cosecq|cosecq
SC secq cosecq| -cosecq| -secqy |-secq |-cosecq| cosecq|secq  |secq
cot -cotq | tang | -tanq | -cotq [cotg | tang | -tanq |-cotq |cotq
Example 12
Find thevalues of thefollowing
(i) sin (120°) (ii) tan(-210°)  (iii) sec(405°)
(iv) cot(300°) (v) cos(-330°)  (vi) cosec(135°) vii) tan 1145°
Solution:

(i) 1200 = 90°+30°
Itisof theform 90°+q° \ 12 isin second quadrant
sin(120°) = sin(90°+30°)

=cos 30 = @

121



(i)  tan(-210F) = -tan(2109)

= - tan(180°+30°)

- -1

= - tan30® /3
(i) sec (405°) = sec[36(P+45°] = secd = /2
(iv)  cot(300°) = cot(360°-60°)

- S

= -cot6® /3
(v)  cos(-330°) = cos(330°)

= cos(270°+60°)

= sin60 = L2
(vi) cosec(135°%) = cosec(90°+45°)

=secd> = [o
(vii) tan (1145 = tan (12x90° + 65°)

= tan65° = tan (90°-25°) = cot25°

Example 13
Find thefollowing : (i) sin843 (ii) cosec(-757°) (iii) cos(-928°)

Solution:

() sSin843 = sin(9x90P+33)

= cos33
(i)  cosec(-757°) = -cosec(757)

= -cosec (8x90P+37°) = - cosec 37°
(iii)  cos(-928%) = cos(928°)

= cos(10x9(° + 28°) = -cos28°

Observation :
CANglesl g0 270° 360°
sin 0 -1 0
cos -1 0 1
tan 0 -¥ 0
cosec ¥ -1 ¥
sec -1 ¥ 1
cot ¥ 0 ¥
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EXERCISE 5.2

Provethat : sin420°cos390° - cos(-300°) sin(-330°) = %

If A, B, C arethe angles of atriangle, show that

(i) sin(A+B) = sinC (ii) cos(A+B) + cosC = 0 (iii) cos(%) = sin%

If A lies between 270° and 360° and cotA = - 2—74 , find cosA and cosecA.

1
12
sec (360°-q) tan(180°-q) + cot(9CP+q) sin(270°+q)

Find the value of sin300° tan330° sec420°

If sinq= find the value of ;

sin (%A)cos(p-A)tan (p+A)
sn (Jg—+A ) sin (p—A)tan (p—A)

Simplify

Prove that sin1140° cos390° - cos780°sin750° = 17

Evaluate the following (i) sec 1327° (ii) cot (-1054°)

5.3 COMPOUND ANGLES

In the previous section we have found the trigonometric ratios of

anglessuch as90° + q, 180° +q, ... which involve only single angles. In this
section we shall express the trigonometric ratios of compound angles.

When an angleis made up of the algebraic sum of two or more angles,

it is called compound angle. For example A+B, A+B+C, A-2B+3C, etc are
compound angles.

5.3.1 Addition and Subtraction Formulae

(1) sin(A+B) = sinAcosB + cosAsinB
(i)  sin(A-B) =sinAcosB - cosAsinB
(iii)  cos(A+B) COSACOSB - sinAsinB
(iv)  cos(A-B) cosAcosB + sinAsinB

_ tanA +tanB
V) tan(A+B) = 1- tanA tanB

1+tanA tanB
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5.3.2 Provegoemetrically :
cos(A-B) = cosAcosB + sinAsinB

Proof: Consider the unit circle whose centreis at the origin O(0,0).

N
P \s
> y &) 2 y
0&\ =\ ?:%\\ S
¥ « & & .
—1_ \& 2N N
A ~
B P NA-B N \P(10)
X o) X X 0 X
1 Fig.55(@ 1 Fig.55(b)
y y'

Let P(1,0) be a point on the unit circle
Let |A and|B be any two angles in standard position

Let Q and R be the points on the terminal side of angles A and B,
respectively.

From fig 5.5(a) the co-ordinates of Q and R are found to be,
Q (cosA, sinA) and R (cosB, sinB). Also we have |ROQ = A-B.

Now move the points Q and R along the circle to the points S and
P respectively in such away that the distance between P and Sis equal
to the distance between R and Q. Therefore we have from Fig. 5.5(b);

[POS = |ROQ = A-B; and
S[cos(A-B), sin(A-B)]
Also, P& =R
By the distance formula, we have
{cos(A-B)-1}2 + sin?(A-B) = (cosA-cosB)? + (sinA-sinB)?
COS(A-B) - 2cos(A-B) + 1 + sin(A-B) = co’A-2cosAcosB +
cos’B + sin?A - 2sinAsinB + sin’B
2 - 2cos(A-B) = 2 - (2cosAcosB + 2sinAsinB)
\ cos(A-B) = cosAcosB + sinAsinB.
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Corollary (i)
cos(A+B) = cos[A-(-B)]
= cosAcos(-B) + sinAsin(-B)
= cosAcosB + sinA{-sinB}
\ cos(A+B) = cosAcosB - sinAsinB

Corallary (ii)

sin(A+B) = cos| 12’— - (A+B)]
= cos[( 12’— -A) -B]

= cos(-g— -A) cosB + sin(-g— -A) sinB
\ sin(A+B)=sinAcosB + cosAsinB
Corollary (iii)
sin(A-B)  =sin[A+(-B)]

= sinAcos(-B) + cosAsin(-B)
\ sin(A-B) =sinAcosB - cosAsinB

Corollary (iv)
sin(A +B)

tan(A+B) :?_jco ATE

sinA cosB+cosAsinB
cosAcosB-sinAsinB

SinA , sinB
cosA ,cpsB
= l_(sinA) (sinB

cosA/ \cos|

tanA +tanB

\ tan(A+B) = 1-tanA tanB

Corollary (v)
tan(A-B) = tan[A+(-B)]
_ tanA +tan(-B)
~ 1- tanA tan(-B)

tanA - tanB

\t@an(AB) = TAA tanB
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Example 14
Find the values of thefollowing : (i) cosl5® (ii) tan75°

Solution:
(i) cosls® = cos(45°>-30°)
= c0os45° cos30° + sin45° sin30°

_ 1 3, 1 1 _ 431
v v
(ii) tan7% = tan(45*+30°)

tan45° +tan 30°
1- tan45° tan30°

1- ﬁ J3-1
Example 15
If A and B be acute angles with cosA = % and sinB = g—
find cos(A-B)
Solution:

[ 25
= 1- W
_ 169-25 12
=4V 169 ~ 713
: — _.1- 2 _ 24
Given SinB = 5 \' cosB = % =3

. _ 5 .
Given COSA = 13 \  sinA

3

\  cos(A-B) = cosAcosB + sinAsinB

S 4 12 3 _ 56
13 5 13 5 65

Example 16

If sinA = 1? , CosB =- % and A and B arein second quadrant, then

find (i) sin(A+B), (ii) cos(A+B),
qguadrant in which A+B lies.

(iii) tan(A+B) and determine the
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Solution:
cosA = J1-sin’A = %

(since A isin second quadrant cosA isnegative)

sinB = +/1- cos’B

; — 7 _ ~N7
sinB —.‘/E ==

(Since B isin second quadrant sinB ispositive)

SinA _ \
\ tanA cosA_(-z 2)_ =

tanB :m_(4):-ﬁ

cosB ( 3

Sin(A+B) = sinAcosB + cosAsinB

()Ll

1 _ 2N :_(1_,_2_«/1_4)

4 12 4 12

cos(A+B) = cosAcosB - sinAsinB

[2)()- 57

is positive

tanA +tanB
1- tanA tanB

tan(A+B)

J>|H J>|"

'g()
S

N’Z
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Since sin(A+B) isnegative and cos(A+B) ispositive (A+B) must

be in thefourth quadrant.

Example 17

If A+B =45 provethat (1+tanA)(1+tanB) = 2 and deducethevalue

10
of tan22+5
Solution:

Given A+B =45
\ tan(A+B) =tand>’=1

tanA +tanB _ 4
1- tantanB

tanA + tanB + tanAtanB = 1
Adding 1 to both sides
1+ tanA+tanB+tanAtanB = 1+1 =2
i.e. (1+tanA) (1+tanB) =2~ —ememememee (D]

. o nl0. 1 2_
Putting A=B =225 in(1),weget (1+tan225 ) =2

[0}
=>1+tan223 =++/2
10 : 10 . .

\ 1+tan225 = f2 (since 22% isananglein| quadrant,

0]
1+ tan 22% is positive)

(0]
\ tan223 = /2 -1

Example 18

Proof :

Provethat cos(60°+A) cos(30°-A) - sin(60°-A) sin(30°-A) =0

Let a=60+A

b =30-A
Then the given problem is of the form cos(@a+b)
i.e.  cos[(60°+A)+(30°-A)]

= cos(60°+30°)

= cos9r

=0
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10)

11)
5.3.3

EXERCISE 5.3
Show that
(i) sin(A+B) si(A-B =sin?A-sin’B
(i)  cos(A+B) cos(A-B) = coA-sin’B

Provethefollowing: Sin(A-45°) + Cos(45°+A) =0
Prove that tan75° + cot75° =4

If tanq = % , tanf = % , then show that g+f = er—

Find the values of : (i) tan105° (ii) sec10%°.

sin(A- B)+ sin(B-C) . sin(C-A) _

Provethat ——r=—5% S BanC © SnCsTA -
cos(x+y) _ 1- tanx tany
Prove that codx-y) ~ T+tanx tany
_ =2 Al i '
If cosA = - cosB =2, A isobtuse and B is acute angle find

13
(i) sin(A+B) (ii) cos(A-B)
Prove that sinA + sin(120°+A) + sin(240°+A) =0
Show that cot15° + cot75° + cot135° =3

If tanA + tanB = a; cotA + cotB = b, show that cot(A+B) = 511_ %

Multipleangles
In this section, we shall obtain formulae for the trigonometric func-

tions of 2A and 3A. There are many aspects of integral calculus where
these formulae play a key role.

We know that sin(A+B) = sinAcosB + cosAsinB and WhenA=B,
sin2A = sinAcosA + cosAsSinA
\ sin2A = 2sinAcosA

Similarly, if we start with

cos(A+B) = cosAcosB - sinAsinB and whenA=B we obtain
CO0S2A = COSACOSA - SinASIinA

C0S2A = cos?A - sinfA

Also, cos2A = coA - sinZA
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= (1-sin?A) - sin’A
=1-2sinA

CO0S2A = COFPA - sinfA
= cos?A - (1-cogA)

=2c0s’A -1
_ tanA+tanB _ .
We know that, tan(A+B) = 1- tanA tanB ° When A=B we obtain
_ _2tanA
tan2A = LtafA
Also we can prove the following
. . _ _2tanA
()] Sin2A = L+tareA
.. _ 1-tan’A
(i)  cos2A = TrtamA
Proof: (i) we have
Sin2A = 2sinA cosA
= 2tanA cos’A

2tanA  _ _2tanA
sec’A ~ I+tarfA

(i)  wehave

COS2A = COFA - sinA
cosA-sn®A _
= oA +5n2A (°.,° 1=cogA+sin?A)
1-tan2A
COS2A = 5
1+tan A
Observation :
. . _ 1-cos2A
()] sin?A =5
. 1+cos2A
2 - =20
(i)  cos’A = 2
) _ 1-cos2A
(i)  tan?A = TreoS2A
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5.3.4 Toexpresssin3A, cos3A and tan3A intermsof A
(i) sSin3A =sin(2A+A)
= sin2A cosA + cos2A sinA
= 2sinA co’A + (1-2sin?A) sinA
= 2sinA(1-sin?A) + (1-2sin?A) sinA
sin3A = 3sinA - 4sirfA

(ii) cos3A = cos(2A+A)

= C0S2ACOSA - sin2A sinA

= (2c0A-1) cosA - 2sin’A cosA

= (2c0gA-1) cosA - 2(1-cos?A)cosA
C0S3A = 4c0s°A - 3cosA

(iii) tan3A = tan(2A+A)

— tan2A +tanA
1-tanA tan2A

A+ tanA
l-tan“A

_ 2tanA
1-tanA (1—tan2A )

_ 2tanA + tanA [1-tan?A |
I-tan®A - 2tan®A

tan3A = 3tanA - tan3A
1-3tan’A

5.3.5 Sub multipleangle

SinA =sin(2%5 ) = 2sin% cos%
COSA =cos(25 ) = co# S - sin 5
= 20032% -1
=1-2sm4
tanA = tan(ZAT )= 2tan2%A
1-tan >



Further,

2tand
(') SinA = anZ
l+tan2%
1-tan?A
(i)  cosA - tano
l+tan2%
G s A
2 - 1-cosA
(iti) sin > g
[ A _ 1+cosA
2D = 1+CosA
(v) cos?5 x
A 1-
\ tanz> = 1-COSA
N 2 1+ cosA
Example 19

Provethat _SIN2A_ = cotA
1-cos2A

Solution:
LHS. = _Sin2A_ - 2SNACOSA
1-cos2A 2¢in2A
— COSA
sinA
= cotA =R.H.S.
Example 20
Find the values of
i i 10 1 10 10
(i) sin22% (ii) cos22% (i) tan22%
Solution:
i . > A _ 1cosA
20
(i) sint5 ==
1--1
inz 22 _l-cosA5® _ — AT _ 2.2
sin? — l-cosA5° _ _
2 > > 2=
o -
\ sinzz% - 22*/5
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. 2 A _ 1+cosA
(i) cos > ==
o 2+2
\ cos22l” =5
A 1- cosA
2 = - = o
(i) tan > = 17 CosA
245 _ 1-cos45°
tan" = ~ 1+cos45°
_ A2-1 « J2-1
T A2+l T 21
= (2-1f
[0}
\ o tan223 =2 -1
Example 21

If tanA = é— tanBz%— provethat 2A+B = -Z—

Solution:
tan2A _ _2tanA 2(%) _ 3
= 1_tam2p 2 — 1
1-tan”A 1(%)
34+ 1
tan2A + tanB 4 7
@n(2A*B) = TtaAtanB - 1-3 L 1
=> 2A+B = & (Vaem =)
Example 22
If tanA = %‘D’ , provethat tan2A =tanB, where A and B are
acute angles.
Solution:
Given tanA = 1’;%
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29n >

B
= oen B ~noB —tan—-
29n 5 Cos% 2
\ tanA = tan %
_ - B
= A =5
e 2A =B
\ tan2ZA =tanB
Example 23
Show that sin20°sin40°sin60°sin80° = %

Solution
L.H.S. = sin6(r.sin20°.sin(60°-20°).sin(60°+20°)

= % sin20° [ sin260°-sin?20°]

= 3 Ginoor| 3 . sin200)

2
= % % [3sin20r-4sin®20°]
= % % sin6°
_+3 1 43 _ 3 _
=2 4 3 ~16 “RHS
Example 24
Find the values of sin18 and cos36°
Solution:
Letq =18, then 5q=5x18=90C
3g+2q = 90°
\' 29=90-3q
\ sin2g = sin(90°-3q) = cos3y
2sinqcosq = 4cos’g-3cosq divide by cosq on both sides
2sing = 4c0sg-3 (*." cosgt 0)
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2sing = 4(1-sin’q)-3

2sinq = 1-4sin’q
\ 4sin?q+ 2sinq - 1 =0, which isaquadratic equation in sing.
\ S|nq - '2i'\/84+16
_ -1z45
- 4

since g = 18, which is an acute angle, singis+ve

\ sinl® = %

1-2sin?18° = 1-2(—\/34‘1)2: —“/i”

€c0s36° =
Example 25
Ccos3A sin3A _
Prove that oA Y SnA = 4cos2A.
_ cos3A, sin3A
L.HS. = COosA = sinA
_ sinAcos3A + cosAsindA  _ sin(A+3A)
B COSA sinA ~ sinA cosA
_ __sindA
~ sinA cosA
_ 2sin2A cos2A
~  sinA cosA
_ 2.2sinA_cosA cos2A
SinA cosA
= 4c0s2A =R.H.S.
Example 26
1+sing-cosq _ q
Prove that 1+sinq+cosq =tan 5
Solution:
1+2dn 4 cosg- (1—25in 2%)
L.H.S

"~ 142¢8n 4 cosd+ 20032%-1
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j 9_( 9+9 _fl)
251n2’cos2 snz‘

2c0s 4 (sn 4+ cos 4 )

= tan 92— =RHS.

EXERCISE 54

1) Provethat tanA + cotA =2cosec2A

2) Prove that cos20°c0s40° cos80°= é—
3) If tang= %— ,tanf = %— , then prove that cos2q= sin4f

4) If 2cosq=x+ )1(— then provethat

. _ 1 1
(i) cosq= 5 (X*+37)

(i) cosdg= & (e+3r)

sin3A +sn°A

5) Prove that c03A - COSIA = CcotA
Hsin2A _._ L oo

6) Show that TsinoA —tan (45°+A)

7) If tan % =1, then provethat

(i) sinA +tanA = 14:4

} (1+t)?
(i) SecA +tanA = ————
1-t
8) Show that co0s?36° + sin218° = %
| |
1-cos3A _ 5
10)  Provethat TcosA - (1+2cosA)
11)  Provethat —C9S2A_ —tan(450-A)
1+sin2A
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12)  Provethat (sin % - Ccos % )?2=1-sinA

1-tan® (45° - q)

13)  Show that m

=sin2q

14. If sinA = % find sin3A, cos3A and tan3A

cos3A
COSA

16. Provethat sec?A(1+sec2A)=2sec2A

15. Show that =2c0s2A-1

5.3.6 Transformation of productsinto sumsor differences
we have

sin(A+B) = sinA cosB + CosA sinB .............. (0]

sin(A-B) = sinA cosB - cosA sinB .............. 2
(D+(2), gives

sin(A+B) + sin(A-B) = 2sinA cosB .............. @
(1-(2), gives

sin(A+B) - sin(A-B) = 2cosA SinB .............. (b)
Also we have

cos(A+B) = cosAcosB-sinAsinB  ............. 3

cos(A-B) = cosAcosB+sinAsinB  .............. 4
(3)+(4), gives

cos(A+B)+cos(A-B) = 2cosAcosB  .............. (©
(4)-(3), gives

cos(A-B) - cos(A+B) = 2sinA.sinB .............. (d)
Example 27

Expressthe following as sum or difference:

(i) 2sin3gcosq  (ii) 2cos2q cosq (ifi) 2sin3x sinx

(iv) cos9q cos7q (V) cos?% cos9 % (vi) cosbq sin4q
vii) 2cosl11A sin13A

Solution:

0] 2sin3g cosq = sin(3g+q) + sin(3g9-q)
= sindg+sin2q

(i)  2cos2gcosg = cos(29+q) + cos(29-q)
= Cc0s3y + coyy
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(iii)  2sin3x sinx = cog(3x-X) - cos(3x+X)

= COS2xX-Cos4xX
(iv) cos9gcos7q = % [cos(9g+7Qq) + cos(99-7q)]
= % [cosl6g+cos2q]
A A 1 A A A A
(v) cos7 00597 =5 [cos (77 +97) + cos(77 -97 )]
= % [cosBA + cos(-A)]
= % [cosBA+cosA]
(vi) cosbgsindg = % [sin9g-sinq]
(vii) 2cosllA sin1l3A =sin(11A+13A) - sin(11A-13A)
= sin24A + sin2A
Example 28
Show that 4cosa cos(120°-a) cos(120°+a) = cos3a.
Solution:
LH.S = 2cosa 2cos(120°-a) cos(120°+a)

= 2cosa.{cos(12(r-a+120r+a) + cos(120*-a-1200-a)}
= 2cosa{ cos240°+cos(-2a)}
= 2cosa{ cos240°+cos2a}

= 2cosa{- % + 2co<a-1}
= 4cos’a-3cosa
= cos3a = RH.S

5.3.7 Transformation of sumsor differencesinto products
Putting C=A+B and D = A-B in (@), (b), (c) and (d) of 5.3.6

We get
(i) sinC+sinD = 2sin <52 cos S52
(i)  sinC-sinD :ZcosC;D sin %
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C+D C-D

(iii)  cosC + cosD =2C0s=%— COs —
(iv)  cosC - cosD =-2sin C;D sin %
Example 29
Express the following as product.
(i) sin7A+sin5A (ii) sinbg-sin2q (iii) cos6A+cos8A

(iv) cos2a-cosda (v) cosl0°-cos20° (vi) cosb5°+cos15°
(vii) cosb5°+sin55°

Solution:

(i) sin7A +sinsA = 25in(7A;5A) cos(7A'25A)
= 2sin6A cosA

(i) sinsq-sinZ = 2c0s(50:2a) sin(%:2)

= ZCos—CL72 sin 3_2q_

(iii) COSBA +COS8A = Zcos(GA—ESA) cos(6A'—28A)

= 2c0S7A cos(-A) = 2cos7A cosA

(iv) cos2a-cosda = Zsin(4a’2“23) sin(4a'223)

= 2sin3a.sina

(v) cosl(r-cos2(® = 25in(20°’2fld°) sin (200-2100)

= 2sin15° sin%

(vi) cosb5®+cosls® = 2005(5502150 )cos(55° -215° )

= 2c0s35° cos2(°
(vii) c0s65°+sin55° = cos65° + sin(90°-35°)
= C0S65°+Cc0s35°

= 2005(65°+3§) COS(65O' 350)
2 2

= 2c0sb(° cosl5®
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Example 30

Provethat (cosa + cosb)?+ (sina - sinb)?= 4cos? (a;b)

|
cosa + cosh = ZCos(a;b) cos(aéb) ...............
sina - sinb = 2cos a;b sin(aéb) ...............
(L7 + (27

(cosa+cosh)?+(sina-sinb)?

= 4co (—a;b) cos? (aéb) + 4co% (a—;b).sin2 (a'zb)
_ a+h 2 a-b) . z(a-b)}
—4c052( > ){cos (T +9n W

_ a+b
= 40032( > )

Example 31
Show that cos’A + cos?(60°+A) + cos’(60°-A) = %

Cos?A = Legszh 0

COS(60°+A) = LT 4A) ...

COS(60-A) = %‘SOO‘A) ........... 3)
D+2)+3)

COS?A + CoS(6(P+A) + cos(6C°-A)
= 2[3+ COS2A + {COS(120°+2A) + cos(120°-2A)} ]

i [3 + cos2A + 2c0s12(°.cos2A]

[3 + cos2A + 2(- 17 )cos2A

Njw Nk N
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EXERCISE 55

Expressin the form of asum or difference

(i) sng- sin 3 (ii) sin(B+C).sin(B-C)

(iif) Sin(60°+A) Sin(120°+A) (iv) cos=%* cos %+

Expressin theform of aproduct:
(i) sin52°-sin32° (ii) cosbA-cos2A  (iii) sin50°+cos80°

Provethat c0s20°.cos40° cos60° cos80° = 1—16

Provethat sin(A-B) sinC + sin(B-C) sinA +sin(C-A).sinB=0

CcosB-cosA —t A+B
SnA -snB _ @y

Provethat sin50°-sin70° + cos80°=0

Provethat

Provethat c0s18°+ c0s162°+ c0s234° + c0s306°=0

. . : -b
Provethat (cosa-cosb)+ (sina-sinb)?=4sin2 (aT)

] . -b
Provethat (cosa+cosh)?+ (sina+sinb)?=4cos? (aT)

Provethat cos40°+ cos80° + c0s160°=0

Provethat co0s20°+ cos100° + cos140°=0

2xy
XZ +y2

If sinA + sinB = X, cosA + cosB =y, show that sin(A+B) =

C0S2A -c0os3A A

Prove that 5 oA tgnaa =tan

54 TRIGONOMETRIC EQUATIONS

Equations involving trigonometric functions are known as

trigonometric equations

For exanpl e 2si ng=1; sin’q+cosg-3=0; tarfg-1=0 etc;

The values of ‘q’which satisfy atrigonometric equation are known

as solution of the equation.
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5.4.1 Principal solution
Among all solutions, the solution whichisin[- J;— , JZ)— ] forsine

ratio, in (- -g— , -g— ) for tan ratio and in [0, p] for cosine ratio is the

principal solution.

Example 32
Find the principal solution of the following equations:

(i)cosq:-é (if) tang = /3 (iii) sinq =- 17
Solution:
(i) cosg= % <0
\ g liesin second or third quadrant.
But q 1 [0, p].Hence the principal solution isin second quadrant.
\ cosq= g = cos(180°-30)
= cosl50°
\' Principal solutiongis5 4

(i) tang=+/3>0
\ qgisinthefirst or third quadrant

al - 5. &)

\ Thesolution isin first quadrant
tanqzﬁztan%

p -

315, o)

\ Principal solutionisq = %

(i) sing=-% <0
\ g liesin third or fourth quadrant
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gl -5, 51
\' The principal solution isin fourth quadrant andq = - Jg—

5.4.2 General solutions of the Trigonometric equations

)] If sinq=sina;-%5a5-2—
thenq =np+ (-1ya; nl Z

(i) Ifcosq=cosa;0<a<p
thenq = 2np+a; ni Z

@iii)  If tanq =tana; - % <ac< -2—

theng=np+a;ni Z

Example 33
Find the general solution of the following equations.

()sing = 5 (i)cosq=-3 (ii)tang = /3
(iv) tanq = -1 (v) sing=-3.
Solution:
)] sing = % :>sinq:sin30f’:sin%—
Thisis of the form sing = sina
wherea = -%—
\ the general solutionisq = np+ (-1)"a; ni Z

i.e.q:np+(-1)”.%;nTZ
- _ 1 _ — ~nclb
(i) cosg=- 5 =>cog]=cosl2(°= cos 3
\ q:2np12%;nTZ.

(i)  tang = /3 =>tang = tan60° = tan -2,—
\ g=np+ %;nTZ
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(iv) tanq:-1:>tanq:tan135°:tan%?
=>q=np+ %El ‘ni Z

((v) sing :-g :>sinq:sin(--g—)

=>q=np+ (-G )inl z
ieq=np- (-1 -% :nl Z

Example 34
Find the general solution of the following
(i) sirtq =1 (i) covq=% (i) cosec’q= &
(iv) tan’q = 1?
Solution:
0] sin?g = 1\ sinq:ilz>sinq:sin(i%)
\ q=np+ (1 (+5)
i.e.g=np+ %_—; nl Z.
(i) cosq= % =>1-sin’q = % =>sin’q = % \ sing=+ %

\ sinq:sin(i%—)

=>q=np+ &;nlz

@

=>sinq :1—2

S

(i)  cosec’q = % or cosecq = +
\ g=np+ -2,— il Z.
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(iv) tarmq= % or tanq :ivlg
=> tanq = tan(+30°)
=>tanq = tan(i%)

\ General solutionisq = npi%—; ni Z

EXERCISE 5.6

1) Find the principal solution of thefollowing:

(i) cosecq=2 (i) secqz-% (|||)cosq=-ﬁ

(iv) tang= % (v) cotg=-1 (vi) sing= %
2) Solve:

(i) cot?q= % (ii) secq=4 (iii) cosec’q=1

(iv) tang=3.

5.5 INVERSE TRIGONOMETRIC FUNCTIONS

The quantities such as sin-'x, cos'x, tanx etc., are known as
inverse trigonometric functions.

If sinq = X, then q = sin-*x. Here the symbol sin-* x denotes the
angle whose sine is x.

The two quantities sing = x and g = sin''x are identical. (Note
that, sin-1x (sinx)1)

For example, sinq = 17 is same asq = sin"( 17 )
Thus we can write tan(1) = % , sinY( 17 )= Jé— etc.

5.5.1 Important propertiesof inversetrigonometric functions

1 (i) simt(sinq) =q (iv) cosec'(cosecq) =q
(ii) cos*(cosq) =q (v) sec*(secq) =q
(iii) tan!(tanq) =q (vi) cot?(cotq) =q
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2. (i) sint (%) =cosectx (iv) cosec? (%) =sintx
(ii) cos? (%): sect x (v) sect (%) = costx

(iii) tant (%): cotlx  (vi) cot? (%) =tantx

3. (i) simi(-x) = -sint x (ii) cos(-x) =p- cosx
(iii) tan(-x) = -tanx (iv) cosec!(-x) = -cosecx.
4. (i) simx + cosx = %

)

. Xty
(ii) tamix + tanty = tan? (1-xy
: P : X-y
(iii) tanx - tamly = tan? (1+X )

y
Example 35
Evaluatethefollowing
(i) sin (cos* & ) (if) cos (tan 2 )
Solution:
0] Let cos? % =X o [ @
\ cosg = 5
Weknow, sing = ./1- cosgq = éi
Now, sin(cos? % )=sinq, using (1)
-4
-5
. L (3)
(i) Let tan? (Z) =X [T D
\ tanq= %
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We can prove tanq = % => cos = gi

cos (tan? % ) = cox using (1)
-4
-5
Example 36
(i) Provethat: tan (%) +tan? (1_13) ~ tan? (%
(”) cos? g_ + tan? 51 =tan?! %
Proof:
5141
0 @) cenld) e
el- 7130
= tan? l%] = tan? (%)

i) Let cost (&) =g

\ cosqg = gi =>tanq: %

\ cost? (%) = tan! (%)

\ cos? (%) + tant (g—) = tam? % +tant =

5
¢ 3+ 0
=tanl€ 3 3 u
el- 720
- ﬂ)
= tan? (11
Example 37
Provethat
(i) sint (3x-4%) = 3sinix  (ii) cos? (4x3-3x) = 3cosx
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Proof:

i) Sin1(3x-4%)
Letx =sing \ g=sinix
- =3sinq-4sin®(g=sind  .......... (D)}
Now, sint (3x-4x) = sin'}(sin3y), using (1)
=3
= 3sinix
i) cos? (4%-3x)
Let X =cog\ g=cosx
4x3 - 3x = 4c0sq - 3c0Sq = €C0SYJ  ......... (0]
Now, cos? (4x-3x) = cos’(cos3y), using (1)
=3
= 3cosx
Example 38
_— x_l) . (x_+1) _ D
Solve: tan? (x-2 +ttant\355/) = 7
Solution:

_ 1 x-l) _l(x+1
L.H.S =tan (x-2 +tan\y 15

S—

=tant 3 1- x2-1
& >
X“-4
Alx-1)(x+2) :(x+1)(x-2) U
_ o © x4 u
tart g X-4xd |
€ X2-4 u

Since, tan! ())((%) + tan'l(X+1) = -‘31— , we have

1 [2x%-4 _ b
wles) -3
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2
tan? (—ZX_3'4) = tan'(1)

2
Hence 2X3'4 =1

=>2¥%-4=-3
=>2%-1=0

EXERCISE 5.7

xy -1
1) Show that cot?x + cot?y = cot* |.x +y J

1-x ) p
1 1 =
2) Show that tan*x + tan (l+x =

4
3) Provethat tan®(5) - tan(3) + tan* (%) =np+ JZ_ V4

2
4) Provethat 2tantx = cos! [1—)(2J [Hint: Put x=tand]
1+ X

5) Provethat Zsin'lxzsin'l[ZXA[]__ x2] [ Hint Put x=sinq
6) Solve: tan'2x+tan?3x = szl_
7 Solve: tan®(x+1) + tan*(x-1) =tan?( ‘71— )
204 13 a2
8) Provethat cos?( 5 ) + tan? 5 =tan' 11
9) Evaluate cos[sin? 3y sin? i] [Hint: Let A =sin? =
5 13 : 5

. .5
— 1=
B =sin 13]

10)  Provethat tan’( g— ) - tan®( %— )= -‘31—
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EXERCISE 5.8

Choose the correct answer:

1

2

3

4)

5)

6)

8)

9

10)

11)

If pcosecq=cot45°thenpis

(a) cos4s° (b) tan45° (c) sin45° (d)sing
- - g - [0 ) =............
\1- cogg X 4/1- srtq (cosecq)
@0 (b)1 c) cos?g-sinyg  d) sin?g- cos?q,
(sin6Q° + cos60°)? + (sin60° - cos60°)? = .............
@3 (b)1 (02 (d)o
1 =
o tarBe®
A3+2 J3-2 1+4/3 1- /3
(& 27 (b) 27 (©) 25 (d) 252
2 2
If x = acos’q; y = bsin®qg then (%)3 + (%)37 isequal to
(a) 2cos’y (b) 3bsin¥g (01 (d) absin?gcos?q
—l .
The value of 560(-60 ©) is
(8) +- (b) -2 (©2 (d) - 3=
Sin(90°+q) sec(360°-q) =
(a) cosecq (b1 (c)-1 (d) cosq
sec(rp) =
(a)secq (b) -cosecq (c) cosecq (d) -secq

When sinA = 71? , between 0° and 360° the two values of A are
(a) 60° and 135° (b) 135°and45° (c) 135°and 175° (d) 45° and 225°

If cos(2np+q) =sina then

(a) g-a = 90° (b) g=a (c) gra=90 (d) a-g=90°
tan15° - tan75° . al
1+tan15° tan75° > oY to
1+4/3 1+24/3
@ /5 ®) 5 (@B (d) v/3
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12)

13)

14)

16)

17)

18)

19)

20)

21)

22)

Thevalue of tan 435°is

1+4/3 1+4/3 J3-1
@13 ®) 731 © 173
Thevalue of cos9°cos6° - sin® sin6°is
(@0 (b) @ (¢) sin75

tan(ﬁ— +X)is

l+tanx )
(a) 1-tanx (b) 1+tanx (c) -tanx
@0 (b1 (c) ¥
If sinA =1, thensin2A isequal to
(@2 (b1 (©0
Thevalue of sin54°is

1-/5 Af5-1 J5+1
(@) =5 (b) 25 (© 5
1-cos15°%
TrcoslE 0 = e

15
a) sec30° (b) tan? ( > ) (c)tan30°
sin240°-sin?10°=
(a) sin80° (b) % (c) sin230°
3tan £- tan32
The value of 5 isequal to
1-3tan <&

(a-1 (b)1 (c)0
Thevalue of 4sin18°.cos36° is
(@0 (b) L2 ©1
Theprincipal solution of cosx =1is
(@x=1 (b)x=0 (c)x=0
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(d) sin15°

P
(dtan 7
(d)-1
(d)-1
-/5-1
(o) 252
(d) tanz73-°
sins5@°
(d) ST
(d) ¥
3
(@ - 3

(d) x = 360°



23)

24)

25)

26)

27)

28)

29)

30)

32)

33)

34)

If sinx =0, then one of the solutionsis

@x=35- (b)x=45 (c) x = 5p (d)x=52-
If cosx = 0, then one of the soutionsis

() x = 2p Mx=145  (@©x=213  (dx=180
If tanx = 0; then one of the solutionsis

(@) x=0 (b)x =5 (©)x=1g (d)x=-25
If sinx = k, where; -1< k <1 then the principal solution of x may liein
@10, 51 (b) [-¥, -p] (©)(0.) @ (5 ¥
If cosx = k, where-1< k <1 then the principal solution of x may liein
@[¥-%1 O[5 .0  (©FL (d) (p¥)
The number of solutionsof the equation tang=k, k>0is

(a) zero (b) only one (c) many solutions (d) two

Thevalue of sin%(1) +sin(0)is
@ 5 ()0 (©1 (d)p

si n'l(S%) +cos*(3 %) =

@35 (b) 6x (c) 3x @5
|
(@1 (b) -p ©5 (d)p

sinx - cos(-x) =

@-5 O3 (0)-3% ()35
SEC'l(% )+ coseC‘l(% )=
@-5 (b) & ©p (d) -p

tan'l(%)+tan'1(%) =

@sn'(F)  Osn(z)  ©niz) (@)
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35)

36)

37)

38)

39)

40)

Thevalue of cos'(-1) +tan® (¥) +sin’(1) =

(@-p ()35 (c) 30°
Thevalue of tan 135° cos30°sin180° cot 225°is
1
(2) 1+ L2 b17F  ©1
When A = 120° tanA + COtA = .......ccvvvveens
4 1 4
@- 7 (o) 75 © 75
Thevalueof SNSA-SN3A
C0S3A - COS5A
(a) cot4A (b) tandA (c) sindA
Thevalueof secA sin(270°+A)
(a-1 (b) cos?A (c)sec’A

(d) 2p
(@0
@ -75

(d) sec4A

(d1

If cosq= g’— , thentheval ue of tangsingsecqcosecqcosqis

(@ 5 (b) > ©1
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FUNCTIONS 6
AND THEIR GRAPHS

The concept of function is one of the most important concepts in
Calculus. It is also used frequently in every day life. For instance, the
statement “Each student in the B.Tech course of Anna University will be
assigned agrade at the end of the course” describesfunction. If weanalyse
this statement, we shall find the essential ingrediants of a function.

For the statement, thereisaset of students, aset of possible grades,
and arulewhich assignsto each member of thefirst set a unique member of
the second set. Similarly we can relate set of items in a store and set of
possible pricesuniquely. In Economics, it may be ncessary to link cost and
output, or for that matter, profit and output.

Thus when the quantities are so related that corresponding to any
value of the first quantity there is a definite value of the second, then the
second quantity is called afunction of the first.

6.1. FUNCTION OF A REAL VALUE

(1) Constant :

A guantity which retai nsthe same val ue throughout any mathematical
operation iscalled aconstant. Itisconventional to represent constants by
the lettersa, b, cetc.

For example : A radian is a constant angle. Any real number is a
constant.
(i) Variable:

A variableisaquantity which can havedifferent valuesinaparticul ar
mathematical investigation. It isconventional to represent variables by the
lettersx, y, z, etc.

For example, inthe equation 4x+3y = 1, “x” and “y” are variables, for
they represent the co-ordinates of any point on straight line represented by
4x+3y = 1 and thus change their values from point to point.

There are two kinds of variables:
(i) Independent variable (ii) Dependent variable
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A variableis anindependentvariablewhenit can haveany arbitrary
value.

A variableissaid to be adependent variablewhenitsvaluesdepend
on the values assumed by some other variable.

Thus in the equation y = 5xX-2x+3, “X” is the independent variable,
“y" isthe dependent variable and “ 3” isthe constant. Also we can say “X”
is calledDomain and “y” is called the Range.

6.1.1 Intervals: Closed and Open

On the “Real line” let A and B
represents two real numbers a and b
respectively, with a< b. All points that lie "
between A and B arethosewhich correspond - ¥ a
toall real numbers x invalue between aand
b such that a< x <b. We can discuss the
entire idea in the following manner.

>
o T

(1) Open Interval
Theset {x:a<x<b} iscalled an open interval denoted by (a, b).

( )
¥\ b ¥
In this interval the end pointsarenot included

For example: Intheopeninterval (4, 6), 4 isnot an element of this
interval, but 5.9 is an element of thisinterval. 4 and 6 are not elements
of (4, 6)

(i)  Closed interval
Theset {x:a<x<b} iscaledaclosedinterval and isdenoted by [a, b].

[ ]
¥ Ip ¥
Intheinterval [a, b], the end points are included.
For example: Intheinterval [4, 6], 4 and 6 are elements of thisinterval.

Also we can make a mention about semi closed or semi openintervals.
i.,e.  (a bl ={x:a<x<b}iscalledleft open

and [a b)={x:asx<b} iscaledright open

Uniformly, in all these cases is called the length of theinterval
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6.1.2 Neighbourhood of a point

Let a be any real number, Let1 >0 be arbitrarily small real number.
Then (ad ,aH ) iscaled an“1 ” neighbourhood of the point aand denoted
by N, ;

Forexample Ny, 1 =(3- }T , 3+ % )

6.1.3 Functions

Definition
A functionf from a set A to aset B is arule which assigns to each

element of A aunique element of B. The set A is called thedomain of the
function, while the set B is called the co-domain of the function.

Thusif fisafunction from the set A to the set B we writef : A® B.
Besidesf, we also use the notations F, g, f etc. to denote functions.

If aisan element of A, then the unique element in B whichfassigns
to aiscalled thevalue of f at aor theimage of a under f and is denoted by
f(a). Therangeisthe set of all values of the function.

We can represent functions pictorially asfollows :
f:A®B

Fig6.1
Domain Co-domain

We often think of x asrepresenting an arbitrary element of A andy as
representing the corresponding value of f at x.
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We can writey = f(x) whichisread “y isafunction of x” or “y isf of
X" Therule of afunction givesthe value of the function at each element of
thedomain. Alwaystheruleisaformula, but it can be other things, such as
alist of ordered pairs, a table, or a set of instructions.

A function islike a machineinto which you can put any number from
the domain and out of which comes the corresponding value in the range.

consider, f(x)=x»

3

Number from |—

the domain | |

goesin || Value of the function

Rule of the function at that number comes out
f(x)=x2 T ® 27
—
fig (6.2)

L et us consider the following equations
()] y = X-4x+3
(i) y=sin2x
(i) y=mx+c

2
: —_ prch
(iv) V=-5

2
(v) s=ut+ %

In (i) we say that y isafunction of x

In (ii) and (iii) y isafunction of x. (m and c are constants)
In (iv) V isafunction of r and h. (two variables)

In (v) sisafunction of u, t and a. (threevariables)

6.1.4 Tabular representation of a function
An experimental study of phenomenacan result in tablesthat express
afunctional relation between the measured quantities.

For example, temperature measurements of the air at ameteorol ogical
station on a particular day yield atable.
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Thetemperature T (in degrees) is dependent on the time t(in hours)

t 1 2 3 4 5 6 7 8 9 10
T 22 21 20 20 17 23 25 26 | 265|273

The table defines T as afunction of t denoted by T = f(t).

Similarly, tables of trigonometric functions, tables of logarithms etc.,
can be viewed as functions in tabular form.

6.1.5 Graphical representation of afunction.

The collection of pointsin the xy plane whose abscissae are the
values of the independent variable and whose ordinates are the
corresponding values of the function is called a graph of the given
function.

6.1.6 TheVertical Line Test for functions

Assume that a relation has two ordered pairs with the same first
coordinate, but different second coordinates. The graph of these two
ordered pairs would be points on the same vertical line. This gives us a
method to test whether a graph is the graph of afunction.

Thetest :
If it is possible for a vertical line to intersect a graph at more than
one point, then the graph is not the graph of a function.

The following graphs do not represent graph of a function:

/f_) !

~ N[

y'vy y'vy
Fig 6.3 Fig 6.4

A

\

YA Y4 y
I
1
I
I
1
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From the graphsinfig (6.3), (6.4) and (6.5) we are able to see that the
vertical line meets the curves at more than one point. Hence these graphs
are not the graphs of function.

y y
\\ [ ) / /

N

X' - X X' / X
\ /
y y'
Fig6.6 Fig6.7

We seein fig(6.6) and (6.7) that no vertical line meet the curves at
more than one point and (6.6) and (6.7) “pass” the vertical line test and
hence are graphs of functions.

Example 1
(1) What isthe length of theinterval 3.5<sx<7.5?

(i) 1f H={x:3<x<5}can4.71 H?
(iii) I1fH={x:-4<x<7}can-51 H?
(iv) 1s-31(-3,0)?
Solution:
)] Heretheinterval is[a, b] =[3.5, 7.5]
Length of theinterval isb-a =75-35=4
(i)  Yes, because4.7 isapoint in between 3 and 5
(i) No, because-5 liesoutsidethe given interval.
(iv)  Intheopeninterval the end points are not included.
Hence-3I (-3, 0)
Example 2
Draw the graph of the function f(x) = 3x-1
Solution:

Let usassumethat y = f(x)
\ We have to drawthe graph of y = 3x-1. We

. . AY
can choose any number that is possible replacement
for x and then determiney. Thuswe get the table. /
X 0 1 2 -1 -2 < >
X X

y -1 2 5 -4 -7
Now, we plot these poits in the xy plane these /

points would form a straight line. vy
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Example 3
Draw the graph of f(x) = x>-5
Solution:  Lety=f(x)

We select numbers for x and find the
corresponding values for y. N
Thetable gives us the ordered pairs

(0, -5), (-1, 4) and so on.

X 0 1 2 3 -1 -2 -3 y
y -5 -4 -1 4 -4 -1 4
Example4

Given thefunction f(x) = x>-x+1
find (i) f(o) (i) f(-1) (iii) f(x+1)

Solution:
f(x) = ¥-x+1
()] f(o) = 0%-0+1
=1
(i f-1)  =(1p-(-1)+1=3
(i) f(x+) =(x+1P-(x+1)+1
= X+2x+1-x-1+1
= ¥+x+1
Example5

_ ix?-4x if x3 2
Let f: R® R defined by f(x) = i

7 Xx+2if x<2
find i) f(-3) i) f(5) iii) f(0)
Solution
when x=-3; f(x)=x+2 \ f(-3) =-3+2=-1
whenx=5; f(x) = »-4x \ f(5)=25-20=5
whenx=0; f(x) =x+2 \ flo)=0+2 =2
Example 6

If f(x) = sinx ; g(x) = cosx, show that : f(@+b) = f(@) g(b) + g@) f(b)
whenx,a,bTR

Proof :
f(x) =sinx
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\ f(a+b) =sin(@a+b) -------mee- Q)
f(a) =sina; f(b) = sinb
g(a) = cosa ; g(b) = cosh [*,°0(x) = cosx]

Now,
f(a) . gb) + g@) . f(b)
=sina . cosb + cosa . sinb
=sin(@+b) = - )
from (1) and (2), we have
f(a+b) =f(a) g(b) + g@) . f(b)
Example7

IfA={-2-10,1,2}andf: A® R be defined by f(x) = x*+3 find the
rangeof f.
Solution :
f(x) =>x+3
f(-2) =(-22+3=443=7
f(-1) =(-1*+3=1+3=4

f(0) =0+3=3
f(l) =12+3=4
fQ) =2+3=7
Hence therangeistheset {3, 4, 7}
Example 8
|m@:ﬁ§mmmmﬂﬂ:ﬁb
Solution :
1-x
fx) = ==
®) Trx
_1(x) _d+x __1
R v & A = )
Example9

If f(x, y) =@+ bxy>+cx?y + dy® find (i) f(1,0) (i) f(-1, 1)
Solution:
f(x,y) =adtbxy>+céy+dy> 000 e (1)
Tofindf(1,0) ;putx=21andy=0in (1)
\ f(1,00) =alp+0+0+0=a
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tofindf(-1,1) ; putx=-landy=1in(1)
\ f(-1,1)  =a(-1¢ + b(-1)(1)* + c(-1)X(1) + d(1)?
f-1L,)=a-b+c+d

Example 10
If f(x) = x2+3, for-3<x<3, ¥ R
(i) For which values of x, f(x) = 4?
(ii) What isthe domain of f?
Solution:
()] Givenf(x) =4
\ x%+3 =4 =>®=1=>x=+1
Thusforx =-land 1, f(x)=4
(i)  Thedomainof f is{x:-3<x<3, X R}

Example 11

-4
What isthe domain of f for f(x) = 3rg ?
Solution:

-5-4 -9
Notethatatx =-5 ; f(x)= T = o

Since we cannot divide by 0 ; x = -5 is not acceptable.
Therefore x =-5isnot in the domain of f.
Thus the domain of fis{x :xT R;x! -5}

Example 12
A group of students wish to charter a bus which holds atmost 45

peopleto go to an eduactional tour. The bus company requires atleast 30
peopleto go. It charges Rs. 100 per person if upto 40 peoplego. If more

than 40 people go, it char ges each person Rs. 100 less %— timesthenumber

mor e than 40 who go. Find the total cost as a function of the number of
studentswho go. Also givethe domain.

Solution:
Let x be the number of students who go then 30<x<45and x isan
integer
The formulais
Total cost = (cost per student) x (number of students)
If between 30 and 40 students go , the cost per student is Rs. 100/-.
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\ Thetotal costisy = 100x
If between 41 and 45 students go, the cost per student is

Rs. {100 - }3— (x-40)}

Then the total costisy = (108- ’é— X

= 108x - X2
5

1100x  ;30£X£40

Sotheruleisy = }108x-%;41£x£45 where X is a positive integer.
Thedomainis{30, 31, ........... , 45}
Example 13

Find the domain and range of the function given by f(x) = log,, (1+x)
Solution:
We know, log of anegative number is not defined over R and log0 = -¥
\ l0g,,(1+x) isnot real valued for 1+x < 0 or for x<-1 and
log (1+x) tendsto -¥ as x® -1
Hence the domain of f is (-1, ¥)
i.e. all real values greater than -1. The range of this function is R*
(set of all positive real numbers)

Example 14
Find the domain of the function f(x) = [x2_7¢ +12
Solution :
RN = o)

f(x) isareal valued function only when (x-3) (x-4) > 0
iewhen x liesoutside ‘3’ and ‘4’
\ Thedomain of f(x) is x>4andx <3 i.e. [-¥, 3) and (4, ¥]

EXERCISE 6.1
1) Draw the graph of theliney =3
2) If f(x) =tanx and f(y) = tany, provethat f(x-y) = %

163



_ x+tanx D y__b+t4

3) If f(x) rsinx prove that f( 7 ) o122

2.4
& Iffx) = X% provethat f( i— ) =f(x)
X

5) If f(x) =»-3x+7, find ﬂ&hhMﬁ

6) If f(x) = sinx + cosx, find f(0) + f( J;— ) +f(p) + (3 g— )

7) Find the domain of g(x) = /1 - %

8) A travel agency offersatour. It chargesRs. 100/- per personif fewer than
25 peoplego. If 25 people or more, upto amaximum of 110, take thetour,
they charge each person Rs. 110 less é— timesthe number of peoplewho
go. Findtheformulaewhich expressthetotal charge C asafunctionin
terms of number of people nwho go . Include the domain of each formulae.

9) Find the domain of thefunction f(x) = Vx?-5x + 6

10)  Whichof thefollwing graphsdo not represent graph of afunction?

y y y
X' X x't \ /\ /\ X X ) X
_ V \
y' y y'
Fig (i) Fig (ii) Fig (iii)
VA y
x — >y x \ >y
VA y'
Fig (iv) Fig (v)
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11)  Iff(x) =sinx ; g(x) = cosx,
show that : f(a-b) =f(a) g(b) - g@) . f(b) ;a,b, ¥ R

12)  Forf(x) = ﬁ ; write the expressions f( -1— ) and f—(l;)-

13)  Forf(x) = m , writethe expression f(2x) and f(0)

14)  Draw thegraph of the funtion f(x) = 5x-6

15)  Draw thegraphsof thefunctionsf(x) = x? and g(x) = 2x?

16) If f(x) = x2-4, Draw the graphs of f(x), 2f(x), and -f(x) in the same plane.

6.2 CONSTANT FUNCTION AND LINEAR FUNCTION

6.2.1. Constant function

A function whose range consists of just one element is called a
constant function and is written as f(x) = a constant for every x I domain
set.

Forexample: f(x) =2 and f(x) = -3 are constant functions.

The figure 6.8 represents the constant
function

1 a
2 b
3 +C
4 d
A i B
Fig6.8

We can draw the graph of the constant function f(x) = c, wherec
is a constant.

y4 y=f(x) Wecan easily observethat infig (6.9); thegraph
Y=c of the constant function represents a straight
line parellel to x-axis.
X O X
Observation :
yvy Therelationset H =[(1, 5), (2, 5), (3,5), (4, 5)}
Fig6.9 is aconstant function.
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6.2.2 Linear function
A Linear functionisafunction whoseruleis of theform f(x) = ax+b,
vwhereaand b arereal nunbberswthat O.

We shall seethat the graph of alinear function isastraight line.

6.2.3 Slopeof thelinel

If I isalinewhich is not vertical and if P(x, y,) and Q(x,, y,) aretwo
distinct points on theline, then the slope of the line usually denoted by m
is given by
yo-y; _ Differenceiny coordinate
W ~ Differencein x coordinate

m=

\ thelinear function f(x) = ax+h, (at 0) may be written as f(x) = mx+c,
where mis the slope of theline ; and c isthey intercept.

Observation:
)] If the slope of the line m is positive, then the line goes upward as it
goes to the right.

(i) If misnegative then the line goes downward as it goes to the right
@iii)  1f m=0thelineishorizontal
(iv)  If misundefined thelineis vertical.

6.2.4 A linear function denotesthe equation of a straight line which can
be expressed in the following different forms

()] y = mx+c, (sope - inter cept form)
(i)  y-y,=m(x-x) : (slope-point form)

(i) X+ z_ = 1; (intercept form)

(|V) X-X1 _ ¥-y1

= ; (two point form
X1-X2  ¥Y1-Y2 ( P )

Variables of these functions have no powers more than one. The
equations describing the relationship are calledfirst - degreeequations or
linear equation.

6.2.5 Application of linear functions

(i) Salary of an employee can be expressed as alinear function of
time.
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(i)  The life expectancy of a particular sex may be expressed
through linear function of year (t)
(iii)  Linear relationship between price and quantity.

Example 15

The salary of an exmployee in the year 2002 was Rs. 7,500. In
2004, it will be Rs. 7750. Expresssalary as a linear function of time and
estimate hissalary in the year 2005.

Solution:
Let Srepresent Salary (in Rs.) and t represent the year (t)
year Sadary (Rs.)
2002 (t,) 7,500 (S)
2004 (t,) 7,750 (S)
2005 (t) ? (9

The equation of the straight line representing salary as a linear
function of timeis

$-9

S-s = EE)
_ — 7750-7500 (1 _
s-7500 = 2780-1500 1 - 2002)

S-7500 = Zzﬁ(t-zooz)

S =7,500 + 125 (t - 2002)
whent  =2005
S =7500 + 125 (2005 - 2002)
= 7500 + 125 (3)
= 7500 + 375
= 7875
The estimated salary in the year 2005 is Rs. 7,875.

Example 16
Find the slope of straight line containing A

the points (1, 2) and (3, 6)
Solution: N £ B(3, 6)
Plot the points (1, 2) and (3, 6) in the xy plane $ y,-y,=4
and join them.
y2: V1 _ 6-2 _ >

Xo- Xq 3-1 X

Slope m =
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6.3. POWER FUNCTION

6.3.1 Power function
A function of theform f(x) = ax, where aand n are non-zero constants
is called apower function.

1
For examplef(x) = x4, f(x) = X% andf(x) =3x 2 etc. are power function.
6.3.2 Exponential function
If a> 0, the exponential function with base a is the function ‘f’
defined by
f(x) = & where x isany real number.

For different values of the base a, the exponential function f(x) = &
(and its graph) have different characteristics as described below:

6.3.3 Graph of f(x) = &, wherea>1

Study of Graph 2%

Inf(x) =a,leta=2\ f(x)=2

For different values of x. The corresponding values of 2* are obtai ned
asfollows:

X -3 -2 -1 0 1 2 3

1 1 1
2 1 1 |1 2 4 8

y=2 (y=a;a>1)

Fig 6.10
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Observation:

()
(i)
(iii)

Graph of Zisstrictly increasing. To theleft of the graph, the x axisis
an horizontal asymptote

The graph comes down closer and closer to the negative side of the
X-axis.

Exponential functions describe situations where growth is taking
place.

6.3.4 Graphof f(x) =&, whena<1

Study of Graph ( 17 >

f) =a;Leta= L\ f()=(% )

X -3 -2 -1 0 1 2 3
1\ 1 1 1
) 8 4 2 1 | T &
\ y A
\ 1 fx)=a; a1l
y=(%) |
T T o T T X
Fig 6.11
Observation :
(0] The curveisstrictly decreasing
(i)  The graph comes down closer and closer to the positive side of the
X-axis
(iii)  For different values of a, the graphs of f(x) = a differ insteepness
(iv) Ifa>1,then0< ;_ <1, and thetwo graphsy = acandy = ( ;_ Y<are

reflections of each other through they axis
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(v) If a=1, thegraph of f(x) = aisahorizontal straight line
(vi)  Thedomain and the range of f(x) = ais given by R® (0, ¥)

yA
6.35 Graph of f(x) = & A =e
The most used power functionisy = e, (0, 1) /
where eisanirrational number whosevalue / o

lies between 2 and 3. (e = 2.718 approxi). x €
So the graph of e*issimilar to the graph of
y = 2%,

>,
X

y
Fig 6.12

6.3.6 Logarithmic Functions

IfO<a<lora>1,then logx =Yy if and only if & =x
The function f(x) = log,x is not defined for all values of x. Sinceais

positive, & ispositive,. Thuswithx =&, weseethat, if 0<a<lor a>1;logx
is defined only for x > 0.

yA

IfO<a<lora>1,then (i)loga=1 /
and (ii) log,1=0 /y:Iogax
€ >
Inthefig. 6.13 the graph of f(x) = log,x (1.0
isshown. Thisgraphisstrictly increasing if
a>1 and strictly decreasing if O<a<1. y
Fig6.13
Observation :
()] Sincelog,1 = 0, the graph of y = log x crossesthe x axisat x = 1
(ii)  The graph comes down closer and closer to the negative side of
y-axis
(i)  For different values of a, the graphs of y = logx differ in steepness
(iv)  Thedomain and the range of y = log.x is given by (0, ¥)® R
(v) Thegraphsof f(x) = a and g(x) = log,x are
symmetric about theliney = x
(vi) By theprincipleof symmetry thegraph of

log x can be obtained by reflecting the X
graph of e« about theliney = x, which is
shown clearly in the following diagram.
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6.4 CIRCULAR FUNCTIONS

6.4.1 Periodic Functions

If avariable angle q is changed to g+a, a being the least positive
constant, the value of the function of g remainsunchanged, thefunction
is said to be periodic and a is called the period of the function.

Since, sin(q+2p) =sing, cos (q+2p) = cosg. We say sing and cosq
are functions each with period 2p. Also we see that tan (q+p) = tanq
hence we say that tanq is period with p.

Now, we need only to find the graphs of sine and cosine functions
on an interval of length 2p, say 0 < q < 2p or - -2— <q<3 -3— and then

use f(q+2p) = f(q) to get the graph everywhere. In determining their
graphs the presentation is simplified if we view these functions as
circular functions.

We first consider the sine function, Let us see what happens to
sinx as x increases from 0 to 2p.

6.4.2 Graph of sinx. Consider sine function in 0<x<2p

X ol 2|22l > B ,|D|5D|4 357 (1lp
6| 4| 32| 3|4]|s 6| 4| 3| 2| 3|4 | 6
- 1| L|A3 A i I V£ ) 1
S I B ot B B B v Bl B e v s e e Bl i
The graph of sinx is drawn as below:
y = sinx




Observation:

)] The scale on x-axisisdifferent fromthe scale on they axisin order to
show more of the graph.

(i)  The graph of sinx has no break anywherei.e. it is continuous.

(iii)  Itisclear from the grpah that maximum value of sinx is 1 and the
minimum valueis-1. ie the graph lies entirely between the lines
y=landy=-1

(iv) Every value is repeated after an interval of 2o. i.e. the function is
periodic with 2.

6.4.3 Graph of f(x) = cosx
Consider the cosine function. We again use the interval 0<x<2p

- b b b 5p

X p > 0 > P |35 | & > | 3P
COosX -1 0 1 0 -1 0 1 0 -1

y = COSX y

(-2p, 1) ()
/ s o / A\
X' \/P_O)O \/(32,03(
(-p, -1 (P -1)
Y'vFig6.16

Observation:

()] The graph of cosx has no break anywherei.e. it is continuous

(i) It is clear from the graph that the maximum value of cosx is 1 and
minimum valueis-1ie. the graph lies entirely betweenthelinesy =1
andy =-1

(iii)  Thegraphissymmetrical about the y-axis

(iv)  Thefunction is periodic with period 2p.

6.4.4 Graph of tanx

Since division by 0 is undefined tan -2— ismeaningless. Intanx, the

variablerepresents any real number. Notethat the function valueis0when
x = 0 and the values increase as x increases toward Jg— .
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Aswe approach -EL , thetangent values becomevery large. Indeed,

they increase without bound. The dashed vertical lines are not part of the
graph. They are asymptotes. The graph approaches each asymptote, but

never reaches it because there are no values of the function for -EL %p— ,

etc.
y = tanx

y'vFig 6.17

Observation :
)] The graph of tan x is discontinuous at points when

X=+L2 + 3p 4+5p
— 2 1 — 2 1 — 2 L
(i)  tanx may have any numerical value positive or negative
(iii)  tanx is a periodic function with periodp.
Example 17

Isthetangent function periodic? If so, what isitsperiod? What is
itsdomain and range?

Solution :
From the graph of y = tanx(fig 6.17), we see that the graph from

- £ to & repeatsin the interval from B—to %p— consequently, the

tangent function is periodic, with a periodp
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Domainis{x;x? Jg_ + kp, k is an integer}

RangeisR (set of all real numbers)
Example 18

What isthe domain of the secant function?
Solution :

The secant and cosine functionsarereciprocals. Thesecant function
is undefined for those numbers for which cosx = 0. The domain of the

secant function isthe set of all real numbers except -% +kp, kisaninteger.

ie{x:x* £ +kp, kisaninteger}

Example 19
What isthe period of thisfunction?

Solution:

In the graph of the function f, the function values repeat every four
units. Hencef(x) = f(x+4) for any X, and if the graph istranslated four units
to the left or right, it will coincide with itself. Therefore the period of this
function is 4.

6.5 ARITHMETIC OF FUNCTION

6.5.1 Algebraic functions

Those functions which consist of afinite number of termsinvolving
powers, and roots of independent variable and the four fundamental
operations of addition, subtraction, multiplication and division are called
algebraic functions.

For example, ./3x +5. £ /X , dX3-Tx+3,3x-2, 2x3 etc are algebraic
functions
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Also, algebraic functions include the rational integral function or
polynomial
f(x) = gy+a X Hax ... +a,
where g, a, a, ........ , 8 are constants called coefficients and n is
non-negative integer called degree of the polynomial. It is obvious that
this function is defined for all values of x.

6.5.2 Arithmetic operationsin the set of functions
Consider the set of all real valued functions having the same domain
D. Let usdenote this set of functions by E.

Let f, gl E.ie., functionsfrom D into R.

The arithmetic of functions; f+g,fgandf, garedefined asfollows:
(f+9) (x) =f(x)+g(x)," xI D

-9 () =fx) -9,

(fg) ) =1 9x),

f— = m . 1
() ® = 5559097 0
Observation :
0] The domain of each of the functionsf + g, f - g, fgisthe same asthe
common domain D of f and g.

(i)  The domain of the quotient gfg_ is the common domain D of the two
functions f and g excluding the numbers x for which g(x) =0

(i)  The product of afunction with itself is denoted by 2 and in general
product of f taken 'n' times is denoted by f where n is a natural
number.

6.5.3 Computing the sum of functions
()] For example consider f(x) = 3x+4 ; g(x) =5x-2 be the two linear
functions then their sum (f+g) (x) is
f(x) = 3x+4
o(x) =5x-2
(#) =rreme oo )
f(x)+g(x) = (3x+5x) + (4-2)
\ f(x)+g(x) = 8x+2 = (f+g) (x)

(i)  Consider f(x) = 3x%-4x+7 and g(x) = ¥-x+1 be two quadratic
functions then the sum of
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f(x) and g(x) isf(x)+g(x) = (3R-4x+7) + (X-x+1)
= (3+x?) + (-4x-X) + (7+1)
f(x) + g(x) = 4x-5x+8 = (f+q) (X)

(ili)  Consider f(x) = logx ; 9(x) = log,(5x) be two logarithmic
functions then the sum (f+g) (x) isf(x)+g(x) = logx + log,5x
= log,5x> Observe that here f(x) + f(y) * f(x+y)

(iv)  Consider, f(x) = e and f(y) = & betwo exponential functions,
then the sum f(x)+f(y) is e+eY

(v)  Consider, f(x) = sinx, g(x) = tanx then the sum f(x)+g(x) is
sinx + tanx

6.5.4 Computing Difference of functions
()] Consider f(x) = 4x-3x+1 and g(x) = 2&+x+5 then (f-g) (x)
=f(X)-g(X) is(E-22) + (-3x-x) + (1-5) = 2&-4x-4
(i)  Consider f(x) =& and g(x) = € then
(f-g) (%) =f(x) - 9(x)
= - e
(iii)  Consider f(x) - log,> and g(x) = log,> then
(f-g) (x) isf(x) - g(x) =log> - log*

(ﬁ S
:|oge 3x :|oge3

6.5.5 Computing the Product of functions
(i) Considerf(x) = x+1 and g(x) = x-1 then the product f(x) g(x) is
(x+1) (x-1) whichisequal to»-1
(i)  Consider, f(x) = (@-x+1) and g(x) = x+1
then the product f(x) g(x) is

(P-x+1) (x+1) = X-X2AX+H-x+1
=%+1
(i)  Consider, f(x)=logx and g(x) = 10g,3x
then (fog)x =f(x)g(x) =logx log,3x

(iv) Consider, f(x) =€ ; g(x) = €* then the product f(x) g(x) is
eax . éx = e’3><+5>< — eBx

6.5.6 Computing the Quotient of functions
0] Considerf(x) = & and g(x) =

4x
then Lgx—%is =gz
g\x e
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(i)  Consider, f(x) =»-5x+6 ; g(X) = x-2 then the quotient

f(x) is x2%-5x +6
g(x) (x-2)

which is equal to % =x-3

Example 20
Given that f(x) = x2and g(x) = 2x+1
Compute (i) (f+g) (1) (i) (f-g) (3)  (iii) (fg) (0)  (iv) (f, 9) (2)
Solution:
(i)  Weknow (f+g) (x)=f(x) +g(x)
\ (f+g) (D=f(1) +9(1)
=(1P+2(D)+1=4
@iy Weknow (f-g) (x) =f(X) - g(x)
\ (f-9) (3) =1(3) - 9(3)
=(3P-2(33)-1=20
(i)  Weknow (fg)(x) =f(x)9(x)

\ fg(0)  =f(0) g(0)
=(®)(2x0+1)=0
(iv) Weknow (f, g) (x) =f(x), g(x)
\ (.9 (2=1(2). 92
=2, [2(2 +1]
_ _ 8
- ?, 5— g

6.6 SOME SPECIAL FUNCTIONS

6.6.1 Absolute valuefunction f(x) = |X|

Finding the absolute value of a number can also be thought of in
terms of afunction, the absolute value function f(x) = [x|. The domain of the
absolute value function is the set of real numbers ; the range is the set of

positive real numbers y4
The graph hastwo parts, f(x) = || f\\+ %
For x >0, f(x) = x
For x <0, f(xX) = -x x 0 >y
Observation : .
()] The graph is symmetrical about the y-axis _ vy
(i) Atx=0, |x| hasaminimum value, 0 Fig (6.19)
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6.6.2 Signum function yA

The signum function is defined as y=1, x>0
f 1K for x 1 0
=1(x) =1 , - >
y =f(x) 10 for x = X O X
y=-1, x<0
i fz 1 forx >0 2 ;
I -
or =1 0 forx =0 Fig (6.20)
1

-x=-1forx <0

For x >0, thegraph of y = 1isastraight line parallel to x-axisat aunit
distance aboveit. Inthisgraph, the point correspondingto x = 0isexcluded
for x =0, y = 0, we get the point (0, 0) and for x < 0, the graphy =-1isa
straight line parallel to x-axis at a unit distance below it. In this graph, the
point corresponding to x= 0 is excluded.

6.6.3 Step function
The greatest integer function,
f(x) = [x], isthe greatest integer
that is less than or equal to x.
In general,
For 0<x<1, wehavef(x)=[x]=0
Il x<2, wehavef(x)=[x]=1
2<x <3, wehavef(x) =[x] =2
-2<x<-1, wehavef(x) =[x] =-2
-5<x <-4, we havef(x) = [x] = -5 and so on.

Yy
Fig (6.21)

In particular, [4.5] =4, [-1] =-1,[-3.9] =-4

We can use the pattern above to graph f(x) for x between any two
integers, and thus graph the function for all real numbers.

6.7 INVERSE OF A FUNCTION

6.7.1 One-one function

If afunction relates any two distinct elements of its domain to two
distinct elements of its co-domain, it is called a one-one function. f: A® B
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shown in fig.6.22 is one-one function.
f:A®B

fig6.22

6.7.2 On-tofunction
For an ‘onto’ function f: A® B, range is equal to B.
f:A®B

A W DN B
0O o0 T o

fig6.23
6.7.3 Inverse function
Let f: A® B be a one-one onto mapping, then the maping f-1:B® A
which associates to each element bl B the element d A, such that f(a) = b
is called the inverse mapping of the mapping f: A® B.

f:A®B fHB®A

A fig6.24 B A fig625 B
from fig (6.24) f(x,) =y, etc.  from fig (6.25) f *(y, = x_etc.

Observation :

)] If f : A® B isone-oneonto, thenf *:B® A is also one-one and
onto

(i)  If f: A® B be one-one and onto, then the inverse mapping of f is
unique.

(iii)  Thedomain of afunction f isthe range of f -1 and the range of f
is the domain of f ™.
(iv) If f is continuous then f-! is also continuous.
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(v)

Interchanging first and second numbersin each ordered pair of a
relation has the effect of interchanging the x-axis and the y-axis.
Interchanging the x-axis and the y-axis has the effect of reflecting
the graph of these points across the diagonal line whose equation
isy = X.

Example 21

6.7.4

Given f(x) = 2x+1, find an equation for f1(x).
Let y=2x+1,interchangex andy

\ X:2y+]_:>y:XT'1

Thus f1(x) = le

Inverse Trignometric functions
sin’x, cos'x, tan'x aretheinverses of sinx, cosx and tanx respectively.
sin'ix :Suppose -1<x<1. Theny =sin'ix if and only if x = siny and
P < D

2 =y= 2
cosix: Suppose-1<x<l. Theny =cos*xif andonlyif x = cosy and

O<y<p
tanx:  Supposexisany real number. Theny=tanx if and only if

= b b
X = tany and 5 <Y<3
. ____________=» _________________________________________________________|
-b b 1
and - >- sy<s>-,y* 0
sec!x: Suppose|x|=1,theny=secxifandonlyifandonly
if x = secy and O<y<p y ! -g—
I 1
|¥x:coty anq 5<y<p

%“'Zp y = sinx

Two points symmetric with respect to \ %

4
aline are called reflections of each other ™ ,7Y=X
acrosstheline. Thelineisknown asaline 10~

2D NP ATFIND L2p
{72l L L

of symmetry. X (IR

(i)

7’
4

- =sinx
From the fig 6.26 we see that the graph of - N y
y = sin'’x is the reflection of the ¢

graph of y = sinx acrosstheliney = x y'ﬁj'Zp Fig 6.26
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(i)  Thegraphsof y =cosx and y = cosx are givenin Q
fig. 6.27 and 6.28 respectively \\

}
/'y = cos'x

Y
ye //"’ X of / X
//y:X //
—~ R S

< // ] = // // \\ 1 / ] > \FT
X /-2 N7 10 NP P \X ]

AT N\

. \

/// _Zp- )

Sy 2P /-
Fig6.27 A Fig6.28

6.8 MISCELLANEOUS FUNCTIONS

6.8.1 Odd Function
A function f(x)is said to be odd functionif f(-x) = -f(x), for all x
eg: 1 f(X) =sinx isan odd function
consider ; f(-x) = sin(-x) = -sinx = -f(x)
2. ¥ = ¥ isan odd function;
consider, f(-x) = (-x)® = - =-f(x)

6.8.2 Even function
A function f(x) is said to be even function if f(-x) = f(x), for all x

eg. 1 f(¥ = cosx isan even function
consider, f(-x) = cos(-x) = cosx = f(x)
2. f(¥) = ¥ isan even function
consider, f(-x) = (-x)?2 =X =f(x)
Observation :
)] If f(x) isan even function then the graph of f(x) is symmetrical about
y axis
(i)  Thereis always a possibility of a function being neither even nor
odd.
(iii)  If f(x) isan odd function then the graph of f(x) is symmetrical about
origin.
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6.8.3 Composite Function (Function of a function)
Let f:A®Bandg: B® C betwo functions then the function
gof : A® C defined by

(gof) (x) =g[f(x)],foral xI A iscalled composition of thetwo functions
fandg

Fig 6.29
i.e., we have z=g(y) = g[f(x)]

Observation :

)] In the operation (gof) we operate first by f and then by g.
(i) fog? gofingeneral

(iii)  fo(goh) = (fog)oh is always true

(iv)  (fof )(x) = x, wheref *isinverse of ‘f’

(v) gofisontoif f and g are separately onto.

Example 22
Provethat f(x) =|x|iseven
Proof:
f(x) =[x
\ f(x) =|-x[=]x]=f(x)
=f(-x) =1(x)
Hencef(x) =|x|iseven
Example 23
Provethat f(x) = | x-4 | isneither even nor odd.
Proof :
fX) = | x4\ f(-x)=|-x4|
\ == (x+4) |
=|x+4|

\ f(x) 1 f(x) and f(-x) 1 -f(X)
\ f(X) =|x-4|isneither even nor odd
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Example 24
Provethat f(x) = e-e*isan odd function

Proof:
f(x) = e-ex
f(-x) = eX-e™
= g*x-eX= -[e-e™]
=-f(x)
Hence f(x) = e~e*isan odd function
Example 25

Let f(x) = 1-x; g(x) = ¥+2x both f and g are from R® R
verify that fog® gof

Solution:

L.H.S. (fog)x = f(é+2x)
1-(é+2X)
1-2x-®
R.H.S. (gof)x = g(1-x)

= (1-x)? + 2(1-x)
= 3-Ax+¢

L.HS®* RH.S
Hence fog! gof

Example 26
Let f(x) = 1-x, g(X) = x*+2x and h(x) = x+5. Find (fog) oh
Solution:
g(x) =x+2x\ (fog) x=f[g(x)]
= f(>é+2x)
= 1-2x-®
{(fog) oh} (x) = (fog) (x+5)
= 1-2 (x+5)-(x+5y

= -34-12x-¥
Example 27
Supposef(x) = | x|, g(x) =2x Find (i) H{g(-5)} (i) off(-6)}
Solution:
B Ho(-59}

9() = 2x \ g(-5) =2x(-5) =-10
f((9(-5)) =f(-10) = -10[ = 10

183



@iy  off(-6)}
f(x) = x|
\ f(-6)=1]61=6
o{f(-6)} =g(6)=2x6=12

Example 28
f(xX) = 2x+7 and g(x) = 3x+b find “b” such that f{g(x)} = g{f(x)}
LH.S f{g(x)} RH.S. g{f(x)}
o)} = H{3x+b} ()} = o 2x+7}
=2(3x+h) +7 =3(2x+7) +hb
= 6x+2b+7 = 6x+21+b

sincef{g(x)} =g{f(x)}
we have 6x+(2b+7) = 6x+(b+21)

\ 2b+7 = b+21
b =21-7
b =14
EXERCISE 6.2
1) Provethat (i) f(x) = x2+ 12x + 36 isneither even nor odd function

(ii) f(x) = 2¥ + 3x isan odd function
2) If f(x) =tanx, verify that

2f (x)
9= 341 P2

3) |ff(x):|og11;—>)(( verify thatf(a) + f(b) =f (—f:a%)

4) If f(x) = logx ; g(x) = x5, writethe expressionsfor
a) f{g(2)} b) o{f(2)}
5) If f(x) =3¢ and g(x) = 2x+1 find thefollowing
(i) (f+9) (0) (i) (f+g) (-2) (i) (f-g) (-2)
(iv) (f-9) (4/2)  (v) f(9) (1-4f2)  (vi) (fg) (0.5)
(vii) (f, 9)(0) (viii) (f, g) (-2) alsofindthedomainof f g

6) Given f(x) = sinx, g(x) = cosx compute

(i)  (f+g) (0)and (f+g) ( 5-)
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8)

9

10)

(i)  (f-g) (- 5-)and(f-g) (p

(i) (fg) (£-)and(fg) (- £-)
(iv) (f,g)(O)and(f,g)(p);AIsofindthedomajnof((;—)

Obtain the domains of thefollowing functions

0] (iM) (i) ———-
1+cosx 1- cosx sirPx-co€x

; [ | 1+cosx ;

(iv) X +1 (v) T coox (vi) tanx

Thesalary of an employeeintheyear 1975 wasRs. 1,200. In 1977 it was
Rs. 1,350. Express salary asalinear function of time and calculate his

salary in 1978.

Thelifeexpectancy of femalesin 2003 inacountryis70years. In1978it
was 60 years. Assuming thelife expectancy to bealinear function of time,
make aprediction of the life expectancy of femalesin that country inthe

year 2013.

For alinear functionf, f(-1) =3andf(2) =4
(i) Find an equation of f
(ii) Find f(3) (iii) Find asuch that f(a) = 100

EXERCISE 6.3

Choosethecorrect answer

1

2

3

4

5)

The pointintheinterval (3, 5] is

@3 (b)5.3 (00 (d)4.35
Zeroisnot apointintheinterval
(a) (¥, ¥) (b) -3<x<5 (c)-1<x<1 (d) [-¥,-1]

Which one of thefollowing functions hasthe property f(x) = f( )1(— )

@100=X  (0)10= X1 (©f9 =12 (@ =x
X X X

For what value of x thefunction f(x) = % isnotreal valued?
(a)x<0 (b)x<0 (c)x<2 (dx<2
The domain of the function f(x) = X4 is

X+3
(@ {x/x* -3} () {x/x=-3t (c){ } (R
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6)

7

8)

9

10)

11)

12)

13)

14)

15)

The period of the function f(x) = sinx is2p, therefore what isthe period of
thefunction g(x) = 3sinx?

(a 3p (b) 6p (©)2p (d) &
The period of the cotangent functionis
(a 2p (b) p (c) 4p (d) 5~

Thereciprocals of sineand cosinefunctions are periodic of period
1 2

a b) — c) 2 d) =

(@p ()2p (c)2p ()p

If f(x) = -2x+4 then f1(x) is

(a) 2x-4 (b) - %= +2 (©) - %— x+4  (d)4-2x

If f(x) = log,x and g(x) = log,5 then (fg) (x) is
(@) log,¥¢ (b)log,.25 (01 (d)o

If £(x) = 2* and g(x) =( 17 )< then the product f(x) . g(x) is

(a) 4 (b)0 (c) I* (d1
Inafunctionif theindependent variableisacting as an index then the
functionisknown as

(a) exponential function (b) logarithmic function

(c) trigonometricfunction (d) Inversefunction

The minimum value of the function f(x) = | x | is

(20 (b)1 (©-1 (d) 3
The slope of the graph of f(x) = % ;x>0is
(ay m=1 (b) m=0 (c)m=-1 (d) misundefined

The greatest integer function f(x) = [x], in the range 3<x<4 hasthevalue
f(X) =
@1 (b)3 (©4 (d) 2
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DIFFERENTIAL CALCULUS 7

Calculusisthe branch of Mathematics that concerns itself with the
rate of change of one quantity with respect to another quantity. The
foundations of Calculus were laid by Isaac Newton and Gottfried Wilhelm
\on Leibnitz.

Calculusisdivided into two parts: namely, Differential Calculus and
Integral Calculus. In this chapter, we learn what a derivative is, how to
calculateit .

7.1 LIMIT OF A FUNCTION

7.1.1 Limiting Process:
The concept of limit isvery important for the formal development of
calculus. Limiting process can be explained by the following illustration:

Let us inscribe a regular polygon of ‘n’ sides in a unit circle.
Obviously the area of the polygon islessthan the area of the unit circle
(p sg.units). Now if we increase the number of sides‘n’ of the polygon,
area of the polygon increases but still it is less than the area of the unit
circle. Thus asthe number of sides of the polygon increases, the area of
the polygon approaches the area of the unit circle.

7.1.2 Limit of afunction

Letf: R® Rbeafunction. Weareinterestedin finding areal number
| to which the value f(x) of the function f approaches when x approaches a
given number ‘a’.
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Illustration 1
Let afunctionf : R® R be defined asf(x) =2x + 1 asx® 3.

X® 3* 31 | 301 | 3001 | 3.0001 | 3.00001
fx)=2x +1| 72 | 702 | 7002 | 7.0002 | 7.00002
[f(x) = 7] 02 | 002 | 0002 | 0.0002 | 0.00002

From the above table, we observe that as x® 3* (i.e. x® 3 from right
of 3) f(X)® 7. Here 7 iscalled theright hand limit of f(x) as x® 3.

Further,
xX® 3 2.9 299 | 2999 | 29999 | 2.99999
fx)=2x+1 | 6.8 6.98 | 6.998 | 6.9998 | 6.99998
[f(X)—7] 0.2 002 | 0002 | 0.0002 | 0.00002

From this table, we observe that as X® 3 (i.e. ® 3 from left of 3)
f(X)® 7. Here 7 iscalled the left hand limit of f(x) asx® 3.

Thus we find as x® 3 from either side, f(X)® 7. This means that we
can bring f(x) as close to 7 as we please by taking x sufficiently closer to 3
i.e., the difference

[f(x) — 7 | can be made as small aswe please by taking x sufficiently nearer to 3.
Thisisdenoted by Lt f(x) =7
x® 3

Illustration 2
2
Let afunctionf: R-{2}® R be defined as * '24 as x® 2,
X-
X 19| 199 | 1.999 | 1.9999 | 2 20001 2001 | 201| 21
f(x) 39| 399 | 3999 | 39999 | - 4.0001| 4001 | 401 41
ff()-4/ | 01 | 0.01 | 0.001 | 00001 | - | 0.0001| 0.001 | 0.01| 0.1

From the above table we observe that as x® 2 from the left aswell as
from theright, f(X)® 4, i.e., difference ¥4(x)-4%2can be made as small aswe
please by taking x sufficiently nearer to 2. Hence 4 is the limit of f(x) as x
approaches 2.

188



e Lt f(x) =4

From the above two illustrations we get that if there exists a real
number | such that the difference 4(x)41%can be made as small as we
please by taking x sufficiently closeto ‘a (but not equal to a), thenl issaid

to be the limit of f(x) as x approaches‘a’.

It is denoted by xléta f(x) =

Observation :

(i)

(ii)

7.13

7.1.4

If we put x = ain f(x), we get the functional value f(a). In general,
f(a) ! I. Evenif f(a) isundefined, thelimiting valuel of f(x) when x® a

may be defined as a finite number.

The limit f(x) as x tends to ‘a exists if and only if Lt f(X) and
x® a*

Lt f(x) exist and are equal.
X® a”

Fundamental Theorems on Limits
i) LUI+g0d] = Lt 00 + Lt g0

() Lt [60-g0] = Lt 69~ Lt g

(i) Lt [f0).90] = Lt f69. Lt g&)

(v)  LUIF9/gd] = Lt () / Lt g(x) , provided

1o e

(v) xléta [cf(x)] =c x%’[a ()
Standard results on Limits

x"-a"
i Lt
0] 6 x-a

= na™!,n is a rational number.

@ w32 =1 g being in radian measure.
q®0 q
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a¥-1 _
(iii) XIétO vl Iogea

. e“-1

vy L= =1
(v) nlét¥ (1+1n)" =e
(vi) xIét0 (I+x)x =e

iy Lt odtd

X® 0 X
Example 1
2
Evaluate Lt X - 4x+6
X® 2 X+1
Solution:
X - 4x+6 Lt (x* - 4x+6)

X® 2

Lt ——— — =
x®2 X+1 LtiX+15
X® 2

2+1
Example 2
Evaluate 35|.n 2X + 2c0S2x
x®p/4 25N 2X - 3C0S2X
Solution:
gy oM ZX T 2C0S2X - 3sin(p/2)+ 2co8(p/2)
Lt 2sin2x- 3cos2x 2sin(p/2)- 3cos(p/2)
x®p /4
=3
2
Example 3
2
Evaluate X 2
x® 5 X-5

190



Solution:

2 -
L X-5 - L (x+5)(x- 5)
®5  x-5 x®5 (x- 5)
= Lt (x+5) =10
X® 5
Example 4
Evaluate Lt M2+3X-~2-5X
x® 0 4x
Solution:
Lt A2+3x- 4f2- 5%
x® 0 4x

x®0 ax(W2+3x ++/2- 5x)
(2+3x)- (2- 5x)
X®0 4x(«/2+3x+«/2-5x)
8x
Lt
Xx®0 4x(«/2+3x+1/2- 5x)

2
Lt
x®0  A[2+3X+4/2- 5X
2 1

iz 2

Example5
35 5
X' -a
Evaluate Ltﬂ
@a x7° - a
Solution:

x¥ - a¥°

¥ v3/5 3
I x*° - a

/5

Lt }(—\/2+3x- 2 5x W2 Fax + A2 5x)§,ll

b

3
X

1/3

xléta X]/3 - a]/3 - xlétaf:\ X- a
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Example 6

9n 5x
Evaluate Lt —
x®0 gn 3X
Solution :
| 5y sin 5x_L_1
Lt 3nox _ g pl”7 sx b
x®0 Sin 3x X®0 j , sin 3x ¢
3x !
T 3x p
isin 5X.l‘_j
_5 g e to5
3 X® 0 | sin 3X 3
T 3x
Example7
x*-1 x¥-a®
If Lt = Lt , find the value of a.
®1 x-1 wa X - a
Solution:
4
X -1
LHS = Lt =4
x®1 x- 1
3 3
X -a
RHS = Lt
x® a X2 - a2
x3- ad
_ xléta X-a — 33’ _ 3a
-T2 .z ~ oL, T o
Lt X - a 2a 2
®a  x-a
\ 4 = S_a
2
- 8
\ a = 3
Example 8
6- 5x°

Evaluate Lt —
x®¥ 4x +15X
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Solution:

_Ey2 —-5
Lt & = Lt x?
x®¥ 4X +15X2 x® ¥ 4+

Lety= % sothat y® 0, asx ® ¥

- Lt S-S
y®0 4y+15

-5/15 = -1/3.

Example 9

249024324 42
Show that Lt +2°+3 no-

n3

w|k

Solution:

2 2 2 2
g V243440 n(n+1)(2n+1)

n®¥ nd n® ¥ 6n°

1 égn Gan + 1ga2n + 160
= Lt —aC—¢ e &
ne¥ 6 gnNgé N g& N g

= Lt 195,19 Lo
ne¥ 6ge nge N gl

Lety =1/n sothat y® 0, asn® ¥

- < Woel =1

yo0 6 3

EXERCISE 7.1

1) Evaluate the following limits

3+ -
0 Lt x> +2 i) Lt 2 sin x + 3 cos x

@2 x+1 x®Pg 36N X- 4 cos X

2
X“-5x+6 . AJ2- x- A2+ x
W& o W5 T
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R tan
v u @X .9 0 24
x®3 ex-3 X°-3xg q®0 q
58 58 :
. X' -a Sin 5x
v 5L e Vi & o
v L X1 ) Lt Jan8x
x®¥  X+1 x®0 SN 2X
2
o) Lt (3x- 1) (4x - 2) o) Lt 5x2+3x- 6
x® ¥ ix+8Hx-1i x®¥  2x° - 5x+1
x"-2" ) . s
2) If Iét2 ~ 2 = 80 find n. (wherenisapositiveinteger)
3) Prove that Lt @+x) -1 = n.
x® 0 X

x'-128 . .
4) If f(x) = ——— ., find Lt f(x) and f (2), if they exist.
X 32 x® 2

5) |Hm=T+

9 Lt feo=2and Lt f(x) =1, provethat f(-2) = 0
+1 x®0 X® ¥

7.2 CONTINUITY OF A FUNCTION

7.2.1 Continuity

In general, afunction f(x) iscontinuous at x = aif its graph has
nobreak at x =a. If thereisany break at the point x = a, then we say the
function is not continuous at the point x =a. If afunctioniscontinuous at
all points inaninterval itissaid to be continuousin theinterval.

Illustration 1
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From the graph we see that the graph of y =X has no break.
Therefore, it is said to be continuous for all values of x.

Illustration 2
1
From the graph of y = W we see that the graph has a
X- 2
break at x = 2. Thereforeit is said to be discontinuous at x = 2.
Ly '\
1\
__1
= w27
- &M .
X' 'x
v y'

Definition
A function f(x) is continuous at x = aif
)] f(a) exists.
i Lt f ist
(i) Lt (X) exists

i) Lt 100 = ().

Observation:

If one or more of the above conditionsis not satisfied at a point
x = aby the function f(x), then the function is said to be discontinuous
ax=a

7.2.2 Properties of continuous function:
If f(x) and g(x) are two functions which are continuous at x = athen

(i) f(x)+g(x)iscontinuousat x =a.
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(i)  f(x) —g(x) iscontinuous at x = a.

@iii)  f(x). g(x)is continuous at x = a.

f(x)

(iv) ﬂ is continuous at X = a, provided g(a) * O.
glx

(v) Iff(x)iscontinuousatx =aandf(a)! O then% iscontinuous
atx =a

(vi) If f(x) iscontinuousat x = &, then |f(x)| isalso continuous at x = a.

Observation:
0] Every polynomial function is continuous.

(i) Every rational function is continuous.
(iii)  Constant function is continuous.
(iv)  ldentity function is continuous.

Example 10

} sin3x
Le f0 = 1 x 0
i1 ;o x=0

Isthefunction continuousat x=0 ?

Solution:
Now we shall investigate the three conditions to be satisfied by
f(x) for its continuity at x = 0.
(i) f(a) =f(0) = 1lisdefined at x = 0.

.. _ sn3x  _
(i) xIét0 fx) = xléto > = 3.
i) Lt fx) =31f0 =1

X® 0
condition (iii) isnot satisfied.
Hence the function is discontinuous at x = 0.

Example 11

x2+6x+8

Find the points of discontinuity of the function =
X“-5x+6
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Solution:

The points of discontinuity of the function is obtained when the
denominator vanishes.

i.e, ¢-5x+6=0

P x-3)(x-2)=0

P x=3x=2

Hence the points of discontinuity of thefunctionarex = 3and x = 2.

Example 12

Rs. 10,000 is deposited into a savings account for 3 months at an
interest rate 12% compounded monthly. Draw the graph of theaccount’s
balance versustime (in months). Whereisthe graph discontinuous?

Solution :
At the end of the first month the account’s balance is
10,000 + 10,000 (.01) = Rs. 10,100.
At the end of the second month, the account’s balance is
10,100 + 10,100(.01) = Rs. 10,201.
At the end of the third month, the account’s balanceis
10,201 + 10,201 (.01) = Rs. 10,303.01.

i.e.
X (time) 1 2 3
Y (Baance) 10,100 10,201 10,303.01
The graph of the account’s balance versus time, t.
tv
10,303.01 .
10,201 1 —0
Account's
Balance 10,100 —0
10,000 —O
f f X
0 1 2 3

time (in months)
Since the graph hasbreak at t=1,t=2,t=3, itis
discontinuousatt=1,t=2and t=3.
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Observation:
These discontinuities occur at the end of each month when interest
iscomputed and added to the account’s balance.

EXERCISE 7.2

1 Prove that cos x is continuous

2x* +6x- 5
12x% +x- 20
3) Show that a constant function is always continuous.

2 Find the points of discontinuity of the function

4) Show that f(x) = | x | is continuous at the origin.
5) Provethat f(x) = );—Jri is discontinuous at x =1.

6) L ocate the points of discontinuity of the function Xr2
(x- 3)(x- 4)

7.3 CONCEPT OF DIFFERENTIATION

7.3.1 Differential coefficient
Let y denote the function f(x). Corresponding to any changein

thevalue of x there will be a corresponding change in the value of y. LetDx
denote the increment in x. The corresponding increment iny is denoted by
Dy. Since

y =fx

y+Dy =f(x+Dx)

Dy =f(x+Dx) - f(x)

Dy _ f(x+Dx)- f(x)
Dx

DX
% is called the incremental ratio.

Now Dxl.@to % iscalled thedifferential coefficient (or derivative) of y with
respect to x and is denoted by d—i
d - By
dx x®0 Dx
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The process of obtaining the differential coefficient ( or derivative)
iscalled differentiation. The notations y , f/(x), D(f (x)) areusedto
1
denote the differential coefficient of f(x) with respect to x.

7.3.2 Geometrical interpretation of aderivative.

Let P(a,f(a)) and Q(a+h,f(a+h)) be thetwo pointson the
curvey =f (x)
AY

-

A
[
XV

A y.
Drawtheordi nate PL, @M and drawPR™ MQ.

we have
PR=LM=h
and QR=MQ-LP
f (ath) —f (a)
QR _ f(ath)- f(a)
PR h

As Q® P along the curve, the limiting position of PQ is the tangent PT to
the curve at the point P . Also as Q® P along the curve, h® 0

Lt (slope of PQ)

Q®P

Slope of the tangent PT

fla+h)- f(a)

h
\ Thederivativeof f at a is the slope of the tangent to the curve
y =f (x) atthe point (a, f(a))

= Lt
he 0
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7.3.3 Differentiation from first principles.

The method of finding the differential coefficient of afunction
y =f(x) directly from the definition isknown as differentiation from first
principles or ab- initio. This process consists of following five steps.

Step (i) Equating the given functiontoyi.e., y =f(x)

Step (ii))  Inthegiven function replace x by x + Dx and calculate the new
value of the function y + Dy.
Step (iii) Obtain Dy = f(x +Dx) — f(x) and simplify Dy.
. Dy
Step (iv)  Evaluate O
- Dy
Step (v)  Find D)I&;[o x

7.3.4 Derivatives of standard functionsusingfirst principle
(i) Derivativeof x" wheren isany rational number.

Proof :

Lety=x

Let Dx beasmall arbitrary increment inx and Dy bethe corresponding
increment iny.

\ y+Dy=(x+DY"

Dy =(x+Dx)"-y

=(xX+Dy"-x

Dy _ (x+Dx)"- X"
Dx Dx
dx x®0 Dx

- Lt (x+Dx)"- x"
T D@0 Dx

(x+Dx)" - x"
Dx®0 (x+Dx) - x
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dy Lt (x+Dx)"-x"

\ — = -~— 2  as Dx® 0, x +D® x
dx ODO® X (x +DX) - X
Xn_ n
=nxt (e Lt )

x®a  X-a
d n n-1
—Ix") = nx
= (x")

(i)  Derivative of sinx
Let y =sinx

Let Dx be asmall increment in x and Dy be the corresponding
incrementiny.
Theny + Dy =sin(x + DX)
Dy =sin(x +Dx) -y
=sin( x +Dx) — sinx
an( x+Dx) - 9n X
Dx

S31S

2co$<+gggn%
e 2g 2

1
(]
o)

&9
X
+

I

dx  D®o

sin—
2
Dx
2

Lt cos(x +Dx/2). Lt
Dx® 0 Dx®0
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. Dx
sn—
= cosx Lt 2
E®0 DX
> ==
2
= (co).1 (v SM -y
q®0 q
= COSX
i(sin x) = cosx
dx

(iii) Derivative of ¢
Let y= e

Let Dx beasmall arbitrary increment in x andDy bethe corresponding
increment iny.

Then y + Dy = g+

Dy = e*Pxy
Dy = e<Dc- e
=e(e™-1)
Dy eE-)
Dx Dx
Yooy
dx Dx®0 DX
_ Lt eX (eDX _1)
T Dx®0 Dx
e Lt €2
e Dx® 0 Dx

- €e"-1) _
e 1 (since h|®t0 — =1)
= &

d o0
\ Se)=e
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(iv)  Derivative of logx
Lety =log x
Let Dx beasmall increment in x andDy be the corresponding
increment iny.
Then y +Dy =log (X +Dx)
Dy =log (x+Dx)-y
=log (x +Dx) - log x
Dy :Iogef;eHDXQ

e X g

= Ioge§[+%g
e Xg

DX &
log. &+ 22
[ Y
Dx Dx
\ L) Dy
dx Dx®0  Dx
log.¢ +ﬂ§
= Lt €__Xo
Dx® 0 Dx
DX -
put - h
\ Dx =hx andas Dx® 0, h® 0.
\ dy _ Lt log(l+h)
dx h® 0 hx
_ 1 Lt loge(1+h)
X h® 0 T
1
=1 olog(+n)?
:_l 1
X
Lt +
=1 K rogaen =1
\ —(Iogx):—i
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Observation :

Lt

i
S logn =2 5 log(1+h)"

V) Derivative of a constant
Let y =k, wherek is constant.

Let Dx be a small increment in x and Dy be the corresponding
increment iny.

Then y+Dy =Kk

Dy =k -y
=k -k

Dy =0
S Ay

Dx

& _ Lt D -
! dx Dx® 0 Dx 0

d —
\ O (any constant) = 0

7.3.5 General Rulesfor differentiation

Rule 1 Addition Rule

d (u+v) Sdu, v , where u and v arefunctions of x
dx dx dx
Proof:

Let y=u+v. Let Dx beasmall arbitrary increment in x. Then
Du, Dv, Dy arethe corresponding incrementsin u, v and y respectively.

Then y+Dy = (u+Du) + (v +Dv)

Dy = (u+Du) +(v+Dv)-y
= u+Du+v+Dv—-u-v.
Dy = Du+Dv
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\ ﬂ = D_U + &
Dx Dx Dx
dx Dx® 0 Dx
= Lt (?Du_+ﬂ9
D®0 aDx Dxg
- Uy ¥
x®0 Dx Dx®0 Dx
_du , dv
dx dx
\ & _du , dv
dx dx dx

Observation :
Obviously thisrule can be extended to the algebraic sum of afinite
number of functions of x

Rule 2 Difference rule
If uandv aredifferentiablefunctionsof x andy and y =u-v then

Rule 3 Product rule

i(uv) = o 8 hereuand v are functions of x
dx dx dx

Proof:

Let y =uv whereu and v are separate functions of x.

Let Dx be a small increment in x and let Du, Dv, Dy are the
corresponding incrementsin u, v, and y respectively.
Then y+Dy (u+Du)(v +Dv)
Dy = (u+Du)(v+Dv)-y
(u+Du)(v +Dv) —uv
u.Dv + vDu + Du Dv
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uE+VD_u+D_u Dv

Dx Dx Dx

Lt v
Dx® 0 Dx

- Lt Doy Lt ,Du Lt Du
Dx®0uDX +Dx®0v Dx * Dx® 0 Dx Dv

_y Lt D, Lt Du, Lt Du Lt

" Dx®0 DX Dx® 0 Dx Dx® 0 Dx Dx® 0

—g9v 4y du  du g (- =
SUge Vgt g @ 0 D®0,Dv=0)

Rle 9le

&y _ydv o, du
dx udx de

Observation Extension of product rule

If y=uvw then
dy

— d d d
o W (w) +wu Ix (V) +wv Ix ()
Rule 4 Quotient rule

du dv
deio _ o Y

— , whereu and v arefunctions of x
dxevg v

Proof:

Lety = :— where u and v are separate functions of x. LetDx be asmall
increment in x and Du, Dv, Dy are the corresponding incrementsin u,v and
y respectively.

Then y+Dy = \‘j:g\‘j

u+Du

Dy v + Dv y
_ u+Du
v + Dv

u
v

_ v(u+Du)-u(v+Dv)
- v(v+Dv)
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_ vDu-ubDv
T v(v+Dv)

VDu_ u Dv
Dy _ "Dx Dx
Dx vZ +vDv

.
4
4

du _ v
= —% % (Since Dx®0, Dv = 0)
\VAR o
du dv
V—- U—
dy _ Tdx_dx
dx V2

Rule5 Derivative of ascalar Product of a function:

d . d .
d—x[c f(x)] = cd—x[f (x)] , wherecis constant.

Proof:
Let y =cf(x)

LetDx be asmall increment in x and Dy be the corresponding
increment iny.

Then y+Dy = cf(x+Dx

Dy =cf(x+Dx)-y
Dy = cf(x+Dx) -cf(x)

= ¢(f(x + Dx) —f(x))
Dy _ c(f(x+Dx)- f(x)
Dx Dx
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Standard results

M = (x")
(i) < (x)
V) = (V%)
V) = (kx)
Vi) - @)
i) - (c0s9
(i) dd—x (tanx)
9 - (coseox)
0 - ()
(xi) ;'—X (cot)
(i) = ()
(xiii) ;'—X (e>®)

- Lt B
Dx® 0 Dx

_ Lt S OeD9)-f(x)
Dx® 0 Dx

= cfl(x)

(cf(x)) = cfl(x)

= COsXx

- sinx

= secX

- cotx .cosecx

Secx .tanx

- COSec
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(V) < (ogx) =

1
X+a

() -[log(x+a)] =

. d _
(xvi) o (Constant) = 0.

Example 13
Differentiate 6x* — 7x3 + 3x2 — x + 8 with respect to x.

Solution:
Lety= 6X—7x+3%—x+8
dy

ax

d d d d d
x &) -5 (7é) + I (38 - G W+ (8)

6 1 () 7 = () + 38 00) = (0 + = (8)
6(4%) — 7(3@) + 3(2x) — (1) + 0

248 - 21 +6x -1

gle
n

Example 14
Find thederivativeof 3x¥/*—2log, X + €&

Solution:
Let y=3¥3-2log x + &
e

dy _ad em_p d +9

dx 3dx () -2 dx (IOQeX) dx (€)
3(2/3)x3-2(1/x)+ &

2XV3I_2/x + &

Example 15

f dy 0
= + nd =2 = =
If Y = COs X tan x, find ™ at x

Solution:
y =COosX +tanXx
dy d d
— = — (cosx)+ — (tanx
dx dx ( ) dx ( )

209



=-sin X + sec2x

dy _p _ )
—— (a x==)= -sin— + (secp/6)?
oo (@ x=%) =+ (sec pl6)

:-l + A = i
2 3 6
Example 16
Differentiate: cosx .logx with respect to x
Solution:
Let vy = cosx . logx
dy d d
—— = cosx — (logx) +logx — (cosx
I 3 109x) +logx — (cosx)
= COosX % + (logx) (-sinx)
LOSX _ sinx logx
X
Example 17
Differentiate x?e*logx with respect to x
Solution:
Let y = xXe*logx
dy d d d
—— = X¥e*— (logx ) +xlogx — (&) + elogx — (¥
I 5 (109x) gx - (&) gx o 09)
= (@e*) (Ux)+xlogx () + elogx (2x)
= x &+ X e*logx + 2x e logx
= xe(1+xlogx+2logx)
Example 18
; ; xZ+x+1 :
Differentiate T oxil with respect to x
Solution:
_ xZ+x+1
Let y = x2-x+1
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dy (x2 - x+1)§I (x2 + x+1)- (x2 +x+1)%(x2- x+1)

dx (x? - x+1)?

(X2 - x +1)(2x+1)- (X% +x +1)(2x-1)
(X% - x+1)?

_2(%x?)
- (X2 - x+1)?

EXERCISE 7.3

Find fromthefirst principlesthe derivative of the following functions.
(i) cosx (ii) tanx (iii) cosecx (iv) €

Differentiate thefollowing with respect to x.

(i) 3 —2x+x+8 (if) X%X%+%
1 . 3+ 2x - x?
iil) A/x+==+¢ iv) ———
(ii) 7 (iv)
(v) tanx + logx (vi) xXex
3 2
(vii) XA *2 ‘jg *2 (viii) ax+ X%
(ix) (x*+1)(3x2-2 (X) (€+2)sinx
(xi) secxtanx (xii) »@sinx + 2x sinx +
(xiii) (x% x + 1)@ +x +1) (xiv) X'logx
(xv) »tanx + 2x cotx + 2 (xvi) & . secx
1-cosx_
(xviil) =———— 1 cosx

3 5x 20 9
(xix) = (xx) Iogge 9x+2 ;
(xxi) g«/;+—: (xxii) x2 log x
(xxiii) x tanx + cosx (xxiv) (1?:)()
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7.3.6 Derivative of function of a function - Chain Rule.

If y is a function of u and u is a function of x, then
dy _ dy du

dx du dx

If y is afunction of u, u is a function of v and v is a function

& _ & dudv
of x, thendx W dv dx and soon

Example 19
Differentiate with respect to x
(i) +/(sinx) (i) ¥
Solution:
iy y = (X put sinx = u
y =A4lu
Y _1 du _
3 5 U and ix COSX
& _d du
Vo T W dx
= % u-t/2 cosx
_ __cosx
= 2/(sinx)
i vy =e”
& _d g~
dx  dx )
_xd
=€ X (Vx)
= e“l;
24x
Example 20
. . eX +éx .
Differentiate log =— with respect tox
e -e
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Solution:

- e +¢e*
Let y = |Og m
y = log(e*+ e*) —log(e* - )
&= Lilog(e+e)} - Lilog(e-e)

_ X eg+eX

X +g* eX-gX
(€ -6%)- (& +&%)?
(& +€¥) (& -e%)

_ %2+ - 2-6%
>
_ -4
e*- e ¥
Example 21
Differentiate log (logx) with respect to x
Solution:
Let y = log(logx)
&_d
%= 2 { log (logn)}
1 d
=—  — (logx
log x dx (log>)
-t 1
log x X
dy _ 1
dx xlog x
Example 22

Differentiate e* sin 4x with respect to x
Solution:
Let y = e sindx
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gle

—ex 9 g i A (ex
e OIx(sm4x)+ sin 4x dx(e)

= e (4cosAx) + sindx (4¢e%)
= 4e*(cosdx +sin4dx)

EXERCISE 74
Differentiate the following functions with respect to x
1) A3E-2x+2 2 (8-5x)®
3) sin(e) 4)  e=x
5) logsecx 6) e” ’
7 log(x++/(x?+1)) 8) cos(3x-2)
9) logcosx® 10) Iog{e2X1/(x-2)/(x+2)}
11) esinx+cosx 12) ecolx
13) log { (e/(1+¢eX)} 14) log (sin3x)
15) gVtanx 16) sinx?
17) {log(log(logx)}" 18) cos2x
19) e*log (e +1) 20) log{ (1+x¥®)/(1-»)}
21) xP+x+1 22) sin(logx)
23)  x'09lioox) 24) (3% +4)2

7.3.7 Derivative of Inverse Functions

If y = f(x) is a differentiable function of x such that the inverse
function x = f-1(y) is defined then

dx 1 . dy
— = —, provided —1 0
dy ay P dx

dx

Standard Results

i deny =
i Leosty =5
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1

(iii) dix (tan %) =

(1+x%)
. d 1 - 1
(iv)  x(sec™X) WeeR
v) H(cosecin = —
dx xvx2-1
- d -1 — '—1
(vi) a((cot X) = 1oxd)
Example 23
Differentiate: cos™ (4 x3-3x) with respect to x
Solution :
Let y =cos?(4xX-3x)
Put x =cosq
then y =cos(4cos®g —3cosq)
= cos(cos3q)
y =3
\ y =3coslx
dy _ _-3
dx A1- X2
Example 24
Differentiate tan—2- X0 with respect to x
e1+ Xg
= 194 - X0
Let vy tan Ty

Put x = tang

= tgm @199

\ y 1+taan

,eetanp /4 - tand §
gl+tanp /4tanq g
= tan—lgfangg- qég

e4 29
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- P
y 7 q
_ P -1
= —-tan "X
y 4
\ d_y:_ 1
dx 1+ x2

7.3.8 Logarithmic Differentiation
Lety =f (x) beafunction. Theprocess of takinglogarithmson both
sides and differentiating the function is called logarithmic differentiation.

Example 25

(2x +1)°

m with respect to x

Differentiate

Solution:
2x+1)3
Let :(—
Y = G+ 27(Gx- 5y
logy :|()g%ﬂl7I
162 B 5
= 3log(2x+1)—-2log(x+2)-5log(3x-5)
Differentiating with respect to x,
1 dy 3 1 1
—.—= = 2) -2 1 - .
y dx 2x+1() x+2() 53x-5 3
1 d_y _ 6 ) 2 ) 15
v odx 2x+1 x+2 3x-5
dy _ é 6 2 15 0
dx y82x+1 x+2 3x- 54
_ (2x+1) e 6 2 15 @
(x+2)?(3x- 5)° 82x+1 x+2 3x-5H4
Example 26

Differentiate (sin x)©°s* with respect to x
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Solution :
Let y = (sinx)oosx
Taking logarithms on both sides
log y =cosx logsinx
Differentiating with respect to x

1 dy d . . d
— . — = cosx —1|(logsin x)+log sin x.—(cosx
vl 1 (1o sin x) + log sin x——(cos x)
1 . .
= CoSX ———-.cosx + log sin x(- sin x)
_ Ccos’x . .
= ———- dn xlog sn x
dn x
dy _ . .
vl y[cotxcosx- sin xlog sin x]

COS X

(sin x)™*[cot xcosx - sin xlogsin x]

EXERCISE 75

Differentiate the following with respect to x

A
1) sin-l(3x-4%) 2) tan-lggx X2
1- 3x“ g
ey
3) cos*laa ng 4) Sint 2X2
§1+x g 1+x
&1+ x?2 - 19
5) tan? 2X2 6) tan? QLL:
1- x 8 X p
X
7)  cotiNl+x?- x 8) tanl——
Ja? - x?
9 x 10) (sin x)'oox
sl
11) x3N"X 12) (3x — 4y
XX
13) e 14) Xosx
15) ,/4+5x 16) (X2 + 2)5 (3x*—5)*
4 - 5x
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17) X 18) (tan x)cosx
18" 1+ x?
19) F+=9 20
) g Xg ) 1- x?
21) x34/x? +5 22) ar
(2x +3)
23) X“/; 24) (sinx)*

7.3.9 Derivativeof Implicit Functions

Thefunctions of thetypey =f (x) are called explicit functions. The

functions of the form f ( x,y) = ¢ where c is constant are called implicit
functions.

Example 27

_ dy _ y
m+n
If xmyn = (x +y)™" | prove that ™ X

Solution:
Xy = (X +yyme
Taking logarithms,
mlogx +nlogy = (m+n)log(x +vy)
Differentiating with respect to X,

m,ndy_@mings, dvo
x ydx x+y£ dx g

m _ ndy _ m+n+m+nd_y

_t —_— =

ydx x+y x+y dx

x

Dﬂd—y m+ndy _ m+n m
y dx Xx+y dx X+y X

b dyén m+nu_m+n m
dxgv x+yH X+y X

b d_yénx+ny-my-ny@: mx +nx - mx - my
& ylx+y) d x(x+y)

b dy énx - mny: nx- nmy
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dy - ax-myom y 9
dx € x ZENX - My g
- Y
X
EXERCISE 7.6

Find d_y of the following
dx

1) y? = dax 2) ®¥+y?=9
X2 y2
3) Xy = c? 4) a_2 + b_2 =1
X2 y2
5) a—z-b—zzl 6)  ax?+2hxy +by*=0
7) X2 —2xy +y?=16 8) X+ xy?+y* =0
9) JIx * «/7 = Ja 10) ¥ = y*
11) x+y2+x+y +|l =0 12) y=cos(x+y)
13) x=ev 14) (cosx)Y=(sinyy

15) x—xy +y?2=1

7.3.10 Differentiation of parametric functions
Sometimes variables x and y are given as function of another

variable called parameter. We find j—z for the parametric functions as

given below
Let x = f(t);y = g(t) then
dy _dy dx
dx dt * dt
Example 28

If x = a(q-sinq) ; y= a(l-cosq) find dy
dx
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Solution:

dx dy .
— =a(l-co ; —— =a(sin
gq = a(i-com) ;g =a(sing)
dy _ dy ax
dx dg * dg
- asnq
a(l- cosq)
_ 2sine/2 cox/2 _
2n?elp - cotd’2
EXERCISE 7.7

Find g—i for the following functions.

1) x =acos(,y=bsing 2) x:ct,y=tE

3) x = asec(,y=btanq 4 3x=t,2y=t

5 x = aco§q,y=asin3q 6) x=logt,y=sint

77 x =ed(sing +cosq); y = ed(sing - cosq)

8 x :«/t_, y=t+tE 9) x=cos(logt) ; y = log(cost)
10) x = 2cos(; y=2sin*( 11) x = at?, y = 2at

7.3.11 Successive Differentiation

Lety be afunction of x, and its derivative g—i isin general another

dy

function of x. Therefore U

can also bedifferentiated. Thederivative of

dy namely a4 2 0 g called the derivative of the second order. It is
dx dx 8dx o

2

written as d’y
dx

= (or) y_. Similarly the derivative of d”y namelyi
2 dx? dx

3

m.jZ
dx

O jscalled thethird order derivative and it iswritten as d
>

Z and soon.
dx

DO

-
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Derivatives of second and higher orders are called higher derivatives and
the process of finding them is called Successive differentiation.

Example 29
If y = eXlogx find Y,
Solution:
y =elogx

_ d d
y, =¢& a(Iogx)+|ogx W(ex)

=& log x (€)
X
el 0
=e ¢c—+I .
Y, el
d &l o, @ o d
=& — =+ = + logxz — (€&
yz dx gx+ ngﬂ g;+ogxﬂ dx ®)
1
y =€ -—+— +g—+|ogx—e
: Xg
=€ -i2+i+i+logxt’I
X X X g
=& éazx;19+log X!
€ x% o b

Example 30
. - d?y p
Ifx=a (t+sint) andy =a(l-cost), find e att:?
X

Solution:
X

a(t+sint); y = a(1-cost)

dx dy .
—_ l+cost) ; — = asint
dt & ) dt

2acogt/2 ; = 2a sint/2 cost/2
dy _ dy dx
dx  dt * dt
2asint/2 cost/2
2a cos’t/2
tan t/2

221



|

N
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1
5|

[72)
[¢°]
Q
—
~
N

o’y 9
Eax pat 1= p /2

Example 31

Ify = (x+ 1+x2) , prove that (1+x)y,+xy, —m?y = 0.
Solution:

2 m
y :(X+ 1+ X ),
M-l 2x U
y =m (X+ 1+ x2) 1+—=—
! 7 2\/1+x2g
=m (x+ 1+x2)ml B+ x* + x0
§ J1+x? 4
_ mx+1/1+x2m
J1+x?
y ==
1 l+x2

P (145 (y)? = nfy?
Differentiating with respect to x, we get
(143).2(y) (v,) + (v)?(2x) = 2ntyy,
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Dividing both sides by 2y, we get
(1+%)y +xy = nty
2 1
p (1+xX)y + xy -nmty = 0
2 1

Example 32

Givenx:t+tl andy =t- l'findthevalueof Ee?jx

t ’

at the point t = 2
Solution:
1 1
=t + = ; =t- =
X t y t
dx 1 dy 1
- =l-= — =1+
dt t dt t
o tt-1 P+l
G %
dy o _dy o
dx dt °  dt
R G R R G
t? t?-1 t?-1
al’y6 _ daglyo
édng ~ dx&dxg
. d@iri
dx gt - 15
- 2or- (12 +a) 20 at
= a
A SRV X
1 -4 B ot?
=1
-2 ple-1
- 43
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2 -
Y0y mp = 220
édx p (4-1)
_ 32
27
EXERCISE 7.8
2
1) Find 3 2y , When y = (4x-1)?
X
d?y
2 If = e, find
) y v
d?y

3) If y =log(x+1), find

X2
4) If x = at?, y = 2at findy.
2
5) Find y, when x = acosg, y = bsing.
2

2

6) For the parametric equations x = a cos’q, y =asin®q, find 5 Zy
X
d?y
7 If y = Aex - Be*prove that e = aky
X
d’y
8) If y = Xlogx Show that =~ = 3+2logx.

L -1
sin” - x
e

9) Prove that (1-x)y —xy -y =0, ify =
2 1
10) Show that ¥y +xy +y =0, if y = acos(logx) + bsin (logx)
2 1

d?y
11) When y = logx find e
X

EXERCISE 7.9
Choose thecorrect answer
2
1) Lt 2 *+x+l isequal to
x® 2 X+2
1 11
— b) 2 — d 0
(@ 3 (b) (©) (d)
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Lt 22-x-1

2) X® 2 x2ax-1 is equal to
@@ o (b) 1 (© 5 (d)2
3) XIE@tl ))((m_-]]_- is
(@) mn (b) m+n () m-n (d) %
4) X(L@t¥ % is equal to
(@ 1 (b) O (c) 9 (d) -4
5) Xl@t¥ [(1/x) +2] is equal to
(@) ¥ (b) O (© 1 (d) 2
1+2+3+...+n .
6 s an2+6
() 2 (b) 6 (© % (@
sinx _
7 x(F!D_ptIZ X
(a)p b 5 ©) % (d) Noneof these

2
8 I f(x) = XX' 26

, thenf(x) isdefined for all real values of x except

whenx is equal to

(a) 36 (b) 6 (c) 0 (d) Noneof these
. . o . 2x*-8 .
9) The point of discontinuity for the function is
(@ 0 (b) 8 (c) 2 (d)4

10) A functionf(x) issaidto be continuousat x = aif X|—®ta f(x) =

(a) f(a) (b) f(-a) (c)2f(a) (d) f(1/a)

11)  Thederivativeof 2 ~/x withrespecttoxis
(@) V/x (b) 1/2~/x (¢) V/x (d) 1/4~/x
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12)

13)

14)

15)

16)

17)

18)

19)

20)

21)

22.

dXeXg
(a) logx (b) 1/
dy .
Ify =2, then — is equal to
dx
(@) 2¥log2 (b) 2~
If f(x) =x+x+1,thenf’(0) is
(@ 0 (b)3
iael 9 is
dXEX o
3
@ -— (b) -(1/%)
X
f(x) =cosx + 5, then f/(p/2) is
@5 (b) -1
dy .
Ify= - 31 hen —
y =5e*- 3log x then ix is
(a) 5ex—3x (b) 5e*—3/x
d (igx)
—\e is
(=)
(@ logx (b) goox
Ify = 4fsin x , then d—i
COSX sin x
a b
@ 2fsinx (&) 2+Jcosx
d 4xy —
™ (e™) =
(a) e* (b) 4e*
d o
I (sin?x) =
(@) 2sinx (b) sin2x
d
— (1 =
Ix (log sec x)
(a) secx (b) 1/secx
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(c) -(11%)

(c) log 2~

(c)2

(c) -(11%)

(o)1

(c) er-3Ix

(c) 1/x

COos X

Afsin x

(©)

(c)ex

(c) 2cosx

(c) tanx

(d) (/%)

(d) xlog2

(d) 1

(d) -(2/%)

(d) 0

(d) 5e* — 1/x

(d) 1

COSsX

sin/x

(d)

(d) 4e

(d) cos2x

(d) sec x tan x



23)

24)

25)

26)

27)

28)

29)

30)

31)

32)

dy

If y = 2% then — is equal to
y ax q

() 2% (b) 2<log2

d
— (tan*2x)is
Ix ( )

1 2
@ e O nw
Ify = e then d i
dx
(a) 2axy (b) 2ax
d (1+x)? is
— |
dx
@ 2x(@A+x%) (b) 4x(1+%
If f(x) = 'c’% then f/(e) is
(a) e (b) -1
d .
W(xlogx) is
(a) logx (b) 1

If x =logsing; y = logcosq then — i
dx

(a) -tan’q (b) tan?q
If y=x and z= 1/ x then d_y
(a) » (b) -
dy
If x =1 and y = 2t then —
X and y en I
(a) 2t (b) 1/t
d?y

If y = e then is

2

@2y (b) 4y
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(©) 2*log(1/2)

(©) 1+4¢

(c) 2ax

(c) x (1+x)?

(c) O

(c) 1+ logx
dy

(c) tang

is

(91

is

(c) 1+2t

(© vy

(d) 2* log4

1+4%°

(d) 2ay
(d) 4%
@ =

e

log x
X

(d)

(d) - cot?q

(d) - 1/%

(d) 1/2t

(d) o



33)

34)

35)

36)

37)

38)

39)

40)

41)

42)

43)

44)

2

If y = sinmx then

(a) - ey (b) ey (c) my
2
If y =3¢+xX+1 then d Zy is
dx
(@) 18x (b) 18x +1 (c)18x +2
2
If y = logsecx then is
dx®
(a) secX (b) tanx (c) secx tanx
2
If y=e* then d 2y a x=0is
(a 3 (b) 9 (©0
If y= xlogx then y is
(@ 1 (b) log X (c) 1x
d2
If y=log(sinx) then XZ is
(a) tanx (b) cotx (c) sec®x
If y =x theny,is
(a) 4% (b) 12 (c) O
If y = logx theny, is
(a) 1/x (b) -1/% (c) e
If y2= x then dy is
dx
(a1 (b) 1/2x (c)1/2y
c;'—X(xa) is (ato)
(a) ax?t (b) ax (c) 0
i(aa) where a0 is
dx
(@ o (b) aa*! (o)1
d ;
—(logx) i
- (log®) is
(a) U& (b) 1/2x (c) 1/x
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(d) -my

(d) 3+1

(d) cosx

(d 1

(d) x

(d) -cosec?

(d) 24x

(1

(d) 2y

(d) x &t

(d) aloga

(d) 1/ 2¢x



INTEGRAL CALCULUS 8

In this second part of the calculus section we shall study about
another process of calculus called Integration. Integration has several
applications in Science and Technology as well as in other fields like
Economics and Commerce.

8.1 CONCEPT OF INTEGRATION

I'n chapter 7 we have dealt with the process of derivatives of functions
f(x). Generally f/(x) will be another function of x. In this chapter, we will
perform an operation that is the reverse process of differentiation. It is
called ‘anti differentiation’ or Integration.

If %[F(x)] = f(x)

F(x) iscalled ‘theintegral of f(x) and that isrepresented symbolically

F) = Of (x) dx
The symbol “0" isthesign of integration and the above statement is
read as ‘integral of f(x) with respect to x’ or ‘integral f(x) dx’. f(x) is called
‘integrand’.
Generally (‘)f (X) dx = F(x) + C, where Cisan arbitrary constant.

Of (x) dx is called indefinite integral.

8.2 INTEGRATION TECHNIQUES

Standard results

i Y = X + C i 1.
(i) ox" dx , provided nt -1

229



(ii)

(iii)

(iv)

(v)
(vi)
(vii)
(viii)
(i)
)
(xi)
(xii)
(xiii)
(xiv)

(xv)

(xvi)

(xvii)

(xviii)

(xix)

()

Ox +a
ok.f(x) dx
ok. dx
oe< dx
0a* dx

0sinx dx
ocosx dx
asec?x dx
@secx tanx dx

0cosec?x dx

0Ocotx cosec x dx

o[ f,() + f,()] dx

ax

A1- x2
< ox
O

fF )] f'(x)dx

- n+l

X
-n+1

+ C,provided nt 1

logx + C

log (x+a) + C

k of(x)dx +C
kx+C
e+ C

X

+C
log, a

-cosx +C
snx + C
tanx + C
secx + C
-cotx + C

-cosecx + C

of (x) dx + of (x) dx
sinlx + C
tanx + C

sec1x +C

log f(x) + C

LC) RS
n+1
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Example 1

.2
o 39 dx
Evaluate — G* " 3
Solution:
2 .
2 10 _ ‘a%(z_ 2+i9dx
X - —+ dx = :
Oé Xg ()é x*g
= 0(3-2+x? dx
3
=X ox-Lic
3 X
Example 2
&% - 2x% + xe*
Evaluate NP dx
Solution:
e* - 2x? + xe* ket 2¢ x* 0
A dx = — - ——+—TdX
x2e* (%xzex xe* xe'y
1 2 1
= 0 dx - O— dx + 59— dx
Oy ¥ Ogr X 7Oy
= &2k -2 dx + 0% dx
= x22;11 +2e* +logx + ¢
= - L ioens)
= - - +2e*+logx+c
Example 3
Evaluate ¢G— x+1 dx
X +2
Solution :
) x+1 +2 dx
dx = « X dx - N
X+ 2 O /2 0 2

(adding and substracting 1 in the numerator)
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OVx+2dx- O

dx
X+ 2

1 1
@x+2)Z dx -o(x+2) 2dx

%(x+2)g- o(x+2)z +C

2(x+2)2

14(x+2) 0

I

%(Hz)% (x-1)+C

Example 4
Evaluate 0O [L1+sin2x dx
Solution:

o/‘ 1+sn2x dx

Evaluatethefollowing:

1

3

5)

7

O/dn? x +cos® x+2dn xcosx  dx
Y . 2
(sin x+ cosx)®  dx

Olsnx+cosx) dx

(sinx-cosx) + C

EXERCISE 8.1
7 0
2) AFBx? + X - —2 dx
) O et

‘8‘32x3+8x+2+exg x 4 ‘aef+L92 dx
G p ) O+ s

d4x3—1) dx
X
.3
‘aex+lg dx
e Xg

ax/? 4 x5 +106

X o

ax

6) d‘iseoctanx+200$ac2x) dx

x> +3x* +40

E T
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9

11)

13)

15)

17)

19)

21)

23)

25)

‘a%ex + 2 0
% xx2-1p
O3- 2x)(2x+3) dx
el
Yx
< X+2
O—\/x+3
xXe-1
X% +1

dx

dx'z +e ¥+ 7) dx

ax

&7 * 3cosx- 7sin x2 o

(7]

8.2.1 Integration by substitution

Example 5
Evaluate a3
X +X
Solution:
Kx = Axfx)
Put fl++x) =t
1 _
i = dt
VA dx - A dx
O+ x XL+ A/

233

10)

12)

14)

16)

18)

20)

22)

24)

26)

~ _dx

G+COSX

o—‘eX - X dx
xe*

o3x+2)°  dx

. 1

OI-sin de



2
= d
Ot

2logt+C = 2Iog(1+1/§) +C

Example 6
\1 -}/
Evaluate e’/x dx
0z
Solution :
Put _—1 =t
X
1
— dx = dt
XZ
\geet & = o
= é+C
= e-%( + C
Example 7

Evaluate c‘;;ecx dx

Solution :
‘o X dx = .sec X (secx + tanx) o
O (sec x + tan x)
_ aSec” x+sec x tan x
O (sec x + tan x)
Put secx + tanx =t
(sec x tan x + sec’x) dx = dt
\ gpecx dx = O—‘dt
t
= logt + C
Hencec(pecx dx = log(secx +tanx) + C
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EXERCISE 8.2

Evaluate the following
dx

D 2x-3)° dx 2) (‘)(37)2
3) WAx+3  dx 4 Y dx
2
5) ()Xi o 6) d?;xz +1) (x3 + X- 4) dx
(x- 1)%
7 OxsSn (xz) dx 8) (‘3% dx
9) OUOQTX) dx 10) J2x+1)4/x*+x dx
1) e dx 12) g+ +24
Vx*+1
. 2x+3 S
9 Opiaxes * ¥ Ope &
e*-e” dx
15 O>—— & 16) O——
) e* +e* ) x log x
177 o0—m sec” (log x) dx 18) O—— 1
X (2x +1)®
. dx N sec?x
19) G logx log(logx) 20) 0(1- 2tan x)* o
21)  @eot x - dx 22) gcosecx dx
23) 52X 20y Axtanx? gy
Oxil+ log x) 0) 1+ x4
‘1/3+ log x . dx
27y =YXt VX 26) IX+E ox

JIx
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29) dx2 - 1)4 .2x dx 30) (f2x+1)4/x*+x+4  dx

31) ¢ Sec” X dx 32) ganx dx
2 +btanx

8.2.2 Six Important Integrals

. L dx 1. 19X 0

i 07— = —tan¢—= + C

® X% + a2 a éa g

N . adx 1, ax-aj

ii O5—— = —lo - + C

0 x? - a? 2a 98x+ ag

. X 1 A+ X0

iii O = —lo = + C

(i a’- x? 2a gga-xa

. . adx . 19X 0
(v o0— =g¢dn"¢c=+ + C
Na’- x? gaﬂ
. dx

= | +x2+a?] + C

W opfs = el

o) == = Iog(x+«/x2-a2) + C
X -a

Inthe subsequent exercises|et us study the application of the above
formulae in evaluation of integrals.

Example 8
N, dx
EvaluateOF
Solution:
Nodx o A dX 4 X
Oﬁ = ()rz)zi_x2 —sn1(7)+c
Example 9

\

dx
Evaluate 0‘54_7
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Solution:
. o . x
& 45)2 + X2

= —tan” :
5 5¢g
Example 10
adx
Evaluate ¢
Gz 7
Solution:
. ox = 5 dx
OF7 - W)
= g J_O + C
zJ_ §x+«/_g
Example 11
Evaluate o
4x%-9
Solution:
. X . dx
ax* -9 4{x? - %
= 107‘ ox
2 5% - (32)

%Iog§<+1/x2- (3/2)2g + C

8.2.3 Integrals of the type 07
+bx +c¢

If the denominator of the integrand is factorisable, then it can be split
into partial fractions. Otherwise the denominator of the integrand can be
written as the sum or difference of squares and then it can be integrated.
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Example 12

by

Evaluate >

+6X - X

Solution:
7+6Xx—X®=7-(%-6X)
=7—-(@-6x+9-9)

=7+9-(x-3)
=16 — (x-3p
Y d>( N d)(
= O
Orvex-—x® ~ Faf- (x-oF
- L Iogae4+(x-3)o . C
2 4 §4-(x-3)
1 ax+10
= Z| < + C
8 937- X@
Example 13
Evaluate ¢ o
Q7 ax+2
Solution:
X¥+3x+2 = (x+1)(x+2)
Let i 1 _ A + B
X+ 3x+2 X+1 X+2
P 1 = A(x+2) + B(x+1)
When x=-1 ; A =1
When x=-2 ; B=-1
N adx . ox . ox

Ocivax+2  O1 " G

log (x+1) - log (x+2) + C
x+1
X+2

+ C

log

8.2.4 Integrals of the type O% dx where a@+bx+cis
ax® +bx +c
not factorisable
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. : + :
To integrate a function of the form 2px_q we write
ax® +hx+c

X+q =A %(ax2+bx+c) +B

After finding the values of A and B we integrate the function, in usual
manner.

Example 14
2xX+7
E N
Valuate Omdx
Solution:
Let 2%+7 =A di)((2x2+x+3) +B
X+7 = A(4x+1) +B
Comparing the coefficient of like powers of x, we get
4A =2 ; A+B =7
P A=12; B=13/2
. 2X+7 J/2(4x+1) + 13/2
O ——>& = ax
2x% +x +3 2x%+x+3
_1 ., 4x+1 & + 13 ax
> OxTrx+3 > Oy x+3
1 4x+1
_ = A _ 13 ax
Let I, = 5 05571 +3 and L, = > 057 w33
l, = %Iog(2x2+x+3) +C
| = E‘ dx = E‘ dx
2 2 O x+3 4 O(x+1/2) 7+ (3/2- 1/16)
= E‘ dx
7 OGr1/aY + (VB[4
_13, 4 @&+140
== —t :
7 75 St <
5
0‘2x§‘x++x7+3dx - %Iog(2x2+x+3) b B @YaL ., ¢

B STy

239



8.2.5 Integrals of the type

- adx
OFT—F———
ax? +bx +c

Thistype of integrals can be evaluated by expressing a¥ +bx +c asthe sum
or difference of squares.

Example 15

Evaluate

< dx
07
A/5+4x - x2

-(®—-4x-5)

- (®-4x+4-4-5)
- [(x=2)y-9
9—-(x—2p

N adx dx

N5+ 4x- x* 9-(x-2)

Solution:
5+4x —%

Example 16
. dx
Evaluate 0«/4x 2 416x - 20

Solution :

4% +16-20 = 4 (¢ +4x-5)
=4[ R +4x+4-4-5]
= 4 [(x+2P-9]
N ax dx

NAxX2 +16x- 20 - 0~/4[(x +2)% - 9]
N dx

0—
(x+2)*- 32

:% Iog{(x+2)+«/x2+4x-5} + C

N~
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N 0,8 +q
O—
Jax2 +bx +¢

To integrate such a function choose A and B such that

8.2.6 Integrals of the type ax

px+q:AdiX(ax2+bx+c)+B

After finding the values of A and B we integrate the function in
usual manner.

Example 17
2x +1
Evaluate O /— &
X2+ 2x-1
Solution:

Let 21 = A (x+2x-1)+B
o

2xX+1=A(2+2) + B
Comparing Coefficients of like terms, we get

2A =2 ; 2A+B =1
p A=1 B=-1
A 2x+1 d 1(2x+2)-1

\ O E—d = e
e +2x-1 VxZ+2x-1

— A (2X+2) dX Y

dx
U +2x- 1 VX2 +2x-1

< (2x+2
Let 1= 522
X2 +2x-1
Put X+2x-1= t2
(2x+2)dx = 2tdt
—_ Y 2t —_ Y
\ |l = OFC“ = Zdjt
= 2
= 2Ux®+2x-1 +C,
Let I, = - g
x2+2x-1
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= - ¢ o = - log|(x +1) ++/x2 + 2x- 1] +C,
O—\/(X+l)2- (—\/5)2 ( )

\ 02— 2x+1 1dx = 24x2+2x-1- Iog((x+1)+«/x2 +2X- 1) +C

X2 +2x-

EXERCISE 83
Evaluate the followingintegrals
.1 . dx
1) 03—+ v aox 2) Ve
hY dx BN dX
3 4
) Gy e
5) hY dx 6) \ dx
07 07
9x* -1 V25 +36x?
7) o— & 8) O o
9- 4x2 X* +2x+ 3
N dx
9) 097‘ > o 100 O——
X"+ 6x+5 VX2 +4x+2
11) . dx 12) . X+1
O3+ x2 Ozvax-5
7x- 6 X+2
13 0—‘ dx 14 07‘
) x* - 3x+2 ) X% - 4x +3
4x +1 2x+4
15 oO— dx 16 OF— dx
) N2xZ +x- 3 ) WX+ 2x-1

8.2.7 Integration by parts
If u and v are functions of x such that u is differentiable and v
is integrable, then

O dv = u - ¢y du
Observation:
0] When the integrand is aproduct, wetry to simplify and use addition

and subtraction rule. When thisis not possible we use integration
by parts.
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(i)  While doing integration by parts we use 'ILATE' for the relative
preference of u . Here,
I ® Inverse trigonometic function

L ® Logarithmic function
A ® Algebraic function
T ® Trigonometric function
E ® Exponential function
Example 18
Evaluate (x.€° dx
Solution :
Let u =x , dv=e dx
du =dx , v =g

ove dx = xe& - g dX

= xe& - e + C
= & (x=1)+C
Example 19
log x
Evaluate O——
(2+x)
Solution:
Let u=logx ; dv= dX2
(1+x)
du = el ; vV = - 1
X (1+x)
~ log x el o 1 1
O—dx = - (log x o — dx
1% ? (log )gl+x 1+ X X
& < 1
= - (I dx
exglooX) + oy
% Ll 1 06
= - = = - -
gl+x (ng) ¥ Oéx l+xg

(Resolving into Partial Fractions)
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- ajx)(log x) + logx-log(1+x) + C

1 X

= lo + lo +C
(l+x)(gx) 91+X
Example 20
Evaluate (y.sin2x dx
Solution:
Let u=x , snxdx = dv
du = dx -cosZX:V
2
sn2x dx = _XCOS2X | ACOS2X
o< > >
_ - Xcos2x 1 sin 2x
2 2 2
_ - XC0s2X + sin 2x i C
2 4
Example 21
Evaluate  ()x"logx dx, nt-1
Solution:
Let u = logx , dv = x"dx
n+1
du = i dx , v = X
X n+1
n+1 N Xn+1 l
X" logx dx = log X - 1 &
o ° n+1 g On+1 X
n+1 1
= | - = A" dx
n+1 og X — 1 O d
n+1 a1
= logx - L X L C
n+1 n+1l n+1

n+1

g?OQX- LQ + C
n+le n+lg
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EXERCISE 84

Evaluate the following

1) oxe ™ dx 2) Oxlogx  dx
3) Qogx dx 4) oxa* dx
5  flogx) dx 6) c‘,";# dx
7) Oxcos2x  dx 8) oxsn3x  dx
9 ¢ros 'x  dx 10)  gan'x dx
11)  xsecx tanx X 12) X e’ o

8.2.8 Standard Integrals
2
-a?- aTIog (x+1/x2- az) + C

0] NxZ-a® dx = X

2

(i) MW X2 +a? dx = %«/x2+a2+a7log (x+1/x2+a2) + C
2 'Y
iy ofa®-x> dx = 2a-x2+LantEQ2 4+ ¢
2 2 edg
Example 22
Evaluate ), /49-x2 dx
Solution :
V49 - x> ok = (7)Y -x o
e X 29T+ 29 g X0
= 7 49 - x +25m 871'25 +
Example 23
Evaluate @) [16x2+9 dx
Solution :

1
’
=
()]
~
+
10

dx

o) hex? +9 dx 98
e 16 g



i 2 U
=4 X 6830 (/ Ioggx+ Lo L ¢
12 e4ra e4tazi;

%1/16x2+9 ¥ %Iog(4x+w/16x2+9) + C

Example 24

Evaluate (Wx2- 16 dx
Solution :

O/x*-16  dx

X2 - (47 dx
;(1/x - 6-7log(x+ 16) + C
«/x - - 8log (x+\/ 16)

EXERCISE 8.5
Evaluatethefollowing:

1 (Vx*-36 dx 2 (/16- x* dx
® 25+x> dx 4 x*-25 dx
5) OY4x°-5 dx 6 ()/9x*-16 dx

8.3 DEFINITE INTEGRAL
The definite integral of the continuous function f(x) between the
limits x=a and x = b is defined as :\)f(X) x=[F(X) ] =F®)-F@
where ‘a is the lower limit and ‘b’a is the upper limit and F(x) is the

integral of f(x) .
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To evaluate the definite integral, integrate the given function as
usual . Then obtain the difference between the values by substituting
the upper limit first and then the lower limit for x.

Example 25

2
Evaluate c‘)(4x3 +2x +1) dx
1

Solution:
2 L a4 ) .2
N e X X u
g +2x+1) dx = @ —+22 4
< 4 2 u
1 e U
= (2+2+42)—(1+1+1)
= (16+4+2)-3
= 19
Example 26
3
2X
Evaluate O0———=
S1+x?
Solution:
3\ 2X q _ lgdt
Orixe - Qt_
Put 1+¥ =1t
2xdx = dt
When x=2 ; t=5
x=3; t=10
—_ 10 —_
= [logtl, = log 10 - log5
| 10
‘5
= log 2
Example 27
Je

Evaluate (xlogx dx
1
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Solution:
In  ox logx dx

let u = logx dv = xax
1 X’
du=— dx v=—
X 2
P 2
Ologx dx = 2 logx - C\)X_1
2 2 X
- X logx - Lo
2 ZOX
2
= X~ Jogx- 1 XZ
9% 3%
J\E 6x? XZU‘/E
Oxlogx dx = é_IOQX'_Q
el | 1g

Example 28
3
2
Evaluate (§in°x dx

0

|
Gintx dx = Fcos2xe
e 2 (7]
- X_ _ sin2x
2 4
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p
= p
2 , . 2
) éXx 9n 2xuz
gin“x dx = - ———
. g2 4 H,
- P
4
Example 29
¥ 2
Evaluate (‘j(e'x dx
0
Solution:
In c‘)}(e'X2 dx
put X =t
2xdx = dt
when x =0 ; t=0
x=¥ ;t= ¥
¥ , ¥
\ Ox€" dx = g-e' o
0 02
- 1 -t
- 2_[_e ]o
1
= Z[o+1
Lfo+1]
1
2
EXERCISE 8.6
Evaluate the following
2 2
1) dx2+x+l) dx 2) (‘)idx
N g2+X
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VEa
VR

3) 4) ok
0 +X2 0
3 X 1
5 (¢ 6) QOxe* dx
0 0
P
1 ex 4
7 O_Li\ dx 8 QOtan’x dx
o +e2x o
1 1 2
X 1- X
9) ¢ dx 10) O
) O ey
2 4
1) gogx dx 12) pW2x+4
1 0
P
2 COoSX

P
2

13) ¢ypos’x  dx 14) ¢ . .
9: 9(1+ an x)(2+sm x)

> 2

15) (y/1+cos2x dx 16) (‘)Lz
; rX(1+ log x)
3 dx 1 .

17) O— 18) ()°e*  dx
09- X2 0

8.3.1 DefiniteIntegral astheLimit of thesum

Theorem:

Let theinterval [ a, b] bedivided into n equal parts and let the
width of each part be h, so that nh=b—a ; then

b
9f(x) d = Lt h[fa+h) + f(a+2h)+. . . +f(a+nh)]

h® 0
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where a+h,a+2h,a+ 3h,...a+ nharethe points of division obtained
whentheinterval [ a, b] isdividedintonequal parts; h being the width of
each part.

[ Proof is not required].

Example 30
2

Evaluate (‘j(z dx from the definition of an integral asthe limit
1

of a sum.

Solution :
SEodx = h[f(a+h)+ f(@+2h)+..+ f(a+nh)]
o o
o= G e r@ean e @)
a h® 0

Lt h{(a2 +2ah +h?)+(a> + 4ah + 4h?)+..(a® + 2anh +n’h?}}

h® 0

= Lt h{na? +2ah(L+2+3+...+n)+ h?(1> + 22 + 32+ ...+ n?}}

h® 0

= Lt himaz eoan MO LR na )l
e 2 6 b

OX° dx = a%+_ n(p+1)+ ND*D N+ 0
1 n®¥ ne 6n2 p

" +1) A

— Lt $_+ n 1 + n(n 1) (32n 1)9

ne¥ a n 6n a

& 36?l+— ae2+1oo

= LtS+1+=+ & npé” np-

o0 n 6n° N

"G +

€ %
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EXERCISE 87

Evaluate the following definite integrals as limit of sums

Choosethecorrect answer

1

2

3

4)

5)

2

) Ox dx
1
2

3 ¢ dx

1

1
2 ¢ dx

EXERCISE 8.8

The anti derivativeof =5x* is

(a) x

P dxis

(@3

C)%O dx is

@ =

¢ dxis
() -ex+C
O2l/x  dx s
(a) 21x «/;

(b) » (c) H+c (d) 5%
(byx+C (c) 3x (d) 3x+c¢
(b) - xiz (c)10logx+C(d) logx+C

(b) ex+C (c) e+C  (d) -e+C

(b) 14x/X +C (c) x-/X +C (d) /X +C
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6 (¢ dxis
1 1 5x
(@db5x+C (b) e*+C (c) 5 e*+C (d) 3 e

7) osnax dx is
-1 1 .
() ?cosax+ Cc (b) Ecosax+ C (c) sinax+C (d) cosax+C

_i+C

8  (x? dxis
B-% + C ©5+C (@ -

@< + C
X

9) ézl_x dx is

(a) Iog«/? +C (b) %Iogx (c) logx + C (d) %Iogx+c
100 (g dxis
X+4
() e+C (b)e** + C  (c) 2 + C (d) e*+C
1)  (psecx dx is
(@) 2tanx+C (b) sec2xtanx+C (c) ta?x +C (d) tanx+C
12) (.3 dxisequal to
) A
(@ =logx + C (b) +C
3 log. %4
(c) (%)X (d) log 8@9
Iogx% e3g
.2 :
13) Om dx is equal to
() 2log(x+1) +C (b) 2log (x +1)+c
(d)log(x+1) + C

(c) 4log(x+1) + C
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8
14) dx+l) dx is equal to
(x+2)° (x+1)'
(a)T +C (b)T + C (c) (x+1+C (d) (x+1)*+C
15)  Om— al dx is equal to
x* +1 q
I
(c)log(xt+1)+C (d) Noneof these
16)  (posecx dx is equal to

(a) log (tanx/2) +C
(c)logtanx + C

4
X
17 O.I.—\ dx is equal to

(a) log (1+%)
(c)log(1+x)+C
18) N is equal to
Oz 5z 5™
@@ tant X +C
a

a
() tan'= 4 c
X

(b)logcosecx + C
(d) log (cosecx + tanx)

(b)log (1+x)+C

(d)%log(1+>€’)+c

1. .
Ztantlic
a a

(b)
1sin'lz +C
a a

(d)

190 e [f(0+ t/(9] o is equal to
(c) ee+C (d) e*+C

200 (g (Sn x+cosx) dx is equal to
(8 e*cosx+c (b) e*sinxcosx+C
(c) e+ Ccosx (d) exsinx+C

dx
21 ) is equal to
) O 0

1 1
() Etan'lzx +C (b) Etan'lx +C

© %tan'l(x+ 0) (d) tan® (2x) + C

254



22) d2X+3)3 dx is equal to

@ & e C A S
4 8
(2x +3)' (2x+3f
(c) 5 +C (d) TR +C
2
1 .
23)  Thevalueof O; dx is
1
(@) log2 (b)0 (c) log 3 (d) 2log2
1
24) Thevalue of c‘j(z dx is
-1
1 1 2 2
(a) 3 (b) - 3 (c) - 3 (d) 3
0
25) Thevalue of 6(4 dx is
-1
1 1
(@0 (b) -1 © = @ - =
1
26) Thevalue of dXZ +1) dx is
0
4 2 1 4
(@) 3 (b) 3 (c) 3 (d) - 3
1
27)  Thevalue of O_I.—‘ X dx is
0 +x°
(@) log2 (b) 2log 2 (c) log % (d) Iog«/E
4
28) Thevalue of (‘j(\/; dx is
1
62 32 15 31
@ =5 (b) 5 (© e (d) 5
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[
3

29) Thevalueof (Janx dXis
0

(a)log% (b)log 2 (c)2log2 (d)log«/?

p
30) Thevalueof (‘ﬁn X dXis
0

(a1 (b) 0 (©)2 (d) -2

N [T

31) Thevalue of c‘yOSX dx is
0

(a0 (b)1 (-1 (d)2
0 ex
32 The value of @ dx is
) _Ol—¥ P
@0 (b)1 (c) % log 2 (d)log2

¥
33) Thevalueof (¢ dxis
0

(a1 (b) 0 (c) ¥ (d) -1

4
L X .

34) Thevalue of ———is

0~/16 - x?

p p p p
(a)Z (b) 3 (c) 3 (d) >
35) The value of o ox is
_ql +x?
p p p
(a > (b) Y (c) - Y (ap
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STOCKS, SHARES AND
DEBENTURES 9

When the capital for abusinessisvery large, aJoint Stock Company
is floated to mobilize the capital. Those who take the initiative to start a
joint stock company are called the promoters of the company. The company
may raise fundsfor itsrequirementsthrough theissue of stocks, sharesand
debentures. The value notified on their certificatesis calledFace Value or
Nominal Valueor Par Value.

9.1 BASIC CONCEPTS

9.1.1 Shares

Thetotal capital of acompany may be divided into small units called
shares For example, if therequired capital of acompany isRs. 5,00,000 and
isdivided into 50,000 units of Rs. 10 each, each unit is called ashare of face
value Rs. 10. A share may be of any face value depending upon the capital
required and the number of sharesinto which itisdivided. The holders of
the shares are calledshare holders. The shares can be purchased or sold
only inintegral multiples.

9.1.2 Stocks

The shares may be fully paid or partly paid. A company may
consolidate and convert anumber of itsfully paid up sharesto form asingle
stock. Stock being one lump amount can be purchased or sold even in
fractional parts.

9.1.3. Debentures

Theterm Debentureis derived from the Latin word ‘debere’ which
means ‘to owe adebt’. A debentureisaloan borrowed by acompany from
the public with aguaranteeto pay a certain percentage of interest at stated
intervals and to repay the loan at the end of afixed period.

9.1.4 Dividend

The profit of the company distributed among the share holders is
called Dividend. Each share holder gets dividend proportionate to the face
value of the shares held. Dividend isusually expressed as a percentage.
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9.1.5 Stock Exchange

Stocks, shares and debentures are traded in the Stock Exchanges (or
Stock Markets). Thepriceat whichthey areavailablethereiscalled Market
Valueor Market Price. They are said to be quotedat premiumor at discount
or at par according astheir market valueis above or below or equal to their
face value.

9.1.6 Yieldor Return

Suppose aperson invests Rs. 100 in the stock market for the purchase
of a stock. The consequent annual income he gets from the company is
calledyieldor return. Itisusually expressed as a percentage.

9.1.7 Brokerage

The purchase or sale of stocks, shares and debentures is done
through agents called Stock Brokers. The charge for their serviceiscalled
brokerage. It is based on the face value and is usually expressed as a
percentage. Both the buyer and seller pay the brokerage.

When stock is purchased, brokerage is added to cost price. When
stock is sold, brokerage is subtracted from the selling price.

9.1.8 Typesof Shares
There are essentially two types of shares

)] Preference shares
(i) Equity shares (ordinary shares)
Preference share holders have the following preferential rights

(i) Theright to get afixed rate of dividend before the payment of
dividend to the equity holders.

(i)  Theright to get back their capital before the equity holdersin
case of winding up of the company.

9.1.9 Technical Brevity of Quotation

By a ‘15% stock at 120’ we mean a stock of face value Rs. 100,
market value Rs. 120 and dividend 15%
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9.1.10 Distinction Between Shares and Debentures
The following are the main differences between shares and
debentures.

SHARES

DEBENTURES

Share money forms a part of the
capital of the comapny. The
share holders are part
proprietors of the comapny.

Shareholdersget dividend only
out of profits and in case of
insufficient or no profits they
get nothing.

Share holders are paid after the
debenture holders are paid their
duefirst.

The dividend on shares
depends upon the profit of the
company.

Shares are not to be paid back
by the company

In case the company is wound
up, the share holders may lose
apart or full of their capital

Investment in shares is
speculative and has an element
of risk associated with it.

Share holders have a right to
attend and vote at the meetings
of the share holders.

Debentures are mere debts.
Debenture holders are just
creditors.

Debenture holders being
creditors get guaranteed
interest, as agreed, whether the
company makes profit or not.

Debenture holders have to be
paid first their interest due.

The interest on debentures is
very well fixed at the time of
issueitself.

Debentures have to be paid
back at the end of afixed period.

The debenture holders
invariably get back their
investment.

Therisk isvery minimal.

Debenture holders have no
such rights.
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We shall now take up the study of the mathematical aspectsconcerning
the purchase and sale of stocks, shares and debentures by the following
examples.

Example 1

Find theyearly income on 120 shares of 7% stock of face value
Rs. 100

Solution:
Face Vaue (Rs.) Y early income (Rs.)
100 7
120 x 100 ?
Yealyincome = 120Xx100 7
y 100
= Rs. 840
Example 2

Find the amount of 8% stock that will give an annual income of
Rs. 80.

Solution:
Income (Rs.) Stock (Rs.)
8 100
80 ?
Stock = % x 100
=Rs. 1,000
Example 3

Find the number of shareswhich will give an annual income of
Rs. 360 from 6% stock of face value Rs. 100.

Solution:
Income (Rs.) Stock (Rs.)
6 100
360 ?
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Stock = %xloo:Rs 6,000

— 6000 —
\" Number of shares = 100 60.

Example4
Find therate of dividend which givesan annual income of Rs. 1,200
for 150 shares of face value Rs. 100.

Solution:
Stock (Rs.) Income (Rs.)
150 x 100 1200
100 ?
_ 100
Income = T50x 100 X 1200
=Rs. 8

Rate of dividend = 8%

Example5
Find how much 7% stock at 70 can be bought for Rs. 8,400.

Solution:

Investment (Rs.) Stock (Rs.)
70 100
8400 ?
Stock = 840 x 100
70
= Rs. 12,000
Example 6

A person buysastock for Rs. 9,000 at 10% discount. If therate of
dividend is 20% find hisincome.

Solution:
Investment (Rs.) Income (Rs.)
0 20
9000 ?
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Income

_ 9000, o
0
= Rs. 2,000

Example7
Find the purchase price of Rs. 9,300, 8 % % stock at 4% discount.
Solution:

Stock (Rs.) Purcahse Price (Rs.)
100 (100-4) = 96
9300 ?
Purchase Price = 9300 , o5
100
= Rs. 8,928

Example 8
What should bethe price of a 9% stock if money isworth 8%

Solution:

Income (Rs.) Purchase Price (Rs.)
8 100
9 ?
Purchase Price = % x 100
= Rs. 112.50
Example9

Sharala bought shares of face value Rs.100 of a 6% stock for Rs.
7,200. If she got an income of Rs. 540, find the purchase value of each
share of the stock.

Solution:
Income (Rs.) Purchase Price (Rs.)
540 7200
6 ?
; - _6
Purchase Price = 0 X 7200
=Rs. 80
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Example 10
Find theyield on 20% stock at 80.

Solution:
Investment (Rs.) Income (Rs.)
80 20
100 ?
i = 100
Yidd = %0 X 2
=25%
Example 11
Find theyield on 20% stock at 25% discount.
Solution:
Investment (Rs.) Income (Rs.)
(100-25) = 75 20
100 ?
i = 100
Yidd = S X 2
=26% %
Example 12
Find theyield on 20% stock at 20% premium.
Solution:
Investment (Rs.) Income (Rs.)
120 20
100 ?
i = 100
Yidd = 120 x20
= 2 o
16 3 %
Example 13

Find theyield on 10% stock of face value Rs. 15 quoted at Rs. 10
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Solution:

Investment (Rs.) Face value (Rs.)
10 15
100 ?
= 100
Face Value =30 X 15
=Rs. 150
Now,
Face value (Rs.) Income (Rs.)
100 10
150 ?
' = 10
Yidd = 200 X 10
= 15%
Example 14

Which isbetter investment : 7% stock at 80 or 9% stock at 967
Solution:

Consider an imaginary investment of Rs. (80 x 96) in each stock.

7% Stock
Investment (Rs.) Income (Rs.)
80 7
80 x 96 ?
_ 80x96
Income ) X7
=Rs. 672
9% Stock
Investment (Rs.) Income (Rs.)
9% 9
80 x 96 ?
— 80x96
Income = =% X 9
=Rs. 720
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For the sameinvestment, 9% stock fetches more annual income than
7% stock.
\ 9% stock at 96 is better.

Example 15
Which isbetter investment : 20% stock at 140 or 10% stock at 70?

Solution:
Consider an imaginary investment of Rs. (140 x 70) in each stock.
20% Stock

Investment (Rs.) Income (Rs.)
140 20
140x 70 ?
— 140x 70
Income = ) x 20
= Rs. 1,400
10% Stock
Investment (Rs.) Income (Rs.)
70 10
140x 70 ?

— 140x 70
Income =0 X 10

= Rs. 1,400
For the same investment, both stocks fetch the same income
\ They are equivalent stocks.

Example 16
A man bought 6% stock of Rs. 12,000 at 92 and sold it when the
priceroseto 96. Find hisgain.
Solution:
Stock (Rs.) Gain (Rs)
100 (96-92) =4
12000 ?

: — 12000
Gan =100 X 4

= Rs. 480
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Example 17
How much would a person lose by selling Rs. 4,250 stock at 87 if he
had bought it at 1057

Solution:

Stock (Rs.) Loss (Rs.)
100 (105-87) = 18
4250 ?

_ 4250
= Joo X 18

= Rs. 765

Loss

Example 18
Find thebrokerage paid by Ram on hissale of Rs. 400 shar es of face

value Rs. 25 at %— % brokerage.

Solution:
Face Value (Rs.) Brokerage (Rs.)
i
100 >
400 x 25 ?
_ 400x25, 1
Brokerage= 00 X3
=Rs. 50
Example 19

Shivapaid Rs. 105to abroker for buying 70 shares of facevalue
Rs. 100. Find therate of brokerage.

Solution:
Face Value (Rs.) Brokerage (Rs.)
70x 100 105
100 ?
— 100
Rate of Brokerage = 0% 100
—14
=15 %
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Example20
A person buysastock of facevalueRs. 5,000 at a discount of 9 é— %,

paying brokerage at é— %. Find the purchase price of the stock.

Solution:
Face Vaue (Rs.) Purchase Price (Rs.)
100 (10095 +%5 )=0l
5000 ?
i — 5000
Purchase Price = 100"~ 91
= Rs. 4,550
Example 21

A person sellsastock at a premium of 44%. Thebrokeragepaidis
2%. If thefacevalue of the stock isRs. 20,000, what isthe sale proceeds?

Solution:

Face Value (Rs.) Sale Proceeds (Rs.)
100 (100+44-2) = 142
20,000 ?
— 20000
Sale Proceeds = S0 % 142
= Rs. 28,400
Example 22

A person buys a 15% stock for Rs. 7,500 at a premium of 18%.
Find the face value of the stock purchased and the dividend, brokerage
being 2%.

Solution:
Purchase Price (Rs.) Face Vaue (Rs.)
(100+18+2) = 120 100
7,500 ?
Face Value = 7152%0 x 100
= Rs. 6,250

267



Also

Face value (Rs.) Dividend (Rs.)
100 15
6,250 ?
i — 6250
Dividend = 100 x 15
= Rs. 937.50

Example 23
Ram bought a 9% stock for Rs. 5,400 at a discount of 11%. If he
paid 1% brokerage, find the percentage of hisincome.

Solution:
Investment (Rs.) Income (Rs.)
(100-11+1) = 90 9
100 ?
= 100
Income = %0 x9
= 10%
Example 24

Find the investment requierd to get an income of Rs. 1938 from
9 3- % stock at 90. (Brokerage 1%)

Solution:
|
9+ (90+1) = 91
1938 ?
Investment = 18?8 x 91
2
= —1538 x 91

- 2
—1938x19 X 91

= Rs. 18,564
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Example 25
Kamal sold Rs. 9,000 worth 7% stock at 80 and invested the proceeds
in 15% stock at 120. Find thechangein hisincome.

Solution:
7% Stock
Stock (Rs.) Income (Rs.)
100 7
9000 ?
Income = 9000 X7
100
=Rs. 630 - (@)
Also
Stock (Rs.) Sale Proceeds (Rs.)
100 80
9000 ?
Sale Proceeds - 9000 x 80
100
= Rs. 7,200
15% Srock
Investment (Rs.) Income (Rs.)
120 15
7,200 ?
Income = 7200 x 15
120
=Rs.900 - (2
comparing (1) and (2), we conclude that the change in income
(increase).
=Rs. 270
Example 26

A person sellsa 20% stock of face value Rs. 5,000 at a premium of
62% . With themoney obtained hebuysa 15% stock at a discount of 22%
What isthe changein hisincome. (Brokerage 2%)
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Solution:

comapring (1) and (2) we conclude that the change in income

(increase) = Rs. 500.

Example27

Equal amountsareinvested in 12% stock at 89 and 8% stock at 95
(1% brokeragepaid in both transactions). |f 12% stock brought Rs. 120
mor e by way of dividend incomethan the other, find the amount invested in

each stock.

20% Stock
Face Vaue (Rs.) Income (Rs.)
100 20
5,000 ?
Income = 5000 x20
=Rs. 1,000 @ - D
Also,
Face Value (Rs.) Sale Proceeds (Rs.)
100 (162-2) = 160
5,000 ?
Sale Proceeds = 51000 x 160
Rs. 8,000
15% Stock
Investment (Rs.) Income (Rs.)
(100-22+2)= 80 15
8,000 ?
Income = 8000 x 15
80
Rs. 1,500 ------memee- 2
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Solution:

Let the amount invested in each stock be Rs. x

12% Stock
Investment (Rs.) Income (Rs.)
(89+1) =90 12
X ?
= X
Income = 90x 2
= Rs, X
=Rs. 5
8% Stock
Investment (Rs.) Income (Rs.)
(95+1) = 96 8
X ?
= X
Income = 96x 8
= Rs. X
= Rs. 1
As per the problem,
2 | X =
15 12 120
Multiply by the LCM of 15and 12 ie. 60
ie. 8x - Bx = 7200
ie. X =7200

ie. X =Rs. 2,400

Example28
Mrs. Prema sold Rs. 8,000 worth, 7% stock at 96 and invested the

amount realised in the shares of face value Rs. 100 of a 10% stock by
which her incomeincreased by Rs. 80. Find the purchase price of 10%

stock.

Solution:
7% Stock
Stock (Rs.) Income (Rs.)
100 7
8,000 ?
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Income = ~100
= Rs. 560
Also
Stock (Rs.) Sale Proceeds (Rs.)
100 9%
8,000 ?
— 8000
Sale proceeds = <100 X 96
= Rs. 7,680
10% Stock
Income = Rs. (560 + 80) = Rs. 640.
Income (Rs.) Purchase Price (Rs.)
640 76380
10 ?
' = 10
Purchase Price = 510" < 7680
=Rs. 120
Example29

A company has a total capital of Rs. 5,00,000 divided into 1000
preference shar es of 6% dividend with par value of Rs. 100 each and 4,000
ordinary shares of par value of Rs. 100 each. The company declares an
annual dividend of Rs. 40,000. Find the dividend received by Mr. Gopal
having 100 preference shares and 200 ordinary shares.

Solution :

Preference Shares = Rs. (1,000 x 100)

= Rs. 1,00,000
Ordinary Shares = Rs. (4,000 x 100)

= Rs. 4,00,000
Total dividend = Rs. 40,000
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Dividend to preference shares

Shares (Rs.) Dividend (Rs.)
100 6
1,00,000 ?

Dividend =Rs. 6,000

Dividend to ordinary shares
= Rs. (40,000 - 6,000)

=Rs. 34,000
Gopal’ s Income from preference shares
Share (Rs.) Dividend (Rs.)
1,00,000 6,000
100 x 100 ?
L — 100x100
Dividend = 100000 X 6,000
= Rs. 600
Gopal’ s income from ordinary shares
Share (Rs.) Dividend (Rs.)
4,00,000 34,000
200 x 100 ?
Vi _ 200x100
Dividend 200000 X 34,000
= Rs. 1,700

Total Income received by Gopal
=Rs. (600 + 1700)
= Rs. 2,300

Example 30

The capital of a company is made up of 50,000 preference shares
with adividend of 16% and 25,000 ordinary shares. Thepar value of each
of preference and ordinary sharesis Rs. 10. The company had a total
profit of Rs. 1,60,000. If Rs. 20,000 were kept in reserve and Rs. 10,000
in depreciation fund, what percent of dividend ispaid totheordinary share

holders.
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Solution:
Preference Shares = Rs. (50000 x 10)

= Rs. 5,00,000
Ordinary Shares = Rs. (25,000 x 10)
= Rs. 2,50,000
Total dividend = Rs. (1,60,000 - 20,000 - 10,000)
= Rs. 1,30,000
Dividend to Preference Shares
Shares (Rs.) Dividend (Rs.)
100 16
5,00,000 ?
Dividend = 5010(%)0 x 16
= Rs. 80,000

Dividend to ordinary shares
= Rs. (1,30,000 - 80,000)

= Rs. 50,000
Now for ordinary shares,

Share (Rs.) Dividend (Rs.)
2,50,000 50,000
100 ?
ivi — _100

Dividend = 20000 X 50,000

=20%

9.2 EFFECTIVE RATE OF RETURN ON DEBENTURES
WITH NOMINAL RATE

When the interest for a debenture is paid more than once in a year

the debentureissaid to have anominal rate. We can find the corresponding
effective rate using the formula.

S SO
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where

Example31

Effective rate of return
Face value of the debenture

Corresponding market value of the debenture

= nominal rate on unit sum per year

= the number of times the nominal rateis paid in ayear.

Find the effective rate of return on 15% debentures of face value
Rs. 100 issued at a premium of 2% interest being paid quarterly.

Solution :

E

Example 32

i o) -
- 85 [y

= 1% |a+0.0375" - 1)

=290 |@.0375 )" - 1]

= 100 )
= 100 [1.160-1]

= 100
= 1009 10.160]

=0. 1569 =15.69%

Logarithmic Calculation

log 1.0375 = 0.0161
4 x

0.0644

antilog 0.0644

= 1.160

log 100 = 2.0000
log0.160 = 1.2041 +

1.2041
log 102 = 20086 -

1.1955

antilog 1.1955

= 0.1569

Find the effectiverate of return on 16% Water Board bonds of face
value Rs. 1,000 offered at Rs. 990, interest being paid half yearly.

Solution :
E

= E a1
1900 (056
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1
2)
3

4)
5)

6)
7)
8)
9)
10)
11)
12)

_ Logarithmic Calculati
_ % (1+0.08) - 1] ogarithmic Calculation
logl.08 = 00334
= % (L.08) - 1 2 X
0.0668
- % [1.166] antilog  0.0668
= 1166
= 190 10.166] log100 = 2.0000
9 log0.166 = 1.2201 +
-oser o
=16.77% log 99 = 1.9956 -
1 .2245
antilog 1 .2245
= 01677

EXERCISE 9.1

Find theyearly income on 300 shares of 10% stock of facevalue Rs. 25.
Find the amount of 9% stock which will give an annual income of Rs. 90.

Find the number of shareswhich will givean annual income of Rs. 900 from
9% stock of face value of Rs. 100.

Find how much of a9% stock can be bought for Rs. 6,480 at 90.
Determinethe annual incomerealised by investing Rs. 22,400 at7 17 %
stock at 112.

Find the purchase price of aRs. 9,000, 8% stock at 4% premium.

Find the percentage income on an investment in 8% stock at 120.
Krishnainvested in 12% stock at 80. Find therate of return.

Find theyield on 15% stock at 120.

Find theyield on 18% stock at 10% discount.

Find theyield on 8% stock at 4% premium.

Whichisbetter investment, 6% stock at 120 or 5% stock at 957
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13)

14)

15)

16)

17)

18)

19)

20)

21)

22)

23)

24)

25)

Which isbetter investment, 18% debentures at 10% premium or 12%
debenturesat 4% discount?

Find theyield on 12% debenture of face value Rs. 70 quoted at adiscount
of 10%

How much money should apersoninvest in 18%, Rs. 100 debentures
availableat 90to earn anincome of Rs. 8,100 annually.

A person bought shares of face value Rs. 100 of 10% stock by investing Rs.
8,000inthemarket. He getsan income of Rs. 500. Find the purchase price
of each share bought.

Mr. Sharma bought a 5% stock for Rs. 3,900. If he gets an annual
income of Rs150, find the purchase price of the stock.

How much would a person lose by selling Rs. 4,500 stock at 90 if he had
bought it for 105.

Find the brokerage paid by Mr. Ganesh on his sal e of 350 shares of face

1
value Rs.100at1 5~ % brokerage.

Mr. Ramesh bought 500 shares of par value Rs. 10. If he paid Rs. 100 as
brokerage, find therate of brokerage.

How much of 8% stock at a premium of 9% can be purchased with Rs. 6050
if brokerageis 1%

A person buysa10% stock for Rs.1035 at apremium of 14%. Findtheface
valueand thedividend, brokerage being 1%.

Mr. James sells 20% stock of face value Rs. 10,000 at 102. With the
proceeds he buysa15% stock at 12% discount. Find thechangein his
income. (Brokeragebeing 2%)

Mrs. Kamini sold Rs. 9,000 worth 7% stock at 80 and invested the sale
proceedsin 15% stock by which her incomeincreased by Rs. 270. Find the
purchase price of 15% stock.

Mr. Bhaskar invests Rs. 34,000 partly in 8% stock at 80 and the remaining

in7 17 % stock at 90. |f hisannual income be Rs. 3,000, how much stock
of eachkind doeshehold?
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26)

27)

A company’stotal capital of Rs. 3,00,000 consists of 1000 preferential
shares of 10% stock and remaining equity stock. In ayear the company
decided to distribute Rs. 20,000 asdividend. Findtherate of dividend for
equity stock if all the shareshave afacevalue of Rs. 100.

A 16% debentureisissued at adiscount of 5%. If theinterest is paid half
yearly, find the effectiverate of return.

EXERCISE 9.2

Choosethecorrect answer

)

2)

3

4)

5)

6)

7

8)

9

A stock of facevalue 100 istraded at a premium. Then its market price
may be
(@) 90 (b) 120 (c) 100 (d)none of these

A shareof facevalue 100 istraded at 110. If 1% brokerageisto be paid then
the purchase price of the shareis

(a) 109 (b)111 (c) 100 (d)none of these
A shareof facevalue 100 istraded at 110. If 1% brokerageisto be paid then
the sale proceeds of the shareis

(a) 109 (b)1112 (c) 100 (d)none of these
Thecalculation of dividend is based on
(a) Facevalue (b) Market Value (c) Capital (d)none of these

Rs. 8,100 isinvested to purchase astock at 108. The amount of stock
purchasedis.

(a) Rs. 7,500 (b) Rs. 7,000 (c) Rs. 7,300 (d) Rs. 7,800
Theinvestment required to buy astock of Rs. 5,000 at 102 is
(a) Rs. 6,000 (b) Rs. 5,300 (c) Rs. 5,200 (d) Rs. 5,100

The sal e proceeds on the sale of a stock of Rs. 10,000 at a permium of
10%is

(a) Rs. 12,000 (b) Rs. 11,000

(c) Rs. 6,000 (d) Rs. 12,500

Theyield on 9% stock at 90 is
(a) 10% (b) 9% (c) 6% (d) 8%

Theyield on 14% debenture of face value Rs. 200 quoted at par is
(8 14% (b) 15% (c) 7% (d) 28%
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10)

11)

12)

By investing Rs. 8,000 in the Stock Market for the purchase of the shares
of facevalue Rs. 100 of acompany, Mr. Ram getsanincome of Rs. 200, the
dividend being 10%. Then the market value of each shareis

() Rs. 280 (b) Rs. 250 (c) Rs. 260 (d) Rs. 400

Theyield from 9% stock at 90 is
(2) 6% (b) 10% (c) 6.75% (d) 6.5%

If 3% stock yields 4%, then the market price of the stock is
(a) Rs. 75 (b) Rs. 133 (c) Rs. 80 (d) Rs. 120
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STATISTICS 10

10.1 MEASURES OF CENTRAL TENDENCY

“An averageisavalue which istypical or representative of a set of
data” - Murray R.Speiegel

Measures of central tendency which are also known as averages,
givesasinglevalue which representsthe entire set of data. The set of data
may have equal or unequal values.

Measures of central tendency are also known as “Measures of
Location”.

It is generally observed that the observations (data) on a variable
tendto cluster around some central value. For example, inthe dataon heights
(in cms) of students, majority of the values may be around 160 cm. This
tendency of clustering around some central value is called as central
tendency. A measure of central tendency triesto estimate this central value.

Various measures of Averages are

0] Arithmetic Mean
(i)  Median

(i)  Mode

(iv) Geometric Mean

(v) Harmonic Mean

Averages are important in statistics Dr.A.L.Bowley highlighted the
importance of averages in statistics as saying “ Statistics may rightly be
called the Science of Averages’.

Recall : Raw Data
For individual observations x, X,,... X,

Sx

() Mean =X=5"
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(i) Median = Middlevalueif ‘n’ isodd
= Average of the two middle valuesif ‘n’ even
(i)  Mode = Most frequent value

Example 1

Find Mean, Median and Mode for the following data
3,6,7,6,2,3,5/7,6,1,6,4, 10,6

Solution:
_yw_ =X
Mean = X= n
_ 3+6+7+... +4+10+6 _
= 12 =514
Median:

Arrange the above values in ascending (descending) order
1,23,3,4,56,6,6,6,6,7,7,10

Heren =14, whichiseven
\ Median= Average two Middle values
=6
Mode =6 (°,* thevalues 6 occur five times in the above set of

observation)

Grouped data (discrete)

For the set of values (observation) x, x, ... X with corresponding
frequences f, f,,....f

(i) Mean = X= %,WhereN=Sf
(i) Median =thevalueof x, corresponding to the cumulative frequency
just greater than %
(i)  Mode = the value of x, corresponding to a maximum frequency.
Example2
Obtain  Mean, Median, Modefor the following data
Value (x) 0 1 2 3 4 5
Frequency (f) 8 10 1 15 21 25
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Solution:

X 0 1 2 3 4 5
f 8 10 11 15 21 25 N=Sf=90
fx 0 10 22 48 80 125 Sfx =285
cf 8 18 29 44 65 0
\ Mean = Sfx
N
=317
Median:
N=Sf=90
N _ 9 _
2 =2 =®

the cumulative frequency just greater than % =45is65.

\ The value of x corresponding to c.f. 65 is 4.
\ Median=4
Mode:
Here the maximum frequency is 25. The value of x, which

corresponding to the maximum frequency (25) is 5.
\ Mode=5

10.1.1 Arithmetic M ean for a continuousdistribution
The formulato calculate arithmetic mean under thistypeis

X = A+(%X C)

where A = arbitrary value (may or may not chosen from the mid
points of class-intervals.
X-A . o :
d = ¢ s deviations of each mid values.
c = magnitude or length of the classinterval.
= Sf =total frequency
Example 3
Calculate Arithmetic mean for the following
Marks 20-30 30-40 40-50 50-60 60-70 70-80
No.of Students 5 8 12 15 6 4
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Solution:

Marks No. of Mid value d:% fd
Students X A=55, c=10

20-30 5 25 -3 -15
30-40 8 35 -2 -16
40-50 12 45 -1 -12
50-60 15 55 0 0
60-70 6 65
70-80 4 75 2

N =Sf =50 Sfd =-29

\ Arithmetic mean,
X =a+(Sxc)

=55+ (22x10) = 492

Example4
Calculatethe Arithmetic mean for the following
WagesinRs. : 100-119 120-139 140-159 160-179 180-199
No.of Workers: 18 21 13 5 3
Solution:
Wages No. of workers Mid value d :% fd
f X A=1495, c=20
100-119 18 109.5 -2 -36
120-139 21 1295 -1 -21
140-159 13 149.5 0 0
160-179 5 169.5 1 5
180-199 3 189.5 2 6
N = Sf = 60 Sfd =-46
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X =a+(Stxo)

= 1495 + ('Gig X 20) = 134.17

10.1.2 Median for continuous frequency distribution

In case of continuous frequency distribution, Median is obtained by
the following formula.

-m
Median =1+ G § XC—
a
where | = lower limit of the Median class.
m = c.f. of the preceding (previous)
Median class
f = frequency of the Median class
¢ = magnitude or length of the class interval

corresponding to Median class.
N = Sf =total frequency.

Example 5
Find the M edian wage of the following distribution
Wages(inRs.): 20-30 30-40 40-50 50-60 60-70

No.of labourers: 3 5 20 10 5
Solution :
Wages No. of labourers Cumulative frequency
f cf.
20-30 3 3
30-40 5 8
40-50 20 28
50-60 10 38
60-70 5 43
N = Sf = 43




N _43 _
Here > =% =215

cumulative frequency just greater than 21.5 is 28 and the
corresponding median class is 40-50

b 1=40,m=8,f=20,c=10

\ Median=1 + (z;mxc)

40+ (%3 xlo) = Rs. 46.75

Example 6
Calculate the Median weight of persons in an office from the

following data.

Weight (inkgs) : 60-62 63-65 66-68 69-71 72-74
No.of Persons : 20 113 138 130 19
Solution:

Weight No. of persons c.f.

60-62 20 20

63-65 113 133

66-68 138 271

69-71 130 401

72-74 19 420

N=Sf =420
Here B- =420 =210

The cumulative frequency (c.f.) just greater than % =210is271and

the corresponding Median class 66 - 68. However this should be changed

t065.5-68.5

P 1=655, m=133, f=138, ¢ =3
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&mn 0

\ Median=1+ G XC—

=655+ (

1%}

210-133

138 X 3) =67.2 kgs.

10.1.3 Modefor continousfrequency distribution

In case of continuous frequency distribution, mode is obtained by
the following formula.

( f,-fo )
= XcC
Mode =1+ 2 -(fo+T2)

where | =

—h
1]

Observation :

lower limit of the modal class.
frequency of the modal class.
frequency of the classjust preceding the modal class.
frequency of the class just succeeding the modal class.

class magnitude or the length of the class interval
corresponding to the modal class.

Some times mode is estimated from the mean and the median. For a
symmetrical distribution, mean, median and mode coincide. If thedistribution
ismoderately asymmetrical the mean, median and mode obey the following
empirical relationship due to Karl Pearson.

Mean - mode = 3(mean - median)

=> mode = 3 median - 2mean.

Example7

Calculatethe mode for the following data
Daily wages (inRs.): 50-60 60-70 70-80 80-90 90-100
No. of Workers: 35 60 78 110 80
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Solution :

The greatest frequency = 110, which occursin the class interval
80-90, so modal classinterval is 80-90.

\ 1=80,f =110, f,=78; f,=80;, c= 10.

( f,f, XC)
Mode =1 + 2fl-(f0+f2)
110-78
= 80+ (2(110) -(78+80) © 10)
= Rs. 85.16

10.1.4 Geometric M ean
()] Geometric mean of n valuesisthe n root of the product of
the n values. That is for the set of n individual
observations x,, X, .....X their Geometric mean, denoted by
Gis

Observation:
log G =10g (X, Xuerervnee X )y

nl 109 (X, Xpeuvrennen. X)

n
1
= ?1 log X

log G

Slogx

P logG =

\ Geometric Mean = G = Antilog (Slf'gx)

Example: 8
Find the Geometric Mean of 3, 6, 24, 48.
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Solution :

L et x denotes the given observation.

X log x
3 04771
6 0.7782
24 1.3802
48 1.6812
Slog x=4.3167
GM. = 1199

(i) In case of discrete frequency distrisbutioni.e. if X, X,....x, occur
f,, f,, T timesrespectively, the Geometric Mean, G is given by

1
G:(xlfl X, ... xnf”)W
where N =Sf =1 +1,+ ... +f

Observation:
logG = =-log (xlfl X, ... xnf")
:ﬁ[f1|09x1+leogx2+ ..... +f log x]
- 1
= N Sfilogx
Of: logx;
P logG = 'Tg'

\ G = Antilog (%)

Example 9
Calculate Geometric mean for the data given below
X ;10 15 25 40 50
f : 4 6 10 7 3
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Solution :

X f log x f logx
10 4 1.0000 4.0000
15 6 11761 7.0566
25 10 1.3979 13.9790
40 7 1.6021 11.2147
50 3 1.6990 5.0970
N=Sf=30 Sflogx =41.3473

\ G :Antilog(Of:\?gx)

R 41.3473)

= Antilog ( 30

= Antilog (1.3782)

=23.89
(i)  Inthe case of continuous frequency distribution,

\' G = Antilog (—Of:\?gx )

where N =Sf and x being the midvalues of the classintervals

Example 10
Compute the Geometric mean of the following data
Marks : 0-10 10-20 20-30 30-40 40-50
No. of students : 5 7 15 25 8
Solution :
Marks No. of Students Mid value log x f log x
f X
0-10 5 5 0.6990 3.4950
10-20 7 15 1.1761 8.2327
20-30 15 25 1.3979 20.9685
30-40 25 35 1.5441 38.6025
40-50 8 45 1.6532 13.2256
N =Sf =60 Sf log x = 84.5243
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. Ofl
\ G = Antllog( ,\?gx)
= Antilog (84'6250243)
= Antilog (1.4087) = 25.63
Observation:

Geometric Mean is always smaller than arithmetic mean i.e. G.M. £

A.M. for agiven data

10.1.5 Harmonic M ean

0)

Harmonic mean of a number of observationsisthe reciprocal of the

arithmetic mean of their reciprocals. It is denoted by H.

Thus, if x, x,... X, are the observations, their reciprocals are

L 1 .. L Thetotal of the reciprocalsis = S(l) and the
X1 X2 Xn X

1
mean of the reciprocalsis = S_T

n

n

\ thereciprocal of the mean of the reciprocalsis =

s&- 2
€X o
H=—"
el o
S¢—+
ex g
|

Find the Harmonic Mean of 6, 14, 21, 30

Solution :

X 1

X
6 0.1667
14 0.0714
21 0.0476
30 0.0333

sl =0.3190
X
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\ Harmonic meanis H=12.54

(i)  Incase of discrete frequency distribution, i.e. if x, x,.....x, occur f,,
f,, ....f, timesrespectively, the Harmonic mean, H is given by
H= ! = 1 - N
LT f.,  1g(t) st
ok @) s
N
where N = Sf
Example 12
Calculate the Harmonic mean from the following data
X! 10 12 14 16 18 20
f: 5 18 20 10 6 1
Solution :
X f i
X
10 5 0.5000
12 18 1.5000
14 20 1.4286
16 10 0.6250
18 6 0.3333
20 1 0.0500
N = Sf= 60 sf; = 4.4369
H =N
s& ¢
@
_ _ 60 _
T 44369 1352
(iti)  TheHarmonic Mean for continuousfrequency distribution isgiven

- N _ — i ;
byH = 6@ , where N = Sf and x = mid values of the classintervals
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Example 13
Calculate the Harmonic mean for the following data.

Size of items 50-60 60-70 70-80 80-90 90-100

No. of items 12 15 22 18 10
Solution :
size f X f
X
50-60 12 35 0.2182
60-70 15 65 0.2308
70-80 2 75 0.2933
80-90 18 85 0.2118
90-100 10 95 0.1053
N=Sf=77 SLX:1.0594
= % = L =72683
Observation:

0] For agiven dataH.M. £ G.M.
(i) HM.£GM.£A.M.
(i)  (AM)x(H.M.)=(G.M.y

EXERCISE 10.1

1) Find the arithmetic mean of the following set of observation
25, 32, 28, 34, 24, 31, 36, 27, 29, 30.

2) Calculate the arithmetic mean for the following data.
AgeinYears : 8 10 12 15 18
No.of Workers : 5 7 12 6 10
3) Calculate the arithmetic mean of number of personsper house. Given
No. of personsper house: 2 3 4 5 6
No. of houses : 10 25 30 25 10
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4

Calculate the arithmetic mean by using deviation method.
Marks 1 40 50 54 60 68 80
No. of Students 1 10 18 20 39 15 8

5) From thefollowing data, compute arithmetic mean, median and eval uate the
mode using emprical relation
Marks . 0-10 10-20 20-30 30-40 40-50 50-60
No. of Students : 5 10 25 30 20 10
6) Find the arithmetic mean, median and mode for the following frequency
distribution.
Classlimits: 10-19 20-29 30-39 40-49 50-59 60-69 70-79 80-89
Frequency : 5 9 14 20 25 15 8 4
7) Find the median of thefollowing set of observations.
37, 32, 45, 36, 39, 31, 46, 57, 27, 34, 28, 30, 21
8) Find the median of 57, 58, 61, 42, 38, 65, 72, 66.
9) Find the median of thefollowing frequency distribution.
Daily wages(Rs.): 5 10 15 20 25 30
No. of Persons (f) : 7 12 37 25 22 11
10) Themarksobtained by 60 studentsare given below. Find the median.
Marks (out of 10): 3 4 5 6 7 8 9 10
No. of Students: 1 5 6 7 10 15 11 5
11) Calculate the median from the following data.
Marks . 10-25 25-40 40-55 55-70 70-85 85-100
Frequency 6 20 44 26 3 1
12)  Findthemedian for the following data.
Classlimits: 1-10 11-20 21-30 31-40 41-50 51-60 61-70 71-80 81-90 91-100
Frequency : 3 7 13 17 12 10 8 8 6 6
13) Find the modefor the following set of observations.
41, 50, 75, 91, 95, 69, 61, 53, 69, 70, 82, 46, 69.
14)  Findthemode of thefollowing:
Size of Dress : 22 28 30 32 34
No. of setsproduced: 10 22 48 102 55
15) Calculatethe modefrom thefollowing

Size : 10 11 12 13 14 15 16 17 18
Frequency : 10 12 15 19 20 8 4 3 2
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16)  Find themode of thefollowing distribution.
Classlimits: 10-15 15-20 20-25 25-30 30-35 35-40 40-45 45-50
Frequency : 4 12 16 22 10 8 6 4

17)  Calculatethe Geometric Mean for the following data.
35, 386, 153, 125, 118, 1246

18)  Calculatethe Geometric Mean for the following data.

Vaue : 10 12 15 20 50
Frequency : 2 3 10 8 2

19)  Thefollowingdistributionrelatesto marksin Accountancy of 60 students.
Marks : 0-10 10-20 20-30 30-40 40-50 50-60
Students 3 8 15 20 10 4

Find the Geometric Mean

20) Calculatethe Harmonic mean for the foll owing data.

2,4,6,810
21)  CalculatetheHarmonic mean.
Size : 6 7 8 9 10 11
Frequency : 4 6 9 5 2 8
22)  Fromthefollowing data, computethe value of Harmonic mean.
Classinterval: 10-20 20-30 30-40  40-50 50-60
Frequency : 4 6 10 7 3

10.2 MEASURES OF DISPERSION

“Dispersion isthe measure of variation of theitems” - A.L.Bowley

In a group of individual items, all the items are not equal. There is
difference or variation among the items. For example, if we observe the
marks obtai ned by agroup of studens, it could be easily found the difference
or variation among the marks.

The common averages or measures of central tendency which we
discussed earlier indicate the general magnitude of the data but they do not
reveal thedegree of variability inindividual itemsin agroup or adistribution.
So to evaluate the degree of variation among the data, certain other measures
called, measures of dispersion is used.

Measures of Dispersion in particular helps in finding out the
variability or Dispersion/Scatteredness of individual items in a given
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distribution. The variability (Dispersion or Scatteredness) of the data may
be known with reference to the central value (Common Average) or any
arbitrary value or with reference to other vaues in the distribution. The
mean or even Median and Mode may be same in two or more distribution,
but the composition of individual itemsin the series may vary widely. For
example, consider the following marks of two students.

Student | Student |1

63 82

72 0

63 82

67 21

70 65

340 340
Average 68 Average 68

It would be wrong to conclude that performance of two studentsis
the same, because of the fact that the second student has failed in one
paper. Also it may be noted that the variation among the marks of first
student is less than the variation among the marks of the second student.
Since less variation is a desirable characteristic, the first student is almost
equally good in all the subjects.

It isthus clear thatmeasur es of central tendency areinsufficient to
reveal thetruenatureand important characteristicsof thedata. Therefore
we need some other measures, called measures of Dispersion. Few of them
are Range, Standard Deviation and coefficient of variation.

10.2.1 Range
Range is the difference between the largest and the smallest of the
values.

Symbollically,
Range=L - S
where L = Largest value
S = Smallest value

Co-efficient of Rangeisgiven by = |I__+SS

295



Example 14
Find the value of range and its coefficient for the following data
6 8 5 10 1 12

Solution:
L = 12 (Largest)
S = 5 (Smallest)
\ Range = L-S=7

-effici =L-S _
Co-efficient of Range 55 0.4118

Example: 15
Calculate range and its coefficient from the following distribution.

Size 20-22 23-25 26-28 29-31 32-34
Number 7 9 19 42 27

Solution:

Given is a continuous distribution. Hence the following method is
adopted.
Here, L = Midvalue of the highest class

VoL =23

S = Mid value of the lowest class

\ s =2t2-7

2
\ Range =L-S=12
- ici :ﬁ:
Co-efficient of Range S 0.22

10.2.2 Standard Deviation
Standard Deviation is the root mean square deviation of the values
from their arithmetic mean.

S.D. isthe abbreviation of standard Deviation and it is represented
by the symbol s (read as sigma). The square of standard deviation is
called variance denoted by s?
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0] Standard Deviation for theraw data.

s - [Sd2
n

Whered =x-X
n = number of observations.

Example 16
Find the standard deviation for the following data
75, 73,70, 77,72,75,76,72, 74, 76

Solution :
X d=x-X
16 1 1
73 -1 1
70 -4 16
7 3 9
72 -2 4
75 1 1
76 4
72 -2 4
74 0 0
76 2 4

Sx =740 Sd=0 S&*=44

\ Standard Deviation,

_ [sda? - [m _
s = — =4/710 2.09

(i)  Standard deviation for theraw datawithout using Arithmetic mean.
Theformulato calculate S.D in this case

s = x-(g)z
n n
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Example: 17
Find the standard deviation of the following set of observations.

1,3,54,6,7,9, 10, 2.

Solution :

Let x denotes the given observations
X 135 46 79 8 10 2
X2 192516 3649 8164 100 4

Here Sx =55
Sx2 =385

Vs =) ()
= J(3)- () = 287

(iti)  S.D.for theraw data by Deviation Method
By assuming arbitrary constant, A, the standard deviation is given

by
— 2
s =) ()
whered =x-A
A = arbitrary constant
Sd?= Sum of the squares of deviations
Sd = sum of the deviations
n = number of observations
Example 18
For the data given below, calculate standard deviation
25, 32, 53, 62, 41, 59, 48, 31, 33, 24.
Solution:
Taking A =41
X 25 |32 | 53| 62|41 |5 | 48| 31| 33| 24
d=x-A|-16|-9 [ 12 [ 21 | O 18| 7| -10| -8 | -17
d? 256|81 | 144| 441 | O | 324 | 49 | 100| 64 | 289

298



Here Sd =-2
Sd?=1748

= J(2228)- (2] =1321

10 10
(iv)  Standard deviation for the discrete grouped data
Inthiscase
2 -
s = % whered =x - X
Example 19

Calculate the standard deviation for the following data
X 6 9 12 15 18
f: 7 12 13 10 8

Solution:
X f fx d=x-X & fd2
6 7 42 -6 36 252
9 12 108 -3 9 108
12 13 156 0 0 0
15 10 150 3 9 20
18 8 144 6 36 288
N=Sf =50 Sfx = 600 Sfd2= 738
X = Sfx - 600 _
X= N 50 L
sfd” - _[738 -
S N 50 3.84

(V) Standard deviation for the continuous grouped data without using
Assumed Mean.
Inthis case

S=CX Sf_dz_ (Sf_d)2 whered = ﬂ
\l N N Cc
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Example 20
Computethe standard deviation for the following data

Classinterval : 0-10 10-20 20-30 30-40 40-50 50-60 60-70

Frequency : 8 12 17 14 9 7 4
Solution :
Taking A =35
Class Frequency Mid d=XA fd fd2
Intervals f value x ¢
0-10 8 5 -3 -24 72
10-20 12 15 -2 -24 48
20-30 17 25 -1 -17 17
30-40 14 A35 0 0 0
40-50 9 45 1 9 9
50-60 7 55 2 14 28
60-70 4 65 3 12 36
N=Sf=71 Sfd=-30 Sfd?=210
s=cx, S _ (ﬂ)z
N N

- 10x, /210 _ (@)2
71 71

= 16.67

10.2.3. Coefficient of variation
Co-efficient of variation denoted by C.V. and is given by

CV. = (% x 100)%

Observation:
)] Co-efficient of variation is a percentage expression, it is used to
compare two or more groups.

(i)  Thegroup which hasless coefficient of variation is said to bemore
consistent or mor e stable, and the group which has more co-efficient
of variation is said to bemore variableor less consistent.

300



Example 21

Prices of a particular commodity in two cities are given below.

CityA: 40 80 70 48 52 72 68 56 64 60
CityB: 52 75 55 60 63 69 72 51 57 66
Which city has more stable price
Solution :
CityA CityB d =x-X dy:y-y_ P =(x-X)? olzy:(y-y_)2
40 52 -21 -10 441 100
80 75 19 13 361 169
70 55 9 -7 81 49
48 60 -13 -2 169 4
52 63 9 1 81 1
72 69 11 7 121 49
63 72 7 10 49 100
56 51 -5 -11 25 121
64 57 3 -5 9 25
60 66 -1 -4 1 16
Sx=610 Sy=620 ScP, = 1338 Sd?, =634
X= Sx -610
X= > T 61
_Sy _620 _
y= - =2 =62
— /1338 _
=, [=2=1157
S 0 5
- [634 _
= [2Z =796
S 10
CV.(x) = 3xx100
_1157 _ 0
61 18.97%
CV.(y) = S?y x 100

7.96 0
&2 12.84%

301



Conclusion
Comparatively, C.V. (y) <C.V (x)
P City B has more stable price.

EXERCISES10.2

1) Findtherange and co-efficient of rangefor thefollowing data.
a) 12, 8,9, 10, 4, 14, 15
b) 35, 40, 52, 29, 51, 46, 27, 30, 30, 23.

2) Calculaterange and its Co-efficient from thefollowing distribution.
Size : 60-62 63-65 66-68 69-71 72-74
Number : 5 18 42 27 8

3) Find therange and its co-efficient from the following data.
Wages(inRs) : 35-45 4555 55-65 65-75 75-85
No.of Workers: 18 22 30 6 4

4) Find the standard deviation of the set of numbers

3,8,6,10, 12,9, 11, 10, 12, 7.

5) Findthe S.D. of thefollowing set of observationsby using Deviation M ethod.
45, 36, 40, 36, 39, 42, 45, 35, 40, 39.

6) Find the S.D. from the following set of observation by usingi) Mean ii)
Deviation methodiii) Direct Method.
25, 32, 43, 53, 62, 59, 48, 31, 24, 33

7 Find the standard Deviation for thefollowing data

X 1 2 3 4 5
f 3 7 10 3 2
8) Calculatethe standard deviation for the following
No.of Goals
ScoredinaMatch: 0 1 2 3 4 5
No.of Matches: 1 2 4 3 0 2
9) Calculatethe S.D. for the following continous frequency distribution.
Classinterval: 4-6 6-8 8-10 10-12 12-14
Frequency : 10 17 32 21 20

10) CalculatetheS.D. of thefollowing frequency distribution.
Annual profit (Rs.Crores):  20-40 40-60 60-80 80-100

No.of Banks : 10 14 25 48
Annual profit (Rs.Crores):  100-120 120-140 140-160
No.of Banks 33 24 16
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11)  Calculatethe co-efficient of variation of thefollowing
40 41 4549 50 51 55 59 60 60

12)  Fromthefollowing price of goldinaweek, find thecity in which the price
wasmorestable.
CityA : 498 500 505 504 502 509
City B: 500 505 502 498 496 505

13) Fromthefollowing data, find out which shareismore stableinitsvalue.
x: 55 54 52 53 56 58 52 50 51 49

y: 108 107 105 105 106 107 104 103 104 101

10.3. CONCEPT OF PROBABILITY

Consider the following experiment
()] A ball isdropped from a certain height.
(i) A spoon full of sugar is added to a cup of milk.
(iii)  Petrol is poured over fire.

In each of the above experiments, the result or outcome iscertain,
and is known in advance. That is, in experiment (i), the ball is certain to
touch theearthandin (ii) the sugar will certainly dissolvein milk andin (iii)
the petrol is sure to burn.

But in some of the experiments such as

()] spinning a roulette wheel

(i)  drawing acard from a pack of cards.
(iif)  tossing acoin

(iv) throwing adieetc.,

in which the result isuncertain.

For example, when a coin is tossed everyone knows that there are
two possible out comes, namely head or tail. But no one could say with
certainty which of the two possible outcomes will be obtained. Similarly, in
throwing adie we know that there are six possible outcomes1or2or 3or ...
6. But we are not sure of what out come will really be.

In al, such experiments, that there is an element of chance caled
probability which express the element of chance numerically.
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The theory of probability was introduced to give aquantificationto
the possibility of certain outcome of the experiment in the face of uncertainty.

Probability, one of the fundamental tools of statistics, had its formal
beginning with games of chancein the seventeenth century. But soon its
applicationinall fields of study became obviousand it has been extensively
used in all fields of human activity.

10.3.1 Basic Concepts

(i) Random Experiment
Any operation with outcomes is called anexperiment.
A Random experiment is an experiment.

(i) inwhich all outcomes of the experiment are known in advance.
(i)  what specific (particular) outcome will result is not known in
advance, and
(i)  the experiment can be repeated under identical (same)
conditions.
(ii) Event

All possible outcomes of an experiment are known as events.

(ili) Sample Space
The set of all possible outcomes of an experiment isknown as sample
space of that experiment and is denoted by S.

(iv)  Mutually Exclusive events

Events are said to be mutually exclusive if the occurrence of one
prevents the occurrence of all other events. That is two or more mutually
exclusive events cannot occur simultaneously, in the same experiment.

For example

Consider the following events A and B in the experiment of drawing
acard from the pack of 52 cards.

A . Thecardis spade

B . Thecardishearts.

Thesetwo events A and B are mutually exclusive. Sinceacard drawn
cannot be both a spade and a hearts.

V) Independent events
Events (two or more) are said to be independent if the occurrence or
non-occurrence of one does not affect the occurrence of the others.
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For example

Consider the experiment of tossing afair coin. The occurrence of the
event Head in the first toss is independent of the occurrence of the event
Head in the second toss, third toss and subsequent tosses.

(vi) Complementary Event
The event ‘A occurs’ and the event ‘A does not occur’ are called
complementary events. The event ‘ A does not occur’ is denoted by A€ or

Aor A’ and read as complement of A.

(vii) Equally likely
Events (two or more) of an experiment are said to be equally likely, if
any one them cannot be expected to occur in preference to the others.

(viii) Favourable events or cases
The number of outcomes or cases which entail the occurrence of the
event in an experiment is called favourable events or favourabl e cases.

For example

consider the experiment in which Two fair dice arerolled.

In this experiment, the number of cases favorable to the event of
gettingasum 7 is: (1,6) (6,1) (5,2) (2,5), (3,4), (4,3).

That is there are 6 cases favorable to an event of sum = 7.

(ix)  Exhaustive Events
The totality of all possible outcomes of any experiment is called an
exhaustive events or exhaustive cases.

10.3.2 Classical Definition of Probability

If an experiment results in n exhaustive, mutually exclusive and
equally likely cases and m of them are favourable to the occurence of an
event A, then the ratio m/n is called the probability of occurence of the
event A, denoted by P(A).

\ P(A):%

Observation :
(i) O=<PA)<1
(i)  1f P(A) =0, then A isan impossible event.
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Thenumber of favourable cases (m) totheevent A, cannot be greater
than the total number of exhaustive cases (n).

ThatisO <m <n
p 0< M«
n

(iii)  For the sample space S, P(S) = 1. Siscalled sure event.

Example 22
A bagcontains3red, 6 whiteand 7 blueballs. What isthe probability
that two balls drawn are white and blue?

Solution:
Total number of balls=3+6+7=16
Then out of 16 balls, 2 balls can be drawn in’¢C, ways.
\ n =1C, =120
Let A bethe event that the two balls drawn are white and blue.

Since there are 6 white balls and 7 blue balls, the total number of
cases favourable to the event A is°C, x'C, =6x7=42
i.e. m= 42
- m _ 4 _ 7
VP = n 12 20

Example 23
A coin is tossed twice. Find the probability of getting atleast one
head.

Solution:
Here the sample spaceis S ={(H,H), (H,T), (T,H), (T,T)}
\ Thetotal no. of possible outcomes n= 4

The favourable outcomes for the event ‘at least one head’ are
(H,H), (H,T), (T.H).

\ No. of favourable outcomes m =3

\ P (getting atleast one head) = %
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Example 24

An integer is chosen at random out of the integers 1 to 100.
What isthe probability that it isi) a multiple of 5ii) divisible by 7 iii)
greater than 70.

Solution:
Total number of possible outcomes = 1°°C, =100
)] The favourable outcomes for the event

“Multiple of 5" are (5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55.....100)
\' No. of favourable outcomes =2C, =20

; ; 20 1
\ P (that chosen number isamultiple of 5) = “=—— = =
(i)  Thefavourable outcomes for the event *divisible by 7" are
(7,14, 21, 28, 35, 42, 49, 56, 63, 70, 77, 84, 91, 98)
\' No. of favourable outcomes =C =14

C 14 7
\ P (that chosen number isdivisibleby 7) = —/=——
( YD = 900" 50
(iii)  No. of favourable outcomes to the event ‘ greater than 70° = 30

\ P (that chosen number is greater than 70) = 30_ 3

100 10

10.3.3 Modern Definition of Probability
The modern approach to probability is purely axiomatic and it is
based on the set theory.

In order to study the theory of probability with an axiomatic approach,
it isnecessary to define certain basic concepts. They are

(M Sample space: Each possible outcome of an experiment that can be
repeated under similar or identical conditionsis called a sample point and
the totality of sample pointsis called the sample space, denoted by S.

(i)  Event:
Any subset of a sample spaceis called an event.
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(iti)  Mutually Exclusive Events:
Two events A and B are said to be mutually exclusive events if
ACB=j,i.e.if, A and B aredisjoint sets.

For example,
consider S={1,2,3,4,5}
Let A =theset of odd numbers={1,3,5} and
B = the set of even numbers = { 2,4}
Then ACB =j
\ events A and B are mutually exclusive.

Observation:

Statement M eaning interms of set theory
0] A EB  =>Atleast one of the events A or B occurs
(i) A CB =>BoththeeventsA and B occur

(i) A C B =>Neither A nor B occurs
(ivy A C B =>EventA occursand B does not occur

10.3.4 Definition of Probability (Axiomatic)
Let E be an experiment. Let S be a sample space associated with E.
With every event in S we associate a real number denoted by P(A), called
the probability of the event A satisfying the following axioms.
Axioml. P(A)30
Axiom2. P(S) =1
Axiom3. If A, A,...isasequenceof mutually exclusiveeventsin S
then
P(A,EA,E..)=PA)+P(A) +..

Example 25
Let asamplespacebeS={w,, w,, w;}. Which of thefollowing defines
probability space on S?
(i)  Pw) =1 P(w)

L) =

c.o||\)
9
&
I
c.o|H

(i) Pw)= &, Pw)=1, Pw=-£

(i) P(w)=0, P(w,)= % P(w,) = é—



Solution:
)] Here each P(w,), P (w,) and P (w,) are non-negative.
ie: P(w,) 2 0, P(w,) 3 0, P(w,) 3 0.
But P(w,) + P(w,) + P (w;) * 1
So by axiom 2, this set of probability functions does not define a
probability space on S.
(i)  Since P(w,) is negative by axiom 1 the set of probability
function does not define a probability space on S.
(i)  Hereall probabilities, P(w,), P(w,) and P(w,) are non-negative.
- 2 1 _
Also P(w,) + P(w,) + P(w,) =0 + Sty = 1

\ by axiom 1,2, the set of probability function defines a probability
space on S.

Example 26
Let P beaprobability function on S={w,, w,, W,}.

Find P(w) if Pw) = 2~ and P(w) = 1.
Solution:
Here P(w,) = é— and P(w,) = % are both non-negative.
By axiom 2,
P(w) +Pw,)+P(w) =1
\' P(w,) =1-Pw,)-P(w,)

309



10.3.5 Basic Theorems on Probability of Events
Theorem: 1

Let S be the sample space. Then P(j) = o. ie. probability of an
impossible event is zero.
Proof:

We know that SEj =S

\ P(SEj) =P(9
ie. P(S) + P(j) =P(S) by axiom 3. \ P(f)=0

Theorem : 2
Let S be the sample space and A bean eventin S
Then P(A) = 1-P(A)
Proof :
We know that AEA = S
\ P(AEA) = P(S)
P(A) + P(A) = 1 by axiom (2) and (3)
P P(A)=1-P(A)
10.3.6 Addition Theorem
Statement: If A anq B are any two events, then
P(AEB) = P(A) + P(B) - P(ACB)
Observation:

()] If the two events A and B are mutually exclusive, then ACB=]j
\ P(ACB)=0
p P(AEB) = P(A) + P(B)
(i)  The addition Theorem may be extended to any three events A,B,C
and we have
P(AEBEC) = P(A) + P(B) + P(C) - P(ACB) - P(ACC)- P(BCC) +
P(ACBCC).
Example: 27

A card isdrawn from a well shuffled pack of playing cards. What is
theprobability that it iseither a spade or an ace?
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Solution:

Total number of cardsin apack = 52.
\ The sample space contains 52 sample points, and each and
every sample points has the same probability (equal probability).
Let A bethe event that the card drawn is a spade.
\ P(A) =P(that the drawn card is spade)
13 C

= —=since A consists of 13 sample ie: 13 spade cards.
Cl

P(A) = %

Let B bethe event that the card drawn is an ace.
\ P(B)= P (that thedrawn card is an ace)
4

G
52C

since B consists of 4 sample pointsie: 4 ace cards.
1

=4
52
The compound event (ACB) consists of only one sample point, the

ace of spade.
\ P(ACB)= P (that the card drawn is ace of spade)

=1
52
Hence, P (AEB) = P (that the card drawn is either a spade or an ace)
=P (A) + P(B) - P(ACB) (by addition theorem)

- 13,4 1 _ 16 _4

52 52 52 52 13
gy = 4
b P(AEB) = B

Example 28
Onenumber, out of 1to 20 number, isselected at random. What is
the probability that it is either a multiple of 3 or 4

Solution:

One number is selected at random and that can be done in®C, ways.
ie: Sample space S consists of 20 sample points.
P $={123,..20}
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Let A bethe event that the number chosen is multiple of 3.
Then A ={3,6,9,12,15,18}

\ P(A) = P (that the selected number is multiple of 3} :%

Let B be the event that the number choose is Multiple of 4.
Then B = {4,8,12,16,20}

P(B) = P (that the selected number is multiple of 4) = %

The event ACB consists of only one sample point 12, which is a
multiple of 3 and multiple of 4.
P ACB={12}
P(ACB) = P (that the selected number is multiple of 3 and multiple of 4}
-1

20

Hence
P(AEB) = P (that the selected number is either multiple of 3 or

multiple of 4)
=P(A) + P(B) - P(ACB)

Example 29
A bag contains 6 black and 5 red balls. Two balls are drawn at

random. What isthe probability that they are of the same colour.
Solution:

Total numberof balls=11

number of ballsdrawn =2

\' Exhaustive number of cases="C, =55

Let A be the event of getting both the balls are black and B be the
event of getting both the balls are red.

Hence by addition theorem of probability, required probability.
P (two balls are of same colour) = P(AUB)
=P(A) + P(B)
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6 5
Co )

= T+
11(:2 11(:2

=15 ,10 25 _5

55 55 55 11

Example 30

A box contains 6 Red, 4 white and 5 black balls. A person draws 4
balls from the box at random. Find the probability that among the balls
drawn thereisatleast one ball of each colour.

Solution :

Total no. of balls=15

Number of ballsdrawn =4

\ Exhaustive number of cases = '°c, = 1365

The required event E that there is atleast one ball of each colour
among the 4 drawn from the box at random can occur in the following mutually
disjoint ways. (R, W, B denotes Red, White and Black balls)

E=(R=1,W=1B=2)U(R=2,W=1B=1)U(R=1,W=2,B=1)

Hence by addition theorem of probability,

P(E) = P(R=1, W=1, B=2) + P(R=2, W=1, B=1) + P(R=1, W=2, B=1)

6c1x4clx 502 . 6czx“clxsc:1 6olx e, x g
+

= 15 15 15
Cy Cy G

= %[(6x4x10)+(15x4x5)+(6x6x5)]

. _720 _ 48
- ]_504 [240+300+180] _ﬁ - ﬁ

10.3.7 Conditional Probability

Definition:
Let A and B be two events in a sample space S. The conditional
probability of the event B given that A has occurred is defined by

P(ANB)

PBIA) = 5

, provided P(A)* 0.
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Observation:

_ P(ANB)

IEC)

(i)  Whenever we compute P(A/B), P(B/A) we are essentially computing
it with respect to the restricted sample space.

()  Similaly P(A/B)

, if P(B)® 0.

Example: 31
Three fair coins are tossed. If the first coin shows a tail, find the
probability of getting all tails

Solution:

The experiment of tossing three fair coins results the sample space.
S={(HHH), (HHT), (HTH), (THH), (THT), (HTT), (TTH), (TTT)}
P n(S) =8.
Event A = thefirst coin shows a tail
={(THH), (THT), (TTH), (TTT)}

n(A) =4
_hA) _ 4 _ 1
e T T T

Let B bethe event denotes getting all tails: ie:(TTT).
Let BCA denotes the compound event of getting all tails and that
the first coin shows tail.

P\ BCA ={(TTT)}
n(BCA) =1

\  PACB) = ”(QQ)B) = 1 since BGA = ACB.
Hence by formula.

P(ANB
PeiA) = P80

n
\PBA)=T =2=1

> 8 4

Example: 32

A box contains4red and 6 green balls. Two ballsarepicked out one
by one at random without replacement. What is the probability that the
second ball is green given that the first oneisgreen
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Solution:

Define the following events.

A = {thefirst ball drawn is green}

B = {the second ball drawn is green}

Total number of balls=4+6 = 10

Two balls are picked out at random one by one.
Here we have to compute P(B/A).

When the first ball is drawn,

P(A) = P(that thefirst ball drawn is green)

_°C, _ 6
¢, 10
Sincethefirst ball(green) pickedout is not replaced, total number of
ballsin abox getsreduced to 9 and the total number of green ballsreduced
to 5.

\ PACE) = oo, X9c, T10°9 3
Hence P(B/A) = P (that the second ball drawn is green given
that the first ball drawn is green)
_ P(ANB)
- PA
i
= 2 _-1,10_5
P(B/A) = o “3%6 "3

10.3.8 Multiplication Theorem for independent events
If A and B are two independent events then P(ACB) = P(A) P(B)

Observation:

For n independent events

P(A,CACA,...CA)=PA,) P(A) P(Ay ... P(A)
Example 33

In a shotting test the probabilities of hitting the target are
L for A, % for B and% for C. If all of them fire at the same tar get,

2
calculate the probabilities that
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(i) all thethree hit thetarget
(ii) only one of them hits the target
(iii) atleast one of them hitsthe target

Solution:

(i)

(ii)

(iii)

Here P(A)=Z1 P(B)=% ,PC)=3

_—_l:i _:_g:l sl

N
I
IS
Alw
I
Al

P (al the three hit the target)= P(ACBCC)
=P(A) P(B) P(C)
(*.° A, B, Chitsindependently)

Let us define the events
E, = {only one of them hits the target}
= {ANBNC)UANBNC)UMANBNC)}
E, = {atleast one of them hits the target}

{(AUBUC)}
Hence
P(E) =PACBCC)+P(ACBCC)+ P(AC BGCO
-111,121,113
2 3 4 2 34 2 34
=1
4

P(E) =P (AEBEC)
=P(A) +P(B) + P(C) - (ACC) - P(BCC) - P(CCA) + P(ACBC Q)

=1,2,3 1223 13,123
2 3 4233424 234
=1,2,3 1.13,1

2 3 43238 4

=23

24
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Example 34

A problemisgiven tothreestudentsA, B, C whose chancesof solving
it arerespectively % , % and %. What isthe probability that the problem
issolved.
Solution:

P(A) =P(that A can solve the problem) =

P(B) = P(that B can solve the problem) =

EN N A N [T

P(C) = P(that C can solve the problem)

Since A, B, C areindependent

P(AGB) =P(A)P(B)=Z %
P(BCC) =P®) PO =1 %
P(CGA) =P(C)PA) = 5

P(AGBGC)=P(A) PB)PO)= 2 1 2

\ P(that the problem is solved) = P(that atleast one of them solves
the problem)

=P (AUBUC)

=P(A) + P(B) + P(C) - P(ACB) - P(BCC) - P(CCA) + P(ACBCC)

1,121,111 11 11,111

23 42334 247°23%
_12+8+6-4-2-3+1 _ 18 _ 3
24 24~ 4

10.3.9 Baye's Theorem
Let Sbe asample space
Let A, A, .. Anbedisjoint eventsin S and B be any arbitrary
eventin Swith
P(B)* 0. Then Baye'stheorem says
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PA, ) P(BIA,)
P(A/B) = éP(A,) P(BIA,)

Example 35

Therearetwo identical boxes containing respectively 4 whiteand 3
red balls, 3whiteand 7 red balls. A box is chosen at random and a ball is
drawn from it. Find the probability that theball iswhite. If theball iswhite,
what isthe probability that it isfrom first box?

Solution:

Let A,, A, be the boxes containing 4 white and 3 red balls, 3 white
and 7 red balls.

i.e Al A,
4 White 3 White
3 Red 7 Red
Total 7 Balls Tota 10 balls

One box is chosen at random out of two boxes.
\ PA) = PA) =2

One ball is drawn from the chosen box. Let B be the event that the
drawn ball iswhite.

\ P(B/A)) = P(that the drawn ball is white from the Ist Box)
P(B/A) = %
\ P(B/A,) =P (that thewhite ball drawn from the |Ind Box)

b P(BIA,) = %

P(B) =P (thatthe drawn ball iswhite)
P(A)) P(B/A) +P(A,) P(B/A,)

14,1 3

2 7 210

= 6L
140
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Now by Baye's Theorem, probability that the white ball comes
from the Ist Box is,

_ P(Al) P(B/Ai)
PB/A)= Biay) PEIA) + PA,) PBIA,)
14 4
__ 27 __ 7 _ax
144113 4:3 o
27 + 2 10 7 + 10
Example 36

A factory has3 machinesA ,A,, A, producing 1000, 2000, 3000
bolts per day respectively. A, produces 1% defectives, A, produces
1.5% and A ; produces 2% defectives. A bolt is chosen at random at
the end of a day and found defective. What is the probability that it
comes from machine A ;?

Solution:

P(A, = P(that the machine A, produces bolts)
— 1000 _1

6000 6
P(that the machine A, produces bolts)

2000 _1

6000 3
P(A,) = P(that the machine A, produces bolts)
_ 3000 _ 1
6000 2
Let B be the event that the chosen bolt is defective
\' P(B/A))= P(that defective bolt from the machine A,)
=.01
Similarly P(B/A,) = P(that the defective bolt from the machine A))
=.015 and
P(B/A,) = P(that the defective bolt from the machine A )
=.02
We haev to find P(A,/B)
Hence by Baye’' stheorem, we get

P(A;) P(B/A;)
P(A1) P(B/A;) + P(A ) P(B/A,)+P(A3)P(B/A3)

P(A,)

P(A/B) =
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%x (.01)

'61‘ x (.01) +_13_ x (.015) +%x(.02)

- .01 - .01 _1

.01 +.03 +.06 1 10

Example 37

Inabol t factory nachi nes A |, A,,A,manufacturerespectively 25%,
35% and 40% of thetotal output. Of these 5, 4, 2 percent are defective
bolts. A bolt isdrawn at random from the product and isfound to be defective.
What is the probability that it was manufactured by machine A,?

Solution:
P(A, = P(that the machine A, manufacture the bolts)

_ 25 _
=2 =2

Similaly P(A) = 137% = .35 and
P(A) == % =4

Let B bethe event that the drawn bolt is defective.
\' P(B/A,)= P(that the defective bolt from the machine A,)

_ 5 -
= 100 .05

Similarly P(B/A,) = -5 = .04 and P(B/A)  =2-=.02
we have to find P(A/B)

Hence by Baye' s theorem, we get

P(A,)P(B/A )

PIAIB) = SR PEIAL) + PIA)P(BIA, ) *P(A 5)PBIAS)

(:35) (.04
(:25) (.05) + (.35) (.04) + (.4) (.02)

= 28
69
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1

2
3)

4

5)

6)

8)

9

10)

EXERCISES10.3

Three coinsaretossed. Find the probability of getting (i) no heads (ii) at
|east one head.

A perfect dieistossed twice. Find the probability of getting atotal of 9.

A bag contains4 whiteand 6 black balls. Two ballsare drawn at random.
What isthe probability that (i) both are white (ii) both are black.

A number is chosen out of the numbers {1,2,3,....100} What is the
probability thatitis
(i) aperfect square (ii) amultipleof 3or 7.

A bag contains4 white, 5 black, and 6 red balls. A ball isdrawn at random.
What isthe probability that isred or white.

If two dicearethrown simultaneously, what isthe probability that the sum
of the pointsontwo diceisgreater than 10?

A personisknownto hit thetarget 3 out of 4 shotswhere asanother person
isknown to hit 2 out of 3 shots. Find the probability of thetarget being hit
when they both shoot.

There are 3 boxes containing respectively 1 white, 2 red, 3 black balls;
2white, 3 red, 1 black ball : 2 white, 1 red, 2 black balls. A box is
chosen at random and from it two ballsare drawn at random. The two
ballsare1red and 1 white. What isthe probability that they come
from the second box?

Inacompany there are three machinesA ,, A, and A .. They produce 20%,
35% and 45% of thetotal output respectively. Previous experience shows
that 2% of the products produced by machines A | aredefective. Similarly
defective percentage for machine A ,andA  are 3% and 5% respectively. A
product ischosen at random and isfound to be defective. Find the probability
that it would have been produced by machineA ,?

LetU,,U,, U, be3urnswith2redand 1 black, 3red and 2 black, 1 red and
1 black ball respectively. Oneof theurnsischosen at random and aball is
drawn fromit. Thecolour of theball isfoundto be black. What isthe
probability that it has been chosen from U ,?

321



EXERCISE 104

Choose the correct answer

1

2

3

4)

5)

6)

7)

8)

9

10)

11)

12)

13)

Which oneisthe measure of central tendency

(a) Range (b) Coefficient of Variation

(c) Median (d) Noneof these
ArithmeticMeanof 2,-2is

(@2 (b)0 (c) -2 (d)Noneof these
Medianfor 2, 20, 10, 8, 1is

(a) 20 (b) 10 (c)8 (d) Noneof these
Modeis

(a) Most frequent value (b) Middlemost value

(c) First value of the series (d) Noneof these

The Geometric mean of 0,2, 8, 10is
@2 (b) 10 (0 (d) Noneof these

For ‘n’ individual observation, theHarmonicmeanis

a) /& (b) 1/51 © 5T

Which of thefollowing isnot ameasure of dispersion.
(ayH.M (b) S.D. (o CV. (d) Noneof these

If the mean and variance of aseries are 10 and 25, then co-efficient of
variationis

(d) Noneof these

(@) 25 (b) 50 (c) 100 (d) Noneof these
If theS.D.andthe C.V. of aseriesare5 and 25, then the arithmetic meanis
(a) 20 (b)5 (c) 10 (d) Noneof these
Probability that atleast one of theevents A, B occuris

(a) P(AEB) (b) P(ACB) (c) P(A/B) (d) Noneof these
P(A)+P(A)is

(@) -1 (b)0 (o)1 (d) Noneof these
If A and B are mutually exclusive events, then P(A EB)is

(a) P(A) + P(B) (b) P(A) + P(B) - P(ACB)

()0 (d) Noneof these

The probability of drawing any one spade card from apack of cardsis.

1 1 1
@< (b)35 (© 5 d) None of these
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14)

16)

17)

18)

19)

20)

21)

22)

23)

24)

25)

The probability of drawing onewhiteball from abag containing 6 red, 8
black and 10 yellow ballsis

1 1
() = (b)0 (c) > (d) Noneof these
|

P(ANB) P(ANB) _

P(ANB
(c) (P(B) ) ,P(B)* 0 (d) Noneof these
Whichisbased on all the observations?
(a) Range (b) Median (c)Mean (d)Mode
Whichisnot unduly affected by extremeitem?
(a) Median (b)Mean (c)Mode (d) Noneof these
The emprical relation between mean, median and modeis
(a) Mean - mode = 3 median (b) Mean -mode=3 (mean -median)
(c) Mean - mode = 2 mean (d) mean = 3 median - mode
Squareof S.D.iscalled
(a) meandeviation (b) quartiledeviation
(c) variance (d) range
If A and B areindependent event, then P(A N B)is
(@) P(A)P(B)  (b) P(A)+P(B) (c) P(A/B) (d) P(B) - P(A)
Which of thefollowingiscorrect?
() HM.<G.M.<A.M. (b) HM.>G.M.<A.M.
() AAM.<G.M.<H.M. (d) Noneof these
Which of the followingiscorrect?
(a) (A.M.xH.M.)? (b) AM.XH.M.=(G.M.)?
(©) (H.M. X G.M.) = (A.M.)? (d) wzm\ﬂ.
Probability of sureeventis
@1 (b) O (0)-1 (ds
Probability of animpossibleeventis
@1 (b) O (92 (d)f

A singleletter is selected at random from the word PROBABILITY The
probability thatitisavowel is

(8 = (b) 2 (© = (@0
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ANSWERS

MATRICES AND DETERMINANTS

Exercise 1.1
?2 3 79 ?2 3 7%
2 NVA+B=¢4 12 7= iyc4 12 7+
86 -1 85 86 -1 85
8&5 5 109 ?8 4 109
iii)5A = ¢20 45 40+ iv)g0 6 -2+
g0 25 235 §8 -12 -4
49 _ a4 160
3) AB—g_9 12;, BA—g_3 63
Bl -40 309 28 B/ 3
A AB=¢0 18 -14: pa=¢-4 14 1
§7 -18 -15; §-9 4 8
g—}? 16 -106
135 <
5 AB-=E 2 BA=Gl7 16 -6+
2 g8 -1 45
B2 20 249
11) AB=29, BA=¢c3 5 6=+
§6 10 123
19 16
12) AB:§ 23, BA:%% 2t
2 20 2 20

13) Total requirement of calories and proteins for family A is 12000 and
320 respectively and for family B is 10900 and 295.

@l 15 169 ®3 -60 &2 106
14) 315 15 16 15) z 18) =
€25 35 43 &7 25 §1 1,
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- _a80 449 ™8 409 =4 69.£2
) Oky 2y W& sy ME 5 10580
8545 58 0
.. 28560 5 3®m . . 660 72+
23) (I)%87240803 (i)2x4 (|||)g55 407
30 805
(iv) (i) isthe transpose of (iii)
Exercise 1.2
1) ()24 ()9 (iii) 8 2) 10 3)1
4) |JA|=0, Aissingular 5) Aisnon-singular

6) 0 7)0 8) -120 9)5

Exercise 1.3
1) (c) 2) (c) 3) (@ 4) () 5) (b)
6) (b) 7) (d) 8) () 9) (d) 10) (3

11) (b) 12) () 13) (c) 14) (b) 15) (a)

16) (c) 17) (a) 18) (b) 19) (b) 20) (b)

21) (a) 22) (b) 23) (a) 24) (a) 25) (c)

26) (b) 27) (d) 28) (d) 29) (b) 30) (3

ALGEBRA
Exercise2.1
1) 5(3—35+ 5(x1+2) 2) % + % 3 %’f%
1 1 1 2 2 3

Y 22 T2x-2) X D) Bxrd) T Bx-2) T oin. 2)2

1 1 1 1 1 1
6) 3xD 92 “3perzZ D AxD a0+ F 02

2 5 4 Xx-5 3 3x+l
8 x1- (x+3)° 92t ¥2-2xd 10) 261 - 2(x%+1)
Exercise2.2

Dn=10 221 3)() zaz () zorar () oy 4134

190

18 5

5) 6666600  6) (i) 8! 4! (ii) (7!) Gp,) 7) 1440 8) 14409) (i) 720 (i) 24
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Exercise 2.3

1) () 210 (ii)105 2)16 3)8 4) 780
5) 3360 6) 858 79 8) 20790
Exercise2.5
n(n+1) (n+2) (n+3) n(ntl) (n+2) (3n+5)
D=7 =1
g nrient) 4) n(3n+6n+1)
5) L (27+15n+74) g) NR02)
Exercise 2.6
3
2° y
1) Y, (-2)°x, ¢, e 2) ¢, x_3
144x 2
3) *°c,(256) 4H — 7
y
17 19
5) gC4 BJ.LG s '9C5 2_6 6) 12C4(24)
Exercise 2.7

1@ 2) (8 3) (b) 4) (b)

5) (a) 6) (8 7) (8) 8) (b)

9) (c) 10) (@ 11) (@ 12) (8)

13) (a) 14) (b) 15) (c) 16) (b)  17) (d)

SEQUENCES AND SERIES

Exercise 3.1
4 2 1
D 23 ' 19 2) 248

Exercise 3.2
1) 11,17,23 2) 15, 45, 135, 405, 1215

1 1 1 1

A R T v v 4 4, 64
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Exercise 3.4
) (@2 <

1
C) 1! 4 ’

(e) 2, 16, 96, 512, 2560
(9) 5,11, 17, 23,29

2
'3 ' 24
1

120

1

27 ' 256 ° 3125

2) 2,6,3,9,4,12,5

4) (@n? (b)4n-1 (c)2+om

5 @1 &

1

1 4 H
(©) 1, 4, 13, 40, 121, 364
(e) 1,5, 14, 30, 55,91

'16

3 @ {02 b){-1, 1}

1

10"
S
'32

(9)1,1,311,123,15131

b) 5 .

(d) n%1

1
@1,0 % .0 3

M-1,1-1,1-1

(b) 5, -10, 20, -40, 80, -160
(d) 2, 6, 15, 34, 73, 152

i 1
3’ 4

Che

(f) 2! ly O| '1, '2, '3
(h) 1! _11 31 l, 5, 3

Ul

Exercise 3.5

1) Rs. 27,350 2) i)Rs. 5398 ii)Rs. 5405 3) Rs. 95,720

4) Rs. 13,110 5) Rs. 1,710 6) Rs. 8,000 7)12%

8) 225 years (nearly) 9161%  10) 12.4%

Exercise 3.6

1) Rs. 5,757.14 2) Rs. 2,228 3) Rs. 6,279 4) Rs. 3,073

5) Rs. 12,590 6) Machine B may be purchased 7) Rs. 1,198

8) Rs. 8,097 9) Rs. 5,796 10) Rs. 6,987 11) Rs. 46,050

12) Rs. 403.40 13) Rs. 7,398

Exercise3.7

1) (@ 2) (a) 3) (b) 4) (d) 5) (@ 6) (b)
7) (b) 8) (a) 9) (@ 10) (b) 11) (d) 12) (a)
13) (a) 14) (¢) 15) (d) 16) (a) 17) (b) 18) (b)
19) (b) 20) (a) 21) (a) 22) (d) 23) (b) 24) (b)
25) (b) 26) (b) 27) (b) 28) (c) 29) (d) 30) (&)
31) (b) 32) (c) 33) (b)
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ANALYTICAL GEOMETRY

Exercise4.1

1) 8x+6y-9=0 2) x-4y-7=0

3) 8X2+8y?-2x-36y+35=0 4) ¥+y2-6x-14y+54=0
5) 3x-dy =12 6) ¥-3y?-2y+1=0

7) x-y-6=0 8) 24x-y2=0

9) 3+3y2+2x+12y-1=0 10) 2x+y-7=0
Exercise 4.2

1) 2x-3y+12=0  2)x-y+5~+/2 =0

Ix+2y-6=0;2x+y=0

7 3 17
45 520G 6)2x3y+12=0 7)x-~/3y+2+3+/3 =0

8)9x-33y+16=0;77x+2ly-22=0

Exercise 4.3

2) k=-33 3) 4x-3y+1=0 4) x-2y+2=0
5) 3x+y-5=0 6) Rs. 0.75 7)y = 7x+500
8) y = 4x+6000 9) 2y = 7x+24000

Exercise 4.4

1) ¥+y2+8x+4y-16 =0
Ip I

5) ¥+y2-8x+2y-23=0
7) ¥+y2-6x-8y+15=0
9) X+y2-4x-6y-12=0

2) X+y2-4x-6y-12=0
4) R+y2+8x-12y-33=0

6) ¥+y2-6x-6y+13=0
8) 5X+5y?-26x-48y+24 =0

Exercise 4.5

1) x+3y-10=0 2) 2x+y-7=0

3) 6 units 4) &(12+m?) = r?

6) 5 V46

Exercise 4.6

1) (& 2) (b) 3) (d 4) (b) 5) (b)
7) (c) 8) (c) 9) (b) 10) (b) 11) (a)
13) (b) 14) (a) 15) (b) 16) (b) 17) (a)
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TRIGONOMETRY

Exercise5.1

3L 1 1- 3 3
12) 12 13) 3 14) 242 18) a 19) 1+ —\/E
Exercise5.2

_ 24 25 -1331
3) cosA = 55 COsecA = 4) 576 5 1 6) cotA

8) (i) -cosec 23 (ii) cot 26°

Exercise 5.3

e A TOR SR
Exercise 5.4
14) sin3A = % COs3A = % tan3A = %
Exercise5.5

1 (|) (cosA COsA) (||) (cos2C - cos2B)

(|||) ( + C0S2A) (|v) (cos3A + cos73- 3 )
2. (i) 2cos42esin1C (i) - 2sindAsin2A  (iii) cos20°
Exercise 5.6

1) (i) Jg— (ii)SJé— (i) 35 (iv) Jg— V-2 wiy &

2) (i)q:npipg—; ni Z (ii)q:2npipg—; ni Z,q:2npi—239; nl Z

(iiyg=np % |v)q-np+3, nl Z
Exercise5.7
1 1 33
6)x:-lor6— 7 X= % or-4 9) o5
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Exercise5.8
1) (d)

7) (b)

13) (c)

19) (d)

25) (a)

31) (c)

37) (@)

Exercise6.1
5) 2x-3+h

1100n

2) (a)

8) (d)

14) (a)
20) (3)
26) (a)
32) (a)
38) (3)

3) (c)

9) (b)

15) (d)
21) (o)
27) (b)
33) (b)
39) (a)

4) (a)

10) (c)
16) (c)
22) (0)
28) (0)
34) (a)
40) (b)

5) (c)

11) (c)
17) (c)
23) (c)
29) (a)
35) (d)

FUNCTIONS AND THEIR GRAPHS

6)0

— 3Xx+5

1 -
12)1(57) = 31+&';(x

Exercise 6.2

4) log 8; (log2)®

7) Domain{ x/<0orx>1}
; 0En<25

8)C=1 11502 25¢n 9) (¥, 2] and [3,¥]

13) 2@ +1 ; + 2

(i) -11 (iii) -5 (iv) -1(v) 41-29+/2

5 @)1
(vi) 0.25
6 (@()L1

(iv) (0, 0) ; Thedomain is R-{(4n+1) g— ; nisan integer}
(i) R-{2np; ni Z}

(i) -1, 1

7N ()R-{(2n«Yp; ni 2}

(iii) R-{npx = ;i 23

(V) R-{2np; ni 7}

8  Rs 1425

10) D)= 5 x+ g )@=

9) 74 years

3

i) 5. -3

(Vi) 0 (viii) = ; domainisR{ - 3 }

(vi) R-{(2n+1) 5= : nl 2}

(iii) a= 290

6) (&)
12) (b)
18) (b)
24) ()
30) (d)
36) (d)



Exercise 6.3
1) (d) 2) (d) 3) (@ 4) (8 5 (@
7) (b) 8) () 9) (b) 10) () 11) (d)
13) (a) 14) (b) 15) (b)

DIFFERENTIAL CALCULUS

Exercise7.1
1) (i) 10/3  (ii)-5 (iii) 1/3 (ivy-1/& (v) 2

(vi) 1 (vii) %‘r)a”z“ (viii) 5/3 ix)1 (x) 4
(i) 12 (xii) 5/2
2) 5 4)28/5, f(2) does not exist.

Exercise 7.2
2 54, -43. (6) x=3 and x=4

Exercise 7.3

1) () -sinx (i) secx (iii) - cotx cosec x (iv)

2) () 12¢-6x+1 iy 2.8 1
X X X

(iii) % 3X12/3 +e (iv) ;(—21(3+ x?)
(v) sec?x + 1/x (vi) x2e*(x+3)

(vii) 1B 92 gyvz - -2 (viii) D (ax> - b)
2 n+l
(ix) 2x(6¥¢+1) (x) )@cosx+2(cos>z(+xsinx)
(xi) secx(1+2ta?X)(xii) 2sinx (x- 1) +Xx cos(x - 2) + &
(xiii) 2x (2€ + 1) (xiv) ¥ (1+nlogx)
(xv) 2 (x tanx + cot x) + X( x sec® X — 2 cosec? x)

X

(xvi) S€cX . (xvii)
2 Tx (2xtan x +1) (1+ex)2
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6) (c)
12) (a)

1
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(xviii) tan %‘é’h tan 2 29 (xix) _-30
e

9 (3+5x)°
() X“-1 () 1- L
2 2
X° -4 X

(xxii) x (1+2logx) (xxiii) xsec?x +tanx—sinx

(xxiv) xe
L +x)°
Exercise 7.4

3x-1 - 10

) ——— ) ——— 3) e“cos (&)
NaxZ - 2x+2 3(8- 5x)"°
4) eeox (secx tanx) 5) tan x 6) 2xe’

1
7 ﬁ 8) - 3sin(3x-2) 9) -2x tan(>é)
2(x2- 3)
X*- 4
12) - cosec®x. €% 13) % 14) 2cotx

10) 11) eim*cox (cosx — SinX)

15) 5 /—tlanx V™ sec?x) 16) 2x cosx 17) nlog(log(log x))]"*

x.log x log(log x)

18) -2sn2x  19) LM 20) X
l+e € 1- x
21)é(x3+x+j)'2’3 (3x? +1) 22 —COS(LOQ x)

23) ®ogllogd [1+log (logx) 24) 18 x (3x2+4)?

Exercise 7.5
3 3 2 2 2
1 2 3 4 5
) 1- %2 ) 1+ x? ) 1+ x? ) 1+ x? )1+ x?
1 1 1
6 7 8) ——— 9) x(1+Ilogx
) 2(1+ x?) ) 201+ x?) ) Ja? - x? ) X (1109
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b
—cosecq
a

Iogsinxg

H
é3(x - 2) Iog(3x-4)g
3x- 4 x-2 H

: o |dnk |09XJ
otx.log x + 11)xsn1x[ X + B

10) (sinx)'os g

12) (3x—4y2 & ; 13) € x*(1+logx)

14) oo (2Iogx) 15) E} 4+5xé 8 U
X 3V 4- 5x&6- 25x24

1 (ot of R e SR 10 R gl

18) (tan x)c°s* ( cosec X —sin x log tanx)

19 =9 J00& —--—@ 20) — X
B B T D Ty

x34/x%? + 5 é3+ X 4 |

X
21) 2x+3) 6&x " 3Z+5 2x+3l (22 a* loga
&2 +logx 0 . .
23) xEg=— 202 (24) (sin X*[x cot x + log sin X]
£ 20x 5
Exercise 7.6
2a - X -y - b?x b2x
1) — 2) — 3) — ) — 5 =
y y X a‘y ary
6 - (ax+hy) 71 - xpxt +y?) -y

(hx + by) y(x? + 2y7) Ax
éxlog v - vU _2x+1 i sin!x+y!
10) y€&xlogy- yu 117) 12)

x &ylog x- x{ 2y+1 1+sin(x+y)

log x i
g 14 logsiny + ytanx 15) y-2x

13) ———
) (1+log x)? log cosx - xcoty 2y- x
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Exercise 7.7

) -Leotg 2 -1 3 Bcoseds) L
a t b t

4 -1
5) -tanq 6) tcost 7) tanq 8) e
t tant 1
— 10) -1 11) =
2 sin(logt) 0 ) 1
Exercise 7.8
1 1
1) 32 2) &y 3) - 4) -
(1+ x)? 2at®
5) - Bcose@q 6) ise(:“q cosecq 1) - L
a’ 3a 2
Exercise 7.9

1) (c) 2) (b) 3) (d) 4) () 5) (d)
7)(0) 8) (b) 9) (0) 10) (a) 11) (¢)

13) (3) 14) (d) 15) (3) 16 (b) 17) (b)
19) (3 20) (b) 21) (b) 22) (c) 23) (¢
25) (a) 26) (b) 27) (c) 28) (¢ 29) ()
31) (b) 32) (b) 33) (a) 34) (0) 35) (3)
37) (0) 38) (d) 39) (d) 40) (b) 41 ()
43) () 44) (b)

INTEGRAL CALCULUS
Exercise 8.1
()X (€—1) + C @ x5+§x&-14& +C

4 2
(S)XT+4X2+5I0gx+eX+C (4)X7+Iogx+2x+c

1
2x?

4
(5)XT- +%x2+3|ogx+c(6)59ecx-2cotx+C

7 %x7/2+§x5/2+logx+c (8)%x7/2+gx5/2+8x1/2+c
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6) ()

12) (c)
18) (d)
24) (b)
30) (b)
36) (b)
42) (a)



(9) 3e<+2sect(x)+C

3
(1) 9x-4%+c

(13) %x% +3sin x+7cosx +C

(15) %x«/x+3 +C
(17) x = 2tan*x+C

(19) (sinx +cosx) +C

(21) -i+e'x+c
3x®

(23) Iogx+%+e*+c

(25) - %- 262 +7x+C

Exercise 8.2

1
1) ————+C
) 12(2- 3x)*

® 2—54(4x+3)6/5 +C

2
3x-1

@) - %cos(xz) +C

(5) (x2 + 4x+8)+c
1 3
(©) 3(logx™+C

(11) Jx*+1+C

(13) log (¥ +3x+5)+C

1
10) log x- —+C
(10) log e

(12) §x3"2 +%x72 +x*+C

(14) 2x¥? - §x3/2 ++C

(16) %(x +7/x+1+C
(18) x —tar’x + C

(20) tang +C

(22) logx +ex+C

(24) 3%+ 42 +4x+C

(26)tanx +secx + C

;"‘C
2(3- 2x)

4x+3
e

)

4 +C

(6) %(x3 +x-4f+C
(8) -2 cosVx+C

2, 2., 32
(10) §(x +x)7° +C
(12) %(x2 + 2x)4 +C

.
(0]

14) Ltan B2
6 £25
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(15) log (e+e>)+C (16) log (logx) +C
1

(17) tan(logx) + C (18) - W+C
1
(19) log{log (log x)} +C (20) mm
(21) log (sinx) + C (22) -log(cosecx +cotx)+C
(23) log (1 +logx) +C (24) %{tan'l(xz)}z +C
25) %(3+Iog X2 + C (26) 5109 J+c
@7 (anx) +C (28) w +C
29) -1 o (30) %(x2 +x+a)* 4
(31 = Iog(a+ btan x) + C (32) logsecx + C
Exercise 8.3
L@X 0 1

1) J_tan gJ_ﬂ C J_tan( x)

1, ax- 29 o ®&/5 + x0
)2, i b

5) %Iog(3x+«/9x2 - 1) +C 6) %Iog (Gx ++/36 2 + 25) +C

1. ,aX0 1 ax +10
7) =4n ——+C 8) ——tan'¢—== +C

P e vl oo

1 X +10
9) —tan'lgé; %ic 10) |og{(x+ 2)+~x2 +4x+ 2} +C

6 e 2 g

! L ioalx? + ax- 5)- Ljog@ 10

11) Iog%g%( «/3 X+ X rV)+C 12)2Iog(x +4x- 5) 51008 T52+C
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7 9 axX- 20
13) —loglx? - 3x+ 2)+ =lo I+ C
) 2 o ) 2 91,

14) Zloglx? - ax+3)+ 210020 +C 15 2/2¢ +x-3+C
exX-1g

16) 24/x* + 2x- 1+2|og{(x+ 1)+ Vx® +2x- 1} +C

Exercise 8.4
2 ..

1) -eX(x+1)+C 2) X&ogx- 12+C  3) x(logx—1)+C
2 e 29

g 2 B 1 9.c5 x(logxp-2x(logx—1)+C

Iogeag log, ay

XSsin 2x N C0S2X
2 4

+C 9) xcos'x- «1- x* +C

10) xtan'lx-%log(1+x2)+c 11) xsecx - log (secx + tanx) + C

+C

6) -%(Iogx+1)+C 7)

sin 3x _ XCos3X
9 3

8)

12) e (®-2x+2)+C
Exercise 8.5

1) §VX2- 36 - 18Iog(x+1/x2- 36)+C
2) %«/16- X2 +83in‘1%9 +C

etg

3) §m+%log(x+1/25+7x2)+c
4) gm %|OQ(X+M) + C
5)§m- %Iog(2x+M)+C
) 25X 16 - Dlogfax + 0716 )+
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Exercise: 8.6

29 p 1
y = 2 5log2 3 E- 9 1507
53(-1) 6 %(e- ) Dt £ g 1B
9) % 10) %- 1 11) (log 4)-1 12)%(3«/5 - 1)
13 B 14 10g® 0 15 V2 16)%
17) % 18) %(e- 1)
Exercise 8.7
1) % Ne-1 3 % 2 %
Exercise 8.8
1) (b) 2) (d) 3) (o) 4) (8 5) (b)
7) (a 8) (b) 9 (@ 10) (b) 11) (&
13) () 14) (3) 15) (¢) 16) (3) 17) (d)
19) () 20) (d) 21) (a) 2) (€  23)(
25) (c) 26) (a) 27) (d) 28) (a) 29) (b)
31) (b) 32) (d) 33) (3) ) (d) 35

STOCKS, SHARES AND DEBENTURES

Exercise 9.1

1) Rs. 750 2) Rs. 1,000 3)100 4)Rs. 7,200

6)Rs.9360 7)63% % 8)15% 9) 12.5%

1) 793 %  12)5%stockat 95  13) 18% debenture at 110

14)13% %  15) Rs. 40,500

10) 20%

16) Rs. 160 17) Rs. 130

6) (c)

12) (b)
18) (b)
24) (d)
30) (0)

5) Rs. 1,500

18)Rs. 675 19)Rs.525 20) 2%  21) Rs. 5500 22) Rs. 900, Rs. 90
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23) Decreaseinincome Rs. 333.33 24) Rs. 120
25) Rs. 10,000, Rs. 24,000  26) 5% 27)  1747%

Exercise9.2

1) (b) 2)(b) 3@ Y@ 5@ 6) (d)

7) (b) 8) (a) 9) (a 10) (d) 11) (b) 12) (a)
STATISTICS

Exercise 10.1

1) 29.6 2)13.1 3)4 4) 58 5) 33

6) 49.3 734 8) 59.5 9 20 10) 8

11) 48.18 12) 44.67 13) 69 14) 32 15) 13

16)26.67  17)183.35 18)17.07  19)28.02  20)4.38
21)8229  22)30.93

Exercise 10.2

1) (a) 11, .58 (b) 29, .39 2) 12, .089

3) 40,33 4)SD=252 5)SD=3.25

6) () SD=1324 (i)SD=1324 (i) 1324
7)S.D =1.07 8)SD=144 9) SD =247

10) S.D =Rs. 31.87 (Crores) 11) CV =13.92

12) C.V(A)=.71,CV(B) =.67 Since C.V(B) < C.V(A),
CityB’s price was more stable.

13) C.V =(x) =5.24, C.V(y) = 1.90, since C.V(y) < C.V(x)
City y’ s share was more stable.

Exercise 10.3

1 7 1 2 1 4 43 2
1)8’8 2)9 3)15’3 4)10’100 5)3

1 1 6 45 15
6) 12 7 1 8) 11 9 74 10) 37
Exercise 10.4

1) (0) 2) (b) 3) (9 4) () 5) (0)
7 (3 8) (b) 9) (a 10) (a) 11) (0)

13) (c) 14) (b) 15) (c) 16) (c) 17) (a)
19) (c) 20) (a) 21) (8 22) (b) 23) (8
25) ()
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6) (c)

12) (a)
18) (b)
24) (b)



LOGARITHMS

Mean Differences

0 1 2 3 4 5 6 7 8 9 |12 3|45 6[7 89
10| 0000 | 0043 | 0086 | 0128 [ 0170 | 0212 | 0253 | 0294 | 0334 | 0374 | 4 8 12|17 21 25| 29 33 37
11 | 0414 | 0453 | 0492 | 0531 | 0569 | 0607 | 0645 | 0682 | 0719 | 0755 4 8 11|15 19 23| 26 30 34
12| 0792 | 0828 | 0864 | 0899 [ 0934 | 0969 | 1004 | 1038 | 1072 | 1106 | 3 7 10|14 17 21| 24 28 31
13| 1139 | 1173 | 1206 | 1239 [ 1271 | 1303 | 1335 [ 1367 | 1399 | 1430 3 6 10|13 16 19| 23 26 29
14| 1461 | 1492 | 1523 | 1553 | 1594 | 1614 | 1644 | 1673 | 1703 | 1732 3 6 9|12 15 18] 21 24 27
15| 1761 | 1790 | 1818 | 1847 [ 1875 | 1903 | 1931 [ 1959 | 1987 | 2014 3 6 8|11 14 17|20 22 25
16 | 2041 | 2068 | 2095 | 2122 [ 2148 | 2175 | 2201 [ 2227 | 2253 | 2279 3 5 8|11 13 16| 18 21 24
17| 2304 | 2330 | 2355 | 2380 [ 2405 | 2430 | 2455 | 2480 | 2504 | 2529 2 5 7|10 12 15| 17 20 22
18| 2553 | 2577 | 2601 | 2625 | 2648 | 2672 | 2695 | 2718 | 2742 | 2765 2 5 7| 9 12 14]| 16 19 21
19| 2788 | 2810 | 2833 | 2856 | 2878 | 2900 | 2923 | 2945 | 2967 | 2989 2 4 7| 9 1 13| 16 18 20
20| 3010 | 3032 | 3054 | 3075 [ 3096 | 3118 | 3139 [ 3160 | 3181 | 3201 | 2 4 6| 8 1 13| 15 17 19
21| 3222 | 3243 | 3263 | 3284 | 3304 | 3324 | 3345 | 3365 | 3385 | 3404 2 4 6| 8 10 12| 14 16 18
22| 3424 | 3444 | 3464 | 3483 [ 3502 | 3522 | 3541 [ 3560 | 3579 | 3598 [ 2 4 6| 8 10 12| 14 15 17
23| 3617 | 3636 | 3655 | 3674 [ 3692 | 3711 | 3729 [ 3747 | 3766 | 3784 2 4 6| 7 9 m| 13 15 17
24| 3802 | 3820 | 3838 | 3856 | 3874 | 3892 | 3909 [ 3927 | 3945 | 3962 2 4 5| 7 9 1|12 14 16
25| 3979 | 3997 | 4014 | 4031 | 4048 | 4065 | 4082 | 4099 | 4126 | 4133 2 3 5| 7 9 10|12 14 15
26| 4150 | 4166 | 4183 | 5200 | 4216 | 4232 | 4249 | 4265 | 4281 | 4298 2 3 5| 7 8 10| 1 13 15
27| 4314 | 4330 | 4346 | 4362 | 4378 | 4393 | 4409 | 4425 | 4440 | 4456 2 3 5|6 8 9| 1 13 14
28| 4472 | 4487 | 4502 | 4518 | 4533 | 4548 | 4564 | 4579 | 4504 | 4600 2 3 5|6 8 9| M 12 14
29| 4624 | 4639 | 4654 | 4669 | 4683 | 4698 | 4713 | 4728 | 4742 | 4757 1 3 4| 6 7 9|10 12 13
30| 4771 | 4786 | 4800 | 4814 | 4829 | 4843 | 4857 | 4871 | 4886 | 4900 1 3 4| 6 7 9|10 1 13
31| 4914 | 4928 | 4942 | 4955 | 4969 | 4983 | 4997 [ 5011 | 5024 | 5038 1 3 4|5 7 8|10 1u 12
32| 5051 | 5065 | 5079 | 5002 [ 5105 | 5119 | 5132 [ 5145 | 5159 | 5172 1 3 4|5 7 8| 9 m 12
33| 5185 | 5198 | 5211 | 5224 [ 5237 | 5250 | 5263 | 5276 | 5289 | 5302 1 3 4| 5 6 8| 9 10 12
34| 5315 | 5328 | 5340 | 5353 [ 5366 | 5378 | 5391 [ 5403 | 5416 | 5428 1 3 4| 5 6 8| 9 10 1
35| 5441 | 5453 | 5465 | 5478 [ 5490 | 5502 | 5514 [ 5527 | 5539 | 5551 1 2 4|5 6 7| 9 10 m
36| 5563 | 5575 | 5587 | 5599 [ 5611 | 5623 | 5635 | 5647 | 5658 | 5670 1 2 4| 5 6 7| 8 10 1
37| 5682 | 5694 | 5705 | 5717 | 5729 | 5740 | 5752 | 5763 | 5775 | 5786 1 2 3| 5 6 7| 8 910
38| 57985809 | 5821 | 5832 [ 5843 | 5855 | 5866 | 5877 | 5888 | 5899 1 2 3|5 6 7| 8 910
39| 5911 | 5922 | 5933 | 5944 | 5955 | 5966 | 5977 | 5988 | 5999 | 6010 1 2 3| 4 5 7| 8 910
40| 6021 | 6031 | 6042 | 6053 | 6064 | 6075 | 6085 | 6096 | 6107 | 6117 | 1 2 3| 4 5 6| 7 910
41| 6128 | 6138 | 6149 | 6160 | 6170 | 6180 | 6191 | 6201 | 6212 | 6222| 1 2 3| 4 5 6| 7 8 9
42| 6232 | 6243 | 6253 | 6263 | 6274 | 6284 | 6294 | 6304 | 6314 | 6325| 1 2 3| 4 5 6| 7 8 9
43| 6335 | 6345 | 6355 | 6365 | 6375 | 6385 | 6395 | 6405 | 6415 | 6425 | 1 2 3| 4 5 6| 7 8 9
44| 6435 | 6444 | 6454 | 6464 | 6474 | 6484 | 6493 | 6503 | 6513 | 6522| 1 2 3| 4 5 6| 7 8 9
45| 6532 | 6542 | 6551 | 6561 | 6571 | 6580 | 6590 | 6599 | 6609 | 6618 | 1 2 3| 4 5 6| 7 8 9
46| 6628 | 6637 | 6646 | 6656 | 6665 | 6675 | 6684 | 6693 | 9702 | 9712| 1 2 3| 4 5 6| 7 7 8
47| 6721 | 6730 | 6739 | 6749 | 6758 | 6767 | 6776 | 6785 | 6794 | 6803 | 1 2 3| 4 5 5| 6 7 8
48| 6812 | 6821 | 6830 | 6839 | 6848 | 6857 | 6866 | 6875 | 6884 | 6893 | 1 2 3| 4 4 5| 6 7 8
49| 6902 | 6911 | 6920 | 6928 | 6937 | 6946 | 6955 | 6964 | 6972 | 6981| 1 2 3| 4 4 5| 6 7 8
50 | 6990 | 6998 | 7007 | 7016 | 7024 | 7033 | 7042 | 7050 | 7059 | 7067 1 2 3| 3 4 5| 6 7 8
51| 7076 | 7084 | 7093 | 7101 [ 7110 | 7128 | 7126 | 7135| 7143 | 7152 1 2 3| 3 4 5| 6 7 8
52| 7160 | 7168 | 7177 | 7185 [ 7193 | 7202 | 7210 | 7218 | 7226 | 7235 1 2 2|3 4 5| 6 7 7
53| 7243 | 7251 | 7259 | 7267 | 7275 | 7284 | 7292 | 7300 | 7308 | 7316 1 2 2| 3 4 5| 6 6 7
54| 7324 | 7332 | 7340 | 7348 | 7356 | 7364 | 7372 | 7380 | 7388 | 7396 1 2 2| 3 4 5| 6 6 7
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LOGARITHMS

Mean Differences

2

3

4

5

6

7

8

55
56
57
58
59

60
61
62
63

65
66
67
68
69

70
71
72
73
74

75
76
7
78
9

80
81
82
83

85
86
87
88
89

20
91
92
93

95
96
97
98
29

7404
7482
7559
7634
7709

7782
7853
7924
7993
8062

8129
8195
8261
8325
8388

8451
8513
8573
8633
8692

8751
8808
8865
8912
8976

9031
9085
9138
9191
9243

9294
9345
9395
9445
9494

9542
9590
9638
9685
9731

9777
9823
9868
9912
9956

7412
7490
7566
7642
7716

7789
7860
7931
8000
8069

8136
8202
8267
8331
8395

8457
8519
8579
8639
8698

8756
8814
8871
8927
8982

9036
9090
9143
9196
9248

9299
9350
9400
9450
9499

9547
9595
9643
9689
9736

9782
9827
9872
9917
9961

7419
7497
7574
7649
7723

7796
7868
7938
8007
8075

8142
8209
8274
8338
8401

8463
8525
8585
8645
8704

8762
8820
8876
8932
8987

9042
9096
9149
9201
9253

9304
9355
9405
9455
9504

9552
9600
9647
9694
9741

9786
9832
9877
9921
9965

7427
7505
7582
7657
7731

7803
7875
7945
8014
8082

8149
8215
8280
8344
8407

8470
8531
8591
8651
8710

8768
8825
8882
8938
8993

9047
9101
9154
9206
9258

9309
9360
9410
9460
9509

9557
9605
9652
9699
9745

9791
9836
9881
9926
9969

7435
7513
7589
7664
7738

7810
7882
7952
8021
8089

8156
8222
8287
8351
8414

8476
8537
8597
8657
8716

8774
8831
8887
8943
8998

9053
9106
9159
9212
9263

9315
9365
9415
9465
9513

9562
9609
9657
9703
9750

9795
9841
9886
9930
9974

7443
7520
7597
7672
7745

7818
7889
7959
8028
8096

8162
8228
8293
8357
8420

8482
8543
8603
8663
8722

8779
8837
8893
8949
9004

9058
9112
9165
9217
9269

9320
9370
9420
9469
9518

9566
9614
9661
9708
9754

9800
9845
9890
9934
9978

7451
7528
7604
7679
7752

7825
7896
7966
8035
8102

8169
8235
8299
8363
8426

8488
8549
8609
8669
8727

8785
8842
8899
8954
9009

9063
9117
9170
9222
9274

9325
9375
9425
9474
9523

9571
9619
9666
9713
9759

9805
9850
9894
9939
9983

7459
7536
7612
7686
7760

7832
7903
7973
8041
8109

8176
8241
8306
8370
8432

8494
8555
8615
8675
8733

8791
8848
8904
8960
9015

9069
9122
9175
9227
9279

9330
9380
9430
9479
9528

9576
9624
9671
9717
9764

9809
9854
9899
9943
9987

7466
7543
7619
7694
7767

7839
7910
7980
8048
8116

8182
8248
8312
8376
8439

8500
8561
8621
8681
8739

8797
8854
8910
8965
9020

9074
9128
9180
9232
9284

9335
9385
9435
9484
9533

9581
9628
9675
9722
9768

9814
9859
9903
9948
9991

7474
7551
7627
7701
7774

7846
7917
7987
8055
8122

8189
8254
8319
8382
8445

8506
8567
8627
8686
8745

8802
8859
8915
8971
9025

9079
9133
9186
9238
9289

9340
9390
9440
9489
9538

9586
9633
9680
9727
9773

9818
9863
9908
9952
9996
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ANTILOGARITHMS

Mean Differences

12

3

4

5

6

7

8

©

1000
1023
1047
1072
1096

1122
1148
1175
1202
1230

1259
1288
1318
1349
1380

1413
1445
1479
1514
1549

1585
1622
1660
1698
1738

1778
1820
1862
1905
1950

1995
2042
2089
2138
2188

2239
2291
2344
2399
2455

2512
2570
2630
2692
2754

2818
2884
2951
3020
3090

1002
1026
1050
1074
1099

1125
1151
1178
1205
1233

1262
1291
1321
1352
1384

1416
1449
1483
1517
1552

1589
1626
1663
1702
1742

1782
1824
1866
1910
1954

2000
2046
2094
2143
2193

2244
2296
2350
2404
2460

2518
2576
2636
2698
2761

2825
2891
2958
3027
3097

1005
1028
1052
1076
1102

1127
1153
1180
1208
1236

1265
1294
1324
1355
1387

1419
1452
1486
1521
1556

1592
1629
1667
1706
1746

1786
1828
1871
1914
1959

2004
2051
2099
2148
2198

2249
2301
2355
2410
2466

2523
2582
2642
2704
2767

2831
2897
2965
3034
3105

1007
1030
1054
1079
1104

1130
1156
1183
121
1239

1268
1297
1327
1358
1390

1422
1455
1489
1524
1560

1596
1633
1671
1710
1750

1791
1832
1875
1919
1963

2009
2056
2104
2153
2203

2254
2307
2360
2415
2472

2529
2588
2648
2710
2773

2838
2904
2972
3041
3112

1009
1033
1057
1081
1107

1132
1159
1186
1213
1242

1271
1300
1330
1361
1393

1426
1459
1493
1528
1563

1600
1637
1675
1714
1754

1795
1837
1879
1923
1968

2014
2061
2109
2158
2208

2259
2312
2366
2421
2477

2535
2594
2655
2716
2780

2844
2911
2979
3048
3119

1012
1035
1059
1084
1109

1135
1161
1189
1216
1245

1274
1303
1334
1365
1396

1429
1462
1496
1531
1567

1603
1641
1679
1718
1758

1799
1841
1884
1928
1972

2018
2065
2113
2163
2213

2265
2317
2371
2427
2483

2541
2600
2661
2723
2786

2851
2917
2985
3055
3126

1014
1038
1062
1086
1112

1138
1164
1101
1219
1247

1276
1306
1337
1368
1400

1432
1466
1500
1535
1570

1607
1644
1683
1722
1762

1803
1845
1888
1932
1977

2023
2070
2118
2168
2218

2270
2323
2377
2432
2489

2547
2606
2667
2729
2793

2858
2924
2992
3062
3133

1016
1040
1064
1089
1114

1140
1167
1194
1222
1250

1279
1309
1340
1371
1403

1435
1469
1503
1538
1574

1611
1648
1687
1726
1766

1807
1849
1892
1936
1982

2028
2075
2123
2173
2223

2275
2328
2382
2438
2495

2553
2612
2673
2735
2799

2864
2931
2999
3069
3141

1019
1042
1067
1091
1117

1143
1169
1197
1225
1253

1282
1312
1343
1374
1406

1439
1472
1507
1542
1578

1614
1652
1690
1730
1770

1811
1854
1897
1941
1986

2032
2080
2128
2178
2228

2280
2333
2388
2443
2500

2559
2618
2679
2742
2805

2871
2938
3006
3076
3148

1021
1045
1069
1094
1119

1146
1172
1199
1227
1256

1285
1315
1346
1377
1409

1442
1476
1510
1545
1581

1618
1656
1694
1734
1774

1816
1858
1901
1945
1991

2037
2084
2133
2183
2234

2286
2339
2393
2449
2506

2564
2624
2685
2748
2812

2877
2944
3013
3083
3155
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ANTILOGARITHMS

Mean Differences

0 1 2 3 4 5 6 7 8 9 |12 3|45 6[7 89
.50 | 3162|3170 3177 | 3184 | 3192 | 3199 | 3206 | 3214 | 3221 (3228 | 1 2 2| 3 4 4| 5 6 7
.51 | 3236 | 3243 | 3251 | 3258 | 3266 | 3273 | 3281 | 3289 3296 [ 3304| 1 2 2| 3 4 5| 5 6 7
52 | 3311 | 3319 | 3327 | 3334 | 3342 | 3350 | 3357 | 3365 3373 [ 3381| 1 2 2 3 4 5| 5 6 7
.53 | 3388 | 3396 | 3404 | 3412 | 3420 | 3428 | 3436 | 3443 | 3451 [ 3459| 1 2 2| 3 4 5| 6 6 7
.54 | 3467 | 3475 | 3483 | 3491 | 3499 | 3508 | 3516 | 3524 3532 [ 3540| 1 2 2| 3 4 5| 6 6 7
.55 | 3548 | 3556 | 3565 | 3573 | 3581 | 3589 | 3597 | 3606 | 3614 [ 3622| 1 2 2| 3 4 5| 6 7 7
.56 | 3631 | 3639 | 3648 | 3656 | 3664 | 3673 | 3681 | 3690 | 3698 [ 3707 | 1 2 3| 3 4 5| 6 7 8
.57 | 3715 | 3724 | 3733 | 3741 | 3750 | 3758 | 3767 | 3776 [ 3784 [ 3793| 1 2 3| 3 4 5| 6 7 8
.58 | 3802 | 3811 | 3819 | 3828 | 3837 | 3846 | 3855 | 3864 3873 [ 3882| 1 2 3| 4 4 5| 6 7 8
.59 | 3890 | 3899 | 3908 | 3917 | 3926 | 3936 | 3945 | 3954 3963 [ 3972| 1 2 3| 4 5 5| 6 7 8
.60 | 3981 | 3900 | 3999 | 4009 | 4018 | 4027 | 4036 | 4046 | 4055 [ 4064| 1 2 3| 4 5 6| 7 7 8
61| 4074 | 4083 | 4093 | 4102 | 4111 | 4121 | 4030 | 4140 | 4150 [ 4159 | 1 2 3| 4 5 6| 7 8 9
.62 | 4169 | 4178 | 4188 | 4198 | 4207 | 4217 | 4227 | 4236 | 4246 [ 4256 | 1 2 3| 4 5 6| 7 8 9
.63 | 4266 | 4276 | 4285 | 4295 | 4305 | 4315 | 4325 | 4335 4345 (4355 | 1 2 3| 4 5 6| 7 8 9
.64 | 4365 | 4375 | 4385 | 4395 | 4406 | 4416 | 4426 | 4436 | 4446 [ 4457 | 1 2 3| 4 5 6| 7 8 9
.65 | 4467 | 4477 | 4487 | 4498 | 4508 | 4519 | 4529 | 4539 | 4550 [ 4560| 1 2 3| 4 5 6| 7 8 9
.66 | 4571 | 4581 | 4592 | 4603 | 4613 | 4624 | 4634 | 4645 | 4656 [ 4667 | 1 2 3| 4 5 6| 7 810
.67 | 4677 | 4688 | 4699 | 4710 | 4721 | 4732 | 4742 | 4753 | 4764 [ 4775| 1 2 3| 4 5 7| 8 910
.68 | 4786 | 4797 | 4808 | 4819 | 4831 | 4842 | 4853 | 4864 | 4875 (4887 | 1 2 3| 4 6 7| 8 910
.69 | 4898 | 4900 | 4920 | 4932 | 4943 | 4955 | 4966 | 4977 | 4989 [ 5000| 1 2 3| 5 6 7| 8 910
.70 | 5012 | 5023 | 5035 | 5047 | 5058 | 5070 | 5082 | 5093 | 5105 [ 5117 | 1 2 4| 5 6 7| 8 9 1
.71 | 5129 | 5140 | 5152 | 5164 | 5176 | 5188 | 5200 | 5212 | 5224 [ 5236 | 1 2 4| 5 6 7| 810 1
.72 | 5248 | 5260 | 5272 | 5284 | 5297 | 5309 | 5321 | 5333 5346 [ 5358 | 1 2 4| 5 6 7| 910 1
.73 | 5370 | 5383 | 5395 | 5408 | 5420 | 5433 | 5445 | 5458 [ 5470 [ 5483| 1 3 4| 5 6 8| 910 1
.74 | 5495 | 5508 | 5521 | 5534 | 5546 | 5559 | 5572 | 5585 | 5598 [ 5610 | 1 3 4| 5 6 8| 910 12
.75 | 5623 | 5636 | 5649 | 5662 | 5675 | 5689 | 5702 | 5715 | 5728 [ 5741| 1 3 4| 5 7 8| 910 12
.76 | 5754 | 5768 | 5781 | 5794 | 5808 | 5821 | 5834 | 5848 | 5861 [ 5875 | 1 3 4| 5 7 8| 9 m 12
.77 | 5888 | 5002 | 5916 | 5929 | 5943 | 5957 | 5970 | 5984 | 5998 [ 6012 | 1 3 4| 6 7 8| 10 1m 12
.78 | 6026 | 6039 | 6053 | 6067 | 6081 | 6095 | 6109 | 6124 | 6138 [ 6152| 1 3 4| 6 7 8| 10 11 13
.79 | 6166 | 6180 | 6194 | 6209 | 6223 | 6237 | 6252 | 6266 | 6281 [ 6295| 1 3 4| 6 7 9| 10 12 13
.80 | 6310 6324 | 6339 | 6353 | 6368 | 6383 | 6397 | 6412 | 6427 [ 6442| 1 3 4| 6 7 9| 10 12 13
.81 | 6457 | 6471 | 6486 | 6501 | 6516 | 6531 | 6546 | 6561 | 6577 [ 6592| 2 3 5[ 6 8 9| 1 12 14
.82 | 6607 | 6622 | 6637 | 6653 | 6668 | 6683 | 6699 | 6714 [ 6730 [ 6745| 2 3 5[ 6 8 9| 11 12 14
.83 | 6761 | 6776 | 6792 | 6808 | 6823 | 6839 | 6855 | 6871 | 6887 [ 6902| 2 3 5[ 6 8 9| 11 13 14
.84 | 6918 | 6934 | 6950 | 6566 | 6982 | 6998 | 7015 | 7031 | 7047 [ 7063| 2 3 5| 6 8 10| 11 13 14
85| 7079 | 7006 | 7112 | 7129 | 7145 | 7161 | 7178 | 7194 | 7211 [ 7228| 2 3 5| 7 8 10| 12 13 15
.86 | 7244 | 7261 | 7278 | 7295 | 7311 | 7328 | 7345 | 7362 | 7379 [ 7396 | 2 3 5| 7 8 10| 12 14 15
.87 | 7413 | 7430 | 7447 | 7464 | 7482 | 7499 | 7516 | 7534 | 7551 [ 7568 | 2 3 5| 7 9 10| 12 14 16
.88 | 7586 | 7603 | 7621 | 7638 | 7656 | 7674 | 7691 | 7709 | 7727 | 7745| 2 4 5| 7 9 1| 12 14 16
89| 7762 | 7780 | 7798 | 7816 | 7834 | 7852 | 7870 | 7889 | 7907 [ 7925 | 2 4 5| 7 9 1| 13 14 16
.90 | 7943 | 7962 | 7980 | 7998 | 8017 | 8035 | 8054 | 8072 | 8091 | 8110 | 2 4 6| 7 9 1| 13 15 17
.91 | 8128 | 8147 | 8166 | 8185 | 8204 | 8222 8241 | 8260 | 8279 [ 8299 | 2 4 6| 8 10 11 13 15 17
.92 | 8318|8337 | 8356 | 8375 | 8395 | 8414 | 8433 | 8453 | 8472 [ 8492| 2 4 6| 8 10 12| 14 15 17
.93 | 8511 | 8531 | 8551 | 8570 | 8590 | 8610 | 8630 | 8650 | 8670 [ 8690 | 2 4 6| 8 10 12| 14 16 18
.94 | 8710 8730 | 8750 | 8770 | 8790 | 8810 | 8831 | 8851 | 8872 [ 8892 | 2 4 6| 8 10 12| 14 16 18
.95 | 8913 | 8933 | 8954 | 8974 | 8995 | 9016 | 9036 | 9057 [ 9078 [ 9099 | 2 4 6| 8 10 12| 14 17 19
.96 | 9120 | 9141 | 9162 | 9183 | 9204 | 9226 | 9247 | 9268 | 9290 [ 9311 | 2 4 7| 9 1 13| 15 17 19
.97 | 9333 | 9354 | 9376 | 9397 | 9419 | 9441 | 9462 | 9484 | 9506 | 9528 | 2 4 7| 9 m 13| 15 17 20
.98 | 9550 | 9572 | 9504 | 9616 | 9638 | 9661 | 9683 | 9705 | 9727 [ 9750 | 2 4 7| 9 1 13| 16 18 20
.99 | 9772 | 9795 | 9817 | 9840 | 9863 | 9886 | 9908 | 9931 | 9954 [ 9977 | 2 5 7| 9 1 14| 16 18 21
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